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LINEAR TEST APPROACH TO GLOBAL CONTROLLABILITY OF HIGHER-ORDER
NONLINEAR DISPERSIVE EQUATIONS WITH FINITE-DIMENSIONAL CONTROL

DEBANJIT MONDAL

ABSTRACT. We investigate a class of higher-order nonlinear dispersive equations posed on the circle, subject to
additive forcing by a finite-dimensional control. Our main objective is to establish approximate controllability by
using the controllability of the inviscid Burgers system, linearized around a suitably constructed trajectory. In
contrast to earlier approaches based on Lie algebraic techniques [18, 3], our method offers a more concise proof and
sheds new light on the structure of the control. Although the approach necessitates a higher-dimensional control
space, both the structure and dimension of the control remain uniform with respect to the order of the dispersive
equation and the control time.

1. INTRODUCTION

Model Description. In this article, we study the dynamics of nonlinear dispersive waves modeled by a family
of generalized higher-order nonlinear Korteweg—de Vries (HNKdV) equations posed on the one-dimensional torus
T := R/2n7Z. Specifically, we consider the following evolution equation:

Ot (1P POt L0,() =0, (t,0) € (0,00) X T, (11)

where j € N* and v = u(t,z) is a real-valued function. This hierarchy of equations generalizes several classical
dispersive models: for j = 1, it reduces to the celebrated Korteweg—de Vries (KdV) equation; for j = 2, it yields
the Kawahara equation; and for j = 3, it corresponds to a seventh-order KdV-type equation, appears in [63, 38].

The motivation for studying such models arises from the complexity of the full water wave problem, which involves
a free boundary formulation of the incompressible, irrotational Euler equations. Due to the inherent difficulty in
analyzing these equations directly, a variety of asymptotic models have been derived under suitable assumptions
on wave amplitude, wavelength, and surface tension. These simplified models provide valuable qualitative and
quantitative insight into the behavior of water waves. For rigorous justifications of several such asymptotic models,
see [6, 7, 4] and the references therein.

A standard approach involves nondimensionalizing the governing equations, introducing parameters such as the
shallowness parameter § = h/\, where h is the undisturbed depth and A is the wavelength, and the nonlinearity
parameter € = a/h, where a is the amplitude of the wave. An additional dimensionless quantity, the Bond number
1, measures the relative strength of surface tension compared to gravitational forces. The regime § < 1 corresponds
to long (shallow water) waves, and various reduced models arise depending on the relative sizes of ¢, ¢, and p.

Among these models, the KAV equation emerges under the regime £ = 62 < 1 with u # 1/3. Originally derived
by Boussinesq [10] and later rediscovered by Korteweg and de Vries [41], it takes the form

1
+2u; + 3uuy, + (g — u) Uggr = 0.

In contrast, when ¢ = §* < 1 and the Bond number approaches the critical value ;= 1/3, a higher-order dispersive
correction becomes necessary. In this regime, Hasimoto [33] and later Hunter and Scheurle [34] derived the fifth-order
KdV-type equation, known as the Kawahara equation:

1
+2us + 3uty — VUgpr + 4_5u1);ELIJLELIJ =0,

where p = 1/3 + ve'/? and v is a constant related to surface tension effects.
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The seventh-order KdV equation, corresponding to j = 3 in (1.1), involves a leading seventh-order dispersive
term and extends the classical KdV hierarchy. Unlike the Kawahara equation, it is not derived directly from
physical models but can arise as a higher-order asymptotic approximation in settings requiring refined dispersive
accuracy. Of particular interest is a special case known as the Sawada—Kotera—Ito (SK-Ito) equation, introduced
independently in [52] and [35], which has been studied extensively in the context of integrable systems; see also
[32, 59] and references therein.

Equations of the form (1.1) possess several key conservation laws, including the conservation of mass, energy, and
a Hamiltonian structure. These invariants play a central role in the qualitative and quantitative analysis of nonlinear
dispersive equations, particularly in the study of well-posedness, stability, and long-time behavior of solutions.

In view of mass conservation, it is natural to restrict the analysis of (1.1) to the subspace of mean-zero functions.
Accordingly, we consider initial data in the mean-zero Sobolev space

H3(T) = {u € HY(T) : [u] = /Tu(x) de = 0} ,

where H*(T) denotes the standard Sobolev space of order s on the torus T. We denote the L?(T)-norm by || - ||,
and the H*-norm by || - ||s.
We now consider the Cauchy problem associated with (1.1):

{atu + (~1)T 02y 4 L9, (u?) =0, (t,2) € (0,00) X T, 12)

U(O,.I) = UJO(I)) T e Tv

where ug € HF(T). Local well-posedness for this class of equations with more general polynomial nonlinearities has
been extensively studied; see, e.g., [39, 38]. A key analytical framework in this context is the Bourgain space Xj p,
introduced in [9, 8], which employs the Fourier restriction norm method and has since become fundamental in the
study of dispersive PDEs. This approach was further developed in works by Kenig, Ponce, and Vega [40] and Tao
[57], among others. For j = 2, the sharpest known result to date, due to Kato [37], establishes local well-posedness
in H3(T) for any s > —%, and global well-posedness for s > —1.

Problem under consideration. In this paper, we study the controllability of the higher-order KdV-type equation:

Opu + (—1)7 1921y 4 %81(112) =n(t,z), (t,z)€(0,T)xT, (1.3)

U(O,I> = UO(x)v T e Tv

where T' > 0 is fixed, and the external force n represents the control input. Since the late 1980s, the control
theory of nonlinear dispersive equations has undergone significant progress, propelled by the development of refined
analytical methods and an improved understanding of their complex behavior. The Korteweg—de Vries (KdV)
equation has played a central role in this field, serving as a prototype model for controllability and stabilization
studies. Foundational results were established by Russell and Zhang [50, 49], Coron [24], and Rosier [43], among
others. For a comprehensive overview of the controllability theory for the KdV equation, we refer to the survey by
Cerpa [14].

Progress in the control theory of higher-order dispersive models, such as the Kawahara equation, has followed
in recent years. Owing to the presence of a fifth-order dispersive term, the Kawahara equation introduces new
technical challenges, particularly in the design of boundary feedback laws and the establishment of observability
inequalities. Notable contributions in this direction include works on exact boundary controllability, exponential
stabilization, and internal control strategies; see, e.g., [60, 62, 27, 61, 17, 5].

Further investigations into critical control phenomena have revealed the existence of so-called ”critical sets” that
affect the effectiveness of damping mechanisms. This behavior, initially observed in the context of the KdV equation
[48], has been extended to other models such as the Kawahara equation [5], the Boussinesq KAV-KdV system [13],
and other long-wave approximations [11]. The use of Carleman estimates has played a key role in establishing
internal null controllability, as shown in [17] for the Kawahara equation posed on bounded domains, extending the
strategy developed earlier for the KdV equation [12].

