arXiv:2504.17556v1 [math.AP] 24 Apr 2025

PARABOLIC PDES WITH DYNAMIC DATA UNDER A
BOUNDED SLOPE CONDITION

VERENA BOGELEIN, FRANK DUZAAR, AND GIULIA TREU

ABSTRACT. We establish the existence of Lipschitz-continuous solutions to
the Cauchy-Dirichlet problem for a class of evolutionary partial differential
equations of the form

Otu — dive Ve f(Vu) =0
in a space-time cylinder Qr = Q x (0,7, subject to time-dependent boundary
data g: OpQr — R prescribed on the parabolic boundary. The main novelty
in our analysis is a time-dependent version of the classical bounded slope con-
dition, imposed on the boundary data g along the lateral boundary 9 x (0, T).
More precisely, we require that for each fixed ¢t € [0,T), the graph of g(-,t)
over 92 admits supporting hyperplanes with slopes that may vary in time but
remain uniformly bounded. The key to handling time-dependent data lies in
constructing more flexible upper and lower barriers.
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1. INTRODUCTION

Throughout this paper, let & C R™, n > 2, denote a bounded, open, and convex
set, and let f: R™ — R be a convex integrand. A classical theorem of Haar [24]
ensures that, for prescribed boundary values u,: 02 — R satisfying the bounded
slope condition (BSC), there exists a Lipschitz continuous minimizer u: Q@ — R of
the variational functional

F(v) ::/Qf(DU)dx, (1.1)

subject to the boundary condition u = u, on 99Q; see also [25, 26, 36, 40]. The
construction has become standard and appears in modern textbooks on the calculus
of variations; see, e.g., [22, Chapter 1]. More recent developments concerning the
existence of Lipschitz minimizers under the BSC may be found in [10, 12, 13, 15, 31,
32, 33, 34]. The standard argument hinges on a comparison principle in which the
affine functions furnished by the BSC serve as barriers, together with the translation
invariance of minimizers and a priori gradient bounds. The successful application of
this strategy depends sensitively on the structure of the integrand, and in particular
breaks down when lower-order terms are present. In such cases, affine functions no
longer provide suitable barriers, and the method must be adapted by employing a
more flexible class of barrier functions; see [19, 20, 21].

Surprisingly, a time-dependent counterpart to this semi-classical theory has re-
mained an open problem for some time. Instead, sophisticated parabolic methods
— such as Galerkin approximations, monotone operators, and nonlinear semigroup
theory — have led to various existence results. However, the construction of Lips-
chitz continuous solutions to evolutionary equations associated with general convex
integrands f has remained elusive without additional assumptions on the growth of
the integrand. The paper [6] marks the first Haar-Rado-type result for the Cauchy-
Dirichlet problem

{ du — div, Ve f(Vu) =0,  in Qp =Qx (0,7),

U = Uy, on 0pSQlr,

which guarantees the existence of a unique classical solution u € C°([0, T]; L?(£2))N
L>(Qr) with Lipschitz continuous spatial gradient Vu € L (Qr,R™). The only
conditions required are the convexity of the integrand f: R™ — R, and the BSC
imposed on the initial and lateral boundary datum u, € W1>°(Q). A related result
for linear growth functionals can be found in [23]; see also [44]. The theory has
subsequently been further generalized to data wu, satisfying a one-sided BSC, as
shown in [11, 37, 41]. A common feature of all these parabolic papers is the use of
the BSC to construct affine barriers.

At this juncture, the natural question arises as to whether a semi-classical theory
can be developed for time-dependent boundary values. Specifically, one might
ask whether it is possible to construct Lipschitz solutions to the Cauchy-Dirichlet
problem (1.3) with a boundary datum g: 9pQr — R depending on time. As
we will discuss later, the proof strategy of [6] cannot, in principle, be applied to
time-dependent boundary conditions. The barrier construction employed in [6]
necessitates that the boundary values g be independent of time.

1.1. Lipschitz solutions. In the parabolic setting, the formulation of Lipschitz
continuous variational solutions involves certain function spaces that can be inter-
preted as the parabolic analogue of Lipschitz continuous functions from the station-
ary setting. Specifically, we use the identification between the space of Lipschitz
continuous functions, Lip®(Q) = C%1(£2), and the Sobolev space W1>°(£) to de-
fine the function space consisting of those bounded functions v € L*(Q7) having
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a bounded spatial gradient Vv € L*°(Qr,R"), i.e.,
Lip”(Qr) := {v € L>®(Qr): Vv € L™(Qr,R™)}.
For a given L € (0,00), we define the subclass Lip”(Qr, L) as
Lip®(Qr, L) := {v € Lip"(Qr): [|[V| L (@prn) < L}

As a consequence of the identification of Lip®(Qr) with L°°(0,T, W1°°(Q)), for
almost every ¢t € (0,7, the restriction v(t) := v(-,t) of v € Lip”(Qr) to the time
slice 2 x {t} belongs to W1>°(Q). This allows the classical definition of the trace on
appropriate time slices. The space of Lipschitz continuous functions Lip{ (r) with
zero lateral boundary values is also well-defined, enabling the formulation of the
Cauchy-Dirichlet problem in the parabolic function space g + Lipg (2r) for some
g: Qr — R. This space consists of those functions v € Lip”(Qr) such that for
almost every time slice t € (0,7) the restriction v(t) of v to Q x {t} belongs to
g(t) + Wy () = g(t) + CY* (). For the boundary values g, we assume

g € Lip®(Qr) with ;g € L*(Qr), and g(0) := g, € WH>(Q). (1.2)

Instead of g + Lipg (€27) we write Lipy (€27) for those v € Lip”(€27) coinciding with
g on the lateral boundary 092 x (0,T).
For the definition of the notion of variational solution to the parabolic Cauchy-
Dirichlet problem
{ du — div, Ve f(Vu) =0,  in Qp =Qx(0,T),

(1.3)
u=g, on OpQr

we follow the approach of Lichnewsky and Temam [30], originally introduced in
the context of the time-dependent parametric minimal surface equation. This idea
leads naturally to the notion of variational solutions used in the following.

Definition 1.1 (Variational Solution). Assume that the Cauchy-Dirichlet datum
g fulfills hypothesis (1.2). A map u € Lip, (Qr) is called variational solution on Q7
to the Cauchy-Dirichlet problem (1.3) if and only if the variational inequality

// f(Vu) dadt </ 6tv (v—u +f(Vv)] daxdt
§||U( ) = gollZ2(0) — 3ll(v = W) ()| 720 (1.4)

holds true, for a.e. 7 € [0,T] and for any v € Lipy(Qr) with dv € L*(Qr) and
v(0) € L2(Q).

Note that all terms in (1.4) are well-defined, since u € Lipy () implies u €
L>(0,T; L?(£2)). By assumption (1.2), the function g is admissible as a test function
in the variational inequality (1.4). This permits testing with v = ¢, which yields
certain energy estimates. As a consequence, one can conclude that variational
solutions satisfy the initial condition u(-,0) = g, in the usual L?(f2) sense, as
demonstrated in Lemma 3.1. The concept of a variational solution enables the
use of techniques from the calculus of variations. Under certain conditions, it can
be demonstrated that a variational solution also satisfies the properties of a weak
solution; see Theorem 1.4 below.

As in the classical theory of variational problems, we begin by constructing
variational solutions subject to a gradient constraint. In this regard, we introduce
a notion of variational solution that incorporates such a constraint. Assuming that
for some L > 0, we have
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the subclass Lip, (Qr, L) is non-empty, and the following definition of variational
solutions with gradient constraints is well-posed.

Definition 1.2 (Variational solutions, gradient constraint). Let g be as in (1.2)
and L > 0 as in (1.5). A map u € Lipg (27, L) is called variational solution of the
gradient constrained Cauchy-Dirichlet problem (1.3) in Lipy (Qr, L) if and only if
the variational inequality

//Q ] F(Vu)dadt < //Q T [Brv(v — w) + F(Vo)]dedt

+310(0) = gollF2(0) — 3l1(v — ) (7)[|72(q) (1.6)
holds true, for a.e. 7 € [0,T] and for any v € Lipy (Qr, L) with 9,v € L*(Qr) and
’U(O) € Lz(Q). O

1.2. The main results. Our main result in this paper is the existence of Lipschitz
continuous solutions (with respect to the spatial variable) to the Cauchy-Dirichlet
problem (1.3) with time-dependent boundary values, under the assumption of the
bounded slope condition. Before stating the main result, we first outline the as-
sumptions on the data.

(A1) Let © C R™ be R-uniformly convex for some R > 0 in the sense of Defini-
tion 2.1;

(A2) Let f: R™ — R be convex, and, outside the unit ball By = B;(0), of class
CY! and uniformly convex. Specifically, there exists ¢ € (0, 1], such that

D?f(€)(¢,¢) > ¢l¢|? for a.e. £ € R"\ By and any ¢ € R"; (1.7)

(A3) Let g € W1>(Qr) be such that its restriction to the lateral boundary,
glaaxo,r], satisfies the time-dependent bounded slope condition ¢ — BSCq
in the sense of Definition 2.3, for some constant ) > 0. In addition, assume
that for each z, € 99, the associated functions w;to from the bounded slope
condition are Lipschitz continuous in time, that is,

wE e whee([o, T],R™),

Zo

and that

Q:= sup ||(w;to)’||Loo([07T],Rn) < 0.
T,E00Q

Then the following existence result holds.

Theorem 1.3 (Existence of Lipschitz solutions). Suppose that assumptions (Al)-
(A3) are satisfied. Then there exists a unique variational solution to the Cauchy—
Dirichlet problem (1.3) in the sense of Definition 1.1 which satisfies the gradient
bound

HVUHLOC(QT’Rn) <,
where C depends onmn,eg, Ra dlam(Q)7 f7 Vf» ||D2fHL°°(]R"\B1)7 Qa [g]O,lgﬂT; and Q.

We emphasize that the variational solution is unique even when the integrand
f is convex but not strictly convex; see [9, Lemma 3.3]. This includes the case
of integrands with flat regions. Moreover, if f € C!, then the variational solution
constructed above enjoys additional regularity.

Theorem 1.4 (Regularity of solutions). Suppose that assumptions (Al)—(A3) are
satisfied, and that f € C'. Then the variational solution u obtained in Theo-
rem 1.3 is a weak solution to the Cauchy-Dirichlet problem (1.3), and satisfies
ue C%3(Qr).
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1.3. Novelty and key technical tools. The proof proceeds in two steps. The
first establishes the existence of variational solutions for time-dependent boundary
data, under a uniform Lipschitz bound on the admissible class. This reduces to
a variational inequality with a gradient constraint. The construction follows De
Giorgi’s minimizing movement scheme, cf. [2], which is particularly suited to in-
corporating time-dependent Dirichlet data on the lateral boundary into the class
of admissible competitors, cf. [5, 9, 38]. An alternative derivation, based on the
method of weighted energy dissipation, cf. [1, 3, 4, 35], draws on De Giorgi’s varia-
tional framework for nonlinear evolution equations, including applications to certain
nonlinear wave equations; see [17, 28, 39, 42]. This may be viewed as the first step
in the spirit of Haar’s [24] approach to constructing Lipschitz minimizers of the
parametric area functional—a perspective that anticipated modern developments
in geometric analysis and regularity theory for minimal surfaces.

The solutions obtained are variational solutions in the sense of Lichnewsky and
Temam [30]; that is, they solve a variational inequality subject to a gradient con-
straint of the form |Vu| < L, where L > 0 is a fixed constant. As a result, the
class of admissible variations is restricted to those that preserve this structural
bound. In particular, the presence of the constraint limits perturbations to direc-
tions that remain within the admissible set. It is therefore necessary to establish
that the variational solution lies strictly inside the admissible class; only then can
arbitrary variations be performed, and the solution identified as the sole admissible
one satisfying the variational inequality in the unconstrained class.

