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‘We consider a mobile impurity coupled to an ideal Fermi gas in one spatial dimension through
an attractive contact interaction. We calculate the quasi-particle residue Z exactly, based on Bethe
Ansatz and diagrammatic Monte Carlo methods, and with varational Ansatz up to one particle-
hole excitation of the Fermi sea. We find that the exact quasi-particle residue vanishes in the
thermodynamic limit as a power law in the number of particles, consistent with the Luttinger-liquid
paradigm and the breakdown of Fermi-liquid theory. The variational Ansatz, however, predicts a
finite value of Z, even in the thermodynamic limit. We also study how the presence of the impurity
affects the density of the spin-up sea by calculating the pair correlation function. Subtracting the
homogeneous background and integrating over all distances gives the charge (). This charge turns
out to grow continuously from 0 at zero coupling to 1 in the strong-coupling limit. The varational
Ansatz predicts Q = 0 at all couplings. So, although the variational Ansatz has been shown to be
remarkably accurate for the energy and the effective mass, it fails even qualitatively when predicting

Z and the pair correlation function in the thermodynamic limit.

I. INTRODUCTION

A single mobile impurity coupled to a bath of parti-
cles is a fundamental many-body problem that appears
in many different fields of physics. Typical examples
are proton impurities in neutron stars [I] or excitons in
doped semiconductors [2]. Due to the interaction with
the bath, the impurity is dressed with excitations of the
bath and becomes a quasi-particle called polaron. Such
quasi-particles were first described by Landau and Pekar
in the context of an electron moving in a crystal lat-
tice [8H5], where the coupling to phonons renormalizes
the characteristic properties of the bare electron. In the
last decades, the creation and unprecedented control of
ultracold atomic mixtures has initiated a very active re-
search activity on polaron physics [6H9]. In these exper-
iments polarons are created in atomic mixtures through
population imbalance: the minority atoms form mobile
impurities in a bath formed by the majority atoms. A
key feature is the tunability of the two-body interaction
between the impurity and the bath particles via Fesh-
bach resonances. Baths consisting of bosonic [T0HI3] and
fermionic [T4H28] atoms, corresponding respectively to
the so-called Bose and Fermi polarons, have both been
realized.

In the Fermi polaron problem one considers a single
spin-down impurity in the continuum interacting with
an ideal gas of spin-up fermions through an attractive
potential in the zero-range limit. In two (2D) and three
(3D) spatial dimensions, a stable polaron quasi-particle is
formed at weak coupling. This polaron consists of the im-
purity dressed with particle-hole excitations of the Fermi
sea. At strong coupling, however, the ground state cor-
responds to a dimeron state. This is a bound pair of
fermions of opposite spin dressed with particle-hole exci-
tations of the Fermi sea. The value of the critical interac-

tion strength marking the polaron-to-dimeron first-order
transition was determined by diagrammatic Monte Carlo
in 3D [29431] and 2D [32]. These Monte Carlo simula-
tions take a high number of particle-hole excitations into
account. Remarkably, the basic ground-state properties
of the system can be accurately approximated by a simple
variational Ansatz where the Hilbert space for the excited
states of the Fermi sea is restricted to have at most one or
two particle-hole pairs [33] [34]. Such Ansétze have been
extensively used to study the properties of the Fermi po-
laron in 3D [35H40] and 2D [41H45]. In one spatial dimen-
sion (1D), the model is exactly solvable by Bethe Ansatz.
The exact solution shows no sharp transition but rather
a smooth crossover from weak to strong coupling [46].
The variational Ansatz has also been tested in 1D. Sim-
ilar to higher spatial dimensions, the variational Ansatz
gives remarkably accurate values for the energy as well
as the effective mass of the impurity in 1D [47].