In contrast to classical boundary and distributed control strategies, the use of finite-dimensional control has
recently gained attention, particularly through Lie-algebraic methods. For the KAV equation (j = 1), Chen [18]
established approximate controllability using controls supported on a low-dimensional subspace. This approach
was further extended to the Kawahara equation (5 = 2) [3], where the control acts within a fixed subspace of
Fourier modes. These works provide optimal results in terms of the minimal number of directly actuated modes
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and demonstrate approximate controllability in fixed time 7" > 0 using control inputs from
H := span{sin(z), cos(x)}.
In this article, we do not focus on using the smallest number of control modes. Instead, we present a simpler and
more flexible method to show approximate controllability for equations with higher-order dispersion. This approach
gives new insight into the control structure, additionally, extends to establishing approximate controllability for

higher-order nonlinear dispersive equations with finite-dimensional control. For clarity, we include a simplified
version of our main result in this introduction. We assume that the control subspace H is given by:

H = span{sin(z), cos(z), sin(2z), cos(2z) }. (1.4)

Main Theorem. For any (j,s) € N* x N, the equation (1.3) is approximately controllable in small time using
a control that takes values in #. That is, for any initial state ug € Hy T (T) and target state uy; € HS T T(T),
there exists a sufficiently small 7 > 0 and a control function 7, € L*((0,77); H) such that a solution u of (1.3)
satisfies

w(TT) = uy in H5(T) as 7 — 0%, (1.5)
Furthermore, the control 7, can be expressed as
Nr :CT(UO;U1)+€7'7 (16)

where
C,: H{(T) x Hy(T) — L*((0,T7); H)

is a bounded linear operator with a finite-dimensional range, and &, € L?((0,77); H). Importantly, both C, and &,
are independent of the specific choices of uy and w;. Limit (1.5) is uniform with respect to ug and u1 in a bounded
set of Hyt¥TH(T).

A more general version of this result is presented in the Section 4, where we introduce a saturation property that
ensures small-time approximate controllability for various subspaces H arising from the equation’s nonlinearity. As
a direct consequence of the Main Theorem, we also establish approximate controllability in a fixed time.

Corollary 1.1. For any (j,s) € N* x N, the equation (1.3) ezhibits global approximate controllability in H§(T) at
any fized time T > 0. That is, for any € > 0 and any initial and target states ug,uy € HF(T), there exists a control
function n € L?((0,T);H) such that the corresponding solution u of (1.3), defined on [0,T)], satisfies

[u(T) —wls <.

The key idea behind this result, broadly speaking, is to use the main Theorem on a small time interval, then
construct a control that ensures the trajectory stays arbitrarily close to the desired target throughout the given
time interval.

Controllability by finite-dimensional control force: The controllability of nonlinear partial differential equa-
tions (PDEs) under the action of an additive finite-dimensional forcing has attracted significant attention in recent
years. This line of research was initiated by Agrachev and Sarychev [1, 2], who established approximate con-
trollability results for the two-dimensional Navier—Stokes and Euler equations on the torus. Their methodology
has since been successfully adapted to a broad class of nonlinear PDEs. It has been applied, for instance, to the
three-dimensional Navier—Stokes equations [53, 54], as well as to both compressible and incompressible Euler sys-
tems [46, 47]. Further developments include applications to the viscous Burgers equation [55, 56], the Schrodinger
equation [51], and more recently to the semiclassical cubic Schrédinger equation, where small-time approximate con-
trollability of quantum density and momentum has been established [26]. The technique has also been extended to
nonlinear parabolic systems [44], building on the stochastic framework developed in [31]. Global approximate con-
trollability with finite-dimensional controls has been obtained for a variety of models, including the Camassa—Holm
equation [19], the Benjamin-Bona—Mahony equation [36], and the Kuramoto—Sivashinsky equation [29]. These
results rely on infinite-dimensional analogues of Lie algebraic techniques and often provide necessary and sufficient
conditions on the set of controlled Fourier modes to achieve controllability, in

Return method: The return method, originally introduced by Coron in [21] for stabilization problems, has since
become a powerful tool in the study of control theory for nonlinear PDEs. Its first major application to global
exact boundary controllability was demonstrated in [20] for the two-dimensional incompressible Euler system. This
method was further extended to various fluid models: in [25], it was employed to establish global exact controllability
to trajectories for the 2D Navier—Stokes system without boundary, and in [22], to prove approximate controllability
of the 2D Navier—Stokes system with Navier slip boundary conditions, using controls localized in physical space
or along the boundary. Subsequent developments include its application to the 3D Euler equations in [30], and
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to the 3D Boussinesq system in [28], where global exact controllability to trajectories was addressed. Years later,
Chapouly adapted the return method for dispersive PDEs, applying it to both nonviscous and viscous Burgers-type
equations [16], as well as to the global controllability of a nonlinear Korteweg—de Vries (KdV) equation [15], where
the author used the controllability of the nonviscous Burgers equation to obtain controllability results for the KdV
equation. For a comprehensive overview of the return method and its wide-ranging applications in control theory,
we refer to Chapter 6 of [23].

Our approach. In this work, we proceed by developing [15] using finite dimensional control. To the best of our
knowledge, this is the first application of the Agrachev—Sarychev framework, combined with the return method,
to this class of nonlinear dispersive equations. Although the control configuration employed here does not lead to
sharp criteria regarding the minimal set of directly forced Fourier modes, it yields a new proof that offers further
insight into the underlying structure of the control.

The main idea of the proof can be outlined as follows. We begin by considering the inviscid Burgers equation
(2.4). Inspired by the return method, we construct a suitable reference trajectory w(t), which starts and ends at the
origin over a fixed time interval [0, T'], and is associated with a control taking values in a finite-dimensional subspace.
We then linearize the equation around this trajectory, and denote by v(t) the solution to the resulting linearized
system (2.5), driven by another control that also lies in the same finite-dimensional space. The key step is to modify
the trajectory w(t) so that its time components form an observable family (see Definition 1). This observability
ensures that the time-dependent linearized system is approximately controllable using controls from the same finite-
dimensional subspace. We then construct a control such that, for each j € N*, the corresponding solutions w;(7'7)
and v(T'), initialized from the same data, remain close in the H*-norm as 7 — 0%. The approximate controllability
of the linearized system, together with the notion of an approximate right inverse, allows us to conclude the limit
relation (1.5), with the control explicitly constructed in the form (1.6). In fact, the operator C, serves as an
approximate right inverse to the resolving operator of the linearized Burgers system, and the &; is given explicitly
in terms of the reference trajectory w and the corresponding control for the inviscid Burgers equation.

Achievement of the present work. The methodology employed here is inspired by the work of Nersesyan [45],
where approximate controllability of the three-dimensional incompressible Navier—Stokes equations was established
via a combination of the return method and the concept of observable families. In the present paper, we extend
this framework to a class of nonlinear dispersive equations. The adaptation to this dispersive setting entails several
analytical and structural challenges, which are carefully addressed in the course of the analysis.

Overcoming these difficulties allows us to establish several novelties of our result. In particular, we prove approx-
imate controllability using finite-dimensional controls, where the dimension of the control space is independent of
both the order of the dispersive term and the control time. Such finite-dimensional control strategies are not only of
theoretical interest but also relevant for practical applications in physics and engineering. Furthermore, the control
is constructed in an explicit and structured form (1.6), which remains uniform with respect to the dispersion order,
control time, and the choice of initial and target states.

Structure of the paper. In Section 2, we introduce the linear test for controllability framework, outlining key
assumptions and employing essential tools from functional analysis. Section 3 is devoted to establishing the approx-
imate controllability of the nonlinear system, derived from the corresponding result for the linearized Burgers-type
equation, under suitable conditions on the control space. In Section 4, we demonstrate that the structural assump-
tions introduced in Section 2 are satisfied when a certain saturation property holds for the set of controlled Fourier
modes. Section 5 discusses the verification of this saturation condition in detail. Finally, in the Appendix (Section
6), we sketch the proof of a functional analytic proposition stated in Section 2.

