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Magic state distillation (MSD) is a quantum algorithm that enables performing logical non-Clifford gates
with in principle arbitrarily low noise level. It is herein typically assumed that logical Clifford gates can be
executed without noise. Therefore, MSD is a standard subroutine to obtain a fault-tolerant universal set of quan-
tum gate operations on error-corrected logical qubits. Well-known schemes conventionally rely on performing
operator measurements and post-selection on the measurement result, which makes distillation protocols non-
deterministic in the presence of noise. In this work, we adapt the 15-to-1 MSD protocol such that it determinis-
tically suppresses noise by using a coherent feedback network on the output states without the need to perform
individual qubit measurements. These advantages over textbook MSD come at the price of reducing the noise
suppression per round from O(p3) to O(p2). Our technique can be applied to any MSD protocol with an accep-
tance rate of 1 in the absence of noise. It may be desirable to use our scheme if the coherent feedback network
can be executed faster and more reliably than the measurements and/or if logical clock cycles in the quantum
processor should be kept synchronous at all times. Our result broadens the path of potential experimental real-
izations of MSD in near-term devices and advances the development of fault-tolerant quantum computers with
practical use.

Introduction. In order to unleash the potential of quantum
computers, qubits should be equipped with a universal set of
quantum gate operations [1, 2]. While this – in theory – en-
ables the computationally efficient approximation of any uni-
tary operation with arbitrary precision, today’s quantum com-
puting hardware is yet too noisy to reliably execute the large
number of gates believed to be necessary for an algorithmic
quantum advantage with practical use. Quantum error correc-
tion (QEC) is a framework for the realization of fault-tolerant
quantum computation that holds the promise to execute large-
scale algorithms by suppressing noise to in principle arbitrar-
ily low levels [3]. Fault-tolerant (FT) gate operations need to
be performed directly on the encoded, error-corrected, qubits
in order to uphold the code’s protection during a computation
[4, 5]. It is desirable to use QEC codes with a large set of
transversal gates because transversal gates are inherently FT
without additional qubit or gate overhead. Yet, no QEC code
can have a universal transversal gate set and therefore alterna-
tive FT gate constructions are required [6].

Magic state distillation (MSD) algorithms sequentially im-
prove the fidelity of certain resource quantum states that are
used, after the distillation, to enact a logical quantum gate op-
eration on an arbitrary qubit state [7]. Assuming that Clifford
gates are easily implemented fault-tolerantly, for example via
a QEC code with transversal Clifford gates, a distilled magic
state can be input to a gate teleportation circuit: This "noise-
less" circuit, as a result, performs a high-fidelity logical gate,
for example a non-Clifford gate for said QEC code, on an ar-
bitrary input state and the magic state is consumed in the pro-
cess. In this framework, the noise-level of the magic state
determines the noise-level of the logical gate and can be con-
trolled systematically via the number of MSD rounds.

Previously, MSD has been thought to pose an unfeasibly
large qubit and gate overhead for current quantum processors.

∗ s.heussen@neqxt.org

Magic state injection, code switching and magic state culti-
vation have evolved as alternatives for FT universal gate set
realizations [8–12]. A crucial aspect that limits the practi-
cal applicability of MSD in real quantum computing hard-
ware is the consistent difficulty to perform fast and accu-
rate measurements with real-time feed-forward as part of a
quantum circuit. Therefore, there has been a growing in-
terest in measurement-free FT circuits for QEC and logical
gate operations [13–17]. Recently, however, we have wit-
nessed first small-scale experimental realizations of MSD in
ion traps and neutral atom platforms that use the relatively
small 5-to-1 MSD protocol on logical qubits that are encoded
in two-dimensional color codes [18, 19].

Since its introduction, MSD has evolved into its own field
of research dealing with distillation of different types of magic
states that facilitate the teleportation of various logical gates,
considering combinations of different schemes into especially
effective distillation sequences, exploring the mathematical
details of distillable states or scrutinizing the efficiency of
implementation in near-term hardware [20–40]. The authors
of Ref. [41] aim to quantify the overhead required to reach
fault-tolerant universality and provide an accessible high-level
overview of known magic state distillation schemes.