In this article we focus on two physical properties of the
1D Fermi polaron in the thermodynamic limit which we
will calculate exactly and via a variational Ansatz. The
first quantity is the quasi-particle residue, which is the
overlap of the interacting state with the non-interacting
one:

Z(Nt) = [(lnn)]? (1)

with |¢) and |¢n1) respectively the normalized ground
state of the interacting and non-interacting system with
zero total momentum. More specifically, |Un1) =
62207¢|FSNT>, with |[FSy,) the ideal Fermi sea of Ny

spin-up fermions and the operator 62,0 creating a spin-

o fermion carrying momentum k. The spin-up particle
number N; is taken odd so that the Fermi sea has zero to-
tal momentum. Alternatively, Z(N;) can also be viewed
as the quasi-particle spectral weight, i.e. the strength of
the quasi-particle peak in the spectral function. It should



remain finite in the thermodynamic limit if Fermi liquid
theory is valid. Previous studies have mainly focused on
the repulsive 1D polaron problem [48] 49]. In a recent
work [50] Bethe Ansatz was used to obtain exact spec-
tral properties of the one-dimensional Hubbard model
with /N4 spin-up fermions and one spin-down impurity
with attractive and repulsive on-site interaction. In this
article we study the attractive model in the continuum.

The second quantity is the charge @ of the polaron,
which is a measure for the number of excess fermions in
the excitation cloud surrounding the impurity. To prop-
erly define @, we first consider the density-density or pair
correlation function

ga(x) = (i ()7, (0)) , (2)

with 7, (2) the number-density operator at position z for
spin-o fermions. The correlation function go(x) is pro-
portional to the probability of finding a spin-up fermion
at position z relative to the position of the spin-down
impurity. It could be obtained experimentally by mea-
suring the positions of all particles and then averaging
over many realisations. Since we consider a single spin-
down fermion, the homogeneous spin-down density is
ny = 1/L, with L the length of the system. We de-
fine go(x) = go2(x)/ny. From the correlation function one
can define the charge of the quasi-particle:

Q= [ do tim (@a(o) ) | g

where the thermodynamic limit should be taken before
integration (otherwise the result would always be trivially
zero). The presence of the impurity perturbes the homo-

geneous density ny = % of the spin-up Fermi sea due to
the attractive contact interaction. This leads to a peak
in go(x) at = 0 followed by Friedel-like oscillations at
finite distance. The charge () is obtained by subtracting
the homogeneous background and integrating over dis-
tance (after the thermodynamic limit has been taken).
The Fermi polaron in 3D is an example of a mobile im-
purity in a gapless and compressible environment with
a well-defined charge [51]. In other words, the charge
@ identifies the difference between polaron and dimeron
quasi-particles for the mobile impurity in 3D [51]: for
the polaron state one has ) = 0, while for the dimeron
state, one extra spin-up fermion is bound to the impurity,
leading to @ = 1.

We will calculate Z(N3) and @ for the 1D Fermi po-
laron problem via Bethe Ansatz and variational Ansatz.
Moreover, we will also provide additional diagrammatic
Monte Carlo data for Z(N;), validating the results ob-
tained via Bethe Ansatz. These calculations show that
Z vanishes in the thermodynamic limit, consistent with
Luttinger-liquid theory. Calculation of the charge @ for
the mobile impurity in 1D will show that @ is not a good
quantum number in this case: @) goes continuously from 0
to 1 upon increasing the attraction strength, quantifying
the crossover from weak to strong coupling. Moreover,

the variational Ansatz will turn out be very inaccurate for
both of these thermodynamic-limit quantities. This is in
stark contrast with the 3D Fermi polaron, where the vari-
ational Ansatz gives very accurate values of Z from weak
to strong coupling even in the thermodynamic limit [31].

The article is organized as follows: in Section [[I] we
briefly introduce the model, while different methods
(Bethe Ansatz, diagrammatic Monte Carlo and varia-
tional Ansatz) for calculating the quasi-particle proper-
ties are presented in Section [T} Results are shown and
discussed in Section

II. MODEL

We consider a system of N4 spin-up fermions in one
dimension interacting with a single spin-down fermion
through an attractive contact interaction with strength
g < 0. All fermions have equal mass m. This is a spe-
cial case of the Yang-Gaudin model [52] [53]. The spin-up
fermion density is ny = N4/L = kg /m, with kg the Fermi
wave vector of the spin-up Fermi sea. The model Hamil-
tonian is

NT-‘,-l 132 NT
H= ; %Jrggts(zi*INTH)a (4)

where we use the convention that the (N4 +1)-th coordi-
nate refers to the spin-down impurity, so that z; and p;
are the position and momentum operators of the spin-up
fermions for 1 < ¢ < Ny, and of the spin-down impurity if
i = Ny+1. Weset h = 1. We also define a dimensionless
interaction strength v = mg/ny = —2n/(kpaip), with
a1p the 1D scattering length.