Acknowledgments. The author gratefully acknowledges his PhD supervisor, Dr. Shirshendu Chowdhury, for
insightful discussions and guidance. Special thanks are due to Dr. Rajib Dutta for his careful reading and valuable
suggestions that improved the manuscript. The author also sincerely thanks Subrata Majumdar and Sakil Ahamed
for their helpful comments and corrections. This work was supported by the Integrated PhD Fellowship at IISER
Kolkata, India.

2. PRELIMINARIES FOR CONTROLLABILITY VIA LINEAR TEST
2.1. Existence and stability. We reformulate the HNKdV system (1.3) as

Ou+ Lju+Bu)=f, (t,xz)e(0,T)xT,
u(0,2) = up(x), =z €T,
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where the linear operator £; is given by
L; = (=172 for all j € N¥,
and the nonlinear operator B is defined as
B(u) := %8z(u2).
In this section, we recall an existence result for the problem (2.1).

Proposition 2.1. Let (j,5) € N* x N, and suppose T > 0, ug € H*(T), and f € L*((0,T); H§(T)) are given. Then
the system (2.1) admits a unique solution in C([0,T]; H*(T)).

For each j € N*, let R; be the operator that maps the initial condition (ug, f) to the corresponding solution u
of (2.1). The solution evaluated at time ¢ is represented by R ¢ (uo, f)-

Proposition 2.2. Let s € N, T > 0, and f,g € L*((0,T); H(T)). For any initial data ug,vo € H*(T) satisfying
[uo] = [vo], there exists a constant C' > 0 such that

ts[%%] Rt (uo, f) — Rjt(vo, 9)lls < O(Huo —volls +[If — g||L2((O,T);H§(']1‘))>7 Vj € N*. (2.2)
€fo,

For each j € N*, we examine the unbounded operator (£, D(L;; L*(T))) in L*(T), which is defined as follows:
D(L;; L¥(T)) = H¥(T),
Lijw = (=1)112920+ 1y,
The eigenfunctions of £~j are given by the orthonormal Fourier basis in L?(T):

r)=—e"" ke
w0 = T
The corresponding eigenvalues are
i = k¥ keZ.

The adjoint operator E;, with the same domain as £~j, satisfies
L:=—L;.

Thus, £; is skew-adjoint. By Stone’s theorem ([58, Theorem 3.8.6]), it generates a strongly continuous unitary
group {W(t)} on L*(T).

As discussed to the introduction, according to [40], for the periodic KdV equation, it is necessary to fix the
exponent b = % in X3 s. Without this choice, it is impossible to achieve a one-derivative gain in high-low nonresonant
interactions, which is essential for eliminating the derivative in the nonlinearity. Consequently, it has become
standard practice to fix b = % even for other periodic problems. Following this approach, the proofs of Proposition
2.1 and Proposition 2.2 for j = 1,2 were carried out in [18, 3], respectively.

But b = % is not necessary for higher-order KdV, for j > 3, one can obtain a derivative gain of at least

min{2bj, (1 — b)j} from high-low nonresonant interactions. This is sufficient to cancel the derivative in the non-
linearity whenever % <b<1l- % By selecting an appropriate value of b based on this criterion and following
a similar analysis, one can rigorously establish the aforementioned propositions. However, in this article, we omit
these details.

From now on, we fix an arbitrary time 7' > 0 and an integer j € N*. We denote by R; +(uo,n) the restriction of

the solution at time t < T'.

2.2. Formulation of main result. Building on the strategy developed in [15], we aim to establish the approximate
controllability of higher-order KdV-type equations of the form

Ou+ Liju+ B(u) =n (2.3)

by reducing the problem to the controllability of a linearized system derived from the inviscid Burgers equation.
As a starting point, we examine the inviscid Burgers equation given by

Ow + B(w) = ¢, (2.4)
and analyze its linearization along a solution trajectory:

v+ Q(’U,’LU) =9, (25)
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which defines a time-dependent linear system. Here, the bilinear operator Q(v, w) is given by
Qv,w) = B(v,w) + B(w,v), with B(v,w) = vd,w. (2.6)

The control functions 7,&, g are assumed to take values in a common finite or infinite dimensional subspace H
C C°°(T). In the analysis that follows,
Given any s € N, and a subspace H C H*+t27t1(T) we will make use of the following two assumptions:

(I) : There exists a control function & € L2((0,T);H) and a corresponding solution w € H*((0,7T); H*T2+1(T))
to equation (2.4), satisfying the following conditions:

w(0) =0 and w(T)=0, (2.7)
Lijw(t) e H forallte[0,T].
(IT) : The linearized equation (2.5), corresponding to the reference solution w described in assumption (I), is

approximately controllable in time 7' > 0 using controls taking values in H. More precisely, for every target
state v; € H§ and tolerance € > 0, there exists a control input g € L?((0,T); H) such that the solution

v e C([0,T); H)
to (2.5), with initial data v(0) = 0, satisfies the approximation property
[0(T) — v1llm= <e.

Proposition 2.3. Let s € N, and let H C HT2HY(T) be a subspace for which (1) holds. Then, for any initial
state ug € Hy T T(T), any control function g € L?((0,T);H), and sufficiently small T > 0, there exists a control
nr € L2((0,T7); 1) such that

Rjrr(uo,nr) = o(T) in H¥(T) asT— 0T, (2.9)

where v € C([0,T; H§+2j+1) solves the linearized equation (2.5) with initial condition v(0) = ug.
Furthermore, the control n; is explicitly given by

n-(t) =7 g(r ) + 72 (M) + Lw(rT M), t e[0T, (2.10)
and the convergence in (2.9) holds uniformly with respect to ug in bounded subsets of H3 > (T).

In the Section 3, we present a formal proof of the global approximate controllability of (2.3) using an H-valued
control of the form (1.6), under the assumptions (I) and (IT) . This proof relies on some nontrivial tools from
functional analysis, which we discuss in the following subsection.

2.3. Auxiliary Results from Functional Analysis. In this subsection, we introduce two key notions that are
essential for our purposes. The first concerns the existence of an approximate right inverse for a linear operator
between Hilbert spaces. The second is the concept of an observable family in a Hilbert space. Both ideas are
followed by the work of Kuksin, Nersesyan and Shirikyan [42]. We now proceed to discuss these notions in a precise
mathematical framework.

2.3.1. Approzimate right inverse of linear operator with dense image. Let F' and H be separable Hilbert spaces,
and let T': F' — H be a bounded linear operator. In general, the equation T'f = h, may either admit no solution or
possess multiple solutions. However, under suitable assumptions, it is possible to construct an approzimate solution
that depends linearly on the given data h. The results below formalizes this idea.

Proposition 2.4. Let T : F — H be a continuous linear operator between separable Hilbert spaces, and assume
that Im(T') is dense in H. Let V be a Banach space compactly embedded in H. Then, for any € > 0, there exists a
continuous linear operator T. : H — F with finite-dimensional range such that

|T(Teh) — hllg <ellh|lyv, forallhelV. (2.11)

A sketch of the proof of Proposition 2.4 is presented in the Appendix.
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2.3.2. Observable Families. We now introduce the concept of an observable family,a notion that plays an important
role in proving argument (C3), we illustrate its existence through a concrete example.

Definition 1. A finite collection {p;}"_, C L*([0,T);R) is said to be an observable family if the following property
holds: for every subinterval J C [0,T], and for any function b € C°(J;R) together with functions a; € C*(J;R),
the condition

b(t) + iai(t)goi(t) =0 in L*(J;R) (2.12)
i=1

implies that b=0 and a; =0 for all 1 <i<n on J.
To confirm the existence of such families, we present the following illustrative example.