In this work, we contribute a new circuit implementation
for the 15-to-1 magic state distillation scheme, which falls into
class A of the terminology of Ref. [41]. The 15-to-1 scheme
is based on the [[15,1,3]] QEC code and, for being class A,
yields a suppression of noise from O(p) to O(p3) with an ac-
ceptance rate that approaches unity in the low-noise limit. We
report that, for such protocols, one need not reject the result
of MSD when the scheme indicates so, but may instead use a
look-up-table decoder of the corresponding QEC code to flip
the output magic state depending on the syndrome. Doing so
reduces the noise suppression to O(p2). Another desirable
effect, however, is that these correction operations can be per-
formed without measurements but coherently, with the help
of additional multi-qubit-controlled gates. As a result, our
scheme enables the experimental realization of magic state
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distillation without the need to post-select on measurement
results and without performing measurements at all. This ren-
ders measurement-free MSD feasible for a broader range of
existing quantum processors [42–53] without compromising
on the original idea to sequentially distill magic states until a
desired accuracy is reached. Our scheme may favorably in-
tegrate into FT quantum computing architectures because the
distillation time is a priori determined: It allows one to pro-
duce magic states in a synchronized fashion with logical clock
cycles as there is no need to non-deterministically wait until a
certain round of MSD has finished.

This work is structured as follows. We subsequently in-
troduce unitary encoding and decoding circuits that are used
to obtain syndromes of noisy magic states with a distillation
QEC code. Thereupon, we show how a coherent feedback net-
work can be constructed systematically for the 15-to-1 MSD
protocol. Moreover, we provide numerical simulation results
that demonstrate the effectiveness of our measurement-free
MSD implementation and indicate that the analytically ex-
pected scaling behavior is achieved up to relatively high error
rates. Lastly, we draw conclusions and give an outlook toward
future work.

Unitary decoding circuits. Magic state distillation pro-
tocols are conventionally performed by measuring stabilizer
operators of a suitable QEC code [3]. A large number of
more-noisy magic states are transformed via these multi-qubit
operator measurements, which are prescribed by the MSD
scheme, into a smaller number of less-noisy magic states via
non-deterministic post-selection on a certain syndrome mea-
surement outcome.

This is not the only way to determine the syndrome of a
noisy logical qubit state. In fact, since we do not aim to de-
noise a logical qubit state in order to extend its lifetime (as
for QEC cycles), we can employ unitary encoding and decod-
ing circuits of an [[n,k,d]] QEC code to map an initial quan-
tum state |ψ1,ψ2, ...,ψk⟩ on k physical message qubits to an
n-qubit logical state |ψ1,ψ2, ...,ψk⟩ and vice versa using only
unitary gate operations. Such circuits can be constructed sys-
tematically, for instance, with the help of ZX-calculus [54].

We here consider a particular class of distillation proce-
dures, where a logical magic state is prepared by performing
a logical gate operation on an encoded qubit via n noisy input
magic states. Then, the decoding circuit distills these states
by mapping the logical magic state(s) on n physical qubits
back to k physical qubits. Therefore, these schemes always
succeed in the absence of noise. The remaining n− k physi-
cal output qubits carry the syndrome information. While they
might be used to post-select on the trivial syndrome, i.e. the
state |0⟩⊗n−k, the available information may be sufficient to
infer a correction operation on the k message qubits.

Our MSD scheme is pictured in Fig. 1. Here, we focus on
the 15-to-1 MSD protocol, which makes use of the [[15,1,3]]
QEC code [55, 56] to distill n = 15 to k = 1 magic states.
This code can correct a single arbitrary Pauli error and it can
detect up to two arbitrary Pauli errors because it has distance
d = 3. It furthermore has a transversal logical T -gate and is
capable of distilling the magic state |A⟩= 1√

2

(
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)
.
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FIG. 1: Magic state distillation (MSD) of the state
|A⟩= 1√