III. METHODS

A. Bethe Ansatz

The 1D Yang-Gaudin model is integrable by Bethe
Ansatz and the corresponding exact solution for the po-
laron problem () was first obtained by McGuire [46].
Here, we focus on calculating the quasi-particle residue
Z of the polaron at zero momentum, k = 0 (see Eq. ().
In this section, the ground state wavefunction ¥ and its
non-interacting counterpart i)n; are not assumed to be
normalized. We then write Z as the normalized overlap

)P
7= (Unt|vnn) (W) )

The inner product between two generic wave functions
v’ and 9 is defined as

wi) = | ’

X w(l‘l,..

qu‘rl
H dm] w/($17"'7xN¢7xN¢+l)*
i=1

. axNTumNT+1) ) (6)



with zx, 41 the position of the spin-down impurity.

The many-body wave function is completely deter-
mined by a set of parameters, corresponding to the al-
lowed fermion quasi-momenta {k;}, with j =1,..., N3 +
1, and the spin rapidity parameter \. These quantities
are obtained by solving the following Bethe Ansatz equa-
tions

ki —A+ig/2 gL

= 7
ki —A—ig/2 _ © 0
forj=1,2,...,Ny+1, and
T k- Atig2 -
i=1 k‘j—/\—ig/Q ’

were periodic boundary conditions have been assumed.
The ground state corresponds to the choice of the quasi-
momenta minimizing the total energy

Nptl 42
Z—;l. (9)

Two of the quasi-momenta k; are purely imaginary, k; =
+ia, with @ = ¢/2 in the limit L — oco. These quasi-
momenta give a negative contribution to the ground state
energy @ corresponding to the two-body bound state
energy in vacuum, —Ep = —mg?/4.

In the following we use the Takahashi representation
[54] of the many-body wave function, which allows for an
efficient numerical computation of the spectral weight
even for N; of the order of few hundreds. The explicit
expression is [55] (6]

NT+1
(@1, rN ) = Y & det(AL) eMTNHL(10)
(=1
where
1 if Ny even
— 11
& {(—1)“1 if Ny odd . (1)

In Eq. A* are Ny x N; matrices, whose entries are
given by

(Az)is = [k, — A —i(g/2)sign(z; — xNT_,_l)}eik“”i, (12)

withi,s=1,...,Nyandr=0+sif {+s < Ny +1 and
r ={+ s — Ny — 1 otherwise. Next, we trade the spin-
up coordinates for the new variables y; = z; — TN, 11,
with ¢ = 1,..., Ny, and restrict to 0 < y; < L without
loss of generality. The wave function then takes the
factorized form

N.

. ++1
g Zj:l

kjzng+1
b

(13)

Y(xy, .. N 1) = F(yn, .. yn, e

where the function F is defined as

NT-‘,-I
F(yr,-oyny) = Y & det(A), (14)
=1
with
(A% s = [kr — X —ig/2]etFryi | (15)

With the help of Eq. (13]), the integration over xx, 1 in
the inner product @ becomes straightforward. More-
over, we see from Eq. ( . ) that, up to a multiplicative
factor each contribution to F’ takes the form of a Slater
determinant

e1(y) .- em(y1)
detar[p1, 2, -, om] = : : . (16)
e1(ynm) - pm(ynm)
with M = N;. For instance, for Ny = 2 we have
1 (kg — X —ig/2)etk2v1 (ky — X\ —ig/2)etFsu
det(Ah) = |7 N /et (ks — A — ig/2)eiksve
4 (17)
so that ¢1(y) = (k2 —A—ig/2)e™*2¥ and po(y) = (k3 —A—

ig/2)et*s¥ . In particular, one notes that the functions
vi(y) are exponentials.