Example 1. Let p(k) denote the k-th prime number. Define, for each k, the set

which is a countable dense subset of [0,T]. Moreover, the families {D;}?_, are pairwise disjoint.
Now, define a function oy : [0,T] = R by

meZ, neN, p(k))[m}ﬂ[O,T],

oo
1
wk(t) - "LZ:l p(k)"x[%vﬁ)(t)’
so that for any t € {%, #) N[0,T], the function takes the value W. Each ¢y is discontinuous precisely at
the points of Dy and continuous elsewhere on [0,T]. These are bounded, measurable functions that admit both left
and right limits at every point.

We claim that the family {pi}_, is observable. To see this, fit an index 1 < i < n and let s € D;. By
construction, for j # i, the function ¢; is continuous at s, whereas p; has a jump. Evaluating the jump in the
expression from (2.12) at s, we obtain

ai(s) (i(s*) = wi(s7)) =0,
which implies a;(s) = 0, since the jump is nonzero. As D, is dense in [0,T] and a; is continuous, it follows that
a; =0 on any subinterval J C [0,T]. Substituting back into (2.12) then forces b=0 on J as well.
Hence, the family {¢;}7, is observable.

3. APPROXIMATE CONTROLLABILITY

In this section, we state and prove the main controllability result, which serves as an intermediate step toward
the general result presented in Section 4 and the one stated in the introduction. The proof relies on assumptions
(I), and (IT), and makes essential use of Propositions 2.4 and 2.3. The proof of Proposition 2.3 will be provided
afterward.

Theorem 3.1. Let s € N, and let H C H*Y27H(T) be such that assumptions (1) and (I1) are satisfied. Then the
system (2.3) is approzimately controllable in small time using H-valued controls. More precisely, for any initial and
target states ug,uy € H T2 TY(T), and for sufficiently small T > 0, there exists a control n, € L*((0,TT);H) such
that
Rjrr(uo,mr) — w1 in H®, asT—0F. (3.1)
Moreover, the control n, admits the representation
nr = Cr(ug,u1) + &4,y (3.2)
where
Cr: H3(T) x H§(T) — L*((0,T7); H)
is a bounded linear operator with finite-dimensional range, and & € L?((0,T7);H). Crucially, &, is independent

of the particular choices of ug and uy, and the convergence in (3.1) is uniform for all ug,u; in bounded subsets of
HT4N(T),

Roughly speaking, for any given s € N, Proposition 2.3 ensures that the trajectory of (2.3) at time T'7 remains
sufficiently close in the H*-norm to the solution of (2.5) at time T', provided both start from a common initial state

ug € H§+2j *1(T) and are driven by H-valued controls. Now, under assumption (Ay), if A satisfies the required
condition, then the linearized equation (2.5) is approximately controllable at any time in HSJF?J + (T), with respect

to the Hy ™ (T)-norm, starting from zero.
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Thus, if we can strengthen this controllability result by ensuring that the control drives the solution from an

initial to a final state in H§+2j H(']I‘), while achieving closeness in the H®-norm and using H-valued controls, we

will obtain the desired result. To accomplish this, we invoke Proposition 2.4, and carry out the details in the proof
that follows.

Proof of Theorem 3.1. Given s € N, we define the resolving operator
RO HS(T) x L*((0,7); H) — C([0, T]; H3(T)),  (vo,g) = v,

which maps the initial datum and forcing term to the solution v of the linearized inviscid Burgers equation (2.5)
with initial condition v(0) = vo. We denote by RY" its evaluation at time ¢ € [0, 7. From assumption (II), we have
that the image of the operator

R7'(0,-) : L*((0,T); H) — Hi(T)
is dense in H§(T), i.e.,

Im (R?l(o, )) is dense in Hj(T).
We apply Proposition 2.4 with the following identification of spaces:

T:=R5N0,-), H:=Hy(T), F:=L*(0,T);H), and V :=Hy™*(T).
Then, for any € > 0, there exists a continuous linear operator by Proposition 2.4
T : Hy(T) — L*((0,T); H),

with finite-dimensional range, such that for all h € Hy > (T), we have

HR%l(OvTEh) - hHHQ < EHhHHs+2j+1.

Let & > 0 be arbitrary but fixed. Choose initial and target states ug,u; € H§+2j+1('}1‘). Then there exists a
constant M > 0 such that
Up, U1 € BH§+2j+1('J1‘) (0, M),

the ball of radius M centered at the origin in H§+2j+1('}1‘).
By regularity of the transport equation (4.5), we have
R (ug,0) € HyT#HH(T).
We now apply the approximate right inverse estimate established earlier with
h:=wu — R:Z?l(uo, 0).
Let
go =Ty (ul — ’R%l(uo,())) .

Then, by construction, we have

|R(0.90) = (1 = RY (w0, 0)) | < 0]fur = R} (uo,0)|

Hs+2i+1 ’

Using the linearity of both the equation (2.5) and the associated resolving operator R%l, we deduce
R (uo, 99) = R (10, 0) + R (0, o),

so for some constant C' = C'(M) > 0 depending only on M. That is,

HRIP}’l(uo,gg) - ulHHs <0cC. (3.3)

Thus, we have improved assumption (Az2) by demonstrating approximate controllability in the norm H§(T) for
initial and target data in Hy ™" (T).

We now apply Proposition 2.3 with the previously chosen initial data uy € H§+2j +1('H‘) and control g := gy €
L?((0,T);H). Then, by the convergence result (2.9), for any § > 0, there exists 77 > 0 and a control

N € L2((0,T71);H)
such that
IR rr, (wos nry ) = 0(T)l g <6, (3.4)
where v(T) = Rl}’l(uo, go). Combining (3.3) and (3.4), we obtain the estimate

b,l
1Rires (0, 102) = 1l o < [ R, (0, 0r,) = 0T + [ R a0, 90) = | (3.5)
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<d+0C.

Since both § > 0 and 6 > 0 are arbitrary, the right-hand side of (3.5) can be made arbitrarily small. Therefore,
for sufficiently small 7 > 0, there exists a control

n. € L?((0,T7); H)

such that
Rjrr(uo,ny) — w1 in H® as7 — 0%,

This completes the proof of the limit (3.1), and the convergence in is uniform for all ug,u; in bounded subsets of
HTT (T, 0

The preceding theorem yields the following corollary as an immediate consequence.

Corollary 3.1. Suppose the assumptions of Theorem 3.1 hold. Then the system (2.3) is approximately controllable
in time T > 0 using a control taking values in H. That is, for any € > 0, and for any initial and final states
ug,u1 € H*(T), there exists a control n € L*((0,T);H) such that

1R r(uo,m) —will e <e.

Proof. By density of HiT* ™! (T) in H§(T), Theorem 3.1 ensures that for any ug, u; € Hg(T), there exists a control
flr € L*((0,T7); H) such that

Rjrr(vo, M) = w1 in H® as 7 — 0t.

Now, by continuity of the flow in time and stability with respect to initial data (Propositions 2.1-2.2), there exist
r >0, t' > 0 such that any trajectory starting in B(u1,r) remains e-close to uy for time ¢'.

Choosing 7 small so that R; rr, (uo, 77, ) € B(u1,r), we patch the control with zero beyond Ty to extend the
trajectory. If Ty +t > T, we are done. Otherwise, we iterate this argument finitely many times until reaching
time T'. Thus, the system is approximately controllable at time T in Hg(T). O

Remark 1. The control n obtained in this corollary does not maintain the structure described in (3.2) throughout
the full time interval. In particular, the dependence on (ug,u1) is no longer affine once the zero control is applied in
a neighborhood of uy. This loss of structure is a consequence of the nonlinearity in the map R;+(u1,0) with respect
to uy. Nevertheless, for any fived e, M > 0 and for initial and target states ug,u; € BHg+zj+1(T) (0, M), the part of
the control on the interval [0, TT] still matches the form given in (3.2), while the portion on [T'T,T| does not depend
on ug.