2

(
|0⟩+ eiπ/4|1⟩

)
using the unitary encoding map E15

of the [[15,1,3]] code in reverse. The logical T -gate is
transversal in the [[15,1,3]] code. A physical T -gate can be
implemented via a gate teleportation circuit that consists of
only Clifford gates and one input magic state |A⟩0. The n= 15
input magic states are mapped onto k = 1 output magic state
|A⟩1. We subsequently apply a coherent feedback network
(CFN) and then discard the other 14 output qubits. The circuit
boxes are laid out explicitly in Fig. 3.

used in gate teleportation.
Coherent feedback network. For MSD schemes that

utilize distance-d QEC codes to suppress noise of strength
O(p) to O(pd) in post-selection, the feedback prescribed
by the QEC decoder may be used to deterministically per-
form correction operations based on the syndrome informa-
tion. Thereby, the noise suppression is reduced to O(p⌊

d+1
2 ⌋)

since this is the leading order in p where uncorrectable errors
occur in the low-p limit. For small QEC code instances, most-
likely-error (MLE) decoding can be performed in practice de-
spite its exponential scaling properties. In-sequence stabilizer
measurements and feed-forward corrections based on classi-
cal, pre-computed look-up tables can be replaced with a fully
coherent feedback network (CFN) based on quantum gate op-
erations [14, 15]. We stress that, in the context of distillation,
not all correctable errors1 on the n-qubit state actually need
to be detected and distinguished but only the errors that end
up on the message qubits and, as a consequence, lead to an
erroneous output state.

To incorporate measurement-free feedback operations into
our 15-to-1 MSD protocol, we design a CFN that only cor-
rects those errors, which proliferate through the unitary de-
coding circuit and harm the output qubit. As a first step, we
use Pauli propagation rules [57] for every single-qubit Pauli

1 There are 2n−k − 1 different non-trivial syndromes for an [[n,k,d]] QEC
code. For this reason, MLE decoders such as look-up tables grow expo-
nentially with the size of the used code. The CFN may therefore add an
exponential number of gates and complicate scale-up when used for QEC
cycles where all s ≤ t = ⌊d −1/2⌋ errors need to be corrected.
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operator on an input wire of the decoding circuit to 1) deter-
mine whether the message qubit is flipped or remains unaf-
fected and 2) record the corresponding state of the syndrome
qubits. The exhaustive list of possible syndromes is given
alongside the physical quantum circuit in App. A. We then use
this list, shown in Tab. I, to design a sequence of multi-qubit-
controlled gates where the controls are wired to (a subset of)
the syndrome qubits and the target is wired to the output mes-
sage qubit, as depicted in Fig. 3. The gate combination is
carefully crafted such that the message qubit is flipped when a
corresponding syndrome is the result of the unitary decoding
circuit and left unchanged otherwise. Note that, in this setting,
there are no Clifford corrections associated with commuting a
Pauli error past a multi-qubit-controlled gate (as for example
in Ref. [58]). This is due to the fact that the n− k syndrome
qubits that control the correction operations can only be in
computational basis states |0⟩ or |1⟩ after running E†

15.
Measurement-free distillation circuit analysis. Let us

now scrutinize the performance of our 15-to-1 MSD scheme
in the presence of noise. For our numerical simulations we
use a modified version of PECOS [59].

It is conventional to assume a twirled noise model where
input magic states are stochastically flipped to their orthogo-
nal partner state, i.e., the state |A⟩ is flipped with a probability
p to the orthogonal state |A⊥⟩ = Z |A⟩ [7]. Any noisy magic
state in the MSD protocol is then described by a single-qubit
density matrix

ρ = E (|A⟩⟨A|) = (1− p) |A⟩⟨A|+ p |A⊥⟩⟨A⊥|
= (1− p) |A⟩⟨A|+ pZ |A⟩⟨A|Z. (1)

Clifford gates are assumed to be noise-free as the result of
employing MSD on logical qubits that are encoded in a QEC
code2 with transversal Clifford gates in the limit d → ∞.

In the [[15,1,3]] code, there are
(15

2

)
= 105 Z-errors that

are all uncorrectable and therefore contribute to the logical
failure rate pL = 105p2 +O(p3) in the low-p limit under the
noise model in Eq. (1). We present the results of statevector
simulations of the noisy MSD circuit in Fig. 2. The numerical
results are in good agreement with the analytical expectation.

