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1 Introduction

Feynman integrals are central quantities in Quantum Field Theory, as they are essential build-
ing blocks for computing scattering amplitudes which are one of the bridges between theory
and experiment [1]. Integrals of similar type have also appeared in the description of the scat-
tering of compact objects in classical General Relativity in the so-called post-Minkowskian
expansion [2-4]. It is therefore necessary to develop sophisticated techniques which help us
compute this type of integrals, in particular, by understanding their mathematical structure
and underlying geometrical information. It turns out that at the core of all these integrals are
classes of special functions related to complex manifolds where the simplest is the Riemann
sphere where multiple polylogarithms (MPLs) [5-10] appear. However, diagrams needed for
cutting-edge computations give rise to special functions beyond the ones that live on the Rie-
mann sphere. These functions beyond MPLs are associated to periods of different geometries.
The first example being the massive sunrise diagram in even dimensions which can be asso-
ciated to an elliptic curve (which is isomorphic to a torus) [11-15]. Recent progress has been
made to go beyond the torus, on the one hand by studying Feynman integrals associated to
higher genus Riemann surfaces [16, 17] and their function space [18-20]. On the other hand
by studying Feynman integrals associated to higher dimensional Calabi-Yau manifolds [21-23]
and their function space [24, 25].

Feynman integrals typically diverge and need to be regulated. The most commonly used
regularisation scheme is dimensional regularisation [26, 27], where the integrals are computed
in D = Dg — 2¢ dimensions. They can then be expanded around € = 0. An extremely pow-
erful technique to compute the integrals is through the differential equations (DEs) [28-30],
which are derived using integration-by-parts (IBPs) identities [31, 32] among Feynman inte-
grals. This method is extremely convenient because we are not interested in the solution for
generic values of €, but rather as a Laurent series in e. Moreover, in the last decade, it has
been observed that it is often possible to find bases of Feynman integrals whose differential
equations take a specific form, often referred to as canonical form [33]. The dependence on e
can then be factorised out of the differential equation system, which also makes the analytic
properties of their solutions close to € = 0 completely manifest: each order in the Laurent
series can be expressed as Chen iterated integrals [34] over the differential forms appearing in
the connection. However, a completely general approach to finding canonical bases, even in
the polylogarithmic case is not yet fully understood. Moreover, starting at two-loops, finding
the canonical basis will involve a gauge transformation dependent on period functions of ge-
ometries beyond the Riemann sphere.

In recent years, substantial effort has been dedicated to extend the definition of canonical
differential equations to Feynman integrals beyond polylogarithms, and much progress has
been made, in particular in the elliptic and one-parameter Calabi-Yau cases [35—44]. In par-
ticular, ref. [44] provides an ansatz to bring equal mass banana integrals, with underlying
single-scale Calabi-Yau geometry, at any loop order, into e-factorised form. Moreover, very
recently in ref. [45], a generalisation of the method of ref. [35] has been developed for generic



integrals with an underlying Calabi-Yau geometry (and beyond), providing explicit calcu-
lations for cutting edge Calabi-Yau one-scale integrals. The applicability of this algorithm
has been explicitly demonstrated for many state-of-the-art problems containing integrals of
elliptic type [35, 46-50] and for their generalisation to Calabi-Yau varieties [45, 48, 49, 51-53]
and higher-genus surfaces [17].

In this paper, we propose a generalisation of the method introduced in ref. [44], to multi-scale
Calabi-Yau integrals. In the preparation of this work, we have realised that our generalisa-
tion coincides with the method from refs. [35, 45], applied to multi-scale Calabi-Yau Feynman
integrals. In fact, this is the first application of refs. [35, 45] to this class of integrals. To
support our claim, we derive locally at the MUM-point, for the first time, a canonical differ-
ential equation for banana integrals with unequal mass.

This paper is organised as follows. In section 2 we set our conventions and review the in-
struments that will be needed for the procedure we propose. Following this, in section 3,
we present our procedure for multi-variate Feynman integrals with underlying Calabi-Yau
geometry. In section 4, we recompute a canonical form for the unequal mass sunrise inte-
gral using the method presented before. Finally, in section 5, we apply our construction
to compute a canonical form for integrals with underlying multi-variate Calabi-Yau geome-
try, namely, the three-loop banana with two unequal masses (two-parameters K3) and the
four-loop banana with two unequal masses (two-parameters CY 3-fold). Additionally, we
include two appendices in which we prove the validity of our procedure for the elliptic and
Calabi-Yau two-fold case. The main quantitative results will be compiled in the ancillary files
sunrise.nb, banana 3_1.nb, banana_2_2.nb and banana 4_1.nb.

2 Definitions and Review

2.1 Feynman integrals and their differential equations

Let us consider L-loop scalar Feynman integrals with e external legs. We work in the frame-
work of dimensional regularisation where we pick (unless specified otherwise) the dimension
to be D = 2 — 2¢, since our examples are two-point functions. In this framework e tracks
the UV and IR behaviour of the integral. A given Feynman integral can be expressed by the
formula:

) ve [ 71 424 1
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where g is the Euler-Mascheroni constant, the exponents of the propagators v; are integers
and the propagators D; are defined through:

L e—1 2
D; = (Z il + Z 5jkpk> —m7, (2.2)
k=1 k=1

where ;i f;, can be chosen to lie in {0,+1}. Any integral of the form (2.1) can be reduced
to a finite linear combination of master integrals (MIs) which has fixed v;. Every integral



belongs to a sector, defined as the set of integrals from the family that share exactly the
same propagators, i.e., I, ., and I,; ., belong to the same sector if 0(v;) = 0(v)), for all
1 <4 < r, where 6 denotes the Heaviside step function, #(z) = 1 if z > 0 and 6(x) = 0
otherwise. Determining these MIs and their associated differential equation can be achieved
through the Laporta algorithm, where different software implementations are available [54—
58]. This leads to a system of linear first-order differential equations for the vector of MIs I
that can be shown to be [28, 30, 33, 59, 60]:

dI(z;¢) = A(z;¢) - I(z;¢), (2.3)

where A is a matrix of rational one-forms. To be able to solve for I, we aim to find a gauge
transformation U:

M
A

I,

U-
U-A-U'4+du.-Uut, (2.4)

such that the differential equation is e-factorised:
dM (z;€) = €A (z) - M (z;¢) . (2.5)

Once this is achieved, one can solve for M:

z
M (z; €) = Pexp <e/ A(z’)> M(z; €), (2.6)

z(
obtaining a Laurent series by expanding the path-ordered exponential, that can be easily
truncated at the desired order. Note that unless specified otherwise the entries of A are
closed one-forms. This will lead to iterated integrals over algebraic one-forms.

2.2 Feynman integrals and their geometry

Of special interest in this paper will be the so-called mazimal cuts, which correspond to
integrals where all propagators are on-shell. As pointed out in ref. [45], in a single maximal
cut there can be more geometries, and the correct framework to use is the mized Hodge
structure (MHS). Let us briefly review this.

Mixed Hodge structure: First, since we want to evaluate the master integrals in

D = Dy — 2¢, we need to make a good choice for Dy. It turns out that analysing the integrand
in Baikov representation often reveals which is the right integer dimension Dy to choose. It
may be possible to identify more than one geometry from a given maximal cut. For example,
the family of ice-cone integrals with equal masses hides two different Calabi-Yau varieties in
the same maximal cut [61].

Let us now focus on only one of the geometries in the maximal cut and let us assume that
it describes an [-dimensional manifold. Each geometry on the maximal cut gives rise to a

lth

set of (independent) differential [-forms, which generate (a subspace of) the ['" cohomology



group H'(X,Q). From algebraic geometry [62, 63] we know that the cohomology of an
algebraic variety always carries a mixed Hodge structure (MHS). This roughly means that
the I*" cohomology group H'(X,Q) of an algebraic variety is always equipped with two
filtrations. There is an increasing filtration called the weight filtration,

0=W_ 1 CWoCW; C...Wy = H(X,Q), (2.7)
and a decreasing filtration on the complexification called the Hodge filtration
0C...CFPCcFrlc...cF'cF’=H(X,0C). (2.8)

The graded pieces Wy /Wj_1 naturally carry a pure Hodge structure of weight &k induced
by the Hodge filtration. The pure Hodge structures can be seen as the MHS carried by
the cohomology of projective smooth varieties, in which case the MHS is concentrated in
weight [ : 0 =W,_; Cc W; = H/(X,Q).

It was argued in ref. [45], that the MHS captures precisely how to find a good starting basis.
In particular, the weight filtration captures the fact that some forms may have simple poles.
This is because the weight-graded pieces tell us how the cohomology of X contains pieces
coming from ‘simpler’ varieties. We refer the reader to ref. [45] for a more in-depth review
and explanation.

Some examples: In all the examples we consider, we find that the maximal cut only
features one geometry. In cases where there are more than one geometry, we expect the
differential equation to split into different sub-blocks, provided that we choose a good starting
basis as predicted by the MHS. Equivalently as putting the propagators on-shell, a maximal
cut of a Feynman integral is obtained by evaluating the integrand in Baikov representation
on a contour that encircles all the propagator poles. The integration contour varies according
to the geometry of the Feynman integral considered. For instance, at one loop we encounter
complex curves of genus zero, namely Riemann spheres. In this case, maximal cuts, in the
appropriate integer dimension, evaluate to algebraic functions and the differential one-forms
obtained in the differential equation are the so-called dlog-forms, which after integration
evaluate to multiple polylogarithms (MPLs) [5-10].

Starting from two-loops, we encounter more involved geometries [12—15, 64—67], the simplest
example of which appears in the sunrise graph with equal non-zero masses. When computing
the maximal cut of this integral in Dy = 2, we get

MaxCut (1) (2.9)

/ dz

D=2 VPi(z)'
where Py(z) is a polynomial of degree four and therefore has four different roots. The poly-
nomial Py(z) defines the zero-locus of a (complex) elliptic curve, thus two independent cycles

can be chosen as integration contours around/across branch cuts and we get two independent
functions, which correspond to the periods of the elliptic curve [11-15]. Since complex elliptic



curves are isomorphic to complex tori, the standard geometric coordinates for a Feynman
integral with n moduli, are 7, z1, ..., 2,—1, where 7 is the modular parameter defined as the
ratio of the two periods and z1, ..., z,—1 are additional marked points (one of them can be
fixed using translation symmetry). In that case, differential one-forms can be written in the
following form:

wimodular — o £ (7)dr, (2.10a)

w,IfmnCCkCr = (2mi)** g(k_l)(z, T)dz+ (k- 1) g(k)(z, 7')2(1—7:Z , (2.10b)
where fi(7) is a modular form of weight k for some congruence subgroup and gk (z,7) are
the coefficients of the expansion of the Kronecker function. A similar analysis applies when
the degree of the polynomial under the square root in the maximal cut is three [68, 69].
Two ways to go beyond elliptic curves have appeared within the framework of Feynman
integrals. One is given by curves associated to Riemann surfaces of higher genus [17, 70]. The
other corresponds to higher-dimensional manifolds, in particular Calabi-Yau manifolds [21,
22, 71-74]. The simplest example where one observes this geometry are the so-called L-loop
banana integrals for L. > 2 [75] (the sunrise integral at L = 2 has an underlying geometry
of a one-dimensional Calabi-Yau manifold which in turn is a torus). We will review their
e-factorisation in section 2.6.
To summarise, we have seen that Feynman integrals are related to different geometries and
that one way to study these geometries and their associated one-forms amounts to studying
the maximal cut of the integral. Moreover, as we will see in section 2.3, the maximal cut can
be shown to solve a homogeneous higher-order Picard-Fuchs (PF) equation, that translates
into a coupled block of the differential equation matrix. Hence, finding the transformation to
a canonical basis for maximal cuts is an important step for finding the canonical basis of the
full Feynman integral family.