In the classical setting, this difficulty was addressed by Hilbert [27] through
the introduction of the bounded slope condition, later refined by Haar [24] in the
construction of Lipschitz minimizers of the parametric area functional. By restrict-
ing attention to graphs with uniformly bounded gradient, compactness is restored
and direct methods become applicable, obviating the need for unconstrained varia-
tions. The bounded slope condition furnishes barriers required for comparison and
maximum principles, and renders the explicit gradient constraint superfluous by
enforcing uniform control through the prescribed bound.

The use of affine barriers derived from the bounded slope condition fundamen-
tally relies on temporal constancy of the Dirichlet boundary data. This constraint
becomes evident upon inspecting the argument in [6, Theorem 1.2], where for a
fixed point x, € JQ the function g(z,,t) +w; (t) - (x — x,) is employed as a lower
barrier and must act as a sub-solution to (1.3);. Differentiation in time yields the
constraint

Oy (g(xo,t) + w;o (t) ’ (CU - 1’0)) = atg(xoat) + 8#1);0 (t) ’ (SU - xo) <0

for any (z,t) € Qp. Taking the limit * — z, within  implies 0;g(z,,t) < 0
for any ¢t € (0,7). A symmetric argument involving an upper barrier of the form
g(xo,t) +w} (t)- (x — x,) leads to the inequality d;g(zo,t) > 0. One is thus forced
to conclude that g is stationary on the lateral boundary 99 x (0, T). In the presence
of genuinely time-dependent boundary values, such affine constructions therefore
fail to apply. While the bounded slope condition retains its structural role, the
analysis in the presence of time-dependent boundary data necessitates more flexible
constructions: the use of affine sub- or super-solutions, though formally admissible,
inherently restricts the boundary values to be time-independent and is therefore
incompatible with the temporal variability intrinsic to the problem.

Instead of employing affine barriers, we implement a construction based on the
convex conjugate f*, following an observation due to Cellina [14]. The central idea
exploits the fact that, when the integrand f is of class C2, a function of the form

vl t) = 2 (S (o = y(1)) - elt),
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with a« € R\ {0}, y: [0,T] = R"™, and c: [0,T] — R satisfies
div, Ve f(Vo(z,t)) = o

In particular, if @ > 0, then a choice of «, y, and ¢ such that o dominates the
time derivative Oyv at every point (z,t) € Qr would ensure that v is a sub-solution
to the parabolic equation (1.3), and thus a potential candidate for a barrier from
below. However, being a subsolution is only one of the requirements for a function
to qualify as a barrier from below. In addition, it must be compatible with the
boundary data in the sense that, for some fixed boundary point z, € 0f2, one has
v(xo,t) = g(x0,t) forany t € [0,T"), and v < g on Op§ly. At this stage, the principal
difficulty lies in ensuring that the real parameter «, together with the functions y
and ¢, can indeed be chosen so that v constitutes a lower barrier. This is realized
by considering, for each ¢ € [0,7T), the set

«

Gi= {o e R 25 (20— 00)) = o) < alinnt) + 5,0 (0 = )

=wv(x,t)

where w,, is a suitable modification of the affine function w, , chosen to satisfy
9(xo,t) +wy (t)-(x—x,) < g(x,t) for all (x,t) € Q. We then carefully select y(t)

and ¢(t) such, on the one hand,
2, €08, forallte[0,T),
and, on the other hand,
QcQ, foralltel0,T).

By the definition of the sets €, this implies v(z,,t) = g(zo,t) for all t € [0,7)
and v < g in Qp. Next, we establish an upper bound for |0;v| in Qp that is
independent of c. This enables us to choose « sufficiently large to guarantee that v
is a subsolution. Finally, we compute an upper bound on the spatial gradient Vo,
thereby demonstrating that the constructed lower barrier is Lipschitz continuous.
Realizing this approach would already be delicate for C?-integrands. The weaker
assumption (A2) on f requires even greater care to balance the parameters involved
and to avoid circular dependencies.

1.4. Explicit construction of a lower barrier in a specific example. To illus-
trate the construction of the lower barriers summarized in the preceding subsection
and described in detail in §6, we provide a simple example in which these barriers
are explicitly constructed. Thereby, we use the notation introduced in §1.3 and
§6. Let us consider the Cauchy-Dirichlet problem (1.3), where Q = B;(0) C R2,
f(&) = 1]¢|*> with convex conjugate f*(n) = 3|n|?, and boundary data g(z,t) =
x1cost+ xosint = (cost,sint) - (z1, 22). We observe that, in this case, the bound-
ary values are affine in x = (21, x2) for each fixed ¢, and they satisfy the t — BSCq
condition with constant () = 1. In particular, we note that the ¢t —BSCj, is satisfied
for any z, € 9B;(0) with the choice w, () = (cost,sint). In the setting of this
example, the function defined in (6.1) takes the form

v(,t) = §lo -y — c(t),

where a > 0 is a parameter, and y(t) € R?, ¢(t) € R are functions of time. We fix
the point 2, = (—1,0) € 9B1(0) and aim to show that one can choose «, y, and ¢
such that the following conditions are satisfied:

(C1) v(x0,t) = g(wo, t) for all t € [0,T);
(C2) v(z,t) < g(z,t) for all (z,t) € Op(B1(0) x [0,T));
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(C3) v is a sub-solution of
Ow—Av=0  in B(0) x [0,7). (1.8)

For a > 0 we now choose y(t) and ¢(¢) such that (C1) and (C2) are satisfied. To
this end, we define, cf. §6,

O ={z eR”: |z —y()]” — c(t) < g(w,,t) + wy, () - (2 —z,) }
={z eR*: 2|z —y(t)]> — c(t) < @1 cost + xasint}.

Note that g(zo,t) +wg (t) - (z — x,) = g(x,t) for any (x,t) € B1(0) x [0,T) and
hence we can take w, = w, in Lemma 2.5. Next, we choose

y(t) = (y1(t),y2(t)) = % (1 —cost,—sint)

and
ct)=2+1+ 2 (1—cost),

and demonstrate that z, = (—1,0) € 0 and B(0,1) C €,. Through direct
calculations, we obtain

Q= Bl+§ (%,0) for every t € [0,T),

and hence €U satisfies the desired properties. To verify (C3), i.e. that v(z,t) is a
subsolution of (1.8) for appropriate values of @ > 0, we proceed as follows. By
the properties of f and f* stated in Proposition 6.1, it immediately follows that
Av = div, Ve f(Vv) = o in B1(0) x [0,T). By a straightforward computation, we
obtain for the time derivative of v that

Opv(x,t) = —xq sint + xo cost.

We can conclude that v is a subsolution of (1.8) in the set B;(0) x [0,T) for any
a > 1. Moreover, we estimate that |Vo| <2+ § in B1(0) x [0, 7).

In the next Figure 1.1 we represent the above construction for the fixed value
a =2, at time ¢ = 0 on the left and at time ¢ = 7 on the right. To be more precise,
in the picture on the left there are the affine function involved in the Bounded Slope
Condition for the point x, = (—1,0) and the corresponding barrier; the continuous
line is the boundary condition, while the dashed line is the trace of the barrier
function on 8@0. The picture on the right has to be interpreted analogously.

T )

FiGURE 1.1.
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2. NOTATIONS AND PRELIMINARIES

Throughout the paper, if not further specified, 2 denotes a bounded, open and
convex subset of R", n > 2 and Qr := Q x (0,7) is the associated space-time
cylinder, T' > 0. The parabolic boundary of Q7 is defined by

opQr = (A x {0}) U(8Q % (0,T)).
As already mentioned, we frequently use the identification of the class of Lipschitz

continuous functions C%!(Q) with the space W1>°(Q). For a continuous function
u: €2 — R we recall the definition of the Lipschitz constant

u(z) —u
[ulo1;0:= sup M < 0.
atyayeq [T =yl
Since € is convex, we have [u]o,1;0 = [|Vu| g ).

2.1. R-uniform convexity and time dependent bounded slope condition.
In this subsection we specify the notion of R-uniform convexity and the time de-
pendent bounded slope condition which have already been used in the statement
of Theorem 1.3.

Definition 2.1. Let R > 0. A subset Q C R” is called R-uniformly convez, if for
any z, € 0§ there exists a unit vector v,, € R™ pointing outside of Q such that

Ru,, - (x — 2,) < =3z — 2, for any = € 05 (2.1)

Remark 2.2. The notion of R-uniform convexity implies that for any x € 9f2 there
holds

|z — (o — Rvy,)|? = |2 — 20> + 2Rvs, - (x — 2,) + R? < R%.

For the last inequality we used that v, points out of  and (2.1). In particular,
we have Q C Br(xz, — Rv,,).

Since the boundary values g depend on time, we have to introduce a time de-
pendent version of the bounded slope condition.

Definition 2.3. A function g: 90 x[0,T] — R satisfies the time dependent bounded
slope condition with constant Q > 0 (hereafter abbreviated as t —BSCg), if for each
z, € 99 there exist functions wi : [0,T] — R™ satisfying ||w |1 (o, 7),r7) < Q
such that

9(@o,t) + 1wy, () - (¥ — 7o) < gl@,1) < g(wo, t) +wi (1) - (x — @)
for any (z,t) € 9Q x [0,T].

Remark 2.4. In the framework of stationary problems Miranda [22, 36] proved
that if 2 is a uniformly convex, bounded domain and v € C?(Q), then v|sq satisfies
the bounded slope condition. In the time dependent setting it follows that if g(x, t)
is a C%(Qr) function, then it satisfies the t — BSCq for some Q > 0.

The time dependent bounded slope condition from Definition 2.3 involves a func-
tion g which is defined only on the lateral boundary of the parabolic cylinder. In
the next lemma we will see an application for a function G defined on the whole
parabolic cylinder and whose boundary values satisfy the t — BSCg.
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Lemma 2.5. Let G: Q x [0,T] — R with supcpo 7 Lip*G(-,t) < Qo such that
g:= G’aﬂx[O,T] satisfies the t—BSCq for some constant Q). Then for every x, € 092
there exist wE : [0,T] — R™ with ||0Z || (o, 1)r) < Q + Qo such that for any
(z,t) € Q x [0,T] we have

9o, t) + i, (1) - (¢ — ) < Gla,t) < glaost) + T (1) - (x - 2,).

If we additionally assume that wt € W([0,T],R"™), then

12, L oy 2 = (W) 2 o.11.2)-

Proof. Fix a boundary point z, € 99 and denote by [0,T] > t — wj (t) the
R"-valued function from the ¢ — BSCq satisfied by g. Recall that |w] (¢)] < Qo
and

g9(z,t) < g(xo,1) +wy, (t) - (x — o)
for any € 9Q and any ¢t € [0,7]. Next, we fix a time ¢t € [0,7]. Without loss
of generality we assume that x, = 0, that g(x,,t) = 0, and that Q C R"~! x R,.