To speed up the numerical simulations, we replace all
single-qubit T -gates in the physical circuits with identity op-
erations and perform stabilizer simulations. A direct compar-
ison to the statevector simulation results in Fig. 2 reveals that
we only observe negligible deviations in the resulting out-
put state flip rate. We therefore use stabilizer simulations
to numerically estimate the performance of multiple rounds
of measurement-free 15-to-1 MSD. It is expected that error
rates are exponentially suppressed from p to c−1/t(c1/t p)(t+1)r

for r rounds3 of MSD with c = 105 and t = 1. The nu-
merical simulation results agree with this expectation in a
regime where p <∼ 4× 10−3 for r = 3 rounds of MSD. The

2 Note that this logical qubit QEC code is, in general, different from the
distillation QEC code.

3 One may as well interpret repeated rounds of MSD with our scheme as a
single MSD round based on a concatenated QEC code.

10−3 10−2 10−1

p

10−11

10−9

10−7

10−5

10−3

10−1

ra
te

s

statevector simulation data, 1 round

stabilizer simulation data, 1 round

expected 105p2

stabilizer simulation data, 2 rounds

expected 105(105p2)2 = 1.157.625p4

stabilizer simulation data, 3 rounds

expected 105(105(105p2)2)2 = 140.710.042.265.625p8

FIG. 2: Output error rate of measurement-free 15-to-1 MSD
depending on the input magic state error rate p. Simulated
data points are in good agreement with analytical expressions
for p <∼ 10−2. There are

(15
2

)
= 105 uncorrectable weight-2

Z-errors that determine the leading order of the distillation
failure rate of a single round in the low-p limit. Multiple dis-
tillation rounds are expected to suppress the failure rate expo-
nentially below the concatenation threshold p< 1/105; dotted
lines are guides to the eye.

crossing point of the analytical error rate curves in Fig. 2 is
given by 1/c ≈ 0.0095. The simulated data indicates that
the threshold lies at approx. 0.011, i.e., for p <∼ 1% we can
expect an improvement of magic state fidelity by sequential
magic state distillation. These findings show that three rounds
of measurement-free MSD can be sufficient to distill magic
states to a noise-level of ≈ 10−10 with an initial error rate of
p = 10−3. A fourth round would suppress the noise to about
10−18.

Finally, we briefly comment on the effect of coherent noise
in our MSD scheme. Erroneous coherent rotations about an
angle θ around any Pauli axis P ∈ {X ,Y,Z} of the Bloch
sphere are described by operators of the form exp(−iθ/2P).
The twirling map relates a coherent rotation channel to a
stochastic, incoherent noise map similar to Eq. (1) with an
error probability p = sin2(θ/2) = O(θ 2) for the error P to
occur [60, 61]. Earlier studies hint at a negligible effect of
coherent errors in the large-d limit of the underlying logical
qubits [62–64]. Further investigations could shed light on
how measurement-free MSD transforms coherent errors, es-
pecially on finite-size logical qubits, and on the interplay with
residual noise from finize-size QEC: Since our CFN is capable
of correcting any single-qubit Pauli error, arbitrary coherent
rotation errors on the input magic states should be permissi-
ble in principle. In case one also uses measurement-free QEC
routines on the logical qubits [14, 15], such that a build-up of
coherent errors cannot be prevented by intermediate measure-
ments, we suspect that the twirling procedure would need to
be performed in situ, e.g. via randomized compiling [65], in
order to achieve the above error rate scaling in practice.
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Conclusions and outlook. We devise and analyze a novel
implementation of 15-to-1 magic state distillation that can
be enacted fully deterministically without post-selection and
without the need to perform individual qubit measurements.
By employing unitary encoding and decoding circuits of the
[[15,1,3]] QEC code, we show that a coherent feedback net-
work achieves exponential suppression of noise in magic
states upon repeated application of the MSD protocol. Our
scheme displays the expected analytical scaling behavior in
a regime where the noise-level on magic states is well-below
1%, which seems suitable for near-term quantum computing
architectures. It may help at simplifying the routing of high-
fidelity magic states in real hardware since there occurs no ad-
ditional overhead associated with (potentially repeated) fail-
ure and re-initialization of the distillation procedure.