2.3 Picard-Fuchs operators

It is possible to rewrite the system of first order differential equations (2.3) into a system of
inhomogeneous higher-order differential equations, which will take the form:

L(k)(z, €)1y, . v (z;€) =Ry . (27€), (2.11)

where k is the order of the differential operator and the inhomogeneity R,, . .. (z;€) contains
master integrals from lower sectors. Hence, the differential equation for the maximal cut is
determined by setting R,, . ., (2z;€) to zero. Differential equations of Feynman integrals are
expected to have only regular singularities i.e. Eq. (2.11) is a Fuchsian differential equation.
The differential operator L(k)(z, €) is referred as the Picard-Fuchs operator and takes the form

LW (z,e) = Y i, (2:€)0 .00, (2.12)

1,...,in >0



where k = Max{i; + i2 + --- + i} and ay;,,. ;,(2z;€) are polynomials in z and e. The PF
operator splits into two parts: L*)(z,¢) = L(()k) (z)+ L (z,¢), where Lék) contains the O(e")
part of the operator and therefore annihilates the maximal cuts at € = 0.
Let us briefly review some strategies to solve the homogeneous equation L(()k) f(z) =0, where
we follow ref. [73]. Starting from a one-parameter PF operator, we write:

L(()k) = qu(2) O + qr_1(2) 051 + L+ qo(2) qr(z) # 0, (2.13)

where ¢;(z) are polynomials and we assume that the ¢;(z) do not have any common zero. The
leading coefficient gx(z) =: Disc(Lék)) is called the discriminant. It is convenient to also write
the operator in an equivalent form

L = G(2) 0" + @1 (2) 05+ o+ @o(2), () #0, (2.14)

where §;(z) are polynomials and 6 = 6, := z0, are the Euler operators. Let p;(z) := ¢;(2)/qr(2)
for 0 < 7 < k. The differential equation has an ordinary point at z = zg, if the coefficient
functions p;(z) are analytic in a neighbourhood of zy for all 0 < i < k. A point 2 is called a
regular singular point if (z — 29)*~p;(2) are analytic in a neighbourhood of zy. An irregular
singular point is neither an ordinary nor a regular singular point. We can find all the singular
points zg # oo looking at the zeroes of the discriminant and for the point at infinity zy = oo,
one introduces the variable ¢ = 1/z and proceeds with the same analysis around ¢ = 0. A dif-
ferential equation without irregular singular points is called a Fuchsian differential equation.
This equation has k independent solutions and we can obtain a basis using Frobenius method.
For every point z € C, we can construct k linearly independent local solutions. Each of them
is given in terms of power series which converge up to the nearest singularity. These local
solutions can be analytically continued to multivalued global solutions over the whole param-
eter space. Unless stated otherwise we will always be looking for the solution around zy = 0.?

The method starts by solving the indicial equation
Gr(0) o + Ge—1(0) " + ... + @(0)a =0, (2.15)

which we solve for a and its solutions are called the indicials or local exponents at zg = 0.

For what follows, we are particularly interested in the solutions around a special point where
all the indicials are equal®. This point is called point of mazimal unipotent monodromy
(MUM-point) and the basis of solutions can be chosen to be a tower of logarithmic solutions,
starting from a power series-type solution g, also called holomorphic solution, a single log-
arithmic solution 1, a double logarithmic solution 5 until we reach logk_l(z); we call the

'From now we leave the z and e dependence of the operators implicit.

2For solutions away from zero, we can perform the following substitutions: if zg # oo, then z — 2’ = z — 2o
and if 29 = oo, then 2z — 2’ = 1/2

3For simplicity, to show how our method works, we compute the differential equation for our three-loop and
four-loop examples explicitly only expanding around the MUM-point. We comment later on how to proceed
around a different point.



basis 1o (2),¥1(2), ..., Yg—1(2) the Frobenius basis.
Let us now turn to the multi-parameter Picard-Fuchs operator. The first difference is that
)

we have a set of differential operators D = {Lgk1 ,...,Lgks)} and the solutions have to be
annihilated simultaneously by all elements in D:

Sol(D) := {f(z)]Lz(.ki)f(z) = 0 for all operators Lgki) € D}. (2.16)

The set D generates a left-ideal of differential operators. If Lgki) € D and f € Sol(D),
then lA}LZ(ki) f(z) = 0 for any differential operator L. We can also generalise the method of
Frobenius to the multi-variate case. Around singular points the solutions look like:

r
(szqi> Y Wik, 1087 (21) - logh (z) 2t - 2 (2.17)

i+1 Jiseensdr20
1yeenshor>

where a;, ., k... k. are polynomials in z and e. This local basis can be analytically continued
to a global solution. This is, however, a harder problem. We are able to write our first example
(the unequal masses sunrise integral) using closed solutions. The three- and four-loop banana
integrals with two unequal masses will, however, be e-factorised using local solutions only and
we leave a solution in terms of known functions for future work with some recent progress in
that direction in ref. [24].
In the rest of the paper we will consider the following Picard-Fuchs operators:

L® = 4 k-1 (2.18)
|i|=Fk li|=k—1
= Y ) @ e Y qf) (2000
©1,..,4r=0 11,..,8r=0
H k—2
LS ) )

11,.,0r=0

(0)

with at least one non-vanishing term ¢;~ .
This generalises the operators considered in some parts of ref. [45] to several variables. Also

Note that the first term corresponds to L(()k).

note that, on the maximal cut, this implies
L = -k (2.19)
i.e., we can trade the O(e?) part of the PF, with the lower order e-dependent PF.

Calabi-Yau differential operators: Since in the following, we will consider Feynman
integrals with underlying Calabi-Yau geometry, it is relevant to review a subset of the Picard-
Fuchs operators, the so-called Calabi- Yau differential operators. A thorough description of
Calabi-Yau operators will be left to the literature [73, 76] and we will just review the most
relevant properties.



A (I + 1)™-order Calabi-Yau operator L(()IH) has a MUM-point, which for our purpose we
assume to be located at z = 0. At the MUM-point, the Frobenius basis v; for i = 0,1,...,1,

gives a basis of solutions to the operator L(()H'l). It reads

;= 2" ; % log? (2)S;—(2), (2.20)

where 7 is the local exponent or indicial of our solutions and S;(z) = Z;‘io 0;;20 are local
holomorphic series which are normalised by ;¢ = d;0. At the MUM-point, the Frobenius
basis ¢; for i = 0,1,...,[, exhibits the full logarithmic tower up to logl(z). From the first two
solutions, we can construct®

t(z):%:log(z)—k..., g(z) =€ =2z4+..., (2.21)
0

which generalises the 7 parameter of an elliptic curve and gives a local (at the MUM-point),
canonical variable on the moduli space of Calabi-Yau varieties. The dots denote local analytic

terms in z. The inverse of this map is also known as the mirror map

2(q) =q+.... (2.22)
We can define recursively the N; operators of ref. [76]
No=1. N 0 1 u (2.23)
0=1, JH+1 = T3~ DN )
92 N, ()
and the structure series 1
aj = (2.24)
7 N(¥y)
This lets us define the Y-invariants as
a1
Y, =—, 2.25
= (225)
which enjoy the symmetry
Y, = Yi;. (2.26)

Note that by definition we have Y; = Y;_; = 1. The structure series «; and the Y-invariants

are local analytic series in z around the MUM-point. Finally, we can use the Y-invariants to

write the Calabi-Yau operator L(()l_l) in a factorised form

(i-1) 5 1 1 1 1 9 1
Lo =80 by 59 % - Y1500 " B @ " | ota)” (2.27)

also known as the local normal form. We have expressed the operator through the variable ¢

using the mirror map z(q) given in Eq. (2.22). The function (g) is necessary for a proper
normalisation of the operator, and we have used the logarithmic derivative (sometimes called
Euler operator) 6, = q0, = 0-.

“In the rest of this work, we ignore factors of 2 for simplicity.



2.4 Hodge filtration & Griffiths transversality

Let us review the instruments needed to study the (co)homology of Calabi-Yau manifolds,
where we closely follow ref. [73]. Calabi-Yau [-folds M; are complex [-dimensional K&hler
manifolds. They are equipped with a Kéhler form w of Hodge-type (1, 1) that resides in the
cohomology group H!(M;,C). The extra condition of being Calabi-Yau implies the existence
of a non-trivial holomorphic (I, 0)-form Q spanning H“%(M;, C).

For each point z, the fibre M/ over it enjoys a Hodge decomposition of its middle dimensional
cohomology:

H'(M,,C) = @ HPI(M,) with HP4(M;) = HP(M). (2.28)
ptq=l
The so-called Hodge numbers h?? give the dimension of HP?(M;) and can be organised into
the Hodge diamond:

R0 . . RO, (2.29)

For instance, when considering a Calabi-Yau one-fold, (which is isomorphic to an elliptic
curve) we find the holomorphic (1,0)-form Q = dx/y and its Hodge diamond reads:

1
1 1. (2.30)
1

We can now define the periods of a Calabi-Yau manifold as pairings between the middle
homology and middle cohomology. The maximal cuts, at ¢ = 0, of Feynman integrals
with a single Calabi-Yau geometry are periods and the dimension of the middle cohomol-
ogy |h| = Eé:o h!=FF corresponds to the number of master integrals on the maximal cut in
integer dimension D = Dy for some judicious choice of Dgy. In particular we choose an integral
topological basis I';, for 1 <4 < |h| in the middle homology H;(M;,Z), such that the periods
are given by

I, = / 7, (2.31)
T

with IV some basis of H(M;,C).
As an example, let us look at an elliptic curve £ in Legendre form:

E:y=x(x—1)(xr—2). (2.32)

— 10 —



One may choose a symplectic basis such as the usual A-cycle and B-cycle
5117 SI} € Hl(‘S" Z) ) (233)

with S2 NSt = —S1NSLand SN SL=SNSE=0in integral homology. Then

1
I (2) = / %’“’:2 d?”“’, (2.34a)
sl 0
d 2 d
Hm@yi/-fzz & (2.34D)
sty 1y

can be evaluated in terms of complete elliptic integral of first kind K (k) and K (1 — k) for

1 < z < oo through:
Hll(z) o 1 ¢ ) K(Z)
th@)_4<0—J <Kﬂ—zJ’ (2:35)

! dt
K (k) :/0 (et (2.36)

Introducing 7 = II;2(z)/I1;1(2) and using it as the complex modulus, we can express the

with the definition:

periods of the elliptic curve as modular forms of weight one in 7.
An important property of Calabi-Yau manifolds is that when varying around a point zg, the
holomorphic one-form Q(zp + 0) gets admixtures of forms of other types. We leave a more
comprehensive discussion to the literature, for example ref. [77] and focus on the consequences
that matter to us. The main idea we will need is the Griffiths transversality property of the
derivative:

KO (z) e HOP o H W @ o HITIRLIFL (2.37)

where 0¥ := 0%1...0% and |k| = Zii;ll k; and z controls the moduli space of the Calabi-Yau
manifold M;. Note that just by taking derivatives of € one does not obtain the form Q we
expect from the Hodge decomposition in Eq. (2.28). Through Hypercohomology theory one
can show that the cohomology spanned by the meromorphic differentials obtained by differ-
entiating (as in Eq. (2.37)) is cohomologically equivalent to the Hodge cohomology [78, 79],
this motivates the introduction of the Hodge bundles HP4.

Hence, for the Calabi-Yau manifolds that have appeared in the Feynman integrals literature,
to span the middle cohomology H!(M;,C) one can just take a basis of derivatives of the holo-
morphic I-form €2.> This will prove very useful when looking for a good starting basis for
Feynman integrals with Calabi-Yau geometry. Note that all differentials but {2 are meromor-
phic. As an example, let us return to the elliptic curves from Eq. (2.32). The derivative with

®Note that this is not always the case: for Calabi-Yau I-folds with [ > 4, taking derivatives of the holo-
morphic form is not always enough to span the full middle cohomology, i.e., manifolds with Hodge num-
bers (1, 1, h, 1, 1) with A > 1. The examples we consider are at most Calabi-Yau three-folds so we do not
encounter this problem.

— 11 —



respect to z of Q = dz/y, can be written, up to exact terms, as a linear combination of dz/y
and z dz/y, where the latter is a differential of second kind. Pairing this differential of second
kind with the cycles (2.33) will yield the complete elliptic integrals of second kind E(k?) and
E(1 —k?) for 1 < z < oo through:

T2 (2) _4 -1 z. [ E(z) — K(2) 7 (2.38)
M99 (2) 0 —i E(1-2)
dt(1 — k*t?)
\/ 1—2)(1 — k22)
Equation (2.37) also implies that there are relations between derivatives. These relations form
the Picard-Fuchs differential ideal L((]Z) that annihilate the periods: L(()Z)Hj (z) = 0. Returning

to our elliptic example (2.32), we have Q(z) € H19, 9,Q(z) € HOD g H19 | which therefore
implies:

with the definition:

(2.39)

9*Q(z) e HIO g 5O (2.40)

which means that 92Q2(z) can be written as a linear combination of Q(z) and 9,(z). Hence
the same is true for the periods: 92I13;(z) can be written as a linear combination of IIy;(2)
and 0,111;(z). Explicitly, we find:

9? 1-22 0 1

@Hn(z) = ma 11(2) + mﬂu(z) , (2.41)

which can be derived by using the Griffiths-Dwork reduction [80-84] for the elliptic inte-
grals K (k?) and K (1 — k?) and use the translations from Egs. (2.35) and (2.38).