The inner product between two Slater determinants
can be efficiently calculated by reducing it to a Slater de-
terminant of 1D integrals, thanks to the general identity

]VL /dejdetM ¢1a¢27...’¢Rl]detlw[§0179027"‘7901\4]
j=1

I dyon (v) o1 (y) I dydn (v)*oar(y)
= : g : . (18)

Iy dybr () o1(y) - [ dydar(y) o (y)

The one-dimensional integrals in Eq. can also be
performed analytically as the involved functions are ex-
ponentials. As a consequence, the calculation of the inner
product between two generic many-body wave functions
reduces to the numerical computation of (N4 + 1)? de-
terminants of Ny x N3 matrices. In this way we can
compute the spectral weight for N} of the order of
few hundreds.

To calculate the charge @ from Eq. we start from
the pair correlation function

g2(z — ') = (g (2)7y (27))
N L [Nt .
<w|;>/ gdx] 1/)($7127~~~,$Np5€)
X Y(x, 22, .., TN, T) (19)

with ¢ the Bethe Ansatz solution. Following Refs. [46]
57] the thermodynamic-limit g, = go/n is given by

_oo o k()]
ga2(@) =m 1 — 2 arctan(y/2m) '

(20)



with

ke ||/ 2 i 1 e—iuktp\w|

J— F . - _—

hiz)=e 0(—) 5 /_lu_m/%_du. (21)
The integral in Eq. can easily be evaluated numeri-
cally. We then numerically integrate o (x) — n4 over po-
sition = to give the charge Q. Note that the first term in
Eq. is due to the two-body bound state in vacuum,
which is always present in 1D for an attractive poten-
tial, v < 0. In the strong-coupling limit, we can drop
the second term in Eq. , giving the leading contribu-
tion ga(z) — ny ~ —n4yexp(ne|z|y)/2. Integration over
x gives charge @ = 1 in this limit.

B. Diagrammatic Monte Carlo

In this section we briefly discuss the diagrammatic
Monte Carlo (DiagMC) method. We will use this nu-
merical method to determine the quasi-particle residue
Z of the 1D Fermi polaron and cross-validate the values
obtained via Bethe Ansatz.

The central object calculated here by the DiagMC al-
gorithm is the imaginary-time single-particle propagator
at zero momentum:

Gy(k=0,7) = —0(r) (FS,| ¢ ()&} ,(0)|FSn,) . (22)

where the creation/annihilation operators are written
in the imaginary-time Heisenberg picture, ¢, ¢(7’) =
ef7¢y e K7 with K = H - Z,uaNo., and with g,

o
the chemical potentials for both spin components. The
N, are the spin-c number operators. The ground-state
polaron residue and energy can be extracted from the
asymptotic large-7 behaviour of G| (0, 7):

G(0,7) TE® —Z e~ BrmnT (23)

with the polaron energy Ep = E — Erg being the energy
difference of the system with and without spin-down im-
purity. Here, Erg is the energy of the non-interacting
Fermi sea: H|FSy,) = Erg|FSn,).

We use a polaron determinant (PDet) algorithm for
evaluating the diagrammatic expansion of G (k,7) in
powers of the bare coupling [58] [59]. We performed sim-
ulations for the 1D attractive Hubbard model using the
algorithm of Ref. [59]. The Hubbard Hamiltonian is given
by

H— ¢t Z Z (a;‘“’aai’a + h.c.) + Uzﬁi,’rﬁi,i ,(24)

o=T,| 1

where &I , creates a spin-o fermion on site 4, and n; , =
al a.  the on-site number operator. The first term

1,0 71,0

describes hopping of fermions between nearest-neighbor
sites with amplitude ¢, while the second term describes

on-site attraction with amplitude U < 0. We assume pe-
riodic boundary conditions and we set the lattice spacing
to b. For the lattice model, one has v = U/(2vt) with
v = N4/N = n4b the spin-up filling fraction of the lattice
with N sites. In order to retrieve the properties of the
Yang-Gaudin model, we take the v — 0 limit at fixed
numerically. Note that, alternatively, a PDet algorithm
could also be directly developed for the Gaudin model
for an expansion in powers of g, since the Dirac-delta
interaction potential causes no ultraviolet divergencies in
1D, in contrast to higher dimensions where a regularisa-
tion procedure is required.