Consider x = (2/,z,,) € Q. By (2/,y,) € 9Q we denote the unique point in 9 with
0 <y, < x,. Then, we obtain

G(x,t) < G, 20, 1) — g(2', yn, t) +wi (1) - (2, yn)
< Qol(n —yn) +wy (1) (2", yn)
< Qo +wih (8) - (', yn)
= [Qoen +wi (1)) - (2, yn).
=3, (t)

Thus we have shown that G(xz,t) < w} (t) - = for any = € Q, that g(z,,t) = 0 =
[y (t)-2]|, , and that g(z,t) < w] (t) -2 < wj (t)-z for any « € 9. This means
that g satisfies the ¢ — BSCq, with the larger constant Q1 = Q + Q,. O

2.2. Mollification in time. In the definition of variational solutions we do not
impose any condition on the time derivative. Therefore, in general we cannot insert
the variational solution itself as comparison map in the variational inequality (1.4).
Hence, a suitable mollification procedure in time is needed. For a separable Banach
space X, an initial datum v, € X and an integrability exponent 1 < r < oo, we
consider v € L"(0,T; X) and h € (0,T] and define the mollification in time by

W]a(t) = e v, + %/0 e%v(s) ds, (2.2)

whenever ¢ € [0,7]. Later on, we use for instance X = L"(Q,RY) or X =
WET(Q,RY) and the related parabolic spaces L"(0,T; L"(Q,R"Y)), respectively
L0, T; Whr(9,RY)).  One particular features of this mollification is that [v],
solves the ordinary differential equation

Ov]n = %(U - [v]h)

with initial condition [v],(0) = v,. Note that, since [v], solves the above ODE,
then clearly any common membership of both v and its regularization [v], to a
Banach space is passed to the time derivative d;[v];,. The basic properties of the
mollification in time are summarized in the following lemma (cf. [29, Lemma 2.2]
and [3, Appendix B] for the proofs).
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Lemma 2.6. Suppose X is a separable Banach space andv, € X. Ifv € L"(0,T; X)

for some r > 1, then also [v], € L"(0,T;X), and [v]p, — v in L" (0,T;X) as h L 0
if r < 0o. Furthermore, for any t, € (0,T] there holds

I[]nl

< lv]

1
L7 (0t X) T {’?L (1 - efoT)} l[vol| x -

1/r

L7(0,t0:X)

In the case r = oo, the bracket |[.. ] in the preceding inequality has to be inter-
preted as 1. Moreover, we have 0[v], € L" (0,T; X) with

vl = (v —[]n). (2.3)
If in addition Oyv € L™(0,T;X) and v, = v(0), then

and
10c[v]nll Lo go,m,x) < 1100l Logo 7. x) -

Finally, if v e C°([0,T); X) and v, = v(0), then also [v], € C°([0,T]; X), [v]5(0) =
Vo and [v], — v in L=([0,T]; X) as h ] 0. O

3. PROPERTIES OF VARIATIONAL SOLUTIONS

In this section we present some properties of variational solutions that are direct
consequences of the definition. These properties can be achieved in a fairly general
setting, in particular without assuming the bounded slope condition.

Lemma 3.1. Assume that f: R™ — R is convex and g satisfies (1.2). Then, any
variational solution u in the sense of Definition 1.1, resp. 1.2 fulfills the initial
condition u(0) = g, in the L?-sense, i.e. we have

h

. 2
tim [~ )@l dr =0,

Proof. In view of assumption (1.2) we find L > 0 satisfying (1.5). Since ¢ is an
admissible comparison map in (1.4), resp. (1.6), we have

Li(g = u)(")2aey + // F(Vu) dedt < // [Bug(g — u) + F(Vg)] dadt
< // gl — ul dedt + 719 sup £(€),

|€I<L

for a.e. 7 € [0,7]. On the left-hand side we discard the non-negative energy term.
Then, we integrate for given h > 0 with respect to T over the interval [0, h]. In this
way we get

h
L[ o= 0y ar < [ ougllg —uldrde+ Salol swp 7€)
0 Qn lgl<L

We divide both sides by h and apply Young’s inequality to the first term on the
right. This gives

h
L[ No= 0@ dr < [ (ol +lg = ] drdi+ g sup f6)
0 1978 13597

Note that d;g € L?(Qq) implies g € C°([0,T]; L?(Q)). As the right-hand side
vanishes in the limit » | 0 and g(0) = g,, the claim follows. O
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In the next lemma we show that variational solutions in the sense of Definition 1.1
apriori are of class CY([0,T]; L?(Q2)). The argument is similar to [9, Lemma 3.2].
Here, however, we have to estimate the difference of energy terms in a different
way.

Lemma 3.2. Assume that f: R™ — R is convex and g satisfies (1.2). Then, every
variational solution u in the sense of Definition 1.1 satisfies

ue C°([0,T]; L*()).

Proof. We test the variational inequality for u with

vh:gﬂufg]h:gﬁfoﬁ(u(s)—g(s))ds,

where [u— g]p is defined as in (2.2) with initial value v, = 0. In view of Lemma 2.6,
one easily shows vy, € Lipy (Qr), dyon € L*(Qr), and v,(0) = g, € L?*(Q), so that
vp, is admissible in (1.4). In particular, we have a uniform bound for the spatial
gradient |Voup| in Qp. In fact, using the definition of v;, and assumption (1.2) we
get

¢
|Vop| = ‘Vg + %/ e (Vu(s) — Vg(s)) ds
0

t
S L + (HVUHLOO(QT)RH) + L)%/ erS
0

S 2L =+ ||Vu||Loo(QT7Rn) =: L

Testing the variational inequality (1.4) with vy we obtain

3l (vn — w) HLQ(Q // Oyon (vp, — w) dadt + // f(Vuy) = f(Vu)] dadt

for a.e. 7 € [0,T]. In the last displayed inequality we pass to the supremum over
€ (0,7). This implies
1

3 sup [[(on —u)(7)ll72(0)
7€(0,T)

< sup // Oyon (v, — u dxdt+// (Vo) — (Vu)|da:dt.
TG(O T)

The second term on the right-hand side can be bounded by means of the gradient
bound for |Vu,| in Qr. Indeed, we get

[F(Von) = (V)| < sup [VF(©)[Vor — Vul -0 in L'(S) as h |0,
[€1<L

hm// f(Vop) = f(Vu)| dadt = 0.
hi0

Moreover, exploiting (2.3) we infer

/ Opvp (v, — w) dedt

so that

/ g(g—u+[u-— ]h)+6t[u—g]h(g—u+[u—g]h)} dzdt

g// 1Oegl e — g — [ — glu| dadt.
Q.

limsup sup / Opvp (v, — w)dadt < 0,
RL0  7€(0,T)

so that
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Inserting the preceding estimates above, we arrive at
lim ||vy, — || poo (0.7 = 0.
i [|on = ull o 0.752(0))

Note that g € CO([ T); L*(2)), since 9,9 € L*(Qr). This however means that
also vy, belongs to C°([0,7]; L?(2)). Thus u € L®°(0,T; L?(2)) is the limit with
respect to L>(0,T; L?())-convergence of functions v, which are themselves of
class C°([0,T]; L3(€2)). As a result the limit map u is continuous with respect to
time, i.e. u € C°([0,T]; L*(Q

)). This proves the claim. O

4. EXISTENCE OF SOLUTIONS FOR REGULARIZED BOUNDARY DATA

In this section we establish for sufficiently regular boundary data g the existence
of a variational solution to the gradient constrained problem in the sense of Defini-
tion 1.2 via the method of minimizing movements (finite time discretization). We
assume that g € Lip®(Q2r) additionally satisfies

Brg € L2(Qr) N L= (0, T; W (Q)) and g, := g(0) € Wh>(Q). (4.1)

This implies in particular that g € C°([0,T7], L*(Q)). Furthermore, let L > 0 such
that

Vgl Lo (27 ) < L- (4.2)

Proposition 4.1. Let f: R™® — R be convex, L > 0 and suppose that g € Lip”(Qr)
satisfies (4.1) and (4.2). Then, there exists a unique variational solution u in
Qr in the class Lip;(QpL) in the sense of Definition 1.2. Moreover, we have
O € L? (QT>

The proof of Proposition 4.1 will be established in §4.1-4.3.

4.1. A sequence of minimizers for variational functionals. We fix a step size
h € (0,1] and define for i € Ny with ih < T the time-discretized boundary values
gi := g(ih) € Wh>2(Q). Note that |[Vg;||re=(@,rn) < L. Our goal is to inductively
construct a sequence u; € g; + WO1 () of Lipschitz minimizers to certain elliptic
variational functionals satisfying the gradient constraint ||Vu||ze(qrr) < L. The
precise construction is as follows. Suppose that u;—1 € g;—1 + VVO1 °°(Q) for some
i € N has already been defined. If i = 1, then uy = g, is the initial boundary
datum. Then, we let u; be the minimizer of the variational functional

:/f(Vv)d:E—&—ﬁ/W—ui,ﬂde.
Q )

in the class of functions v € g; + W™ () with VUl Lo (@rny < L. Observe that
this class in non-empty since v = g; is admissible. Note also that F; is bounded on
this function class. The existence of a unique minimizer u; can be deduced by means
of standard compactness arguments (i.e. by use of the Arzela-Ascoli theorem) using
the convexity of f. We note that ||Vu;| pe(orn) < L for any i € Ng with ih < T,
by construction.

Next, we want to compare the energy of u; with the one of u;_;1. This is not
directly possible because the boundary values of u;_; do not coincide with those
of u;. We compensate for this by choosing as comparison function u;—1 + ¢; — gi—1
instead of uw;_1. From

Filui] < Filui—1 + 9i — gi—1]

we obtain

f(Vu;)dx + ﬁ/ |u; — ui_1|2 dz
Q Q
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< /Qf(v(uiq +gi — gi—1)) dz + 35 /Q lgi — gi—1|* da

= / f(Vul_l)dx—l—Il + I1;,
Q

where
I = ﬁ/ lgi — gi—1]* du,
Q

I, = /Q [F (Vi1 + g5 = gi-1)) = f(Vui—1)] da.

For I, we have
ih
/ 3tg dt
(i—1)h

2
I < ﬁ/
Q
ih
|V(gi — gi-1)| < '/( : 3thdt‘ < h||0:V gl Lo (@r m7Y
i—1)h

dz < %// |0rg|* dadt.
Qx[(i—1)h,ih]

Similarly, we obtain

so that
|V (wiy + gi — 9¢—1)||Lm(9) < L+ hl0:VgllL=(arrm)-

Note that the right-hand side is finite due to assumption (4.1). The preceding
inequality can be used to estimate the integral IT;. in fact, we get

IIL;| < /Q |f(V(wict 4 g5 — gi-1)) — f(Vui_1)| da

- sup V(6 /Q V(gi — gi-1)| da

[E|SL+]10: Vgl Loo (g m7)
T

< K// |0,V g| dadt,
Qx[(i—1)h,ih]

K:= sup V()] (4.3)
[E]<SLA+]10: Vgl Loo (g k)

Substituting the estimates for I; and II; gives
/Qf(Vui) dz + Qih /Q lu; — ui_1|* dx

< / f(Vui_l)der// [210:9* + K|0:Vg|] dzdt. (4.4)
Q Qx[(i—1)h,ih]

where

By inductively comparing the energy of u; with that of u;—y for ¢ € {0,...,¢} in
the described way and summing with respect to i, we get for any £ € N with ¢h < T
the energy estimate

‘
/f(Vu[)d:chﬁZ/\uifui_l\zda:
Q — Jo

< /Qf(Vgo)der//QT [310:9> + K|0,Vg|] dzdt. (4.5)

The first term of the right-hand side actually contains no new information, because
due to the construction of the minimizers u, the W1:°°(Q)-norm of u, is bounded
anyway. Indeed, for any ¢ as above we have
el Loy + ([ Vel Lo rry < [gelln() + [lue — gell L) + L
< gl @r) + diam(Q)[[Vue — Vel L) + L
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< gllzee () + L[l + 2diam(Q)] =: L. (4.6)

From now on we consider only such values hy € (0,1] which satisfy £ := h% e N.
Then we define functions u("): Q x (—h;, T] — R and g(**): Q x (=hy, T] — R by

uh) () :==w; and g (-, t) :==g; fort € ((i — 1)hy,ih,] with i € {0,...,¢}.

Note that both u(") and ¢(*¢) are piecewise constant with respect to time and that
uh) () = g0 (t) on OQ for any t € (0,7 in the usual sense of traces of continuous
maps on Q. This is true since both u("*)(¢) and g{"*)(t) can be uniquely extended
to Q. From (4.6) we conclude that

(hf) - _|_ V (hg) - n:| S L ) 47
t:;é%] [Hu HL Q) H u HL (Q,R™) 1 (4.7
Thus, there exist a map
ue () L0, T; Wh(Q)
g1

and a subsequence — still denoted by (u**))scn — such that
{ uP) — 4 weakly in L9(Qr) for any ¢ > 1,

4.8
Vul) — Vu weakly in LI(Qg, R") for any ¢ > 1. (4.8)

Observe that by lower-semicontinuity we have for any ¢ > 1 that

1 1
<]§[ [Vu|? dxdt) < lim inf (]é[ ’Vu(h"') |q dxdt) <L, (4.9)
Qr o0 Qr

so that ||Vu| gz gny < L. In particular, we have u € L (0,T; W' (Q)).