Quadratic relations: Periods (which correspond to maximal cuts) undergo quadratic re-
lations [85, 86]. In particular, for periods of Calabi-Yau manifolds we find:

0 for 0<r <1
11(z)T SOKII(z) = / O A 05Q(z) = orvsrst (2.42)
M, Cx(z) for |k| =1,

where X is called the intersection matriz and Ck(z) are rational functions in z sometimes
called the [-point Yukawa couplings. This follows from Eq. (2.37) as to get a non vanishing
integral over M;, an w'!-form is needed. But since Q € H"?, we need O¥TI(z) € HO' @ ...,
which is only realised for |k| = [. These relations will be useful in simplifying the differential
equation matrix.

Frobenius algebra: A Frobenius algebra is a graded vector space A = ®A®, i > 0 with a
symmetric non-degenerate bilinear form 7 and a cubic form (also called three-point Yukawa
coupling),

CEak) - A0 @ AU) @ AW 5 C, (2.43)
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where the upper indices are such that
i+j+k=1, (2.44)

with [ the dimension of the manifold®. Among the defining properties of the three-point
coupling is the symmetry under any permutation of the indices: C’L(:bj ’ck) = C’g((;]bg

The Frobenius structure is determined by the Picard-Fuchs ideal combined with Griffiths
transversality in Eq. (2.37), which means that these are the only needed inputs to compute the
three-point coupling. These are the couplings that will later appear in the generic differential
equation (3.22) and their computation is necessary to write a basis for master integrals that
satisfy an e-factorised differential equation. Since our examples have an underlying geometry
being a [-dimensional Calabi-Yau manifold (with I = 1,2,3), we explicitly compute them
for these dimensions. Note that for [ = 1,2 the couplings do not appear in the differential

equation with respect to the moduli 7,. For higher dimensional examples, we refer to ref. [87].

Yukawa couplings for a Calabi-Yau three-fold: Let us explicitly show how this struc-
ture arises for a Calabi-Yau three-fold with hodge numbers:

pBO = O3 =1 p@D = 1D = p (2.45)

which implies that we can find 2h + 2 independent periods

¢(Z) = (¢07 wg)v cee 771Z)YAL)7 51)7 o ﬂ/’gl), 1[)3) ; (246)

where the subscript determines the logarithmic power of the period in the Frobenius basis.
These periods have been chosen by requiring the intersection matrix % to be antidiagonal

1.
> = ( 0 Wl) : (2.47)
“Ljur O
After defining the complex structure moduli as usual:
" (2) ;
To = , a=1,..,h, 2.48
Yo(2) (2.48)

we can use the Griffiths transversality conditions (2.42) to define the Yukawa three-couplings:

Ve 09 0w,
o) > Brom 9m vn(e) ~ Covel®): (2.49)

Let us now connect with the notation commonly used in the string theory literature (e.g.
section 2.5.5 of ref. [88]) by defining the pre-potential F:

(s w_)>
d ‘2(%”“ v ) (2:50)

50ur examples have manifolds with dimension of at most three (i =j = k = 1), this is why we drop the

upper indices, except in paragraph 3.4 where they are needed.
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which we can connect through Eq. (2.42) to the periods in Eq. (2.46) by:

o gy
—F=—=. 2.51
o (@50)
It also follows that the Yukawa three-couplings can be expressed as
0 0 0
= —— . 2.52
Cape 01y OTp 0T (2.52)
With this new notation, let us now write a basis for the cohomology:
Qo=oag+7%a, — 8]—"6“— 2]—"—7'“8.7-" B° (2.53a)
0= “ orae ore ’ '
- 0 0 b 0 py 0 0 0
0= Qg — 5= F B b= : 2.
fa=a orae orb p <87'“]: T 9ra 8be> p (2:53b)
¢ =-p"+r g0, (2.53¢)
00 =0, (2.53d)

where a; and 8!, with I = 0, ..., h, span a symplectic basis for the cohomology. Notice that
this basis is built by starting with the sum of the periods (2.46) normalised by the holomorphic
period g:

i h
Qo = % <1/10 ao+ D i ag + YUY B+ s 5°> : (2.54)
a=1 a=1

The other elements éa, f“ and QO complete Qo to a basis in H 3(M,C) and are chosen such
that the following differential equation holds:

Qo 00 0 0 Qo
o |é& 00 Cupe 0 &
b b, s 2.55
ore | & 00 0 & £ (2:55)
Qo 00 0 0 Qo

This structure will be of relevance to us in section 3.3, when setting up the basis of MIs for an
integral with underlying Calabi-Yau three-fold geometry and in section 5.2 when computing
an explicit example of this type.

2.5 Abelian differentials of first, second and third kind

Here we review abelian differentials of first, second and third kind. In refs. [17, 35, 45] it has
been pointed out that the master integrals of an elliptic sector can be interpreted as elliptic
integrals of the first, second and third kind. We will use this understanding to interpret the
decoupling master integrals we refer to in section 3.

Consider a compact Riemann surface X as a complex manifold of dimension one. On X we
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can have zero-forms (scalar functions f(z,Z)), one-forms (differentials), which locally look
like
w=w,(z,2)dz + ws(z,2)dz, (2.56)

and two-forms given by their wedge product. For applications to Feynman integrals we are
mostly interested in closed one-forms (dw=0), as the e-factorised differential equation matrix
we want to construct will be a matrix of closed one-forms.

A differential n is called holomorphic (meromorphic) if, in a local coordinate z, it has the
form h(z)dz where h(z) is an holomorphic (meromorphic) function.

From the Riemann-Roch theorem we know that the dimension of the vector space of holo-
morphic differentials on X is equal to the genus. So, for integrals with an underlying elliptic
geometry we have only one holomorphic differential.

We can now organise these differentials into three types:

e Holomorphic differentials are called Abelian differentials of the first kind.

e Meromorphic differentials with vanishing residues are called Abelian differentials of the
second kind.

e Meromorphic differentials with non-vanishing residues are called Abelian differentials
of the third kind.

Example: an elliptic curve: Let us come back to our example of the Legendre curve:
E: yYr=a(x—1)(z—=2), (2.57)

where we pick the root ordering 1 < z < oo. Topologically this corresponds to two Riemann
spheres connected by two branch cuts, which we can choose to go from 0 to 1 and from z to oco.
If we allow differentials of the third kind, with non-vanishing residue at a marked point ¢, this
corresponds to a puncture on each of the Riemann spheres at the marked point ¢. Explicitly
one gets the following forms of first, second and third kind:

((dx . . .
— . differential of the first kind,
Yy
d
% . differential of the second kind, (2.58)
dx . . . .
——— . differential of the third kind,
y(z —c)

for ¢ # {0,1,z,00}. With these three differential forms we expect there to be three cycles.
Two of these cycles correspond to the standard cycles around and across the branch cuts from
Eq. (2.33) which are identified with the .A- and B-cycles of the torus. The remaining cycle can
be taken to be a contour around the puncture at x = ¢. Pairing the differentials of the first
and second kind with the cycle S} from Eq. (2.33) will lead to the complete elliptic integrals
of the first and second kind K (k) and E(k) according to Egs. (2.35) and (2.38), respectively.
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If we pair this cycle to differential of the third kind, we will find a complete elliptic integrals

of the third kind:
1

VA —2) (1 = k22 (1 —at?)’

where a encodes the singularity ¢. The marked point ¢ on the elliptic curve £ gets mapped

(2.59)

to a point on the torus via Abel’s map A [68]:

A(z,c) =2 de 4F<arcsm \/E z) , (2.60)
oY z

s

where the second equality holds for 0 < arcsin \/g < 3 and we introduce the incomplete
integral of first kind:

sin(¢) dt

Bk = | SO _re)

(2.61)

Having now defined complete integrals of the first, second and third kind, we can show that
they follow a coupled differential equation:

o [ K®) “% D T 0 K (k)
an | B | =% 1 o 1 R EUNE (2.62)
Il(a, k) 0 seone=D ~ 3e=D0=a) ~ 20—a) I(a, k)

where we observe a 2 x 2 block that couples the elliptic integrals of first and second kind. The
integral of third kind has a homogeneous term and additionally couples back to integrals of
the first and second kind.

Extension to higher-dimensional Calabi-Yau manifolds It is possible to extend the
definition of the differentials of the first and second kind to manifolds beyond Riemann sur-
faces, however, it goes beyond the scope of this article, so we leave this discussion to the
literature [78]. Let us mention that the generalisation of the third kind integrals to higher
dimensional geometries is not very well understood and it is topic of on-going research [89].
So, to find an appropriate analogue of integrals of the third kind but in a Calabi-Yau block
we will rather use Griffiths transversality from Eq. (2.37) and properties of the differential
operators, as we will explain later in section 3.

2.6 e-factorising L-loop banana integrals of equal mass

We end this review section by summarising the results of ref. [44]. Note that, for this case, it
has been shown in ref. [45] that the methods from ref. [44] and ref. [35] are equivalent. This
allows us to lay the ground for generalising to multi-variate Calabi-Yau Feynman integrals.
The integrals studied in ref. [44] are the so-called banana integrals, which are defined by

1, — elEe le 1 1
Yioe ”'L’”L“(p m'ie) = e H Z7TD/2 12 +m?)vi ((25:1 li —p)? —m?2)Lit’
(2.63)

—16 —



where D denotes the number of space-time dimensions, € the dimensional regularisation pa-
rameter, v the Euler-Mascheroni constant and v = Z]Lill vj. We consider these integrals

in the natural dimension for two-point functions, which is D = 2 — 2¢ and as kinematical

. 2 . . . .
variable we choose x = —’;L—2. As we have reviewed in section 2.4, a good basis for master
k1
2iki—p

Figure 1. The [-loop banana graph.

integrals in D = 2 is the derivative basis, that for a L—loop Banana integral takes the form:

I, 11
Ouli1,..1,1
Invic = 8:%[17 11 . (2.64)

L—1
Oy N1

ybseeeydy

However, an IBP analysis in D = 2 — 2¢ reveals that another master integral is needed, a
tadpole I1 1. 1,0, that vanishes on the maximal cut. Defining

I= (1,10 Ine)", (2.65)

we can now set up a differential equation
dI = A(e,z) - I, (2.66)

which is e-factorised after having found the appropriate gauge transformation U such that
M =U -1 with

dM = e A(x) - M. (2.67)
For L > 2, the gauge transformation U will introduce periods of a Calabi-Yau (L — 1)-fold
into A.

Extracting the geometry from the differential equation: From Eq. (2.66) we can
extract the following inhomogeneous differential equation:

(L+1)! (L
2t pesa (1 + ax)

with L) a PF operator of degree L and

G _ { (k)2 ke {l,...,(L+1)/2}}, Lodd, (260)

L(L)IL,”JJ = (—1)L [1,...,1,07 (268)

{2k —-1)%ke{1,...,(L+2)/2}}, L even.
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To find the type of transcendental functions needed to describe the integral, we consider
the maximal cut of the integral at ¢ = 0, since it solves the homogeneous differential equa-
tions. The differential equation for the maximal cut corresponds to the homogeneous part of
Eq. (2.68) at e = 0:

L((]L)Il,...,l,l =0, (2.70)
where we defined Lg“) = lime_o LM as in paragraph 2.3. It is possible to show that L(()L) is

a Calabi-Yau differential operator (see paragraph 2.3), hence, the L solutions
L, =0, 0<k<L-1, (2.71)
are periods of a Calabi-Yau (L — 1)-fold as in Eq. (2.31).

Making an ansatz to e-factorise the differential equation: In ref. [44] it was shown
that the e-factorising gauge transformation for the L-loop equal mass banana integrals is
captured by a set of master integrals M = U - I of the following form:

L
€
Moz% Lol
1 (10 A
Mi=— LM~ S Fpp M|, 1<k<L-1, 2.72
E=y | car M ]Z:;)(kl),yj <k < (2.72)

where the functions F;; are independent of € and can be determined by a set of differential
equations (c.f. section 4.1 of ref. [44]). When all F; ; are set to zero, the diagonal entries of
the connection are already in e-form and the only entries which are not yet e-factorised are
on the strictly lower triangular part of the connection.

Comparison with the method of refs. [35, 45]: As explained in ref. [45], the two
methods of refs. [35, 44, 45] in this case are equivalent, let us briefly recapitulate why. Let us
look at the ansatz in Eq. (2.72) before the e-rescaling and adding the auxiliary functions F;;:

1
My = %11,...,1,
M= L9y 1<k<L-1 (2.73)
E =y gy M- <k< . .

The period matrix (or Wronskian) W, of the maximal cut at € = 0 of this system is given by

{0 YL
17 1!}_3 ?
01 0. <w—§) 8T< L)
1 1 Yr—
we=|00  ger(%) o gaer(s) | (2.74)
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By direct computation it is possible to check that W7y, satisfies the following unipotent differ-
ential equation:
0 Wr(r) = Np(1) Wi(7), (2.75)

where Ny, is the nilpotent matrix:

01 0 ..
0 YQ(T) 0
0 Yi(r) 0O
0o .0 ... (2.76)
0 YQ(T) 0
0 1
0

Hence we observe that, taking the derivative with respect to 7 corrected by the appropriate Y;
prefactors, effectively corresponds to multiply the differential equation matrix by the inverse
of the semi-simple part of the Wronskian, which is the first rotation from the method of
refs. [35, 45]. The second rotation amounts to fixing the € powers: in refs. [35, 45], each
integral that is acted on by k derivatives gets rescaled by }k This corresponds to the same e-
rescaling as in Eq. (2.72). The final rotation introduces additional functions, that are defined
such that the final differential equation is in e-form. This corresponds to the functions F; ; in
the ansatz from Eq. (2.72), showing that the two methods are equivalent.