The PDet algorithm works in position-imaginary time
representation, where the sum of all diagram topologies
for a given set of space-time coordinates of the interaction
vertices is given by a single determinant [60H62]. For
the polaron problem, all diagrams generated in this way
are automatically connected [58]. The expansion of the
polaron propagator in powers of U is written as

GL(X) =GUX)+ 2 L oo Je, UMGO(Xy)

GY( X2 — X1)--- GYUX — X,,) det(M™) (25)

with M(™ an n x n matrix with elements MEZ) =
G?(Xi — Xj), with 4,5 = 1,...,n, where n is the di-
agrammatic order. We have used the notation X =
(z,7) for position-imaginary-time coordinates and [y :=
>[5 dr. The G are the non-interacting spin-o single-
p

particle propagators. The different terms in Eq. are
evaluated stochastically by the Metropolis algorithm.
The data presented in Section [[V]is obtained for finite
and fixed Ny. The total number of lattice sites N was
increased while adjusting U/t such that v is fixed. We
have checked that our values of N are large enough for
all lattice effects to be within our statistical error bars.

C. Variational Ansatz

A powerful variational Ansatz for the Fermi polaron
problem is obtained by restricting the Hilbert space for
the excited states of the Fermi sea to have at most one
or two particle-hole pairs [33] [34]. Here, we consider the
simplest Ansatz of maximally one particle-hole excita-
tion. The variational Ansatz provides a very good ap-
proximation to the polaron energy and effective mass for
the whole range of the interaction strength [47]. More-
over, in the strong-coupling limit the leading contribu-
tion of the Ansatz to the polaron energy correctly pro-
duces the two-body binding energy in vacuum, Ep =
mg?/4 [47]. The variational Ansatz for the polaron state
with total momentum zero reads

N 1 B R
[Py = Jaod) | +5 D ekl | G 1lot|[FSn,), (26)
k,q



with normalisation condition |ag|? +" ;W|ak}q\2/L2 =1
The prime in the sum indicates that all ¢ are below the
Fermi level of spin-1 fermions and all k£ are above. The
quasi-particle residue is given by Z(N4) = |ap|?.

In addition to the Ansatz (26]) a variational Ansatz for
the dimeron state has been proposed [35], 36}, [41], [43H45]
63]. Including again up to one particle-hole excitation,
the dimeron Ansatz is

1 / 1 /
M) = | = el o D
VL k L3/ k,k',q
3l el el éqr | [FSn,—1) (27)
Cog—k'—k,) Ch,tChr 1 Cat Ny=1/ s
with normalisation condition
1 2 ,
T el 5 Y wd® =1, (28)
k k.k’,q

The prime in the sum again indicates that all ¢ are below
the Fermi level and all k, k' are above. In what follows
we drop the prime to simplify the notations. For the 1D
Fermi polaron, the polaron Ansatz always gives a
lower energy than the dimeron Ansatz (27) at all cou-
pling [47, [57].

Evaluating go(x) for the Ansatz |P) one finds

.3
k.k'.q
1 i(¢"—q)z
k.q,q’
1 .
5> (abonge @D 4 ne) . (29)
k.q

Taking the thermodynamic limit, assuming that ay 4 is
a smooth function and integrating over position gives
charge @ = 0. Similarly for the Ansatz |[M) one finds

~ Ny —1 1 * —i(k—k)x
Bo@) = =+ D Gigwe )
k'
2 "
75 2 (GGwae T )
k.k'.q
2 * —i(q'—q)x
7 Z Skt gSh k€
k.k".q,q'
4 * —i(k'—k")x
T DD Gwgbeanae T (30)
k.k',q,k"”

from which one gets, after taking the thermodynamic
limit and integrating over position, charge () = 1. Here
we assume again that &, and & 5/ 4 are smooth functions
in the thermodynamic limit.