So far we have no information about the time derivative of the limit map w. This
can be achieved by exploiting the estimate for the second term on the left-hand side
of (4.5). In fact, this term can be translated into an estimate of the time derivative
of the function (") : Q x (—hy, T] — R, which is constructed by linear interpolation
in time of the minimizing functions w;_; and wu; on the time interval ((i — 1)hy, ihy].
More precisely, we define

WO t) = (i = & )uics + (L =i+ 5 )us for t € ((i = V)hy, ihy]

whenever i € {0,...,¢}. Obviously, u("*) and @"**) coincide on Q x (—hy,0] by
definition. For t € ((i—1)hg, ihg] the time derivative of u("*) can easily be computed
as

O (1) = 7 (us — ui1).

We use this to rewrite the second term on the left-hand side of (4.5). This yields
1 // |ata<’“f>|2 dzdt < / f(Vg,)dx + // [210:9]* + K|0:V g|] dzdt
Qr Q Qr

< [Qf sup |f(E)] +// (5109 + K|0;Vg|] dzdt. (4.10)
leI<L Qr

Analogous to (4.7) we have

sup [Hﬂ(h”HLw(n) + HDg(hz)HLOC(QR")} < L. (4.11)
t€(0,T) »

Thus, the sequence %) is uniformly bounded in L>(0,T; W"()). In addition,
the sequence of time derivatives 9;u("*) is uniformly bounded in L?(Qr). Together

this implies that the sequence (7("))yey is uniformly bounded in W2(Qr). By
compactness, there exists a subsequence — still denoted by (ﬂ(h‘*)) ¢eN — and a limit
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function u € (5, L0, T} Whe(Q)) with d;u € L?(Qr), such that in the limit
¢ — oo we have

athd) 7 strongly in L2(Q7),
athe) weakly in L9(0, T; Wh4(Q)) for any ¢ > 1, (4.12)
o, uthe) — 9, weakly in L2(Q7).

As a first consequence of the weak L?-convergence of the time derivative (4.12),
and the lower-semicontinuity of the L?-norm we conclude from (4.10) that

// |8,u|? dedt < liminf // |0a"9|? dedt
Qr L— 00 Qr

< 210 sup [£(€)] + // (1091 + 2K[0,Vg]] dadt.
[EI<L Qr

In the further course of the proof we will see that u = u, so that w has a time
derivative in L?(Qr) with the quantitative estimate

// 10ul? dadt < 21| sup |f(§)|+// 10,9 + 2K|0,Vg] dedr.  (4.13)
Qr [€I<L Qr

Now we establish that & = u. By comparing the two sequences u®) and a(") it
is easy to see that their limits coincide. Indeed, we have

|ﬂ(hf) — u(}”)| < |u; —ui—1| forte ((z — 1)h4,ih@],

which together with (4.5) leads us to

4
// |ﬂ(h‘) - u(h4)|2 dzdt < hy Z/ lui — ui—1|? da
Qr i=17%
< h? [m| sup |f(§)] +// [10:9]* + 2K|0:Vg|] dzdt|.
[¢I<L Qr

Taking into account (4.12);, we obtain that u("¢) — % strongly in L?(Qr) as £ — oo.
Therefore, we have & = u. The strong L?(r)-convergence allows us to pass to
another (not relabelled) subsequence, which then converges almost everywhere,
ie. ulM) — y ae. in Qp as £ — co.

Now we turn our attention to the initial time ¢ = 0. With (4.12); and (4.10) we
obtain for t € (0,7T") that

1
n // |u(r) — go|2 dzdr
Qx[0,t]

1 ~
= lim 7// [a)(r) —go’2dxd7-
t—co t Qx[0,4]
1 T
= lim f// / 9.1 (s) ds
t—oo t [laxo, | Jo

1 T -
< lim 7// T/ ’@u“’”fdsdxdr
t=oo t JJaxp,e Jo

1 t
< [zm sup |£(€)| + // [1091° +2K|0: Vg dxdt}/ T
le|<L Qr tho

2
dadr

_ . 1 2
- t[|Q| Iz‘uSlef(ﬁ)l +//9T [210:9* + K]0, Vg]] dxdt}
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This implies

lim — // — gol*dzdT = 0.
ot Q><[Ot

4.2. Minimizing properties of the approximation sequences. In this sub-
section we show that the piecewise constant functions u(") constructed via time
discretization minimize a certain integral functional on a space-time cylinder. In
fact, for fixed 7 € [0,T] and ¢ € N the function w0 minimizes

Fho [y // F(Tu) 4 5h-[o(t) — u" (¢ ~ )] dedt
in the class of functions
v € gt + L0, 73 Wy () with || Dv| g (a,) < L. (4.14)

This results from a simple calculation, using the definition of ©("¢), the minimizing
property of u;, and the definition of the functional F(*¢). Indeed, denoting by X[0,7]
the characteristic function of the interval [0, 7], we have

h[) hz) Z/ 1)h 0 [0,7] / {Wllz |u2 - ui_1|2 + f(vuz):| ddt
74 14
—Z/ X uzdt<2/ X0 Filo()] dt

l)hg

- Z/(1>h X[o ﬂ/Q {f(Vv(t)) + g |v(t) —ul(t - hg)ﬂ dzdt

= F(hf)[v].

We use this minimality condition below to derive a variational inequality for the
approximating functions u("). In this discrete variational inequality we can then
proceed to the limit £ — oo and obtain that u is the desired solution. The precise
procedure is as follows. We first re-write the above inequality in terms of the total
energy of u") as follows

// f(Vu(h“)) dadt
Q.
S/ f(Vv)dadt
QhZ// |o(t) — a9 (t—hg)|* — [u(t) — u(h‘)(t7h3)|2] dadt
:/ f(Vv)dadt
Q.
w i [ [alo =P + (o= ) @~ 4-)] et
Q,

We now replace v by the convex combination of u(*) and a general admissible
function v as in (4.14), i.e. the function w) := u(") 4 (v — M) with s € (0,1).
Note that w(¢) is still admissible, because w(*¢) fulfills both requirements in (4.14).
Using also the convexity of f, we obtain

//Q (V™)) dadt

< // f(Vu(h‘) + s(Vov — Vu(hf))) dzdt
Q,
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L 52|y — qhe) |2 — B ((he) — gy (he) (4
—i—,”//Q [2‘11 " |" 4 s (v —u")) (u ul™)(t — hy))| dedt
T

< //Q [(1 — ) f(Vu")) +sf(vu)] dt
+ hi[ // [§|U - u(h‘)|2 +s(v— u(h‘)) (u(hf) —uh (¢ — he)):| dzdt.
o,

Here we absorb the first integral on the right-hand side into the left. Then we
divide by s > 0 and let s | 0. This yields

// f(Vu") dzdt < / f(Vo) dadt + // YAy, u) dzdt,

where
Ay, wlhe) .— 7( wlhe) — (he)(t _ hl))~

In the second integral on the left-hand side we perform a discrete integration by
parts. For this, however, it is necessary that v is also defined for negative times.
Therefore, we define v(t) := v(0) for t < 0 and assume that v(0) € L?(Q) exists.
This allows to conclude

// u(h’) dadt
// f(Vv)dadt + —// v —o(t— hg)) dxdt
2}” // —u he)| (t — he) — |v —u he)|2} dadt

— ﬁ // |v — ot — hg) —uh) 4P (¢ — hg)|2 daxdt

// f(Vo) dadt + // YAy, v dadt
Q-
— 5= // v—uh")‘ dxdt+f// |v — go|* dxdt .
‘ Qx[T—hg,T] ¢ Qx[—h,,0]

(4.15)

4.3. Variational inequality for the limit map. Our aim here is to perform
the limit A, | 0 in (4.15). To this aim we need to replace the boundary condition
v = ¢(") on the lateral boundary by the hy-independent condition v = g. Therefore
we consider v € Lipy (Qr, L) satisfying dyv € L*(Qr) and v(0) € L?(£2). Moreover,
we extend v to negative times ¢ < 0 by v(t) := v(0) € L?(Q2). In (4.15) we would
like to insert v + g("*) — g as comparison map. However, this is not possible due to
the gradient constraint. This problem can be compensated by considering a convex
combination of v and g instead of v. More precisely, for A € (0,1) we consider
o) = Ag+ (1= Mo + g — g
as comparison map. Note that v(*) € g(") 4 L2°(0, T; W™ (Q)). Moreover, in
view of (4.2) we have
IV(Ag + (1 = M)l rm) < AVl (g rn) + (1= N[Vl oo (g m) < L,
and also
va(hl) — VgHLOO(QT,Rn) < th(')thHLoo(QT’W).
Therefore, for £ € N large enough, i.e. for £ with
hell9eVgll Lo @ mny < L= [[V(Ag + (1 = M) [l (g 7n),
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the function v fulfills the gradient constraint, so that v(**) e LipZ(QT, L) and
hence it is admissible in (4.15). In the sequel we consider the individual terms on
the right-hand side of (4.15). We start with the integral involving the integrand f.
The comparison of the energies of v(") and \g + (1 — A)v shows

// |F(Vol)) = F(V(Ag + (1 = \o)) | dadt
sup VA [ 199 - Vo] dud

\5\<L+|\5tVG\|L°°<QT R™)

< th// |0:Vg| dadt,
Qr

for any 7 € [0, T], where K is defined in (4.3). From this inequality and the convexity
of f we obtain

// f(Vv(h’f))d:Edt
Q,
// V(Ag + (1= A)v)) dadt + th// |0:Vg| dzdt
< )\// f(Vg)dedt + (1 — A // f(Vv) dzdt+Kh/// |0,V g| dxdt.
Qr

(4.16)

Next we consider the term involving the time derivative, i.e the second integral on
the right-hand side of (4.15), and observe that

A_p, 0" 5 Xdg + (1 — N)dw  strongly in L2(Qr),

since dyv, 0,9 € L*(Q7) by assumption. Together with (4.8); (here we only need
the conclusion for ¢ = 2), this implies

lim// vhe) — PNy, 0 ") dadt
£— 00 )

= //Q (v —u)Orgdadt + (1 — N) //Q (v — u)Opv dzdt. (4.17)

Next, we turn our attention to the last two integrals on the right-hand side of
(4.15). Using v () = Mg, + (1 = \)v(0) for t € (—hy,0), the last integral in (4.15)
takes the form

ﬁ// ’v('”)—uo|2dxdt:%/ ’)\go—&—(l—/\)v(O)—gofdx
QX[—}L@,O] Q

=1(1-n)? /Q [v(0) — go|* da. (4.18)

It remains to consider the second last term on the right-hand side of (4.15), i.e. the

integral
2hz // v(he) — u('”)|2 dzdt.
Qx[T— h({,T]

Since 0;g € L?(Qr), we have

lim 5 // g — g2 dzdt < hm // |0rg|? dxdt = 0.
£—ro0 “H Qx[T— hg,T] Qx[T—he,T)

Moreover, since g and v are of class C°([0,T]; L?(2)), it follows that

lim 51 // 19— g()[2 + [ — v(7)|? dwdt = 0,
QX[T hz, ]

£— 00



PARABOLIC PDES WITH DYNAMIC DATA UNDER A BOUNDED SLOPE CONDITION 19

Finally, in view of (4.4) and the construction of u("), we find

lim 51— // juthe) — @he) (7)) dadt
o0 2he QX [T—hg,T]

< lim hy U F(Vuhydz + // [210:9)* + K|0:Vg]] dmdt]
£—oo Qx{r—hg} QX [r—2h,7]

< lim hy [|Q| sup |V f(&)] +// (3109 + K|0,Vg]] dxdt} =0.
fmoo jl<L Qr

This allows us to replace g and v by their restriction to the time slice Q2 x {7}, i.e. by
g(1) and v(7), and u") by u?*) (7). It therefore remains to treat the integral

/Q IAg(r) + (1 — Ao(r) — @40 (r) | da

in the limit h, | 0. For this aim we need to identify the limit of %("*)(7). We claim
that a(") (1) — u(r) weakly in L?(2). Indeed, observing that a(**)(0) = g,, we
conclude for any 1 € L(Q) that

lim [ @) (r)pdz = lim // &gﬂ(hz)ndxdtJr/ gondx
Q L—00 QT Q

{— 00
= / Orundxdt + / gon dx
Q Q

- /Q u(r)n dz.