As announced at the beginning of this section, we conclude by proving Proposition 2.3.

(0,M),andn € L2 (R*,H) be arbitrary.

loc

Proof of Proposition 2.3. Step 1. Reduction: Let M > 0, ug € Byst2i+1
0
Denote by

(T)

’U,(t) = Rj,t(u()a 77)7 t e [05 T]v

the solution to (2.3) with initial condition u(0) = wo.
Following the rescaling technique from [15], we fix 7 > 0 and define the time-rescaled functions

vr(t) = (), ge(t) =T g(r ),
wr(t) =17 w(r M), E-(t) = T72E(17 1),
r(t) == u(t) — v (t) — w,(t), t€[0,T7]. (3.6)
By construction and in view of (2.7) and the identity v(0) = ug, it follows that
r(0) =0, r(T7) =u(TT) —v(T). (3.7)

Therefore, in order to establish the limit (2.9), it suffices to construct, for sufficiently small 7 > 0, a control
nr € L2((0,T); H) such that:
(i) The map R;(uo,n,) is well-defined at ¢ = T'r;
(ii) The corresponding solution satisfies
|r(TT)ls — 0 as T — 0%, (3.8)

uniformly with respect to all initial data ug € BHSHJ-H(T)(O, M), for each fixed s € N.
0
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Step 2. Proof of the above claims: The functions v, (¢) and w-(t), defined on the interval [0, T], satisfy the following
equations:

drvr + Q(vr, wr) = gr,
Orw, + B(w;) = &;.

It follows that the remainder r(t) := u(t) — v, (t) — w,(t) solves the equation
Or + Ljr + B(r) + Q(r,vr +wr) =¢-, t€[0,T7], (3.9)
where the source term (; is given by
G =nr — Lj(vr +wr) — B(vr) — gr — &
We now choose the control n, € L2((0,T7); H) as

Nr i =gr +& + ch (’w-,—), (310)
in accordance with (2.10). Substituting this expression into the formula for ¢, we obtain
¢ =—Lj(vr) — B(vr). (3.11)

This representation of the source term will play a central role in the analysis of the remainder r as 7 — 0%. From
now on, we will use the notation P < @) to indicate that there exists a constant C' > 0 such that P < CQ.

Case s = 0. We multiply (3.9) by 2r, integrate over T, and then integrate in time over the interval t € (0,T'7].
Using (3.7), we obtain

t t t
(b)) < / 712 o + wr 12 dp + / lelllor lzgan dp+ / o 12117l dp. (3.12)

Applying Young’s inequality ab < % + %, with (p, q) = (2, 2) for the first term and (p, ¢) = (4, %) for the remaining
two, we infer

t t t t 4
I < / el dp + / . |2 dp + / o2 dp + / sl dp.

A change of variables using (3.6) yields

¢ 4 T 4
J e do < [ ol do (3.13)

Since v € C([0,T]; H’*") solves the linearized equation (2.5) with initial condition v(0) = wug, where ug €
BH2J-+1(T) (0, M), it follows that there exists a constant e, = e,(M) > 0, independent of ¢ € [0,T7], such that
0

er — 0 as 7 — 07. A similar estimate holds for the contribution of w,. Combining the previous estimates, we
arrive at

lr@®)|1? < er + /Ot llr(p)||* dp, for all t € [0, T7]. (3.14)
Define the function \
W(t) = + / (o) 1+ dp.
Then (3.14) implies ||r(¢)]|? < ¥(t), and differentiating yields
b(t) = r®)* < v
This gives the differential inequality ¥(t) < W(t)?, which implies

it (ww) 2

for some constant C > 0.

Integrating over [0,¢] C [0,7'7], we obtain

Er
U) < —T
()Nl_CETt,

Therefore, choosing 9 € (0, 1) sufficiently small such that Ce,T7 < 1/2 for all 7 € (0,7), we conclude
r(®)]|? <26, <1, forallte [0,T7]. (3.15)
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Consider the Case, when s = j, multiplying (3.9) with Z := —r2 + 2(—1)70%/r, it follows that
1d

d .
Ty = 3 - J 2
(.7) = —5 4 [ ride+ ok

(Lir,I) = 2(—1)j+3/rrz(?§jrd:1:,
T

(rre, I) = 2(—1)j/rr18§jrd:t,
T

(Q(r,vr +wr))| =

2 . )
-3 / vy + wy )y do + (—1)7 / ((U-,— +we)ry +7(vr + wT)m)(f?i”lr dz
T T
< C(I(vr + w1l llrel® + 107 + we)ll2jra 7]l + Irlloo | (vr + we)ll2g 41 72 ),
(Ljr,T1)| < C(||7“||2||Ur||2j+1 + ||5£7“||||UT||33‘+1)7
|(B(v7),T)| < O(||vr||§||7"||2 + ||’UT||§j+1||T||)7

We have used the Cauchy—Schwarz and Poincaré inequalities in the above estimates. As s = j > 1. Using (3.13),
along with the subsequent analysis leading to find e,, and the bound (3.15), as well as the Sobolev embedding
HJ — L*°, integrating the relevant estimate over the time interval [0,t], and invoking (3.15) and (3.7), we obtain

t 1 . t 3
/ __ﬁ / 3 dx + 1”817"”2 dp < e, —|—/ 1097 (p)||* dp, for all t € [0,T7].
0 3dt T dt 0

So we have,
t
|2 (t)]2 < / (&) da + e, + / 102r(p)]|* dp,
T 0
t
< )~ Ir @I + 20 + / 10 ()| do,

t
S loir@Ollr @) + & +/0 1027 (p)II* dp,

Applying a Young-type inequality to the first term on the right-hand side yields
Vi 2 Lo 2 4 ! Vi 4
18zr@II° < S182r@ON" + Cllr@)]” + &7 + ; 102 (p)|I” dp, ,

which implies, upon absorbing the first term on the right-hand side into the left,

t
122r(®O12 < Ir@* +ex +/0 1027 (o)1 dp,

Making use of the previously established bound (3.15) and the fact that e, < 1, hence €2 < e, for any p > 1, we
deduce that

t
loir(®IF S e + [ 102" dp.
An application of Gronwall’s inequality then gives
109rt)]|? S er, forall t € [0,TT7].

Finally, combining this estimate with (3.15) and appealing to an interpolation argument, we conclude that for any
s € [1,j] NN, the following holds:

lr@®)? <er, Vte[0,TT]. (3.16)

To establish (3.16) for s > j + 1, we proceed by induction on s € N. Assume that the estimate (3.16) holds for
some s — 1 > j > 2. Once this induction is completed, the bound (3.8) will follow for all j > 2 and s € N. Hence,
in order to conclude the proof of (3.8) for all (j,s) € N* x N, it remains to consider the remaining case j = 1 and
s =2.

Once both the inductive step and this special case are addressed, we can infer the desired bound for arbitrary
j € N* and s € N, by combining the previous estimates (3.15), (3.16), and the induction argument.
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We begin with the inductive step. Multiplying equation (3.9) by 92*r and integrating over the spatial domain,
we obtain:

1d
2dt
It is easy to verify that

1
102ull® S 51027 2, 95r)] + [0 ((vf + wr)r)ﬁiﬂl Hllvr s 1037 + llo-l1Z4 1927

s+1

(0571 (r*), 95r)| < C(s) Y
m=0

/6;"7“ QSH=mye 93 dx|
T

We estimate each term on the right-hand side using standard Sobolev inequalities. For m =0 and m = s+ 1, we
integrate by parts and obtain

< ClloarllscllOzr]® < Cllrll2lldgrll®.