We anticipate that the unitary decoding circuit could be op-
timized with regards to the number of CNOT gates and circuit
depth because, for our application, only the four X-syndromes
are required to correct Z-flips. Moreover, the design of the
coherent feedback network has been performed manually for
this work. This process could be automated by classical op-
timization techniques and might then easily be adapted to
other QEC codes [66]. It would be interesting to investigate
the scheme on other MSD protocols, especially with more
recently discovered QEC code constructions for transversal
non-Clifford gates such as [25, 67].

As our coherent feedback operations are embodied by
mostly multi-qubit-controlled gates, such a construction
seems convenient for application on logical qubits that are en-
coded in a QEC code with a suitable fault-tolerant construc-
tion of these gates; see for instance the construction of FT
CkZ gates in the Bacon-Shor code given in Ref. [17]. Al-
though these gates are not simply transversal, the authors sug-
gest fault-tolerant constructions by consecutively extending
and shrinking code patches for arbitrary code distances.

Further studies could jointly investigate measurement-free
realizations of finite-distance FT logical qubits combined with
concrete magic state distillation sequences and scrutinize the
interplay between different sources of noise, for example, to
find an advantageous trade-off between the code distance of
logical qubits and the required number of distillation rounds
to reach a desired overall noise-level.

CODE AVAILABILITY

All software code used in this project is available from the
corresponding author upon reasonable request.
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Appendix A: Physical circuit for measurement-free 15-to-1
magic state distillation

We display the physical circuit for unitary decoding and the
coherent feedback network that corrects an arbitrary single-
qubit Pauli error in Fig. 3. The multi-qubit-controlled gate
sequence is manually crafted to match the conditions for ap-
plying Pauli corrections to the output message qubit on wire
0. These conditions are given in Tab. I and have been found by
Pauli propagation of every single-qubit Pauli-X and -Z opera-
tor through E†

15. As an example, propagation of the error Z1 is
shown in Fig. 3. After E†

15, the error has propagated to Z0X1X8
indicating that the message qubit suffers a Z-flip. Combined
with a 0-control on qubit 14, which is compiled with an ad-
ditional X-gate to conventional control-connections that are
activated when the input is in the |1⟩ state, this X-syndrome
triggers an odd number of feedback operations on qubit 0. As
a result, the error Z0 is corrected. Note that some input errors
do not propagate at all, for instance Z14.

Z-sector X-sector
no flip flip 0 no flip flip 0

14 1 3 7, 9, 11
1, 14 2 6 10, 11, 12, 13
2, 14 8 13 7, 10, 12, 13
8, 14 1, 2 5, 6

1, 2, 14 1, 8 7, 10
2, 8, 14 2, 8 11, 13
1, 8, 14 1, 2, 8 3, 5, 9

1, 2, 8, 14 4, 5, 6
4, 6, 7

3, 4, 7, 12
7, 9, 10, 11
3, 4, 5, 9, 12

TABLE I: For the 15 possible single-qubit input errors of X-
and Z-type, only a subset of errors flip the output message
qubit 0 while also flipping some of the syndrome qubits 1 to
14. The coherent feedback network in Fig. 3 implements these
syndrome-conditioned flips while respecting the "no flip" con-
ditions.
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FIG. 3: Explicit circuit to perform 15-to-1 MSD (see Fig. 1) via the inverse unitary encoding block E†
15 followed by the coherent

feedback network (CFN). The CFN serves to deterministically correct every Pauli error on the output qubit 0, which may result
from an arbitrary single-qubit error on any of the 15 input qubits. Qubits 1 to 14 are in the state |0⟩ after E†

15 in the absence of
noise and are discarded at the end of the circuit. As an example, the input error Z1 (blue star) is shown to propagate to qubit 0
while flipping qubits 1 and 8 (see fifth row of Tab. I) and triggering a combination of three multi-qubit-controlled gates in the
CFN (red circles) that corrects the error on the output qubit 0. The multi-qubit-controlled-X gates can be left out when dealing
with the noise model of Eq. (1).
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