By lower semicontinuity we therefore have
/ IAg(r) + (1 = Nv(r) — u(r)[de
Q

< liminf /Q IAg(r) + (1 = Mo(r) — @) ()| *da. (4.19)

{—00

Now we put everything together, i.e. we first use (4.16), (4.17), (4.18), and (4.19)
in (4.15) to control the terms on the right-hand side, and then let £ — oco. In this
last argument, we use the fact that the integral functional related to the convex
function f is lower semicontinuous w.r.t. the convergence Vu") — Vu weakly in
L1(Qp,R™) for any ¢ > 1. With these arguments we obtain

/Q f(Vu) dadt

(1-=X [/Q f Vv)dxdt—i—/ Ov( v—u)dxdt}

+)\[// f(Vg) d:cdt+/ Org(v —u) dxdt]

- §H )‘g + 1 - )‘)U - u T HLZ(Q) + %(1 - ) ”U(O) _goH%?(Q)'
Letting A | 0 gives

/ f(Vu)dzdt < / f(Vv) daedt + / Opv(v — u) dadt
Q. Q. Q.
— 3l — U)(T)H%z(g) + 5 [lv(0) - go||%2(9)~

This inequality applies to all v € g+ L>°(0, T I/VO1 °9(£2)) satisfying the requirements
[Vl (@prny < L, 0w € L*(Qr), and v(0) € L*(Q).
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Hence, u is a variational solution of the gradient constrained problem. The unique-
ness can be deduced as in [9, Lemma 3.3]. This finishes the proof of Proposition 4.1.

5. EXISTENCE OF SOLUTIONS TO THE GRADIENT CONSTRAINED PROBLEM

In this section we prove the existence of a variational solution to the gradi-
ent constrained problem in the sense of Definition 1.2 under the assumptions of
Theorem 1.3. In particular, we assume the boundary data g to admit merely the
regularity given in hypothesis (1.2).

Proposition 5.1. Let f: R™ — R be convex, L > 0 and suppose that g satisfies
(1.2) and (1.5). Then, there exists a unique variational solution u in Qp in the
class Lipy (Qr, L) in the sense of Definition 1.2.

For the proof of Proposition 5.1 we will rely on the existence result from Proposi-
tion 4.1 for more regular boundary data. Therefore, we first regularize the boundary
data in such a way that Proposition 4.1 is applicable. Subsequently we will show
that the limit function is a solution to the original problem.

5.1. Construction of regularized data. We define reqularized boundary values
gi, © € N, according to (2.2) with (g, g, h;) instead of (v,, v, h). Recall that

t
_t st
i(0) = laln,(0) = g+ - [ e g(s)ds, (5.1
0
Since g € L(0,T;W4(Q)) and g, € WH4(Q) for any ¢ > 1, we may use the
assertions of Lemma 2.6 with r = ¢ and X = W14(Q2). From Lemma 2.6 we get
gi € L0, T; Wh4(Q)) with d,g; € L*(Qr). Moreover, we have
019 = 5-(9 — 9i) € L*(Qr) and 8,Vyg; = 3-(Vg — Vg) € LYQr,R").  (5.2)
The second assertion follows, as the right-hand side of the identity for 0;g; belongs
to L7(0,T; W4(Q)). Since g;(0) = go, we also have 8;9;(0) = ;-(g0 — 9:(0)) = 0.
From the second part of Lemma 2.6 we obtain

||8tgi||Lz(Qto) S ||8tg||L2(Qto) for any to S (O,T] (53)

Further, using the convexity of £ — |£]? and Jensen’s inequality we conclude from
(5.1) that

l—e 7

hl(l — eiﬁi

L q

S

[Vai(t)| = e Vg, +

t —t
) / e i Vg(s)ds
0

t t q
<e Ri|VgolT+ (1 —e ™)

t —t
%/ e ™ Vg(s)ds
hiy Jo

hi(1767

t s—t
Sefh%|Vgo\q+h%/ e’ |Vg(s)|?ds
0
< {e_
{ _t
s je ™

< max {”Vgo”qoo(Q,Rn)7 va”(iOO(QT,R")}.

:“N

A

i

t s—t
Vgo||%m(Q,Rn) + h%/o e Vg(s)”%oo(Q,Rn) ds]

Vgquoo(Q’Rn) + (]. — e_ﬁ)

A

|vg||qLoc(QT’Rn)]

Therefore we have
1

Qr
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This, however, implies the L*°-gradient bound

||vgi||L(x>(QT7]Rn) < max { va0||Loo(Q7Rn)7 ||Vg||L(x,(QT7Rn)} < L. (54)
Moreover, from (5.2) and (5.4) we conclude

drgi € L>°(0,T; WH>°(2)). (5.5)

The task now is to construct suitable comparison functions that match the reg-

ularized boundary values g; on the lateral boundary. The difficulty here is that

these must be constructed from a generic comparison function v that coincides

with g on the lateral boundary of Q. Recall that a general comparison function
v € g+ L>(0,T; WOIOO(Q)) satisfies 9yv € L?(Qr), v(0) € L*(Q), and

Vol Lo (7 gn) < L.

We construct the comparison maps v; using the same procedure that we used to
construct the regularized boundary values g;, i.e. we define v; := [v],,. Note that
the time mollification in (2.2) is performed with g, instead of v(0) as the initial
value, i.e.

¢ —t
vi(t) :==[g]n,(t) =€ Pig, + hi/ e " v(s)ds for any i € N,
0

The question naturally arises why g, and not v(0) is used as the initial value.
This is because the gradient constraint must be satisfied for the time mollification
v;. This, however, is not possible with the initial values v(0), since v(0) € L?(f)
but not necessarily in W1>°(). Lemma 2.6 ensures that d;v; € L?(Qr). Since
ve L1(0,T; Wh(Q)) and g, € WH4(Q) for any ¢ > 1, Lemma 2.6 with r = ¢ and
X = Wh(Q) yields v; € LI(0,T; Wh4(€2)), and as for the g; we obtain

q
[ﬁ[ |Vvi|qdmdt] < max {|| Vol r@rn), [Vl Lo rn)} Vg=>1,
Qr
so that
IV0ill o (@ ) < max {[[ Vol Low (@,rn), IV V[l Lo (07,2 } < L.
Hence, v; € g; + L>(0,T; Woloo(Q)) Furthermore, by Lemma 2.6 we have
v; = v in LY(Qp) in the limit ¢ — oo (5.6)

for any ¢ > 1.
Next we prove that the sequence (9;v;);en is uniformly bounded in L* (0, T; L*(€)).
For this purpose we define

t

Ti(t) == v;(t) + e 77 (v(0) — go) = e Fiv(0) + h%/o e v(s)ds, (5.7)

so that v;(0) = v(0). Correcting the initial values of v; from g, to v(0) allows the
application of the part of Lemma 2.6 (with r = 2, X = L?(2)) that refers to the
time derivative of the mollification, because dyv € L?(Qr) = L2(0,T, L*(Q)) by
assumption. By Lemma 2.6 we obtain

T
/0 Haﬁi(t)Hp(Q)dt = ‘/TuaﬁiHm(QT) S \/T”atU”LZ(QT)'

Moreover, we have
T

T
/O |‘8t(e7%i(v(0)fgo))HLQ(Q)dt:/O e dt [[0(0) — goll 2oy

< [v(0) = goll L2(0)-
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This is exactly the reason why the L! (O, T; L? (Q))—norm comes into play, because
for any other exponents r > 1 we only have

T
/ Hat( _hL (0) _90))||22(Q)dt:/0 hlre h’ dt””( ) QOHEQ(Q)

rT

1—e % ,
e [v(0) = goll72¢0) — 0
in the limit i — oo, which means that there is no uniform L" (0, T’; L*(£2))-bound
with 7 > 1 for e i (v(0) — go). Together, the second and third last inequalities and
(5.7) imply

T
/ 100 () || L2(0ydt < VT |0l L2 (0 + [[0(0) = goll L2(0)- (5.8)
0

Finally, Lemma 2.6 applied with r = ¢ and X = L9(Q2, R") yields that
Vov; — Vo in LY(Qp,R™) as i — oo (5.9)

for any ¢ > 1. We note that (5.8) and (5.9) apply in particular for the choice v = g,
since g is admissible as comparison map.

5.2. The regularized problem formulation. According to (5.4) and (5.5), the
regularized boundary values g; defined in (5.1) satisfy all the conditions assumed
in Chapter 4. Hence the application of Proposition 4.1 ensures the existence of
variational solutions u; € Lipgi (Qr, L) to the variational inequalities

//Q f(Vu;) dzdt < //Q O (v — u;) dadt + /Q f(Vv) dzdt

—3l(v— Ui)(T)Hiz(Q) + 3[v(0) — go||2L2(Q)- (5.10)
These hold true for any 7 € [0,7] and any v € Lipy, (Qr, L) with d,v € L*(Qr)
and v(0) € L*(Q). We let t, € (0,7 and consider 7 € [0,%,] in (5.10). Choosing
the testing function v = g; (recall that g; is admissible) and discarding the positive
term on the right-hand side, we obtain for any 7 € [0, t,] that

Ulgr = ud) (1) 20
// Orgillgi — wil dedt + Q| sup £(€)

[§I<L

<1 sup (g —u)(O)72(0) + tollOrgill2q,,) + |Q,] sup £(€).
tE[Ot ] l€1<L
Taking the supremum with respect to 7 € [0,¢,], we may re-absorb the first term
on the right into the left. Using the bound (5.3) for d;g; to estimate the second
term on the right, we obtain for any ¢, € (0,T] that
sup [(9i — ui) (072 () < 4ollOeglliz(q,,) + 41, | sup f(E). (5.11)
te[0,to] |§I<L

In particular for the choice t, = T, we obtain an L>®—L? estimate for the solutions
u;. Indeed, we have

sup [|ui(t)l|72(0) <2 sup |gi(t)l|72(0) + 8T10egll72 (0, + 82| sup ().

t€[0,T) t€[0,T] |€1<L
The first term on the right-hand side is uniformly (with respect to i € N) bounded
with respect to ¢ € N according to Lemma 2.6 applied with r = oo and X =
L?(Q). Therefore, the above estimate together with the uniform gradient bound
Vil Lo (@ ,rr)y < L imply that the sequence (u;)ien is uniformly bounded in
L>(0,T; L*(Q)) and L>(0,T; Wh>=(Q)).
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5.3. Limit passage and convergence. Due to the uniform estimates there exists
a function
ue L®(0,T; L2(Q)) N (1) L9(0, T; WHP(Q))
g=>1

and a subsequence of u; (still denoted this way) such that

{ u; = u weakly in L(0,T; W4(Q)) for any ¢ > 1, (5.12)

u; = u  weakly* in L>(0,7T, L*(9)),

as ¢ — 0o. At this point we need to show that u is the sought variational solu-
tion with lateral boundary values g and initial value g,, that satisfies the gradient
constraint. The latter results from the weak LP-convergence of the gradients and
the lower-semicontinuity of the LI-norm with respect to weak convergence. More
precisely, for any g > 1 we have

1 1
[75[ [Vu|? dxdt} ’ < lim inf {# |Vui|qudt} <L,
Qr i—00 Qr

so that the gradient constraint ||Vul|~, r») < L holds. In order to check that
u solves the variational inequality we consider an arbitrary comparison function
v € Lipg (Qp, L) with 9w € L*() and v(0) € L*(Q). As before, we write v; := [v]p,
for the time mollification of v and with initial value g,. As shown in §5, the v; are
admissible in the variational inequality (5.10), from which we obtain

U0 — ) (7) 2y + / [ (V) daa

< /Q, O (v; — u;) dadt + //QT f(Vv;) dadt (5.13)

for any 7 € [0,T]. Note that v; and g; attend the same initial datum g,, so that the
L2-boundary term vanishes for ¢t = 0. Now, the overall goal is to pass in (5.13) to
the limit ¢ — oco. Hereby, the degree of difficulty in the treatment of the individual
terms is quite different. We start with the second integral on the right. Since both
functions v and v; satisfy the gradient constraint we have

‘ / f(Vv;) dedt — / f(Vv) dxdt‘
Q. Q.