/817“ (0%r)? dx
T

1
2

/r 82“7“ osr dx
T

Similarly, for m = 1 and m = s, we have

/3937“ (05r)? dx
T

For 2 < m < s — 1, we apply the Sobolev embedding H'(T) < L>(T), together with the Cauchy-Schwarz and
Poincaré inequalities, to estimate

< 10arlloo |0z < Cllrll2l|0zr(I*.

/TB;"T 8;"’1_’"7“ Or dx| < ||00r| L /T |8§+1_mr 6;7“‘ dx

< Cllrllma oz =037
< Cllrllslirfls—r [0z
< Clrl+ N0z ) [17lls— |0zl
Putting together all the estimates above, we arrive at
[€0:71(r%), 9ar)| S (Irll2ll0zrll® + Il rlls— 1l 037 ]| + 7l s-1ll057 %) -
Similarly, we can show:
(0571 (0r +wr)r), 23] S (I0r + we)lsralrlIO3 ] + Nor + w)llss2|95r2).

according to (3.16) and the fact (3.16) holds for s — 1, using Young inequality, (3.13), (3.15) and the fact e, < 1,
we conclude that

t
oz ®IF S e + [ 102" dp.
Again by the bound of VU, it is clear that
losr(t)|? < er, forte0,TT]. (3.17)

Combining the cases j € N*, s =0, and s = j > 1, and the inductive argument for s > j + 1 with j > 2, we
obtain the estimate

forall j > 2, forallse N |[r(t)]|? <e, <1, foralltel0,T7]. (3.18)

We now treat the remaining case j = 1, s = 2. Consider the multiplier
18
Iy = ?8;17“ + 3(0,7)* + 61921 + u®,

and test equation (3.9) with j = 1 against Z;. Proceeding with an energy estimate analogous to the higher-order
cases, we obtain
for j=1, |r@t)]3<e, <1, foralltel0,T7]. (3.19)

Combining this with the previously treated cases s = 0 and s = j = 1, together with the inductive step in s, we
deduce that

forj=1, forallseN, |r@t)|} Se, <1, foralltel0,T7] (3.20)
Finally, combining (3.18) and (3.20), we conclude the proof of (3.8). O
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4. MORE GENERAL SETUP OF MAIN RESULT

This section is devoted to the statement and proof of the main result of the article. As a consequence, we
obtain the proof of the theorem stated in the introduction. In addition, we demonstrate that there exist different
finite-dimensional subspaces H C L?(T) for which assumptions (I) and (II) are satisfied.

4.1. General formulation. Let J C Z* be a finite symmetric set, that is, 7 = —J. We say that J is a generator
of Z if the set of all integer linear combinations of elements of 7, defined by

(J)z = {zm: Ai;

i=1

)\iEZ,aiej,mZI}, (41)

coincides with Z.
Given such a set J C Z*, we define a sequence of nested finite-dimensional subspaces of L?(T) as follows:

H := spang {sin(lz),cos(ix) : 1 € T}, (4.2)
ij ‘= spalg {¢1+Q(¢27¢) : 1/)17¢2 Eij_lv (256%67}, k> 17

where Q is the bilinear form defined in (2.6).

Definition 2. A finite symmetric set J C Z* is said to be saturating if the union | J;_ ij is dense in H*(T) for
every s > 0.

We next provide a useful criterion for checking whether a given finite set is saturating. The proof will be given
in the following section.

Lemma 4.1. Let J C Z* be a finite symmetric set. If J generates Z, that is, if (J)z = Z, then J is saturating.

Remark 2. [t is a basic fact from algebra that a finite set J C Z* generates Z if and only if ged(lq, 1o, ..., 1,) =1,
for collection of nonzero elements l1,la,...,l, € J. Here, we allow the use of negative integers among the divisors
to avoid ambiguity.

It is important to note that the symmetry assumption in Lemma 4.1 is essential. Indeed, there exist generating
sets J = {l1,le} C ZT with ged(lh,l2) = 1 which do not satisfy the saturating condition. This distinction will
become clearer in the proof presented in the next section.

We now state a more general result that encompasses both the main theorem presented in the introduction and
the result of Section 3. The proof is carried out in the subsequent two subsections.

Theorem 4.1. Let J C Z* be a saturating set. Then the assumptions (I) and (I1) are fulfilled for the subspace
H= 7—[‘17 Consequently, the conclusions of Theorem 3.1 and Corollary 3.1 remain valid.

As a direct consequence of Theorem 4.1, Lemma 4.1, and Theorem 3.1, we obtain the main result and the
corollary stated in the introduction.

Proof of the main theorem and corollary stated in the introduction. Let us take J = {£1} C Z*. Since J generates
Z, it follows from Lemma 4.1 that J is a saturating set. Therefore, by Theorem 4.1, the assumptions (I) and (II)

hold for the subspace H = ’H‘lf . Consequently, the conclusions of Theorem 3.1 and Corollary 3.1 apply.

To conclude, we compute Hy. Since Hy = spang{sin(x),cos(z)}, we apply the bilinear operator Q and use
standard trigonometric identities:

Q(sin(x), cos(x)) = cos(2x),
Q(sin(xz), sin(z)) = sin(2z),
Q(cos(z), cos(x)) = — sin(2x).

Hence, by the recursive construction (4.3), we obtain
H‘li = spang{sin(z), cos(z), sin(2x), cos(2z)}.

This completes the proof. O
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4.2. Verification of assumption (I) for Hy. Let {9§,95},c 7 be a finite collection of functions in W,*((0,T); R),
and define the function

w(t,x) = Z (05 (¢) sin(lz) + 9§ (t) cos(lx)). (4.4)
leg
We set & := Oyw + B(w) and claim that this choice of w and ¢ satisfies the conditions in assumption (I) for the
s HY
pace Hy .
First, since 9§ (0) = 97 (T") = ¥5(0) = 97(T) = 0, we immediately obtain the boundary condition (2.7). Moreover,
since each ¥7,9] € Wy2((0,T)), we have w € HL((0,T); ). Also, as the space Hf is invariant under the
operators L; for all j € N*, it follows that

Liw(t) € 7—[0‘7 C 7—[‘17 for all t € [0,T], j € N*,

so condition (2.8) holds.
To check that ¢ € L2((0,T);H{), we observe that dyw € L?*((0,T);H{) by construction. Now consider the
nonlinear term B(w):

B(w) = w - w,

= Z (97 (t) sin(lz) + 97 (t) cos(lx)) - Oy (97 (t) sin(lzx) 4+ 97 (t) cos(lx))
leg

= Z Q(¥; (t) sin(lx), V5 (t) cos(iz)) + % [Q(V}(t) sin(lx), V5 (t) sin(lz)) + Q(Vf(t) cos(lx), ¥ (t) cos(lz))] ,

leg

where bilinear operator Q as (2.6). Each summand remains in 4y due to the definition of the finite-dimensional
subspace (4.3), and the finite nature of the sum. Thus, we conclude

B(w) € C((0, T HY),
and hence ¢ € L2((0,T); H{). Therefore, assumption (I) is verified for the subspace HY .