3 Algorithm to construct a canonical basis

Now that we have reviewed the methods from refs. [35, 44, 45], commented on the Griffiths
transversality conditions in section 2.4, and discussed the structure of differentials of the first,
second and third kind in section 2.5, we are ready to propose our generalisation to several
scales. To this end, we will be focusing on diagonal blocks of the differential equation matrix,
where a single geometry is identified. This proposed basis will be aimed at Feynman integrals
with underlying multi-variate Calabi-Yau geometry, for which we will also be presenting some
examples in sections 4 and 5. To show that we are in fact doing the same transformations as
in refs. [35, 45], we will use the results presented in section 3 of ref. [87], where the authors
have explicitly computed the splitting of the period matrix in semi-simple and unipotent part
from periods defined on elliptic curves to Calabi-Yau four-folds.

Setting up the problem: First of all, we need to identify the geometry of the block we
are looking at. This can either be done with a Baikov analysis, or finding the periods of
the Picard-Fuchs operator. For cases like the banana integrals in two dimensions, the corner
integral (I, 1) evaluates to periods of a Calabi-Yau manifold on its maximal cut in D = 2
dimensions. This is, however, not always the case and one may have to shift dimensions or
take linear combinations of the available master integrals to make the underlying geometry
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manifest.
Once we have found the polynomial y? = P, (21, ..., z,) defining the geometry, we then call I,
the integral whose maximal cut is a integral of a holomorphic form in a judicious choice of

dzy...dz,
_ [ S 3.1
/ - (3.1)

integer dimension Dy:”

MaxCut I;

D=Dy
From the (hyper)cohomology arguments reviewed in section 2.4 (with the highlighted restric-
tions), we also know how many derivatives to take to have a basis that spans the middle
cohomology in D = Dgy. In summary, the first step amounts to identify the master integrals
which can be built from taking derivatives. For example, in Eq. (2.65) we identify all except
the first master integral (which corresponds to a separate sector), as the first and second kind
differentials, obtained by taking derivatives of a single integral.

However, when the number of master integrals is greater than the dimension of the coho-
mology, we need to interpret the extra master integrals differently from the first or second
kind integral. If no separate geometry in the sector is identified, we look for integrals that
decouple from the rest of the sector at € = 0 (as the integrals of the third kind in Eq. (2.62)).
We will refer to these as decoupling master integrals. At ¢ = 0, they can be treated as a
block decoupled from the master integrals built from derivatives. In particular, we want their
differential equation to read

dim(z

)
9 dec 0) (0) 0 (1) (1) dec rdec
= <q(zi> Lo+ ;_:1 Ui o e dey ity %)) (3:2)

where z; are variables from which we can write a Calabi-Yau PF operator for I; which has
a MUM-point at z; — 0.° Note in particular that there are no derivative terms 82_[1 with
k > 2. For Feynman integrals with an underlying elliptic curve, this corresponds to a non-
vanishing residue around a simple pole that is not one of the roots of the zero locus of the
maximal-cut geometry as described in section 2.5. For instance, Eq. (2.62) has two master
integrals corresponding to the first and second kind differentials which saturate the middle
cohomology as evidenced by the Hodge diamond in Eq. (2.30), and the last master integral
must be a differential of the third kind, since we want it to decouple. However, even in elliptic
examples, see, for example, section 4.4 in ref. [35], not all the decoupling integrals have been
chosen such that their maximal cut is an integral of a differential form of the third kind
when € = 0. Nevertheless, in that case, the differential equation takes the form of Eq. (3.2).
Hence, when the integrand analysis is too involved, or finding independent candidates of the
third kind is too complicated, we choose master integrals whose differential equation satisfy
Eq. (3.2). However, this is not the most generic form, for example in section 7.2.2 in ref. [45],
the decoupling master integral satisfies a more generic differential equation. This is because,

"For higher genus curves we have g holomorphic differential forms. In the Calabi-Yau case there is only
one holomorphic differential.
8For elliptics we have only one z; because there is only one canonical variable .
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unlike integrals of the third kind, this integral has a double pole. In that case, we see that we
need more functions than the ones that we use in our examples. Therefore the bases proposed
in this paper is valid for decoupling integrals whose differential equation takes the form of
Eq. (3.2). If such a candidate cannot be found, we follow the indications given in ref. [35, 45].

Some comments on the basis of MIs: The basis we propose has, for the examples we
computed, given a canonical form which displays:”

e An efactorisation of the differential equation dM = e A - M .
e A connection A with poles of at most order one at the MUM-point.

As explained in ref. [45], such a construction of an e-factorised basis is performed locally,
close to a regular singular point of maximum unipotent monodromy (the MUM-point). The
basis obtained close to one point can then be used globally, upon a suitable redefinition of the
periods. Close to each point, one in general has to redefine the holomorphic solution g since,
the solution that is holomorphic close to a regular singular point, will not be holomorphic
when analytically continued to other points. Moreover, one must make sure that the periods
used close to a different point are consistent with the Picard-Fuchs operators. We leave to
the literature [45, 46, 48, 49, 51, 52] how to proceed when the analysis close to more than one
MUM-point is needed.

Starting from a good basis: Let us start by considering a sector to e-factorise, for which
we assume it to have an underlying geometry of a Calabi-Yau [-fold with middle cohomology
Hodge numbers h40, hi=11  hO' At € = 0 it can be shown that one possible solution to
the system evaluates to a holomorphic period at the MUM-point I; = 5. Summing up the
previous two paragraphs, for such a sector we can assume the following starting basis:

d d
I=( L,Ip,....0n—1,1n , I}, . I555,) (3.3)
first, second kind integrals decoupling integrals
where for In = (Iy,...,1I,) is the derivative block and thus Is,..., I, can be expressed as
derivatives of I;. The integrals Ig = ( Sfl, e ,ISSfm) in turn, are the decoupling master

integrals. The differential equation at ¢ = 0 takes the form:

()= (30) ()

and we additionally require the differential equation for Ig to take the form in Eq. (3.2).
Now let us concretely show how this works for [ = 1,2,3 and then propose a generalisation
for [ > 3.

9So far there is no clear consensus on a definition of canonical differential equation beyond MPLs. In
ref. [45], a definition was proposed, which includes the independence of the forms in addition to our defining
properties. Checking the independence of the forms goes beyond the scope of this paper.
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3.1 [ =1, elliptic Feynman integrals

The Hodge numbers for an elliptic curve are
pO=1, n% =1, (3.5)

which, by virtue of Eq. (2.37), allows for two master integrals in a derivative basis. Any
master integrals in the maximal cut beyond those two are then chosen as decoupling master
integrals in the fashion of Eq. (3.4). Hence, the basis for such a Feynman integral reads'’

I
My = w—l (3.6a)
0
M =I}+FjoMy, j=1,..m (3.6b)
10 “
Mgy = —5-Mo + ZF(m—l—l),j M, (3.6¢)

=0

where 7 = % and the functions F; ; are fixed by requiring that the terms not proportional to
€ vanish. Since the elliptic case, treated as above, effectively behaves as a one variable case
(because we need to take only one derivative), Egs. (3.6) is equivalent to refs. [35, 45] for the
same reasons as in paragraph 2.6.

For the elliptic Feynman integrals we have worked out two bases, that we have called demo-
cratic and decoupling approaches. The basis in Egs. (3.6) corresponds to the decoupling
approach. We will not write in full generality the basis for the democratic approach, which
in spirit is different from refs. [35, 45], as we observed that it is a good basis only for elliptic
integrals. We refer the reader to section 4.1, where we show how this works in a specific ex-
ample. In appendix A we show the proof for the validity of both the approaches in a specific
case of two parameters and one decoupling integral'! and in section 4 we show that for the
unequal mass sunrise these two bases are related by a constant rotation.

Punctured surfaces: As discussed in section 2.5 for elliptic curves, we can identify dif-
ferentials of the third kind as coming from punctures on the surface. If the dimension of
the phase space (which includes all masses and external momenta associated to the sector)
is less or equal then the number of moduli of the Calabi-Yau manifold: dimz < A'~b1, the
punctures can be understood as being constant at any one point in the space of moduli. If
instead we find dimz > h'~1!, one can interpret the punctures as being free parameters to
which the extra parameters of the phase space are mapped to. Concretely, we encounter this
in section 4 when recomputing the unequal sunrise diagram whose underlying geometry is a
torus with three punctures.

1071 this section we omit an overall e-rescaling for clarity. In examples it might be needed to preserve uniform
transcendental weight.

"The generalisation is straightforward. Since for K3 manifold we give the proof in full generality, here we
decided to write it for an hands-on example for better clarity.
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3.2 [ =2, K3 Feynman integrals

The hodge numbers for a K3 surface are
=1, ht=20, n¥?=1, (3.7)

however, if we have dim(z) < 20 variables, we can define h = h' = dim(z), as there are 20— h
~ ()

vanishing entries in the period vector, hence h is the number of different moduli 7; = % we

can define from the mirror map. The size of the derivative basis will therefore depend on the

number of variables i and we find that there are:
n=h*" + h+ h%% = 2 + dim(z) (3.8)

master integrals which can be written in a derivative basis. Any m master integrals beyond
this number is, if possible, once more taken to be decoupled master integrals in the fashion
of Ig in Eq. (3.4). Hence, the new basis reads:

I

My = —, 3.9a
0= U (3.9a)

10
M,=—-——>M;y+ Fa70 My, (39b)

€ 01,
Mj = deoc + Fj7() M() s (39C)

1 a n+m—2
Mn+m—1 = E%MB + kz_;) F(n—l—m—l),k My, (39d)
where

1<a<h, h<j<m+h, (3.10)

and «, 3 take a single value in the range a, 8 = 1, ..., h with the additional requirement

0
%MB #0 fore=0. (3.11)

Note that not all the choices are allowed; this depends on the intersection matrix: a general
intersection matrix for the periods of a K3 surface with a MUM-point reads

001
0xo0], (3.12)
100

where ¥ is a symmetric h x h matrix with entries Yi; € Z. Hence, we can use the quadratic
relations yTZy = 0, to write the double logarithmic period 5 in terms of the others. If we
now normalise by the holomorphic period, as we do to write the basis in Eq. (3.9), we get

v 1 W6 _ 1y @)
%:2—8222-]- R :5222-]-7 ) (3.13)
ij=1 ij=1
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so the derivative 0, in Eq. (3.11) has to act on Mg ~ E?Tﬁ%, such that 0, 876% # 0 which
depends on the intersection matrix as some products of 707 in Eq. (3.13) can vanish due
to the specific coefficients in 3J;;. This leads to a differential equation on the maximal cut
(where we take the formal limit F; ; — 0 in Eq. (3.9) and don’t consider the terms multiplied

by non-positive powers of € in the strictly lower diagonal part of the matrix) which reads

18 My 0dac O My
T M, =00 24| M, , for a,b,e=1,...,h, (3.14)
€ 0Tg

Mn+m—1 00 0 Mn+m—1

where i‘,mb depends on X, in Eq. (3.12) and can be written as

)y

D 3.15
Yo+ Xpa (319)
and therefore depends on the choice of o and 8 we made to define M,,1,,,—1 in Eq. (3.9).
Away from the limit e — 0, the functions F;; in Eq. (3.9) are needed to put the whole
differential equation into e-form. We refer to appendix B for a constructive derivation of the
full form. Completing the picture of Eq. (3.14) we find that for the full differential equation

in the derivative block will read:

9 MO _Fa,O 5(1,0 ~0 MO

5| M —e| % S| M. , (3.16)
T
¢ Mn+m—1 * * * Mn+m—1

where the entries denoted by *  depend on the starting PF operator and the functions F; ;
are fixed by requiring that the terms not proportional to € vanish. For more details we again
refer to appendix B.