The fact that the polaron Ansatz gives @ = 0 and the
dimeron Ansatz gives Q@ = 1 is straightforwardly general-
ized to 2D and 3D. There, @ will jump at the first-order
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FIG. 1: The quasi-particle residue Z as function of the num-
ber N; of spin-up fermions for two interaction strengths,
v = —4 and v = —10. The open symbols are obtained via
Bethe Ansatz. The red and black symbols with error bars
are results of diagrammatic Monte Carlo simulation with the
PDet algorithm. Both are in perfect agreement. The full
lines are power law fits to Z = aNT_g [ with a = 0.982 and
0 = 0.0644 for v = —4, and a = 0.775 and 6 = 0.2040 for
v = —10 ]. Results obtained with the variational Ansatz are
also shown. Here, the values of Z quickly saturate to a con-
stant upon increasing Ny.

phase transition between polaron and dimeron state. The
spatial structure of the pair correlation function was
studied for the polaronic branch in 3D in Ref. [40] within
the one particle-hole variational Ansatz, showing that the
polaron is a spatially extended object such that ¢ = 0.

IV. RESULTS AND DISCUSSION

Fig. |1| shows the residue Z as function of the number
N of fermions in the Fermi sea for interaction strengths
v = —4 and v = —10. The Bethe Ansatz data (open
symbols) clearly shows a power law decay with Ny. The
solid lines are the corresponding fits of the data tails with
a power law Z = aN; %, where a and 6 are fitting param-
eters. The obtained values for the exponent 6 coincide
(within error bars) with the one previously found for re-
pulsive interactions in Ref. [48]:

2
0= = arctan? (;Zi) . (31)

In particular, 6 solely depends on the interaction in-
duced phase shift §(E) at the Fermi surface through 6 =
26%(Er)/m2. The polaron’s vanishing Z in the thermo-
dynamic limit is an example of Anderson’s orthogonality
catastrophe [64] [65], implying a breakdown of perturba-
tion theory and non-Fermi liquid behavior. The physics
of the 1D model is well described by Luttinger-liquid the-
ory and the Fermi liquid theory is unstable due to diver-
gencies in perturbation theory. Fig.[l|also contains a few
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FIG. 2: The polaron energy Ep (i.e. the ground state energy
difference F — Erg of the interacting and the non-interacting
system) in units of the Fermi energy Er as function of the
number Ny of spin-up fermions. Data is obtained via Bethe
Ansatz and variational polaron Ansatz for v = —4 and v =
—10.

points obtained with DiagMC simulation. These are in
excellent agreement with Bethe Ansatz. Note that the
DiagMC simulation is based on a perturbative expansion
around the non-interacting limit. Nonetheless, since Z is
finite for finite V4, this does not pose any fundamental
issue. We also compare with values of Z obtained with
the variational Ansatz up to one particle-hole excitation.
These values of Z converge very rapidly to a finite value
as function of N;. So in contrast to the exact solution,
the variational Ansatz predicts a non-zero quasi-particle
weight in the thermodynamic limit. Despite the complete
failure of the variational Ansatz to reproduce accurate
Z-values at large Ny, it still produces excellent values
for the polaron energy Ep even in the thermodynamic
limit. The reason might lie in the rapid convergence of
the variationally obtained Ep and Z with increasing Ny.
At finite and not too high values of Ny, both Z and Ep
are reasonably close to the exact answer. To illustrate
this, Fig. |2[ shows the polaron energy Ep = E — Epg in
units of the Fermi energy Er = k%/(2m) as function of
Ny, obtained with Bethe Ansatz and variational Ansatz.
For v = —10, the relative error of the varational Ansatz
is about 4% at large N;. The variational data for Ep
starts to converge around N4 ~ 5, where the values of Z
are still reasonably close to the exact ones (see Fig. .
The charge @ as function of the interaction strength
is shown in Fig. [3] We see that the charge @) varies con-
tinuously from @@ = 0 at zero coupling to @ = 1 in the
limit of strong coupling. The charge is thus not quan-
tized in one spatial dimension, in disagreement with the
variational Ansatz which predicts @ = 0. To better un-
derstand how @ grows with v due to the deformation
of the homogeneous Fermi sea because of the interaction
with the spin-down impurity, we plot §(x) —n4 in Fig.
for two interaction strengths. We observe that for the
exact solution ga(x) — nqy > 0 for all z. Integration over