4.3. Verification of assumption (II) for 7—[‘17 . In order to establish the approximate controllability of the lin-
earized equation (2.5), we deviate from the classical approach based on the adjoint system and unique continuation
principles (UCP). Although the equation under consideration is linear, the presence of time-dependent coefficients
renders the adjoint problem analytically intricate and technically challenging. Instead, we analyze the equation
satisfied by the derivative of the resolving operator with respect to the initial data, this strategy based on the
notion of observable families of functions, defined in Definition 1.

This approach avoids the technicalities of Carleman estimates or microlocal analysis typically used in UCP-based
arguments. The proof strategy is inspired by the work of Nersesyan [45], where approximate controllability of the
3D Navier—Stokes system is established using a similar observable family framework.

Step 1. Modification of the trajectory w: We now modify the trajectory w by selecting an observable family
{7, ¥f}ieg, whose existence is guaranteed by Example 1. Define the functions

P (t) = O1t) / oi (o) dp,  D5(t) = O(1) / (o) dp, te(0,T],

where © : [0,7] — R is a C!-function satisfying ©(t) = 0 if and only if t = T. Naturally, the assumption (I)
continues to hold under this modification.
Step 2. Reduction of control problem: Following Step 2, we consider the linearized system around the modified
trajectory w, and denote by
R(t,0): H —» H;, 0<06<t<T,
the associated two-parameter resolving operator for the problem
0+ Q(w,v) =0, v(§) =wp. (4.5)

Since the equation is linear with time-dependent coefficients, the introduction of a two-parameter evolution operator
is natural. This framework is motivated by the approach in Chapter 1 of the book Control and Nonlinearity by
Coron [23], where time-dependent control systems in finite dimensions are studied using a similar formulation. We
now introduce the operator by the Duhamel’s principle

T
A L2((0,7); Hy(T)) — H3(T), g~ / R(T, ) g(6) o,
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which represents the resolving operator for the system (2.5) with initial condition v(0) = 0. Let PHIJ : HY(T) —
H§(T) denote the orthogonal projection onto the subspace HyY C H§(T). We then define the operator

Ar = APyg - L2((0,7); H(T)) — Hg(T),

and aim to show that Im(A;) is dense in H§(T). Note that A; = R"!, as defined in the proof of Theorem 3.1.

To establish the density of Im(.A4;), it is sufficient to prove that the kernel of the adjoint operator A7 is trivial.
The adjoint A7 is given by

At Hy(T) — L*((0,7); H(T)), 2+ Py R(T,0)"2,

where R(T,d)* : H5(T) — H§(T) denotes the adjoint of R(T, d) with respect to the H*-inner product.
Step 3. Triviality of Ker A} : Let us consider an element z € ker A7. Our objective is to demonstrate that z = 0.

By definition of the kernel, for any g € 7—[‘17, we have

(9,R(T,0)"z), =0, for almost every ¢ € [0,7].

Due to the continuity in § of the map § — R(T,0)g in the topology of H® we conclude that the pairing vanishes
identically:
(R(T,6)g,2), =0, foralldel0T]. (4.6)
Fix some intermediate time T} € (0,7). Exploiting the semigroup (or flow) property of the resolvent operator,
we may write:

R(T,0) = R(T,T1)R(T1,9), ford € [0,T1].
Substituting into (4.6), we obtain:
(R(T, T1)R(T1,0)g, 2), = 0.
Rewriting this using adjoint properties, define z1 := R(T,T1)*z, so that:
(R(T1,0)g,21), =0, foralléel0,T1] (4.7)
In particular, taking 6 = T, we find:
(9,21), =0,
which implies:
21 LHY  in H®. (4.8)
Our next objective is to establish that z; is orthogonal to the space 7—[‘27 . To proceed, we introduce the following
notation:
y(t,0) :=R(d +¢,0)g, (4.9)
where y(t, ) denotes the solution at time ¢ + ¢ of the linearized evolution equation, starting from initial data g at
time 0. Then y satisfies the initial value problem:

Oy(t,0) + Qw(d +1t),y(t,6)) =0, te(0,T—9), (4.10)
y(0,9) = g. (4.11)
To analyze the regularity with respect to the initial time §, we differentiate y(¢,d) with respect to d. Define:
Y (t,8) == dsy(t, ),
which satisfies the following nonhomogeneous linear PDE, obtained by differentiating (4.10):
OY (t,0) + Q(w(d + 1), Y (t,0)) + Q(w(d +t),y(t, ) =0, te(0,T—09), (4.12)
Y (0,6) = 0. (4.13)
On the other hand, differentiating (4.9) with respect to d, and evaluating at ¢ = T7 — §, we compute:
OR(T), 5)g = = [R(5 +1,0)q]

t=T1—06
= 81R(T1, 6)9 + 82R(T1, 6)9

= —Q(w(Th),R(T1,8)g) + Y (T1 — 6,9), (4.14)
where the first term we have used the identity from the linearized operator (4.5):
OR(T1,6)g = —Q(w(T1), R(T1,6)g),
and the second from the definition of Y. Differentiating the identity (4.7) with respect to J, we obtain:

4R, 5)g, ), = 0. (4.15)
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Since z; is independent of §, applying the product rule yields:

d
<d5 (T1,5)9721> = 0.

S

Using the identity (4.14), we substitute the expression for the derivative of R(Ty, d)g:
d
25 B(11,8)g = Y(T1 = 6,6) = Q(w(Th), R(T1,8)g),
where Y satisfies the linearized inhomogeneous evolution equation (4.12)—(4.13). Substituting into (4.15), we obtain:
<Y(T1 —94,9), Zl>s = <Q(w(Tl)7 R(T, 6)9)7 Zl>s : (4'16)

To express Y (11 — 6,0) in terms of its time evolution, we integrate equation (4.12) over the interval [0,77 — ¢].
Using the initial condition Y (0,4) = 0, we obtain:

T1—5
Y(T1—5,5):/ 8,Y (t,8) dt
0

T, —6
= —/ (Q(w(5+t), (t,0)) + Q(w(d +1), (t,é))) dt. (4.17)
0
Substituting (4.17) into (4.16), and recalling from (4.9) that y(¢,) = R(d+t, d)g, we obtain the following integral
identity:
T, —6 Ty —6
| e 0. Y8 ) e+ [ QU6+ 0, RE+ 1.8)g) 1), di + (QUu(Ta), R(Ts.8)g). 1), =0,
0 0
(4.18)

Changing variables in the second integral via t’ = § + t, we rewrite it as:

T
/5 (QUit'), (Y, 8)g), =), dF".

So equation (4.18) becomes:

T1—6 T
[+ 0.y @o) ), di+ [ QMR D)) 2), dt+ (QUu(T). R D)g).a), =0 (419)
0 5
Differentiating the integral identity (4.19) with respect to J, we obtain the following pointwise-in-0 equality:

)+ > (a7 (8); (6) + af(9)gf(8)) = 0, for all 6 € [0, T4, (4.20)
leg

where the scalar-valued coeflicient functions and residual term are given explicitly by:

-5 .
W)= 5 | (2 + ¥, 3 (Q6(0)0(0). 9),1)

S

R(t,0)g), 21), db + s (QUu(Ty), R(Ti, 0)g), 1),

_|_
&;o\

aj (6) = ©(0) (Q(sin(lz), 9), 1), ,
aj(6) = 6(8) (Q(cos(lx )79) s

Z/ )sin(lz) + 5 (¢) cos(lx)) dt.

leg

Here, b() is a continuous function on [0,7}], and each a;*“(6) € C*([0,T1]), owing to the regularity of the flow
and the smoothness of the involved mappings.