< sup [VF16) //Q Ve Vol dedr (5.14)

Because of (5.9) with ¢ = 1, the integral on the right converges to 0. This allows us
to replace the second integral on the right-hand side of (5.13) by foT f(Vv)dadt
after passing to the limit ¢ — oco. In the first integral, i.e. the integral containing
the time derivative, we replace dyv; by 9;v;, where v; is defined in (5.7). We recall
that passing from v; to v; means just a correction of the initial values. We have

/ Opv; (v; — u;) dadt

// 0:v; (v; — u; dxdt—&—hf// hi — go)(v; —u;)dzdt.  (5.15)

In view of the second part of Lemma 2.6 we have 9;v; (¢ =7 fo ’Lz 9sv( . Thus

the first part of Lemma 2.6 can be applied to 0,v € L2 (Qr) = L*(0,T; L2 (Q)) with
the choice v, = 0. This yields 9;0; — dyv in L?(Qr) as i — oo. Combining this
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observation with ( and (5.12)2, we get for the first term on the left

5.6)
lim // 00 (v; — u;) dedt = / Opv(v — u) dadt. (5.16)
17— 00

Next, we write the second integral on the right-hand side of (5.15) in the form

/0

where we abbreviated

i = ,%// (e_% —e_’%‘)(v(o) ~ go)go dzdt,
it *//Q [ % go)/ote’fiv(O)ds} dzdt,
III, := // [e — 90) /O t f(u(s)u(O))ds} dzdt,

IV, = " // e T (v(0) — go)(go — u;) dadt.

In I; we first compute the one-dimesional integral with respect to ¢t and then pass
to the limit ¢ — co. This leads to

w“

go)( Vi — ’U,Z) dxdt = IZ + IIZ + IIIZ + IVZ,

[a—

1

-

2t

i " Ry hl _
e [ ()0 (00 i
=-1 /Q(U(O) — go)go dx.

The second integral IT; is treated analogously. We obtain

iligoIIi—zgrgo % / e / eh dsdt/Q v(0) — go)v(0) dx
=4 [ 00 = g)u(0) o
Together with the result for I; this gives
lliglo [Ii + IIi] = %HU(O) - 90”%2(Q)a

which is exactly the L?(Q2)-boundary term at ¢ = 0. Next, we treat the term IIL;.
This integral can can be estimated with Holder’s inequality. We obtain

lim ITI;

i—00
< [[0(0) = gollz2(@) lim Tllz/ / et {/ lv(s) — v( |2dx} dsdt
1 o0 i 0

. T 2t L
100 - sollzcoy i [ e [ote] [
0

oo

3 Lv(o)do

dz] dsdt

IN

190) = goll 220y 10evll 22y lim / o / VseTT dsdt
11— 00 k3 0 0

3

2110(0) ~ goll (@) |0u0]l 20, Jim ;%/ ot td
(] oo 7 0

IN

IN

71— 00

o0
2|1(0) —go||L2(Q)\|atv\|L2(QT)/O she=*ds lim /oy = 0.
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Finally, we deal with term I'V;, which is the most difficult one. First, we apply the
Cauchy-Schwarz inequality in space. In the resulting integral we decompose the
time interval [0, 7] into two parts, i.e. in [0,v/h;] and (v/h;, 7]. This leads to

Vi < 6(0) = gullzo s [ 7
0

= ”U(O) - go||L2(Q) [IVl(.l) + IV§2)]7

9o — ui(t) || L2(q) dt

where we used the shorthand notation
Vhi
v — %/ o T
“Jo

v® = L [T g, — it dt
> \/Fe ilgo — wi(t)||L2(q) dt.

Go — ui(t)]| L2(q) dt,

Here the second term IV§2) is easier to deal with, and therefore we start with it.
Using the uniform L°°(0,T; L*(Q))-bound for u; we obtain

(2

-
. . .t
lim IVEZ) < lim ||go — ui||Loc(07T;Lz(Q))%/ e R dt
—00 1—00 R
1

< sup||go — will Lo (0,7;02()) lim [eiﬁ —e M
ieN 11— 00
1
< sup||go — wil Lo (0,7;02(0)) lim e vV = 0.
ieN 1—r 00

Thus, it remains to consider the term IVEl). We have

) Vhi .
IV < gy — il e 0. o / o T dt

h.

1
= [lg0 — ui”LOO(O,\/iTi;L?(Q)) (1 —€ )
< 190 = will o< 0,v/A7; 2 (02))-

From (5.11) applied with t, = /h; we obtain

tm sup (g0 — i) (1) 220 < 4 im Vi | [9:g]32 0, + 1920 suD £(6)] = 0.
i—00 te[0,v/Ai] 1—+00 le|I<L

At this point, it remains to analyze the difference between g;(t) and g, close to
t = 0. By (5.1) we have for any t € [0, v/h;] that

I9:6) ~ 930y = |
Q

-/ ,;/()teshi‘(g(s)—go)ds

< sup ||9(T)—go||2L2(Q)-
7€[0,v/hi]

2
dx

ot Y g
(e77 —1)go + n | e™g(s)ds
0
2

dx

Taking the supremum with respect to ¢ over the interval [0, v/h;], we find

sup  [|gi(t) = goll72() < sup_ [lg(t) = goll72(q)-
te[0,v/hi] te[0,v/h]

Since g € C°([0,T]; L*(€2)) with g(0) = go, the right-hand side of the preceding
inequality converges to 0 as ¢ — co. The combination of the last inequalities implies
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that also IVEU — 0 in the limit 4 — oco. Therefore we have everything at hand to
pass to the limit in (5.15). For a.e. 7 € (0,T) we get

lim // Ovi(v; — u;) daedt = / dv(v — u)dadt + §[v(0) — gOHQLQ(Q). (5.17)
11— 00

Moreover, the first integral on the rlght—hand side can be uniformly bounded with
respect to 7 € (0,T") and ¢ € N using (5.8). Indeed, we have

/ 8{[)1 V; 2) dxdt‘

< sup ||atvi||L1(0,T;L2(Q))Hvi — Uil Loo (0,7502 ()
1€

sup sup
€N 7€(0,T)

< VT|0w| L2 (o) sup [vi = will Lo (0,7;12(02)) < 00 (5.18)
1€

Before proceeding to the limit ¢ — oo in (5.13), we integrate both sides with respect
to 7 over time intervals (,,t, +d) contained in (0,7") and then take means on both
sides. In this way we get

to+0
t to

O < ]{:DH { //Q il o) dad + //Q T f(Vvi)da:dt] dr  (5.19)

The integrals on the left-hand side are both lower semicontinuous. Note that ac-
cording to (5.6) v; converges strongly in L?(Q) to v, that f is convex, and that
according to (5.12); Vu; converges weakly in LY(Qp,R™) to Vu for any ¢ > 1.
According to (5.14) the integral of f(Vv;) converges to the corresponding integral
of f(Vv). Finally, by the dominated convergence theorem we can also pass to the
limit ¢ — oo in the integral on the right-hand side containing the time derivative.
Recall that for a.e. 7 the functions 7 +— foT Opv;(v; — u;) dadt are converging,
i.e. on the one hand we have a.e. convergence on (0,7'), and on the other hand, the
functions are uniformly bounded with respect to ¢ and 7. In this way we get

totd
L0 - 0 ] owas

to

tot6
S][ [/ [0 (v — u) + f(V)] dmdt] dr + 3|lv(0) — go||iz(g)

for any t, € [0,7] and any 6 € (0,7 — t,]. Here we let ¢ | 0 and obtain

0= )t ey + [ £V doct

< //Q [0w(v —u) + f(Vo)]dadt + §]|v(0) = goll72(0)

for a.e. t, € [0,T]. Overall, we have shown that u is a variational solution of the
gradient constraint problem. The uniqueness can be deduced as in [9, Lemma 3.3].
This finishes the proof of Proposition 5.1.

6. ELIMINATING THE GRADIENT CONSTRAINT

In this section we will remove the gradient constraint from the variational so-
lutions constructed in Proposition 5.1. This will be achieved by showing that the
gradient is bounded in terms of a constant depending only on the data. Throughout
this section we assume all hypothesis of Theorem 1.3 to be in force.
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6.1. Properties of the integrand function f. The following proposition con-
tains some useful properties of f and its polar function (convex conjugate) f*: R™ —
[—00, 00] defined by

fr(m) = sup {n-&£— f(}.

£ER™

Proposition 6.1. Suppose that f: R™ — R satisfies the set of assumptions (A2).
Then, we have

(1) there ezists ¢ = c(e) € R such that
f(§ > i5|£|2 —c forany £ € R";

(2) f* is superlinear and at most of quadratic growth, i.e. that
Fm) < 2P+ for anyn e RY;

(3) there exists r > 0 such that f* € CH1(R"™\ B,.(0)) and

D) <L for ae. € RY\ By(0);
(4) the restriction of Vf to R™\ By is an invertible vector-field with
(VT =Vf

Proof. Property (1) follows for large values of |¢| by Taylor’s expansion and the
uniform convexity of f from (1.7). Property (2) is a straightforward consequence of
the definition of f* taking into account that f is super-linear (cf. [20, Lemma 3.1])
and the assertion from (1). The proof of property (3) can be found in [19] for a
special class of functions. The general case can be retrieved from [20, Lemma 3.3].
Property (4) is a consequence of [18, Chapter 1, Corollary 5.2] and the fact that f
is a C%-function outside the unit ball by assumption. O

6.2. Construction of barriers. Let « € R\ {0}. For y: [0,7] — R"™ and
¢: [0,T] = R we consider the following function

Popn( Xy _
v@,t) = =1 (S —ym)) — (). (6.1)
In view of Proposition 6.1 (3), (4) it is easy to check that
div, Ve f(Vu(z, b)) = o, (6.2)
provided that

‘%(m—y(t))‘Zr and ‘Vf*(%(m—y(t)))‘Zl.

We recall that the class of functions in (6.1) was introduced by Cellina in [14] for the
stationary case. In the same paper it was also shown that this class of functions has
a property corresponding to (6.2) at the level of the associated variational integral,
i.e. they minimize the variational integral that formally has (6.2) as Euler-Lagrange
equation. For this, it was only necessary to assume that f is convex. Our goal is to
show that for suitable choices of «, y(t) and ¢(¢) the function v can be used in the
time dependent setting as a barrier function. We start with an auxiliary lemma.

Lemma 6.2. Let « € R\ {0} and M,Q1 > 0. For b € R and w € R™ we define
n

fvlbﬂu = {J;ER”:af* (%a:)—w-x—bSO}.