The differential equation (3.14) coincides with the differential equation for the unipotent
part of the period matrix from section 3.1 in ref. [87], showing that effectively taking 7,
derivatives amounts to multiplying the differential equation matrix by the inverse of the
semi-simple part of the Wronskian. The e-rescaling is done similarly as in the one variable
case, hence, as reviewed in paragraph 2.6, corresponds to the e-rescaling from refs. [35, 45].
Finally, the auxiliary functions F; ; are required to cancel the terms not proportional to €, as
in refs. [35, 45].
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3.3 [ =3, Calabi-Yau three-fold Feynman integrals
The Hodge numbers for a generic Calabi-Yau 3-fold are

RO =1, m*!' =dim(z), h'?=dim(z), A**=1. (3.17)

Hence, the dimension of the block built from Eq. (2.37) has size (2h*! +2) x (21?1 +2).
Carrying out the IBP reduction, the maximal cut sector may contain n + m master integrals
where we identify the first n = 2 %! 4 2 master integrals in the derivative block which span
the cohomology of the Calabi-Yau three-fold and m master integrals, if possible, chosen such
that they satisfy a decoupling differential equation in the fashion of Eq. (3.4). We use the
following basis to e-factorise the block:

I
My=—", 3.18a
° 7 %o ( )
10
M, = E(‘)TMO + Fa,O My, (318b)
a
1 h2'1 a h2'1 h2'1
M2y = ~ > Vo 5 M+ (Z ybvk,l> > Fpeasn pMy, (3.18¢)
k=1 k k=1 =0
M; = I°° + Fj My, (3.18d)
1 a n+m—2
Mysm1 = —5—Myaiss + > Flrmone My, (3.18¢)
(e}

k=0

where the indices a, b and j cycle through the n 4+ m master integrals with the ranges
1<a<h®' and 1<b<h?®' and n<j<n+m, (3.19)

and the functions F; ; are fixed by requiring that the terms not proportional to € vanish. The
rational functions ) ; can be determined through the Yukawa three-couplings defined in
Eq. (2.42). In particular they follow from solving for Mjz2.1 ., the set of equations

h21 B21
10 c={1,...,h>1}
{; <Cb,c,d M2 — l;)F(hz,urb),k Mk> = on My, do L[ (3.20)

Note that Eq. (3.20) only spans h?! independent equations and that several Vi jk from
Eq. (3.18¢c) can vanish. When taking the formal limit F; ; — 0 and only considering the n xn
derivative block of the maximal cut without the terms multiplied by non-positive powers
of € in the strictly lower triangular part of the matrix, we recover the following differential
equation from the basis in Eq. (3.18):

My 06qa O O My
li M, _ 0 0 Cape O . My (3.21)
€01y | Mp2a,, 00 0 dae Mp21 4, '
My ym—1 00 0 O My im—1
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The structure of this differential equation is once more derived from the the Griffiths transver-
sality conditions from Eq. (2.42). This corresponds to the structure we reviewed in Eq. (2.55).
The differential equation (3.21) coincides with the differential equation for the unipotent part
of the period matrix from section 3.2 in ref. [87], showing that effectively taking 7, derivatives,
corrected by the appropriate cubic coupling C, ., amounts to multiplying the differential
equation matrix by the inverse of the semi-simple part of the Wronskian. The e-rescaling is
done similarly as in the one variable case, hence, as reviewed in paragraph 2.6, corresponds to
the e-rescaling from refs. [35, 45]. Finally, the auxiliary functions Fj ; are required to cancel
the terms not proportional to e, as in refs. [35, 45].

3.4 [ > 3, Calabi-Yau /-fold Feynman integrals

For higher dimensional manifold we generalise the basis following the same procedure, such
that, in the appropriate integer dimension, the differential equation reads

M, 0daqj, O 0 0 0 M,
Mi1 0 0 Cé,li’ll,)jz 0 0 0 Mjl
Lo | Me o0 o ol . M;,
-z : : , (3.22)
- : D : : : : :
M, 00 0 0 S| M;,_,
M;,_, 00 0 0 ... 0 buj, M;,_,
Mytm—1 00 0 0o ... 0 0 My im—1

for a = 1,...,hy_1 1, that is again the differential equation satisfied by the unipotent part
of the period matrix. The Yukawa three-couplings Cl(ii) have now different upper indices,
because the dimension of the manifold is greater than three as mentioned in Eq. (2.44). They
can be determined as detailed in ref. [87], in which the computations are explicitly carried
out up to [ = 6. This procedure will put the derivative part of the differential equation into
e-form up to a strictly lower triangular part which in turn is dealt with the functions F; ;. If
there are more master integrals in the sector, and if it is possible to choose them such that
they satisfy a differential equation in the fashion of Eq. (3.4), we proceed as in the previous
cases.

4 Recomputing the sunrise with unequal masses

The sunrise diagram with unequal masses has first been analytically put into e-form in ref. [90]
with the introduction of elliptic integrals in the gauge transformation. We will show that the
approach presented in section 3 leads to a canonical basis which only differs by a constant
gauge transformation from the results of ref. [90]. Let us review the basics and introduce our
conventions. We consider the two-loop unequal mass sunrise family:

dP1, dPi, 1
’iﬂ'% iwg D?Dgz”-Dgs ’

Loy, (07, M3, m3, m3; €) = esz/ (4.1)

— 26 —



with the denominators D;:
Di=1—mi, Dy=13-m3, Ds=(li+1lp—p)*—m3,
Dy=(lh —p)*, D5 = (I —p)*. (4.2)

We set the dimensionless kinematic variables z;'?:

2 2 2

ml m2 m3
T1=—, Ta=—, T3=—. (4.3)

p?’ p?’ p?

Elliptic integrals through the gauge transformation: The e-factorisation will be
achieved through a gauge transformation as reviewed in section 2.1. This gauge transfor-
mation will introduce the periods g, 1 "*:
4K (k 4iK(1 -k
TIZ)(]: ( )7 7,01:#, (44)

Cq Cq

with

k2 16‘/1’511’2%3

22— 2(ze + a3+ a1 + 22 + (w3 — 1)2 — 2m9(23 + 1) + 8/T17273
cy = \/x% — 231 (22 + 3 + 1) + 8y/@ 12223 + 73 — 2x9(25 + 1) + (23 — 1)2. (4.5)

The elliptic integral of the first kind has been defined in Eq. (2.36). Additionally some
incomplete integrals of the first kind will be introduced through Abel’s map A with the
definition for F' in Eq. (2.61):

4F (arcsin( uj) ,k‘)

Cq

Aluy) = (4.6)
Through these definitions we can now map the kinematic variables x1, x2 and x3 to the
moduli space M 3 of a punctured torus which is defined by the ratio of periods 7 and three
punctures z1, z9 and z3 where translation invariance requires z; + zo + 23 = 1:

B Afu) A
T 2T

(4.7)
with

(VT2 + V/73)* = (VT2 = T3)* 2T (VE A VE) - (L - Em)?

2Note that when treating elliptic examples we denote kinematic variables with x as opposed to z to avoid

uy = LV — (VT — V)" L A ym) — (Vi - ) @8

a notational conflict since the canonical variables on the torus include the punctures z;.
31n ref. [90] the periods are denoted 1 and 12 instead of 1o and ;.
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The differential equation: Running an IBP algorithm (e.g. ref. [54]) we find the following
master integrals:

111,000
110,100
1p,1,1,0,0
I=|1Ii1100]; (4.9)
121,100
I12.100
I1,1,2,0,0

satisfying the differential equation:
dI = A(zq, 29, 23,¢) - 1, (4.10)

where A is a matrix where each entry is a rational function in 1, x2, £3 and the dimensional
regularisation parameter e.

As mentioned in section 3.1, to e-factorise this differential equation we have found two dif-
ferent approaches. We start by presenting the democratic approach and follow it up with the
decoupling approach.

4.1 The democratic approach

We can start from the set of master integrals given by the IBP reduction algorithm where we
identify a maximal-cut sector with four entries and three different sub-sectors each of them
corresponding to a tadpole:

T
I=(111,00011,01001011,00 11,1100, 121,100, 11,2100, 11,1,2,00)" - (4.11)

tadpoles maximal cut

For this choice of basis, the derivatives with respect to the different kinematic parameters are
on equal footing. We introduce derivatives with respect of to the moduli-space M 3 to put
the 4 x 4 maximal cut block into e-form. The basis reads:

d 2

My™ = €111,0,00,
dem 2

M{i™ =¢€T10p1,00,
dem 2

M5 = €“In1,1,00,

gdem _ E211,1,1,0,0
dem _ 2111100

Yo
10
Mdem _ —_~ pgqdem Fdodeem
4 €071 3
Mdem — li dem Fdodeem
> € 07y 3
10
aggem = 1.0 ppgem . pom ggem (1.12)
€ 0T ’
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where the derivatives with respect to 7, z; and 29 can be determined through the Jacobian J:

dzq J11 J1,2 J1,3 dr
dzo | = | 21 J2,2 J23 | - [ d=1 | - (4.13)
dz3 J3,1 J3,2 J3,3 dzy

Explicit formulas for Fg’ Fs, dem and F7 dem as well as the resulting connection matrix A,
close to the MUM-point x = 0, can be found in the ancillary file sunrise.nb. We call this
democratic approach because we take derivatives not only with respect to 7 but also with
respect to punctures, placing all the moduli on equal footing. With this basis the differential
equation is in canonical form. We give all results in terms of elliptic functions and the functions
Fﬁ;m are determined leveraging the modular properties of the functions (see section 5.2 of
ref. [91] or section 3.1 of ref. [92]).

4.2 The decoupling approach

Alternatively, it is possible to start from a different basis of MIs which is still rational in x1,
x9, x3 and € (in other words, an IBP algorithm can also find this starting basis):

d T
I19°° = (11,1,0,0,0, 11,0,1,0,0, £0,1,1,0,0, 11,1,1,0,0, £2,1,1,0,0, L1,1,1,-1,0, [1,1,1,0,-1) " - (4.14)

tadpoles maximal cut

We observe that, with this choice of starting master integrals, the differential equation
for I1 1,100 and I21100 at € = 0 does not depend on Iy 11,10 and I 1,1,0,—1. This cor-
responds to the structure of differential equations for elliptic integrals of the first, second and
third kind reviewed in section 2.5. The maximal cut therefore organises itself into a 2 x 2
minimally coupled elliptic sector and two 1 x 1 sectors which only couple back to the elliptic
sector. This is why we call this alternative choice, the decoupling approach. Following the
method outlined in section 3 we split the maximal cut into two parts, first a two-dimensional
part which is expressed through differentials of the first and second kind (at € = 0), where
we normalise by the holomorphic period and use a derivative, to generate the differential of
second kind. Secondly a two-dimensional part which is expressed through differentials of the
third kind (at € =0) Iy 11,10 and Iy 1,1,0,—1. The full basis then reads:

dec 2

My™ =€ 111,000,
dec 2

M7 =¢€11,01,0,0,
d 2

M5 =€In11,00,

I11,1,00
M?(’ie(::62 77777

o
dec dec dec
M = 21 1110 + F{ M

byt

Mdoc —¢ 1171,170 1+ Fdochoc

Jia 0 d dec 7 7d
Mdcc ec F CCM ec 4.15
e Or1 + Z ( )
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where

g (22 (4.16)
11 = D2y . )
Note that J1,10,, # O since
o . 0 .0 . 0
97 dl,la—xl +1J2,1a—x2 +153,1a—x3 . (4.17)

Instead [J1,10,, can be interpreted as a 7 derivative when x9 and z3 are held constant.
Similarly we have Ji1 # Ji,1 but we can relate J11 to the entries of the Jacobian J of
Eq. (4.13) through:

J1,192,393,2 + J1,292,193,3 + J1,372,293,1 — J1,192,293,3 — J1,292,393,1 — J1,372,193,2

Jig= = —
J1,343,2 — J2,243,3

(4.18)
The terms F;}jec which we have collected in ancilliary file sunrise.nb will nevertheless in-
troduce the entries of the Jacobian J; ; of Eq. (4.13). We therefore interpret that, the first
step of the algorithm (which e-factorises the diagonal terms) solely introduce 7 by holding x5
and x5 constant. Then, the second step (which e-factorises the remaining off-diagonal part
by introducing the functions Fj ;) will in turn introduce the punctures z; and zp. With this
basis the differential equation is in canonical form, close to the MUM-point at x = 0. Note
that we give all results in terms of elliptic functions and the functions Fﬁj‘?c are determined
leveraging the modular properties of the functions (see section 5.2 of ref. [91] or section 3.1
of ref. [92]).

4.3 Comparing the results

We have shown how to get two canonical forms for the unequal masses sunrise by two methods
that combine the ideas reviewed in section 3.1. It turns out that both gauge transformations
are related by a constant rotation:

Mdem — Udom . I,

Mdee = ydee . 1 (4.19)
with
1 000000
01 00000
00 10000
Udm—=10 0 010 00]- -Udec, (4.20)

—i —i —i02i i 0
—i —i —i 0 i 2i0
0000001

showing that, effectively, we get only one canonical form.