Now, by the observability property of the time-dependent coefficient functions {¢;, ¢f}ie7, the identity (4.20)
implies that:

aj(0) =0, af(d)=0 onl0,Ty], forallle T,
provided that ©(§) # 0 on [0, T3], which is assumed. As a result, we conclude:

(Q(sin(lz), 9), 21), = (Q(cos(lx), 9), z1), = 0,



GLOBAL APPROXIMATE CONTROLLABILITY VIA LINEAR TEST APPROACH 17

for all I € J and any g € 7—[‘27 . Combined with the orthogonality condition (4.8), we deduce that z; is orthogonal
to the entire subspace: H‘27 . Recalling the definition z; = R(T,T1)*z, we may rewrite the resulting orthogonality
in terms of the adjoint map:

(R(T,T1)g,2), =0, forallgeHy, and Ty € (0,T).
Renaming T3 as §, this yields:
(R(T,0)g,2), =0, YgeHy, 6€[0,T],

which extends the orthogonality condition (4.6) to s .
By iterating this argument inductively for 7—[,;7 with increasing k, we extend the conclusion:

(R(T,0)g,2), =0, Vge|JH{, d€0,T].
k=0

Finally, taking § = T" and applying the saturation hypothesis of 7, we obtain the density of the union |J,, ij in
the ambient space. Thus,
(9,2),=0, Vge H® = 2=0,
completing the proof of the key assumption (II).

5. SATURATING PROPERTY

To establish Lemma 4.1, we begin by assuming that J C Z* is a symmetric generating set. That is, J = —J,
and the additive group generated by J is Z. Define a sequence of symmetric subsets {Jx }x>0 C Z recursively by:

jO = ja
Tev1:={i+jlieTp,je T}, fork>0.
Since J is a generator of Z, for any integer z € Z, there exist elements ai,...,a,, € J and coefficients

Als- -y Am € Z such that:
=1

Due to the symmetry of 7, each term \;a; can be expressed as a sum of |);| elements in 7, either all equal to a;
(if A\; > 0) or all equal to —a; (if A; < 0).
Thus, the integer z can be expressed as the sum of Y /", |\;| elements in J. By construction, this implies:

z € Jr for some k = <Z|)‘l|> -1

i=1
Hence, every integer in Z is eventually included in the union of the sets Jx, and we conclude:
U=z (5.1)
E>0
To prove Lemma 4.1, it suffices to verify the following inductive inclusions for all integers ¢ > 0 and k > 1:
T
W M (5.2)

where the finite-dimensional spaces H;* are defined as in (4.2) and (4.3), with the notation J = Jj.
Assuming the inclusions (5.2) hold, iterating them yields the nested chain

HI C H S - H.

Now, since the frequency sets satisfy

U jk - Za
k=0

by (5.1), the associated union of finite-dimensional subspaces obeys

o0
U H is dense in H(T),
k=0
and thus the frequency set J is saturating.
We now prove the inclusion (5.2) by induction on i, for a fixed k > 1.
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Base case: ¢ = 0. We show that
M 1
By definition,
H* = spang {cos(lz), sin(lz) || € Ti}.
The recursive structure of the frequency sets yields
Ti=Te1+T={li+l]|l €T, eT}.

We use the bilinear operator Q and trigonometric identities to generate the desired modes. Specifically, for a, f € R,
we have:

29(cos(ax), cos(fz)) = —(a + B) sin((a + B)z) — (B — a) sin((f — a)z), (5.3)
29(sin(ax), cos(Bz)) = (o — B) cos((a — B)z) + (a + B) cos((a + B)x). 5

Since each Jk is symmetric (i.e., Jxk = —Jk), by selecting appropriate «, 8 € Jr—1, the modes sin((l; + l2)x),
cos((l1 + l2)x) can be produced via Q, hence lie in 7—[‘17’“’1. Therefore,

H'e C H
Inductive step. Assume that for some i > 0,

H CH
We aim to prove that

Mk C 1

By the recursive definition of the hierarchy,

HF, = spang {¢1 + Qtha, @) | 1,02 € H, ¢ EHgk}-

By the inductive hypothesis, 11,15 € Z{:l’ !, and by the base case just proved,

¢ e HT c HT+.
Thus, Q(v2,¢) € H 5, and so
1+ Q(2, 9) € Hﬁil-

To illustrate explicitly, consider a particular case ¥2 = sin(vyx), and take
¢ = Q(sin(ax), sin(px)),

with sin(a),sin(Bz) € HJ*. Then:

(A4 C)sin((y +a+ B)z) + (A — O)sin((y — a — B)x)

DN | =

Q(sin(yz), ¢) = Q (sin(yz), Q(sin(ax), sin(Bz))) =
+ (B4 C)sin((y +a — B)z) + (B — C)sin((y — a+ B)z) |,

where A, B, C' are real coefficients depending on «, 3,7. The frequencies appearing on the right-hand side belong
to Jx—1, and the regularity level is ¢ + 2. Thus:

Tk—
Q2 ¢) € Hils '
This completes the inductive step.

Hence, the inductive chain (5.2) holds for all ¢ > 0, and the lemma 4.1 follows.



GLOBAL APPROXIMATE CONTROLLABILITY VIA LINEAR TEST APPROACH 19

6. APPENDIX : PROOF OF PROPOSITION 2.4

To proceed, we first state a key lemma, which serves as the foundation for the proof of Proposition 2.4. The
detailed proof of this lemma can be found in Section 2 of [42].

Lemma 6.1. Let G : H — H be a non-negative self-adjoint operator on a Hilbert space H. Then the map
(0,00) 37+ (G+~I)"*
defines a smooth family of bounded operators. For each h € H, define
An(7) = |G(G +~I) " h = hl%.

Then Ay () is a decreasing function of «y. Moreover, the operators G(G +~I)~! and (G + ~vI)~! satisfy the norm
bounds

IGG+yD)TH <1, and [(G+AD)7H <y7h
If G has dense range, then

lin% VAR(Y) =0, forallhe H. (6.1)
Yy

Proof of Proposition 2.4. Let us define the operator G := TT* : H — H. Since the image Im(T) is dense in H, the
kernel of the self-adjoint operator G is trivial, and thus Im(G) is also dense in H.
Fix € > 0. By Lemma 6.1, for any h € H, there exists a constant 7.(h) > 0 such that

|TT*(G +~I)"'h — h|| < % for all 0 < v < 7. (h).

Moreover, since the operator TT*(G + «I)~! has norm at most one, continuity implies that for each h € H, there
exists r-(h) > 0 such that

2
|TT(G+D) g gl < 5 for all g € Bu(hro(h)), 0< 7 < 7.(h). (6.2)

Since the unit ball By (1) € H is compact due to the compact embedding V' < H, the open covering
{Br(h,r(h))}hen admits a finite subcover {Bp(hj,7<(h;))}72,. Setting ve := mini<j<m Ve (hy), it follows from
(6.2) that

2
ITT*(G + D)~ 'h — h|| < g for all i € By (1).

Next, define T, :=T*(G +~.I )~!. To approximate this operator by a finite-rank map, consider an orthonormal
basis {f;} of F, and let Py; denote the orthogonal projection onto the span of the first M basis elements. Define
T%7M = PMT .-

Since TTy_y — TT*(G+~-1 )~1 strongly and uniformly on compact subsets as M — oo, we may choose M. > 1
such that

|TT,. pm.h—h| <e, forall h e By(l).

By homogeneity, the same estimate extends to all of V', yielding the desired result with

T. := Py, T*(G +~.1)" .
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