If
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then S~2b7w s mon-empty, bounded and conver. Furthermore, if

b>T:= max [ﬁf* (gx) —w-x}, (6.3)
(L‘EB}w(O),wEBQl (0) @ n

then, for any w € Bg, (0) the ball By (0) is contained in ﬁb,w. O

Proof. The proof is straightforward. For the sake of completeness, however, we
will elaborate on it. Since f* has superlinear growth and R™ 3 x — w - x is linear,
we have
n ., /o
k(z):=—f (—x) —w-x — 00 as|zr| — oco.
@ n

This implies that k attains its minimum on R™. If b is larger than the minimal
value of k, we obtain that ﬁb,w is non-empty and bounded. In addition, (NZ;,,U} is
convex because it is constructed as a sublevel set of a convex function. This proves
the first assertion of the lemma. B

The second assertion, i.e. that (6.3) implies Bas(0) C £y, follows similarly. Fix

w € Bg,(0). Then k is bounded on B (0). If b is greater than the maximum value

of k on Bjys(0), then Bys(0) is a subset of ﬁb,w, proving the second claim. O

Proposition 6.3. Let the assumptions of Theorem 1.3 be in force. Then, there
exists a, > 0 depending only on n,e,diam(S), || D? f|| Lo v\ B,), [|0¢9]loc, Q such
that for any o € R with |a| > o, and any x, € 0Q the functions y(t) and c(t) can
be chosen in such a way that the function v defined in (6.1) satisfies the following
properties:

(1) v(xo,t) = g(x0,t) for any t € [0,T);

(2) v(z,t) < g(z,t) for any x € Q and t € [0,T) if « > 0; if a < 0 the converse
inequality holds true;

(3) if a > 0 is large enough, then v is a sub-solution to the parabolic equation (1.3);
similarly, if o < 0 is chosen small enough, then v is a super-solution.

(4) v € Lip®(Qr) with Lipschitz constant L depending only on the data n, €, R,
dla‘m(Q)’ f; vf! Q7 Hv.g||L°°(QT,R")7 and «.

Note that for the purposes of what follows, it would be sufficient for condition
(2) to hold on the parabolic boundary 0p€Qr. However, the proof establishes the
stronger result that condition (2) is satisfied throughout the entire cylinder Q7.
Proof. We only prove the assertions for positive «, since the proof for the other
case is analogous. We may assume « > «, > n by choosing a, > n.

Step 1: An auziliary set. Let R be the radius from the R-uniformily convexity
assumption (Al) on Q and v, the outward pointing unit vector associated with
x, € 082; see Definition 2.1. From Remark 2.2 we conclude that Q C Bg(z,— Rv,,).

Next, we let w : [0,7] — R"™ be the function from the ¢t — BSCq condition
in (A3); see Definition 2.3. By w, : [0,T] — R™ we denote the modified function
constructed in Lemma 2.5 satisfying [|w, ||z (j0,r),r) < Q1 := Q+|Vy| (s rm)
and ||(wz,)' | Lo ((o,7),rm) = [(wz,)" Lo (jo,7],r») < Q and such that

9(x,t) := g(z0, 1) +w,, (1) - (z — o) < g(x,1) (6.4)
for any (x,t) € 2 x [0,T). For any t € [0,T) we define the set

Q= {x cR": gf*(g(x - y(t))) —et) < §(x,t)}.

n

=wv(z,t)

Step 2: Proof of claim (1). Here we choose y(t) and c(t) in such a way that
2, € 0 for any t € [0,T). (6.5)
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In view of the definition of ; this implies claim (1).

By ¢ and r we denote the corresponding parameters from (1.7) and Propo-
sition 6.1(3). Due to the super-linearity of f* there exists M > r + diam((Q),
depending only on ¢, R, diam(Q2), V f, Q1, such that

[V f*(n)] > §+Q1 for any n € R™\ Bjps(0). (6.6)

We define I according to (6.3) from Lemma 6.2 for this particular choice of M. Note
that I’ depends on n, e, R, diam(Q2), Vf, Q1,a. Again, due to the super-linearity of
J* and the upper bound |w; (t)| < Q; for any ¢ € [0,T') there exists g9, > M such
that

B(t,n) = gf* (% n) —w, (t)-n>T forany necR"\ B,, and tc[0,T). (6.7)

Note that g, can be chosen in dependence on n,e, R,diam(Q), f, Vf, Q1, . Next
we fix A > @1 + max{1,r} such that

2\(t) == —Vf( () + Avg,) ER™\ B,, foranyte[0,T). (6.8)

This can be achieved, because |w, (t)] < @1 and since f has super-linear growth.
Note that A can be chosen in dependence on n,e, R, diam(QY), £,V f, Q1,«. More-
over, |wy (t) + Avg,| > A — Q1 > 1, which ensures that the gradient in (6.8) is well
defined. Using Lemma 6.1 (4), i.e. the fact that (Vf)~! = Vf* on R" \ By, (6.8)
can be re-written in the form

v (f zA(t)) — W () = A, (6.9)

Note that |22 (¢)] > [2x(t)| > 00 > M > r, so that by Lemma 6.1 (3), V f* (£ 2)(¢))
is well defined. Next, we let

b(t) = Bt x(®) = =f* (S 2a(t)) = i, (1) - 2a(8) for t € [0,T)
and observe that (6.8) and (6.7) imply

b(t) >T foranyte[0,T). (6.10)
For any ¢ € [0,T) we now define the set
~ N e __
Q.- (1) = {sc eR™: 2 f (g x) — (1) w— b(t) < 0}. (6.11)

By definition we have z)(t) € 8S~)b(t) @: () for any t € [0,T). Moreover, (6.9)
implies that the sets ﬁb(t) &= (v have outward normal vy, at zx(t) € 8§b(t) B (1)
for any t € [0,T). Finally, we define

y(t) =z, — 22 (1), (6.12)
and
c(t) := b(t) + w,, (t) - 2x(t) — g(z0,1)
n ., [
=21 (B (@0~ u0)) - glwo,t (6.13)
and observe that
Q = y() + Qyry 5z, (-
Since z)(t) € 8Qb(t) @z, (1) we have z, € 99, for any t € [0,T), which shows (6.5).
Moreover, Qt has outward normal v,  at z, € 8Qt for any t € [0, 7).
Step 3: Proof of claim (2). Here we prove that
QcQ foranytel0,T). (6.14)
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Due to of the definition of €, and (6.4) this implies claim (2).

We fix a time ¢ € [0,7) and abbreviate b = b(t) and w = w, (t). With these
abbreviations the set in (6.11) can be re-written as
Qb,w = {xER”: ﬂf* (gx) —w-x—bﬁO}.
a

n

Since |w| < @1 and b > T" by (6.10), Lemma 6.2 ensures that By (0) C ﬁb,w, so that

|z] > M > r + diam(Q) for any = € 9O ,,. Noting that o > a, > n we conclude
|2z| > M > r + diam(2), for any x € 5@1,@. (6.15)

Hence, Proposition 6.1 (3) ensures that f* is of class C*! in a neighborhood of >z

whenever x € 8S~?b,w. Next, we compute the principal curvatures of Bﬁb,w. To this
aim we need to know that for any x € 92, ,, there holds

* (e
Vf (fnx) —w # 0.
Indeed, due to (6.15) and (6.6), we have

min ‘Vf* (g x) —w‘ > E (6.16)
€0 n €
Consequently, for z € 8§~2b,w the outward pointing normal v, to aﬁb’w in z is given
by
V(e —w
Ve = 7S ila N
VI (52) —wl
and the tangent space of 8§~lb,w at x is given by Traﬁb,w = (7,R)*. The second
fundamental form A, : 1,0, X 1,00 o, — R of 084, at  is given by
D% (2a)(£,Q)
V7 (30) - ]

provided D2 f* (%x) exists. This, however, cannot be guaranteed in general. There-

A,(€,0) = V& € Tu0, 0, (6.17)

fore, we consider SNIT)w with 7 € [b,b + §) instead of ﬁb,w and show by a co-area

formula type argument the existence of second derivatives H"!-a.e. on 9, ,, for

a.e. T € [b,b+ §). Indeed, using the fact that 9Q, ,, is the level set h,'{7} of the
n *

function hy,(z) := 2 f*(2x) — w -z, the co-area formula implies for any 6 > 0 that

b+9d
/ H N hyH{r}nE)dr = /~ |Vhy ()| de
b (

Q1u,b+5\§b,1u)m2

‘Vf*(%x) — w’ dz,

/(ﬁw,b+5\ﬁb,w)m2

where ¥ denotes the set of points in which D? f *(&x) does not exist. This, however,
is a set of L™-measure zero by Rademacher’s theorem, and therefore the right-
hand side above is equal to zero. This proves that H"!(h {7} N'X) = 0 for
a.e. T € [b,b+ ). Therefore we can choose a sequence (7;);eny C [b,b + ) such
that 7; | b and DQf*(%a:) exists for H"!-almost every x € 8(2%11,. Due to the
continuity of f* and Vf* in a neighborhood of & (x, — y(t)) there exist z; € R"
and v; € R™ such that x; € y(t) + 6‘?27“1,), v; is the outward pointing normal of
y(t) + 8S~2mw at x;, r; = x, and v; = v, as i — oo. Using Proposition 6.1 (3) and
(6.16) to estimate the right-hand side in (6.17), we obtain for H" l-a.e. x € ﬁﬁn,w
that

D2 (50)(69) _ HeP

A — % _ 1 ¢12 n
Ay (§:€) = Vi (2) -] = = %|¢? VEeR™ (6.18)

€
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This ensures that for H" l-a.e. x € aﬁmw the principal curvatures of 8S~2n7w are
smaller than %, which is the principal curvature of Bg(z; — Ry;). By the convexity
of ﬁn’w and the fact that f* is of class C™! this implies Br(z; — Rv;) C y(t) —&—ﬁmw
for any ¢ € N. Passing to the limit ¢ — oo, we conclude Br(x, — Rv,,) C y(t) +
ﬁb,w = ﬁt, which in view of Remark 2.2 implies the set inclusion (6.14).

Step 4: Proof of claim (8). In this step we will choose «, in such a way that v
is a sub-solution to (1.3) whenever « > 9. We compute

Bpv(z,t) = 0 Ef (% (x - y(t))) - c(t)]

== [V (S -v®) = V5 (S (w0 —y®)) | ¥/ (0) + Oiglao ).
From (6.8) and the choices of p, and M we know that
|zo —y(t)] = |2a(t)] = po = M > r + diam(9).

Since a > a, > n this ensures & (z — y(t)) € R™ \ B, for any 2 € 2. Since Q is
convex, we thus have that 2({ —y(t)) € R"\ B, for any { € [z, z,]. Therefore, we
may use Proposition 6.1 (3) to conclude that

1a
Oro(z, )] < — o — zolly ()] + 10:9| < (1)

/
= —— o = 2ol AW + 109l L= 0r)

< é diam(Q)| D f (wy (t) + Ava,)

[(@z,)" ()] + 10:g L= (2r)-
Note that the choice of A ensures that [w, (f) + Av,,| > A — @1 > 1 and hence
W, (t)+ Avy, € R™\ By. Since D?f is bounded outside the unit ball by assumption
(A2) and [(w;)'(t)| < Q by (A3) we finally conclude
1.
[Ov (@, )] < — diam(Q)[[D* £l ey Q + [10: L (@) -

We choose
1.
a, = max {n, - diam(Q)[| D f| oo (n\ 5y Q + ||3tg|Loc(QT)}- (6.19)

Note that a, depends on n,e,diam(Q2), || D?f|| Lo &\ B,), 10¢9]l L= (@) and Q. In
view of the preceding computation and (6.2) we have for any a > «, that

ov(z,t) — divV f(Vo(z,t)) < |0w(z,t)| —a <0, (6.20)
i.e. v is sub-solution of the parabolic equation (1.3) and hence claim (3) is proved.