0 -20 -40 -60 -80 -100

FIG. 3: The charge @ defined in Eq. as function of the
coupling , calculated with Bethe Ansatz. The charge changes
continuously from 0 to 1, marking the continuous crossover
from weak to strong coupling.
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FIG. 4: Pair correlation function g2(x) = g2(z)/n, shifted by
the homogeneous spin-up density n+ = kp /7 for two values of
the coupling strength . Exact Bethe Ansatz results as well
as results based on the variational Ansatz are shown.

x gives a non-zero (). In the strong-coupling limit, only a
Dirac-0 peak at z = 0 survives, giving @ = 1. The vari-
ational Ansatz (see Eq. (29)), on the other hand, gives a
function go(z) that oscillates around n4 such that @ = 0.
The central peak around x = 0 is reproduced remarkably
well. For v = —10, the variational Ansatz g»(z) has a
pronounced dip around kpxz ~ 1. This feature is absent
in the exact solution. At larger distances, the variational
Ansatz predicts a significantly larger distortion of the
Fermi sea compared to the exact solution.

Finally, we remark that many properties of the 1D
Fermi polaron are similar to those of the 3D Fermi
polaron with a static impurity (i.e., impurity with
infinite mass m). In 3D, for the mass-balanced case,
m; = my, there is a critical value of the interaction
strength (kpasp)c. = 1.11(2) marking a first-order
transition from polaron to dimeron [29], with as3p



the 3D s-wave scattering length. Upon increasing the
mass ratio mj/ms, the critical interaction strength
1/(krasp). shifts to higher values, so deeper into the
BEC regime [57]. At infinite mass m, there is no sharp
transition, but rather a crossover. For this case, the 3D
model is exactly solvable. The exact correlation function
g2 was calculated in Ref. [57]. Calculating the charge,
we find a behaviour similar to the 1D Fermi polaron:
Q@ increases continuously from ¢ = 0 in the BCS limit
(1/kpasp = —o0) to @ = 1/2 at the unitary point
(1/kpasp = 0) and finally to @ = 1 in the BEC limit
(1/kpasp = +00). So, just like for the 1D mass-balanced
mobile Fermi polaron, the charge is not quantized. This
is in agreement with a general theorem stating that
the charge is not quantized for a static impurity in a
charge-compressible environment in any dimension [51].
Moreover, the quasiparticle residue Z of the static 3D
Fermi polaron vanishes in the thermodynamic limit,
due to the Anderson orthogonality catastrophe. The
variational Ansatz, however, predicts a non-zero value
of Z [40], similar to our results in 1D with balanced mass.

V. CONCLUSIONS

We have studied the 1D Fermi polaron problem via
Bethe Ansatz, diagrammatic Monte Carlo and varia-
tional Ansatz up to one particle-hole excitation. The

quasi-particle residue Z for the attractive 1D Fermi po-
laron decays as a power law with the number of parti-
cles Ny of the Fermi sea, consistent with Luttinger-liquid
theory. The variational Ansatz, however, predicts a fi-
nite value of Z in the thermodynamic limit. We have
also studied how the presence of the impurity affects the
density of the spin-up sea by calculating the pair correla-
tion function. Subtracting the homogeneous background
and integrating over all distances gives the charge Q.
The exact charge grows continuously from 0 in the non-
interacting case to 1 in the strong-coupling limit. The
varational Ansatz, on the other hand, predicts Q = 0 at
all couplings. So, although the variational Ansatz is re-
markably accurate for the energy and the effective mass,
it fails even qualitatively when predicting Q) and Z in the
thermodynamic limit. Finally, it would be interesting to
study the exact pair correlation function and @ in higher
dimensions and compare with the variational Ansatz.
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