UBMW

Note that when comparing with the gauge transformation of ref. [90], we again find a
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constant rotation which relates it to our results:

1000000
0100000
0010000

udm=1000 100 0 [ UBMW (4.21)
00004% 30
00004%-10
000000 2

This shows that our method finds, up to a constant rotation, the same differential equation
matrix, which in ref. [90] is expressed as Kronecker forms recalled in Eq. (2.10b).

5 Computing new integrals

In this section we apply the approach presented in section 3 to integrals that, to the best
of our knowledge, have not been computed before. In particular, we will get a canonical
differential equation for two three-loop banana integrals with two unequal masses and one
four-loop banana integral with two unequal masses.

5.1 Banana three-loop with two internal unequal masses

We begin by applying the algorithm from section 3, in particular from section 3.2, to get a
canonical form for the differential equation of a three-loop integral with an underlying K3
geometry (a Calabi-Yau 2-fold). We consider the three-loop banana family defined as:
D; 1Dj 3D
2 2 2.6):ests/d h d7l; d7s ! (5.1)

I, (p™, m; mj
1125519 Lt N A P .. D . D ., D prinv2 vg
1T 2 T2 T2 Dl D2 “‘D9

with the denominators D;:

Dlzl%—mi, D2:l§—m§2, Dgzlg—mig, D4:(ll+lg+lg—p)2—m?4,

Ds = (I —p)?, Dg = (la —p)*, Dr = (I3 —p)*, Ds=(l1 —la)*, Dg= (1 —13)*. (5.2)

In the case with two unequal masses, there are two possible mass configurations, namely
the 3-1 configuration where we set:

Mj, = Mjy = Mj, =M1, Mj, =My, (5.3)
and the 2-2 configuration where we set:
mj, = Mj, =My, mjs = Mj, = M32. (5.4)

In the following, we will work with the dimensionless kinematic parameters:

2 2

mq msy
Zl = —, 2;2 = —. 55
P pe (5:5)
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The Hodge diamond for a K3 manifold is

1
0 0
1 20 1, (5.6)
0 0
1
however, since our manifold depends only on dim(z) = 2 moduli (z = (z1,22)), there

are 20 — 2 = 18 vanishing entries in the period vector. Hence we define

¥(z) = (to(2), v1" (2), 017 (2), ¥2 ()T, (5.7)

where 1y(z) denotes the only period that is holomorphic at the MUM-point and therefore
allows for a Frobenius expansion with no logarithms.' The periods %1 = (wgl),w?))T on the
other hand are the dim(z)(=2) periods that diverge with a single logarithmic power when
approaching the MUM-point. Consequently, )5 is the period which has a double-logarithmic
expansion close to the MUM-point. From the Griffiths transversality conditions in Eq. (2.42)
we also find that there is a quadratic relation which relates these periods and we are able to
eliminate 1, in the fashion of Eq. (3.13). We therefore will henceforth only consider vy, 1/)%1)
and 1/)%2) as independent periods.

5.1.1 The 3-1 configuration

We begin with the 3-1 configuration, in which we set the masses to the values m; and mo
according to Eq. (5.3). Running an IBP algorithm and massaging the starting basis into the
form of Eq. (3.3) yields:

110,1,1,0,0,0,0,0
15,1,1,1,0,0,0,0,0
111,1,1,0,0,0,0,0
= | I21,1,1,00000 | (5.8)
11,2.1,1,0,0,0,0,0
13.1,1,1,0,0,0,0,0
I1,1,1,1,-1,0,0,0,0

where the master integral I7 111

sbytyty

ion as the last two master integrals in section 4.2. We therefore are left with a minimally

~1,0,0,0,0 decouples from the maximal cut in the same fash-

coupled 4 x 4 sector with the master integrals I; 11 1,0,0,0,0,0; 127171717070707070, 117271717070707070

byt

13We will from now on leave the dependence on z implicit.
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and 31,1,1,0,0,0,0,0- By setting € to zero we can read off two coupled PF operators of the form:

byt

@ 0 0 , 9 o
0 = (82% + ql,l(zl,zl,zl) 82% + ql(zl,zl,zl) 821 + q2(21721,21) 82 + (zl,zl,z1)> [171717170707070707
o (0) 7 9 ., 0 .,
<822821 q 1(22,21,21) 62% ql(zz,zl,zl) 621 q2(zg,zl,z1) 822 q(zg,zl,zl)) ‘[17171717070707070’

(5.9)
are rational functions in z; and z3. We can construct three independent solutions in

where ql@

a Frobenius basis close to the MUM-point (21, z2) = (0, 0) for g, wg) and 1/19 where explicit
expressions can be found in banana 3_1.nb. This basis satisfies the quadratic relations

%T,E&l yzo , (510)
with the intersection pairing
00 01
g1 | 07630 (5.11)
0-3 00
10 00

We can then define two independent moduli:

gl) ¢§2)
n= L2 5.12
" 7 o (5.12)

and can construct a change of variables through the Jacobian J:

dz J1,1 J1,2 drmy
_ (Y2 . 5.13
(dzz) <d2,1 dz,2> <d72) (5.13)

Having defined the variables 7 and 7o we are now ready to write the basis proposed in
section 3:

31 _ 3
My =€ 11,01,1,0,0,0,0,0 »
31 _ 3
M =€ 10,1,1,1,0,0,0,0,0 »
11,11,1,0,0,0,0,0
M3-1_€3 gLy Ly LyUyU,UyUy

2 wo ’
10
M == Fyy M3t
3 €dm + 20
10
M == Fry Mgt
4 687'2 + 20

31
My =€ 11,1,1,1,—10000+F5 M

M3 = E3 1M3 r 5.14
6 . 87’1 Y+ Z 6.5 (5.14)
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where the functions FZ?’]1 are made up of algebraic functions multiplied by powers of the holo-
morphic period ¥y and (iterated) integrals of the same kind of functions. This basis brings
the differential equation in canonical form, close to the MUM-point. We once again give ex-
plicit (expanded in series around the MUM-point) results in the ancillary file banana_3_1.nb.
Moreover, we have checked that we get at most simple poles in each of the variables at the
MUM-point. Note that the expansions of the functions FZ?’J1 have integer coefficients, as
we observed in banana integrals with equal masses [44] and other integrals with underlying
single-scale Calabi-Yau geometry [45].

5.1.2 The 2-2 configuration

Let us now consider the 2-2 configuration, in which we set the masses to the values m1 and mo
according to Eq. (5.4). Running an IBP algorithm and massaging the starting basis into the
form of Eq. (3.3) yields:

11,0,1,1,0,0,0,0,0
19,1,1,1,0,0,0,0,0
11,1,1,1,0,0,0,0,0
122 _ 151.1,1,0,0,0,0,0 (5.15)
112.1,1,0,0,0,0,0
131,1,1,0,0,0,0,0
I11,1,-1,0000
1111,1,00,0,-1,0

where the master integrals I11,1,1,-1,0,000 and I11.1,1,00,0,—1,0 decouple from the maximal
cut in the same fashion as the last two master integrals in section 4.2. Just as in the 3-1
configuration we are left with a minimally coupled 4 x 4 sector with the master integrals
11,1,1,1,0,0,0,0,05 12,1,1,1,0,0,0,0,05 11,2,1,1,0,0,0,0,0 and 13,1,1,1,0,0,0,0,0- Two coupled PF operators of
the form in Eq. (5.9) yield three independent solutions )y, 1/)%1) and ¢§2), where we express
19 in terms of the other periods by virtue of the quadratic relations in Eq. (3.13). Explicit
expansions can be found in the ancillary file banana_2_2.nb. This basis satisfies the quadratic

relations
Pl 522y =0, (5.16)
with the intersection pairing
00 01
: 0-2-40
»*2 = 04 20 (5.17)
10 00

We can then define two independent moduli:

1 2
e

T Y o (518)

1
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and we can determine a change of variables through the Jacobian J:

dz; J1,1 J1,2 drmy
= ’ ’ . . 5.19
<d22) (32,1 32,2) (de) (5.19)

Having defined the variables 7, and 7o we are now ready to set up the basis as proposed in
section 3:

22 _ 3
M5 =¢€110,1,1,0,0,0,0,0 »
22 _ 3
Mi™ =€101,1,1,0,0,0,0,0
11,1,1,1,0,0,0,0,0
M2-2_6377777777

2 T/Jo ’
1 0
22 L FR2 2
3 o 39 M5™7,
22 10 9 L F22 2
A con, 19 M5y7,

22

ME? =T 111 - 10000+F5 IM5,
22

Mi==ce€ 11,1,1,1,000—10+F6 I My

M2 — F2 2M2 2. 9
7 € 87’ o Z (5:20)

where, as before, the new functions Fff are a combination of algebraic functions multiplied
by powers of the holomorphic period ¢y and (iterated) integrals of the same kind of func-
tions. This basis brings the differential equation in canonical form, close to the MUM-point.
We present explicit expressions (expanded in series around the MUM-point) for Fff in the
ancillary file banana_2_2. Note that, here as well, the expansions of the functions Fff have
integer coefficients.

5.2 Banana four-loop with two internal unequal masses

In this section, we apply the algorithm from section 3, in particular from section 3.3, to
get a canonical form for the differential equation of a four-loop integral with an underlying
Calabi-Yau three-fold geometry. We consider the four-loop banana family:

2 2 o oy ape [P0 dPl le3 le4 1
Lo B Moy G5 €) = €8 / in? in% ir% ir3 DDy .. DYt (521
with the denominators D;:
Dy=0-m}, Dy=l3-mj,, D3=I3-m}, Di=Ij—m],
Ds=(+l+ls+ls—p’—mi, Ds=(1—p?, Dr=(2—p?,
Ds=(l3—p)*, Do=(ls—p)*, D= (l1—1)*, Du=(1—1)°,
Dig = (I1 —14)?, Diz=(la—13)*, Dis=(la—1s)*. (5.22)
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In the case with two unequal masses, there are two possible mass configurations, namely the
4-1 configuration where we set:

My = Mjy = Myjs = My =M1, Ny = M2, (5.23)
and the 3-2 configuration where we set:
mjl = 77’Lj2 = mjg =mq, mj4 = mj5 =Mmsy. (524)

We will only analyse the 4-1 configuration, we expect similar results for the 3-2 configuration.
In the following, we will work with the dimensionless kinematic parameters:

2 2

ml m2
a="0 =2 (5.25)

p? p?

From the differential equation that we generate with KIRA 2.0 [57], we find nine master
integrals among which we find two tadpoles:

11,1,1,1,0,0,0,0,0,0,0,000, 11,1,1,0,1,0,0,0,0,0,0,0,0,0 5 (5.26)

and one decoupling master integral:

111,1,1,1,-1,0,0,0,0,0,0,0,0 - (5.27)

The remaining six master integrals form a system of coupled differential equations for the
master integral 111111

ststytyly

for which we find, at ¢ = 0, siz independent solutions:

O(z) = (Yo(z), v1" (2), 07 (2), 057 (2), o3 (2), 43(2)) ", (5.28)

that satisfy the quadratic equations QT DI - =0, with »4! antidiagonal as in Eq. (2.47).'°
The periods expanded around the MUM-point are available in the ancillary file banana_4_1.nb.

0,0,0,0,0,0,0,0,0 which have (on the maximal cut) operators of PF type

The notation is motivated as follows: since the point (21, z2) = (0,0) is a MUM-point, we find
a Frobenius basis which has one holomorphic period g, two single log periods wgl), ng), two
double log periods 1/151), ¢é2) and one triple log period 3. This corresponds to the structure
of a Calabi-Yau threefold with the following Hodge numbers for its middle cohomology:

p03) = pBO =1 p@D = 1D = 9 (5.29)

Therefore the maximal cut of the master integral of interest I 1,1,1,1,0,0,0,0,0,0,0,0,0, i D = 2,

byt

takes the form:

MaxCut I1,1,1,1,1,0,0,0,0,0,0,0,0,0 ={5j,1 o + 0529 + 85598 + 65405

050 + 86w+ Y EfT = {1,2,3,4,5,6}} ,
k>1
(5.30)

15We will from now on leave the dependence on z implicit.
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where the functions f,gj ) are rational in the kinematic variables z. This corresponds to the
integral of the first kind differential in the limit ¢ = 0 along the independent contours.
After defining the complex structure moduli as usual:

(1) (2)
T = —L ) T2 = & )
Yo Yo

we use Eq. (2.49) to define the Yukawa three-couplings. Since the derivatives in Eq. (2.49)

(5.31)

commute, we find that there are four possible couplings: Ci 1,1, C1,1,2, Ci22 and Ca2 .
Additionally, when unpacking Eq. (2.49), one finds the following simpler equations for the
couplings:

9 0 v 9 9 W

aTiaTj wo — ik 8_7'18—7']%

Through these expressions we can now introduce the pre-potential F, as in Eq. (2.50), which

=7 CZ',]J + T Ci,jg . (5.32)

is related to the normalised periods as follows:

(4) o ¥ o o
2 _ Y ¢ B F e F—r—F 5.33
7/10 87']' ’ wo E (97'1 2 (97'2 ’ ( )
and has the property:
o 0 0
o, 0r, 0, ik >34

With this compact notation, we can now define the master integral M;-! which normalises
Eq. (5.30) by the holomorphic period 1y and express it as:

M4—1 _ 1171717171707070707070707070
2 =

Yo
0 0
= (5]'71 + (5]"27'1 + (5]'737'2 + 5j748—7'1f + 5j758—7'2f
vog(oronlron +Zekﬁ- | =1{1,2,3,4,5,6} (5.35)
7,6 167’1 7—28’7'2 T,Z)(] ;)= ) &y 9y Ty Yy . .

k>1

The other five master integrals can be defined as proposed in section 3.3.