Step 5: Proof of claim (4). With (6.12) and (6.9) we compute
Vo(a,t) = V' (g(x (1)) ) )
=7 (S -v0) =95 (S (@0 —y0)) + 95 (52a0)
=91 (S =u1) =V (50— 9(0)) + v, + 5, (8):
The difference of the first two terms is bounded exactly as in Step 4, so that
[Vo(e,t)] < = diam(@) + A+ 1@, | = o112

IN

< diam(Q) + A + Q1.
en
This implies
‘V’U(l‘7 t)l S C(na g, R7 dlam(Q)7 f7 vfa Q17 Oé) .
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This proves claim (4) and finishes the proof of Proposition 6.3. ]

6.3. Parabolic sub- super-minimizers and the comparison principle. We
recall that the variational solution constructed in Proposition 4.1 admits a time
derivative Oyu € L?(Qr). Therefore, we may perform an integration by parts in the
first term on the right-hand side of the variational inequality (1.6). In this way, the
variational inequality can be re-written as

//QT (V) dadt < //Q [0 =) + £(Vv)] et

for any v € Lipj(Qp, L) with v € L*(Qr). Note that the assumption v €
L?(Q7) can be eliminated by an approximation argument. This motivates the
following definition:

Definition 6.4 (Parabolic sub-/super-minimizer). Let L € (0,00]. A map u €
Lip®(Qr, L) with dyu € L%(Q7) is called parabolic sub-minimizer (of the gradient
constrained obstacle problem in the case L < oo) in Lip®(Qr, L) if and only if

//QT f(Vu)dzdt < //QT [Ou(v — u) + f(Vv)] dadt (6.21)

holds true for any v € Lip; (Qp,L) with v < w in Qp. Moreover, a map u €
Lip®(Qr, L) is called parabolic super-minimizer in Lip”(Qr, L) if and only if (6.21)
holds true for any v € Lip,(Qr, L) with v > w in Qp. Finally, v € Lip”(Qrp, L) is
called parabolic minimizer if and only if (6.21) holds true for any v € Lip] (Qr, L).

The concept of parabolic minimizers for vector-valued integrands with quadratic
growth originates from the work of Wieser [43]. Subsequently, it will be essential
to establish that a localization principle with respect to the spatial variables holds
for parabolic minimizers

Remark 6.5 (Localization in space). Let L € (0,00) and suppose that Q' C Q
is an open, convex set, f: R™ — R a convex integrand and u € Lip®(Qr, L) with
Oyu € L*(Q7) a parabolic minimizer in the sense of Definition 6.4 in Q7. Then, u
is also a parabolic minimizer in the subcylinder /. := Q' x [0,T). The proof of
this elementary fact is analogous to the setting of time independent boundary data
and can be found in [6, Remark 4.2].

In the following lemma, we establish the comparison principle for parabolic sub-
and super-minimizers.

Lemma 6.6 (Comparison principle). Let L € (0,00] and suppose that @ C R™ is
a bounded open set, f: R™ — R is a convex integrand and u,u € Lip®(Qr, L) with
Oyu, 0y € L2(Q7). Suppose that u is a sub-minimizer and i is a super-minimizer
in Qp in the sense of Definition 6.4 and that u < % on OpQlp. Then, we have

u<u a.e. inQp.
Proof. Let 7 € (0,7]. We define
min{u, @}, in Q,,
U=
u, in Qx[r,T),
and
max{u, a4}, in Q,,
w =
1, in Qx [r,T).
We note that v € Lip] (Qp, L) with v < u and v(0) = u, and w € Lip (Qp, L) with
w > @ and w(0) = 4,. This ensures that v is an admissible comparison function
in the variational inequality (6.21) for v and w for of 4. Adding the two resulting
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inequalities and taking into account that the parts of the integrals on Q x (7,7T)
cancel themselves out, we obtain

// f(Vu) + f(Vi)] dadt
// f(Vv) + f(Vw) + dpu(v — u) + dyi(w — )] dadt. (6.22)

We now consider the terms on the right-hand side of (6.22). From the definition of
v and w we infer

// f(Vv) + f(Vw)] dedt = // f(Vu) + f(Va)] dedt.

Moreover, we observe that v —u = —(u — @)y and w — 4 = (u — )4 in Q,, so that
(v — u) + Opti(w — @) = = (u — @) (u — @)y = —10(u—a)7.

This implies

/ [Owu(v — u) + Bpti(w — @) | dadt = —1 / O(u — @) dzdt
T QT

=-1 / (u— )3 dz.
Qx{r}

Here we used the assumption that (v —w)4(0) = 0. Joining the preceding identities
with (6.22), we conclude

/ (u—@)2dz < 0.
Qx{r}

Since 7 € (0,7T] was arbitrary, this proves the claim u < @ a.e. in Q7. O
As a consequence of the preceding comparison principle, we obtain the following
result.

Lemma 6.7 (Maximum principle). Let L € (0,00] and suppose that Q C R™ is
open and bounded, f: R™ — R convex and let u,u € Lip®(Qr, L) with Opu, Orti €
L?(Qr). Suppose that u is a sub-minimizer and @ is a super-minimizer in the sense
of Definition 6.4 in Qp. Then, we have

sup(u — @) = sup (u — ).
Qr opQr

Proof. For (z,t) € 0p{lp there holds

u(z, t) = ax, t) + u(z, t) — a(z, t) < a(z,t) + sup (u—a).
opQr

Since u is a parabolic super-minimizer in 7 it immediately follows that also u +
SUpy, . (u — @) is parabolic super-minimizer in Q7. In view of Lemma 6.6 we
therefore have

u<a+ sup (u—a) in Qp.
OpQr

This inequality can be re-written in the form

sup(u — ) < sup (u — ).
Qr opQr

Since the reversed inequality holds trivially, this proves the claim. O
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6.4. A quantitative bound on the Lipschitz continuity. In this subsection,
we establish a quantitative Lipschitz bound for parabolic minimizers of the gradient
constraint problem under the ¢ — BSCg.

Proposition 6.8. Let the assumptions of Theorem 1.3 be in force and L € (0, o).
Then, every parabolic minimizer u € Lip®(Qr, L) with Oyu € L?(Qr) in the sense of
Definition 6.4 and Cauchy-Dirichlet boundary datum g satisfies the gradient bound

HVUHLOC(QT’Rn) <,
where C depends onn,eg, Ra dlam(Q)v fv Vf’ ||D2fHL°°(]R"\B1)a Qa [9]0,1;QT3 Q

Proof. Let x; # x5 two arbitrary points in Q and ¢ € (0,7). Define y := x5 — 1
and

uy(z,t) == u(z +y,1), for (z,t) € Qp,

where Qp = {(z—y,t) € R" : (z,t) € Qr}. Then, u, is a parabolic minimizer in
Qr in the class Lip” (QT, L) in the sense of Definition 6.4. We denote the intersection
of both cylinders by (2N Q)7 := (2N Q) x (0,T). Lemma 6.5 ensures that both,
and u, are parabolic minimizers in (2N Q)T in Lip”((22N Q)T, L). Therefore, from
the maximum principle in Lemma 6.7 we conclude that there exists a boundary

point (z,,t,) € Op ((Q2N Q)T) such that
@1, t) =ty (@1, 0)] < [u(zonto) = (2o to)]
In view of the definition of w,, this inequality yields
lu(z,t) — u(za, t)] < |u(zeo, to) — ulxo + Y, to)]- (6.23)

Since (z,,t,) € 873(((2 N Q)T), we either have t, = 0 or z, € (2N ﬁ) In the first
case, we recall that u(-,0) = g(-,0). Using the Lipschitz condition of g, we then
obtain

|u(z1,t) — u(@2, )| < |g(@0,0) = g(xo + y,0)| < [|Vgoll Lo (,rm)|yl-

In the other case we know that one of the points z, or x, + y belongs to 0.
Without loss of generality we may assume z, € 0. Since u = g on the lateral
boundary of Qr, inequality (6.23) turns into

|u(l‘1,t) - u(x27t)| < ‘g(ﬂ?o,to) - u(;vo + yvtO)"

By v;to we denote the barrier functions constructed in Proposition 6.3 applied with
o = +a,. The barrier functions satisfy v (z,,t) = g(w,,t) for any ¢ € [0,T) and
vy, < g < v} in Qp. Moreover, v, is a sub-solution and since f is convex, it
is also a parabolic sub-minimizer in the sense of Definition 6.4. Similarly, v}l is
a super-minimizer. Furthermore, v;to are Lipschitz continuous with respect to the
spatial variable with Lipschitz constant @ depending on n,e, R, diam(Q2), f, V[,
D2 f || Lo e\ B1)s @, [9]0,1502, Q- Then, the maximum principle from Lemma 6.7
implies

v §u§v:{0 in Qp,

Z,
so that
—Qlyl < v, (wo,t) = v (x0 + y,1)
< g(wo,t) —ulwo +y, 1)
< v, (@0, t) = vy, (@0 + 3, 1) < Qlyl.
Therefore, we have

Ju1,1) = ulz2,1)] < Qlyl.
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Joining both cases and recalling that y = x2 — 21, we obtain

|U(Z17t) - U(l‘g,t)| < max{@, HVQOHL‘X’(Q,]R")}‘Il - m2‘7

which implies the claimed gradient bound. O

6.5. Proof of Theorem 1.3. In this section, we indicate how the gradient hy-
pothesis ||Vu| g rny < L for a variational solution u of the gradient-constrained
obstacle problem in Lipg(QT, L) can be removed, thereby obtaining the existence
result from Theorem 1.3.

Proof of Theorem 1.3. Let L > C, where C denotes the constant from Proposi-
tion 6.8 depending only on n, ¢, R, diam(Q), f, V f, | D*f|| Lo &\ B> @, [9]0,1:00» Q-
Due to Proposition 5.1 there exists a unique variational solution u € Lipg (27, L)
of the gradient constrained problem. The solution admits a weak time derivative
Oyu € L*(Qr) and satisfies u(0) = g, in the L?(Q)-sense. As pointed out at the
beginning of §6.3, u is also a parabolic minimizer in the sense of Definition 6.4.
Proposition 6.8 ensures that the strict gradient bound

Vull oo (@prny S C < L

holds. Therefore, it remains to prove that the variational inequality (1.6) satisfied
by u actually holds for any comparison map w € Lipg (27) with dyw € L?(Q7). To
this aim we consider w € Lipy (€27) and define

vi=u+ s(w—u) for 0 < s <« 1.

Observe that v is an admissible comparison function in (6.21), since v coincides
with v on the lateral boundary 92 x (0,T) and ||V v|| (@, rn) < L for s > 0 small
enough. From (6.21) and the convexity of f we infer

//QT f(Vu)dzdt < //QT [sOyu(w —u) + f((1 = 8)Vu + sVw)] dadt
< //QT [sOiu(w —u) + (1 = s)f(Vu) + sf(Vw)] dadt.

We re-absorb the second term of the right-hand side into the left and divide the
result by s > 0, so that

//QT f(Vu) dadt < //QT [Bru(w — u) + f(Dw)] dadt
- //QT [Orw(w —w) = 30w — uf® + f(Vw)] dzdt

_ //Q ) [Brw(w — u) + F(Vw)] dzdt

+ 3 [w(0) = goll72(0) — 3l1(w — W) (D) |12 (0)-
This shows that the variational inequality (1.6) holds for every comparison function
w € Lipg (Qr) that satisfies 9w € L?(Qr). Therefore, u is a variational solution of

the unconstrained problem in the sense of Definition 1.1. As before, the uniqueness
can be deduced as in [9, Lemma 3.3] and the proof of Theorem 1.3 is complete. O

7. REGULARITY OF SOLUTIONS AND PROOF OF THEOREM 1.4

Our aim in this section is to prove Theorem 1.4. By u we denote the unique
variational solution from Theorem 1.3 satisfying
||VU||LOC(QT7R7L) § C =M.

Since f is assumed to be of class C! and Vu is bounded, the associated Euler-
Lagrange equation is well defined. Hence, u is a weak solution of the parabolic
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Cauchy-Dirichlet problem (1.3). From the Poincaré inequality for solutions to par-
abolic equations (cf. [8, Lemma 3.1]), we obtain

Jf - ePaa < cwe [ wulasas s pre| < oo
Qo(z0) Qo(z0) B (0)

for any parabolic cylinder Q,(z,) = B,(%,) x (to — 0%, to + p?) C Qr with 2z, =
(zo,t0) € Qp. A similar Poincaré inequality holds for parabolic cylinders with cen-
ter (z,,t,) € OpQp. This can be deduced as in [7], since € is convex and therefore
also a Lipschitz domain. The parabolic version of Campanato’s characterization of
Holder continuity (with respect to the parabolic metric) by Da Prato [16] implies the
Lipschitz continuity of u with respect to the parabolic metric, i.e. u € Co?l’%(ﬁT).
This finishes the proof of Theorem 1.4.
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