Alternatively, we can notice that if we want to find the differential equation of Eq. (3.21),
apart from M24'1, %871 Mél'l and %&QMQH, we need to look for master integrals which are
non-vanishing when e = 0, but whose derivative 0;, and 0;, either vanish or are proportional
to a constant in this limit (after the appropriate e-rescaling). We find that the following
master integrals have this property:

a 8 8 8 8 4_1 .
- —— — YVo— — M5 =<6+ =11,2,3,4 .
- ( 1 P Vs, - 7’1> 9 {5]76 O(e), j=11,2,3,4,5, 6}} , (5.36)

first candidate
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and

0 0o 0 o 0 .
8—7'2 <y38—7'1(9—7'2 - y 87’2 87_2>M {5]',6 + 0(6)7 J = {17273747576}} ’ (537)

second candidate

where we introduce the following rational functions ); of the Yukawa three-couplings (which
can be derived using Eq. (3.20)):

¥V, = Ci2,2 3, — Cii2

' 01,1,101,2,2—01271,2 noET 01,1,101,2,2—012,172 ’
Y, = Ci2,2 ), — Cii2

° 012,272—01,1,202,2,2 no T 01272,2—01,1,202,2,2 '

This choice of these two master integrals coincides with what we get by using the basis from
section 3.3. We can choose to define Mg to be either of Egs. (5.36) and (5.37). Choosing
Mg =(5.36), we have constructed a canonical basis as in section 3.3. When considering the
maximal cut at € = 0 the differential equation takes the form of Eq. (3.21):

Mél_l 0 5j,1 5]'72 0 0 0 Mél_l
Myt 00 0 CiijCiaj O Myt
O Mt _ [0 0 0 CiajCaay O Myt (5.38)
orj | MF| oo 0o 0 0 4, M1 '
Mt 00 0 O 0 dj2 Mgt
Mt 00 0 O 0 0 Mt
where the master integrals come from the following basis:
Myt = e 1111.1.0000.00000.0
M =€ 1111,01,000,0,0000,0
I
Mél-l — 1,171,171,0;270070,070,070,0 7
190
Mt = Fyy My
3 € Om + ’
190
Mt = Fiy My
4 € 0Ty + ’
M4—l:_ yi_yi M4—1 Z4:F41M41
5 e\"'on 2om )8 = °
4
1 0 0
41+ 9 9 _ a1
Mg = c <y3 o Yy 872> + (V3 — ) ]2222 M
Mt =¢ 11,1,1,1,1, 1,0,0,0,0,0,0,00 + Fra My™
M — F4 1M4 1 5.39
8 € 87’ + Z (5.39)
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The integrals Mé‘l, Mf‘l correspond to tadpoles and M?‘l corresponds to a decoupling master
integral. The derivative structure of Eq. (5.38) is preserved but we introduce the additional
functions Ff‘Jl to e-factorise the strictly lower triangular part of the matrix in the fashion of
section 3.3. With the additional functions, the differential equation is in canonical form, close
to the MUM-point. We once more display all results in the ancillary file banana_4_1.nb.
Note that all the functions F; ; are holomorphic and have integer coefficients when expanded
at the MUM-point (z1,22) = (0,0).

6 Conclusion

In this paper, we have presented a way to construct bases of master integrals which bring the
differential equations of multi-scale Feynman integrals with an underlying Calabi-Yau geom-
etry into canonical form. This is a multi-scale generalisation of ref. [44], and it corresponds
to the first application of the method introduced in refs. [35, 45] to multi-scale Calabi-Yau
Feynman integrals. We have applied this construction to the already well-studied unequal
masses sunrise integral and have found the same result as ref. [90] up to a constant gauge
transformation.

We have shown that we can apply this method to new integrals, such as three-loop integrals
and a four-loop integral, all dependent on two scales. Remarkably, we find that for the exam-
ples we have computed, the basis we propose yields a closed connection with at most simple
poles in each of the variables. We believe that a basis of this form can be used for any block
which can be rewritten as a PF system annihilating the periods of Calabi-Yau manifolds. The
study of decoupling integrals might need to be appropriately modified when the decoupling
integrals have poles of order two or higher [45].

One key take-away is that a thorough understanding of the geometry associated to the studied
sector is needed to build a sensible basis. We expect that for more complicated integrals, a
single sector may be able to mix different geometries and we believe that, choosing a basis
of master integrals according to the mixed Hodge structure, may help to disentangle into
sub-blocks the differential equation, displaying the properties we observe in banana integrals.
While some recent progress has been made into understanding the differential forms associ-
ated to the three-loop banana integrals in canonical form [24, 25], further investigations need
to be made, in particular for higher dimensional Calabi-Yau manifolds. Knowing closed forms
for the periods could also help us understand when the coupled differential equations for the
additional functions Fj ; can be solved.

As banana integrals have a simple structure, they were a good playground to understand
Feynman integrals with underlying multi-scale Calabi-Yau geometry, it would now be natural
to probe more complicated graphs with such geometries.
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A Democratic and decoupling approach for elliptic Feynman integrals

Here we argue why the two bases proposed in section 3.1 work. The difference of these
approaches lies in the choice of starting master integrals and consequently on the Picard-
Fuchs operators which annihilate the maximal cut. Hence the properties of PF operators
are essential, from which we construct the bases. We will give an explicit derivation for the
sunrise integral with two unequal masses.

A.1 Democratic approach
We start by choosing the following master integrals:
I11,1,00

I=|0:1I11,100| » (A1)
Oz 11,1,1,0,0

where the propagators are as defined in Eq. (4.2), with m% = m% I11,1,0,0 is such that the
integrand of its maximal cut for e = 0 is a differential of the first kind. We can compute three
Picard-Fuchs operators that annihilate the master integral I 11,0,0. They have the following

2 2
form (recall that we define x; = % and xo = %, which in practice leads to setting s = 1)

2
@ _ 9 0 9 (0 (0)
(ml,:vl) - axQ + ql (ml,:vl) axl q2 (:El,.’El) 8(1}2 + q(xl,xg)
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(1) 9 W 9 m 2 (2)
te <q1 (xl’xl)a—l‘l + b (x17x1)8—$2 + q(m,m)) te q(:c1,x1) !

2
@2 _0 0 9 . o
(x2,2) ax% T (z2,22) Gy T (z2,22) 9y

(1) 9 (1) 9 (1) 2 (2)
e <q1 (xg,xz)a—xl + b (962,:(:2)8—$2 + q(xz,xz)) te q(:cz,xz) !

() 0 0)

__ I ) RN (0
(@1,22) " 9y Qo g (z1.22) 94 g (z1,22) Gz, U1 ,22)
(1) 9 (1) 9 (1) 2 (2)
+ € <q1 (“"’1’9”2)8—3:1 +q, (x17132)8—$2 + q(m’xz)) + € q(l‘l,xz) . (A2)
We can split all the differential operators as
(2) ) 1
L(xi,xj) - LO (4,75) + Le (zi,x5) 7 (A3)

where L(()z()xi z;) is the € part and W ) contains all powers of e. While Lé2()xz_ 2

€(x,x;
1 .
(1) | is of one order less
€(zi,xj)

) is a
differential operator of the same order as ng) )’ the operator L
(2]

(in this particular case it is of first order).

2)

Let us now focus on L((] ) The system of differential equations

(:Ei,ij
(2) _
et =0
L, (x27:c2)¢ =0, (A.4)
0(1‘17502)¢ = 0’

has three independent solutions that we denote by g,%1,¢. Since we are working with
a Calabi-Yau one-fold (an elliptic curve), we are able to find solutions written in a closed
form. Note that for other geometries this is not always possible, in which case we expand the
solution at a convenient point using the method of Frobenius. The canonical variables on the
moduli space of punctured tori M o are:

T = ﬂ zZ1 = i
Yo’ Yo’
where the map from x1, 29 to 7 is the mirror map and the map from x1,x9 to z1 is Abel’s

map from Eq. (2.60). It turns out that, with this choice of variables, the differential operator
greatly simplify:

(A.5)

=2 9% 1
2
=2 0" 1
L(] (Zl,Zl) - 82% 1/}0 ’ (A7)
2
=2 07 1
O(Tyzl) B 87’621 1)[)0 ’ (A8)
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These, to us, are the most natural generalisations of the Calabi-Yau operators from Eq. (2.27)
for multi-parameter periods. We can now define our new master integrals in the following

way

I

My — T (A.9)

Yo

10

M, = ——MO + Fl,OMO, (AlO)
€ 0T
10

My = ——DMy+ Fg,oMO R (All)
€021

We now want to check that this new basis leads to an e-factorised differential equation:

P My My P My My
5 | M —cA, - | M|, 5 | M =cA,, - | M |. (A.12)
Mg M2 ! M2 M2

The basis in Egs. (A.9), (A.10) and (A.11) straightforwardly implies:
0

gM() = €(M1 — FL()MO) 5 (A13)
0

a—M() = €(M2 — F270M0) s (A.14)
21

which make the first row of Eq. (A.12) e-factorised. For row two and three we need to go
back to handling PF operators, on the maximal cut we have

LT 1100=0, (A.15)
which leads to
PP 1100+ LW 1100=0. (A.16)

Plugging in the operators from Egs. (A.6), (A.7) and (A.8) we find

0? -1
WMO = —Li ()7—77-)11,171,0707 (A.17)
0? -
@MO = —Lgl()zlvzl)fl,l,l,o,o, (A.18)
1
0? .
Graz Mo = _Lilgnzl)flvl,lvo,t)- (A.19)

Therefore any second derivative acting on My can be expressed in terms of first and zero
derivative terms at higher orders in €. Let us now explicitly apply this to the term 9, M; and
check whether this term is e-factorised.
0 0 (10
<——M() + Fl,()Mo)
€ 0T

or 17 or
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1 02 0 0
<or 2M <§F1’O>MO+F1’O<§MO>

0
= ——Li ()T 7_)[171,170 0+ <EF170 Moy + eFl,O(Ml — FLOMO) , (A.QO)

with

) _ (- 91
L =€ <q1 (r,7) or T;Z)O + 45 (r,7)

0 1 . 1> 2 ~(2) 1
yA——+ — ) +e —, A.21
021 o 1) g 1) 3, (4.21)

where we can compute the term

%iil(l 111100 =€ <‘j§1()7,7) (M1 — F1oMo) + Lfél()”) (M — Fa0My) + QE??T)M()) + @éi,)T)Mo.
(A.22)
We can now put together Egs. (A.20) and (A.22) and find:
%Ml - (%FM)) Mo — g Mo+e(...) (A.23)
and therefore by requiring:
%Fl 0=40, (A.24)

we e-factorise this specific term. By doing the same exercise for 0,, My, 0. M> and 0,, M we
can fully fix F; g and Fb and find an e-factorised differential equation. The only difference
with respect to a one parameter case is that each function F; ; is defined through one differ-
ential equation, while here there are more because we have to take different derivatives. For
the examples that we have checked the coupled differential equations are solvable. We leave
for future work understanding more general conditions.

A.2 Decoupling approach

We start by choosing the following master integrals:

11,100
I=|0:Ti1100] » (A.25)
Iiii,-10

where the propagators are as defined in Eq. (4.2), with m2 = m2. We define the new master
integrals as:

I
My = L1100 (A.26)
o
M, = 11,1,1,—10 + Fi oMo, (A.27)
= —511 M0+F2 oMo + Fy1 My, (A.28)
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where J11 = % is the first entry of the full Jacobian and 7 is defined in Eq. (A.5). The
decoupling approach resembles the one variable case in the first step. The idea is, in a first step
to consider xo as constant, in this way we find that we no longer have the moving puncture
on the torus z; of the democratic approach. Instead the master integral M7 can be seen as
decoupled in the fashion of a differential of third kind satisfying Eq. (3.2). The choice of
master integrals reflects also on the Picard-Fuchs operators: in the democratic approach the
Picard-Fuchs operators annihilate g, 11 and ¢, which can be used to fully characterise the
moduli space M o through Eq. (A.5), leading to a 3 x 3 fully coupled block and generalises
to a (n+1) x (n+ 1) coupled block for the moduli space My ,,. In the decoupling approach
we are considering here, we have a block of size 2 x 2 characterised by only two solutions, the
two periods 1y and 1, mimicking the one variable case. This means that with the choice of
starting basis of Eq. (A.25), leads to a set of Picard-Fuchs operators which only annihilate
the periods ¥y and 1.

Having mentioned the differences with respect to the previous approach, we now need to show
how the differential equation e-factorises:

D) M(] MO D) M(] MO
87 M1 = EAxl . M1 s 87 M1 = EAxQ . M1 . (A29)
P\ vy M,y 2\ My M,y

Derivative w.r.t. x;: Let us start by computing 0,, M. We straightforwardly obtain that
for My we have:

0 €
—My=— (My — F5ogMy — F5 1M A.30
oz, Mo = == (M3 — FyoMo — Fa 1 M) ( )

)

and we see that 0., M) is e-factorised. For My we proceed in the same way as in the democratic
approach, noticing that the following differential operator:

0 0 1
jl,la—xljl,la—xl%,

is an elliptic Picard-Fuchs operator, as it annihilates the periods vy and ;. One can simply

(A.31)

recycle the computation from Eq. (A.20). The choice for the decoupling master integrals, M
comes from the idea introduced in [35] where the authors lie out that in order to choose an
independent candidate we can look at the € = 0 limit of maximal cut of the integral. Since
I 11,00 and Oy, 11.1,1,0,0 don’t have residues (as they are integrals of differentials of the first
and second kind respectively), we can identify I; 11,—1,0 as an integral over a differential of the
third kind. The maximal cut at € = 0 of I; 1 1,—1,0 reveals a non-vanishing residue. Moreover,
we want to see the elliptic block in the differential equation matrix decouple at ¢ = 0, so we

choose 1111

5Lyt

—1,0 such that its differential equation reads as in Eq. (3.2):

9 _ (Ddec (0) m , © 0

axlll,l,l,—l,o =4,y -0+ (4 teqy) T q (1) Gy Iia100, (A.32)
9 _ (Ddec (0) m , © 0

05 D00,-10 = €41y 1111,-10 + Q) T €40, T @O ) 9y L0, (A.33)
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so that at e = 0, the master integral 1 1,1,—1,0 doesn’t couple to itself. So computing the x;

PRk k]

derivative of M7 we get

0 0 19} 0
a—lel o1 ——h11,-10+ <8—951F1’0>M0 +F1’0<8 1Mo>
o 0 0

= ( ¢ +q (x1) 71¢0 + a—ﬂlel’()) My (A.34)

1
+e {— <Q§O()ml)1/10 + F1,0> (Mz — Iy oMy — F2,1M1>

J1.1
+ qgl)?ec <M Fy 0M0> é )1 1/10M0> }

)

which leads to an e-form if we require:

9 _ O o 9
B Fio= _Q(x1)¢0 -4 (xl)a—:m¢0 . (A.35)

Derivative w.r.t. x3: Let us now look at 0;,M. Let us start from the differential operator
0 1
0z1 g’

where we use definition of Eq. (A.5) for z;. This operator annihilates the periods 1o and ¥y

(A.36)

but not ¢ (which was have interpreted as a puncture on the torus as z; = Jo ) Therefore Eq.
(A.36) is a Picard-Fuchs operator for the 2 x 2 elliptic block:

0
<—— + qui)>11,1,1,0,0 =0 (A.37)

which by using the entries of the jacobian 0,, = J2,10,, + J2,205, we find

. 0 ~ 01 (1)
—_— — I =0 A.38
(152,1 . +J225— Dy Uy +eqrny {11100 ; ( )

(1)
) ) J21 0
— M, = —¢ I - — M
Oy 0 Jo, LHLO0 J2,2 01 °
(1)
q;,.\%o Ja1
:E{_QLMO 2L (My — FygMy — Fy, 1M1)} (A.39)
J2,2 J2,271,1

and is therefore e-factorised.
Next, let us check whether 9,, M is e-factorised. By recalling Eq. (A.33) and carrying out a
calculation analogous to Eq. (A.34) we find that the term is e-factorised by requiring:

0
3—332F - _q(m to — ql (fv2 1/}0 (A.40)
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Let us now look at the last master integral M. This master integral is for the same arguments
as for My annihilated by the following PF operator:

0 0 1 R 0 1 0 1
a—j 31 e 1521 jl 1 G I +d22 51 G U0 (A41)

We can now follow the same steps as for 8962 My to find that 0., M, is e-factorised and we have
shown that
0

0
—M —M —cA-M. A .42
e dzi + 92, dres =€ ( )

A.3 Extensions to more variables

Both democratic and decoupling approaches can be used for any Feynman integral with un-
derlying elliptic geometry, as we did not use any specific properties of a specific diagram
except for its Picard-Fuchs operators. We want to stress that, in the democratic approach,
it is essential to choose a starting master integral basis such that all periods vy, 11, ¢ (which
includes ¢ which is later identified with a marked point) are annihilated by the set of differ-
ential operators in Eq. (A.2). Thus generalisations to more variables will have to mirror this
behaviour: we need to find a set of PF operators which also annihilate the ¢,, marked points.
In the decoupling approach, we need to choose a starting integral basis that can be rewritten
into higher-order differential equations with a PF operator of the form of Eq. (A.31), that
annihilates only the periods 1y and 1. In addition in this approach we will get PF operators
of the form of Eq. (A.36) (with several of them when we increase the number of variables).
Note that the integrals that are annihilated by the operators of Egs. (A.2), (A.31) and (A.36)
are integrals whose maximal cuts for € = 0 is an integral of the first kind.

B Explicit proof for K3 Feynman integrals

Here we show how we get an e-form for our basis presented in section 3.2. First we notice that
Eq. (3.14), but also Egs. (3.21) and (3.22), straightforwardly generalise the single variable
differential equation of Calabi-Yau systems to the multi-variable case since in the one variable
case it reads [45]:

01 o0 ..
0 YQ(T) 0
0 Ys(r) O
0 0 ...|> (B.1)
0 YQ(T) 0
0 1
0
which for a K3 specialises to
010
001]. (B.2)
000
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We will now go through the details of how this choice gives an e-factorised matrix. The
argument is slightly different from the case I = 1 in appendix A, as we do not find any
punctures but can instead define canonical variables through the mirror map. The derivation
we shall provide now for [ = 2 can however easily be uplifted to [ > 2. We begin by considering
the starting basis I which takes the form:

I
0., 1

0.1
0.,0:,T1

where a and [ are a set of fixed integers which depends on the integral we consider, as
explained in section 3.2. From the connection A we can now read off a system of PF operators

of degrees two L® and three L® which decompose into an € independent part L((]i)

dependent part of lower degree Lgi_l)

and an €
. In particular, for a single operator of degree three we

have!©
LO(z) = L (2) + LO(2), (B.4)
with:
h R
3) _ 09 9 9 0 0 9 o
O(Zayzbyzc) o aza 82b 820 + Z:_ qlmz (Z(l7zb7zc‘ aZZ 8222 + — ql (Zayzbyzc) azi (Zayzbyzc)7
(B.5)
) " (1) o 9 < (1) ) 9
_ 1 2 (2
Le (Zayzbyzc) o ) Z L € qi17i2 (Z(l7zbyzc) 822-1 aziz + Zl (6 ql (Z(l7zb7zc‘) Te ql (Zayzbyzc)> 8_22 (BG)
i1,i0= i=
+ quiivzbyzc) + 62 qéiivzb,zc) + 63 qgit)lyzbyzc) (B7)

and analogously for degree two. By changing from the kinematic variables z to the moduli

Y
Ti = W0 ) (B8)

and introducing a normalisation by the holomorphic period gy, we trivialise the operators
i® and 9.
0 0 *

0

= (3) _ 90 9 91

0 (i) = G Dy Ore Do’ (B.9)
j@  _ 0 91

) = 33 (B.10)

18Note that we always normalise the PF operators and the last subscript denotes the leading derivative
term.



This implies that together with Eq. (2.19) we are now able to trade derivative terms in 7;
with lower derivative terms at higher orders in € as:
0 0 90 1 L =

97, 0Ty 07 U = LI (B.11)

and

0 0 I B E(l)
draOmy | Celram)
With these results let us now go through Eq. (3.16) and check if everything is e-factorised.

I. (B.12)

By rewriting the integrals in Eq. (3.9) we get

0

—MO = E(M FaOMO) (B13)

01,
which immediately implies that the first block in the differential equation is in e-form. Let us
now analyse the second block 0., My, where a,b = 1,...,h. At ¢ = 0, we have two possibilities,
either 0,, Mp=0, which implies 0, E?Tb o =0at e=0, or 0,, Mp) = k My4p—1, with k € Q at
€ = 0. The configuration of a and b which gives either of these possibilities will depend on
the intersection matrix > as we saw in the main section 3.2. We now consider these two cases
separately. For the first case, we can begin by plugging in the definition for M, to find:

0 o (1 0
a—me_ 01, <687' MO+FbOMO>
1 o 0 0 0
= con GTbMO + <8—%Fb,0> My + Fy <8—TGMO>
1 o 0 0
= — Mo+ | s—Fpo | Mo+ €| FyoM, — FooFy oMy | , (B.14)
€ 8Ta ot 01,

where we can now plug in the relevant operator, as we are considering PF operators of the
form of Eq. (2.18) and can, by virtue of Eq. (2.19), express the first term in the last line
through

0 9, _7@ _ 7
oz o M0 = Lo oyt = Ly 11+ (B.15)
The PF operator L. evaluates to:
i "0 (1) @ \1
1 . (1 (1 9 (2 1
E(TayTb)Il - (6 Zl qZ (T“’Tb)a_’ri Te q(Tava) Te q(Tava)> %
= qu‘gﬁb)M +e€ qET) Tb)MO + €2 Z (j(tTa ) (Mz — FL(]M()) R (B16)
i=1

and it therefore follows that, to cancel the O(€®) terms in Eq. (B.14) we need to require:

- %Fbo =0, (B.17)
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which gives a condition for Fj, 5. Note that more conditions may be needed to fully fix Fy .
Let us now consider the other case 0., My = k M, 4,—1 at € = 0. This can be rewritten as

o0 9 0

where «, 5 are fixed integers as in the last line in Eq. (3.9). Since we are considering only
PF operators as in Eq. (2.18), we can then write for € # 0

g 0 g 0 (1)

— — My=k——My+L B.1
074 OTp 07 073 T Eam) (B.19)
hence we get an e-form following the same steps as before:
0
5 My =¢ Myim—1 = Florm—1)n My ) - (B.20)

k=0

Next, one can do the same exercise for 0;, My, 4+,,—1 which take the form:

) 10 0 0 10 9 "9
g Mot = e g M s (Fuao) + 30 g (Fom o3t )

(B.21)

where after having done the algebra and plugging in the relevant PF operators of higher

order in € as in Egs. (B.11) and (B.12), we find some conditions for the functions F; ; which

eliminate the terms proportional to ¢! and €” from Eq. (B.21) and the only surviving term

will be proportional to e.

Lastly we need to check how the decoupling integrals M; e-factorise. As they are decoupling

integrals, their starting differential equation is:

0 dec __ (1) dec dec 9 1)
ol Tl LT qv+2%%—+ﬂ>h

_ (0 © (0
= (1) %0 Mo + ; By (z0) (8—21,%> M

h
+e€ ( EZ))deCM] - qgi)deCFj,oMo + qu)deC%Mo +)° qls()()za)wo(Mb - Fb,oM0)> ;
b=1
(B.22)

where in the second line we substituted in Iy = Myt and 0,, Mo = € (M — Fy, g My). We now
act with a 7, derivative on M; to find:
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0 0 0 0
8—7'QM‘7 = 87,[(160 <8—F‘7’0> MO + Fjj70 <8—M0>
0zc (0) Ao 0
- ;(87—&) < 9(z.) T/JOMO + qu (2¢) <az >MO> <8TaFj’0> My

h
0z (1) dec ( ) dec (1) dec

c=

i ~
0z
+ Fj,o (Ma — Fa,OMO + Z( i > Z (0 wo (Mb Fy oMo)} (B.23)
c=1 b=1

which will be e-factorised if we require:

L S B () o

Thus, we have shown that the differential equation corresponding to the basis of Eq. (3.9)
is in e-form in the upper triangular block and that the strictly lower triangular part can be
brought to e-form by introducing auxiliary functions F; ;, which are fixed through differential
equations. We did, however not manage to show that these differential equations always allow
for a solution, but they are solvable in all examples we have computed.
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