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Qudit-based quantum gates offer several advantages over qubit-based counterparts, such as higher
information density, the ability to address more complex problems, and richer quantum operations.
In this paper, we present three realistic protocols for implementing a 4x4-dimensional (16D) two-
qudit controlled-SUM (CSUM) gate, where the 4D control qudit and 4D target qudit are encoded
in the polarization degree of freedom (DoF) and spatial DoF of two photons, respectively. The
first protocol is implemented exclusively using linear optical elements without auxiliary resources,
making it feasible with current optical technologies and achieving an efficiency of 1/9. The second
protocol utilizes photon scattering by a microcavity-quantum-dot system, enabling the 16D CSUM
gate to operate deterministically without postselection. The third protocol introduces an error-
heralded mechanism based on the second protocol, theoretically achieving unity fidelity. Moreover,
all protocols operate without ancillary photons, offering the advantages of compact circuits and low
cost while further promoting the development of high-dimensional quantum computation.

I. INTRODUCTION

Quantum computing is increasingly recognized for
its potential advantages over classical computing [IH5].
Quantum logic gates are fundamental units to quantum
computing processes [6HI5]. High-dimensional (HD) qu-
dits, which extend two-dimensional qubits [I6H21], sig-
nificantly enhance the channel capacity of quantum re-
sources [22] 23], enabling HD quantum information trans-
mission [24H30] and potentially facilitating fault-tolerant
quantum computing [31] and distributed quantum net-
works [32H35]. In HD space, qudit systems offer great
flexibility for information storage and processing, includ-
ing simplified quantum gates [36], improved information
security [37H43], and the exploration of unique quantum
properties [44, [45]. Beyond quantum computing, qudits
offer benefits in quantum communication due to their su-
perior noise resilience [46H51] and their ability to support
higher key rates [52H56].

Reliable quantum computing necessitates high-fidelity
quantum logic gates. The controlled-NOT (CNOT) gate,
in particular, is extensively utilized in quantum comput-
ing for applications, such as quantum algorithms [57H59],
error correction [31], arithmetic operations [60} 61], and
fault-tolerant computing [62H64]. As circuit complex-
ity grows, the limitations of traditional low-dimensional
CNOT gates become more pronounced, increasing the de-
mand for design of HD counterpart gates, i,e., controlled-
SUM (CSUM) gates. In the d x d-D (d > 2) Hilbert
space, the d x d-D CSUM gate can be expressed as
Udsumle t) = le, (c +t)%d), where ¢, t € {0,1,...,d — 1}.
It is evident that the CNOT gate is a special case of the
CSUM gate when d = 2. Especially, the 4 x 4-D (16D)
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CSUM gate (d = 4) performs the following transforma-
tion:

|0,0) — ]0,0),]0,1) — |0,1),]0,2) — |0,2),|0,3) — |0, 3),
11,00 — |1,1),]1,1) — |1,2),]1,2) — [1,3),[1,3) — |1,0),
12,0) = [2,2),12,1) — [2,3),12,2) — [2,0),[2,3) — |2, 1),
13,0 = 13,3, 13,1) = [3,0),13,2) — [3,1),]3,3) — |3, 2).

Photon systems possess inherent immunity to deco-
herence and offer multiple accessible degrees of freedom
(DoF), making them well-suited for encoding qudit infor-
mation [65H70]. These advantages make the HD CSUM
gate implemented exclusively by linear optical elements
easier to realize. Recently, many CSUM gates have been
proposed in quantum information processing (QIP). In
2019, Imany et al. proposed a 3 x 3-D CSUM gate with a
fidelity exceeding 0.90, utilizing time and frequency DoF
for encoding [71]. In 2020, Gao et al. implemented a
3 x 3-D CSUM gate with the assistance of a three-photon
entangled state, achieving an efficiency of 1/152 [72]. In
2022, Su et al. reported a 3 x 3-D hybrid CSUM gate
with one superconducting qutrit and a cat-state qutrit
[73]. In 2024, a 2 x 4-D polarization-spatial CSUM gate,
with an average fidelity and efficiency exceeding 0.99,
was realized by Meng et al.[T4]. Most qudit-based gates
offer several advantages over qubit-based counterparts,
such as shorter computation times, reduced resource re-
quirements, greater availability, and the capacity to ad-
dress more complex problems. Overall, research on HD
quantum gates broadens the current quantum computing
framework [75].

In this paper, we present three useful protocols to set
up the 16D two-qudit CSUM gate, where the 4D control
qudit and 4D target qudit of the CSUM gate are encoded
in the polarization DoF and spatial DoF of two pho-
tons, respectively. The first protocol employs linear op-
tical elements achieving an efficiency of 1/9, which beats
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the 3 x 3-D CSUM gate with the efficiency of 1/152 as-
sisted by the three-photon entangled state [72]. The sec-
ond protocol is implemented through photon scattering
off a microcavity-quantum-dot (microcavity-QD) system,
where it operates deterministically. The third protocol
introduces an error-heralded framework on the founda-
tion of the second protocol, elevating the fidelity of the
16D CSUM gate near unity, in principle. Moreover, each
protocol can requires no ancillary photons, offering the
advantages of compact circuits and low cost.

The paper is organized as follows. In Sec. [T} the first
16D CSUM gate protocol with linear optical elements is
presented. In Sec. [[TI} the second protocol implemented
by the photon scattering property off microcavity-QD
system is implemented. The third protocol that intro-
duces an error-heralded mechanism based on the second
protocol is showed in Sec. [[V] We provide a detailed dis-
cussion on the fidelity and efficiency of each protocol in
Sec. [V]and a summary in Sec. [VI}

II. THE 16D CSUM GATE IMPLEMENTED
WITH LINEAR OPTICS

The schematic diagram of the first protocol for the 16D
CSUM gate implemented with linear optics is illustrated
in Fig. The initial states of the two photons, labeled
M and N, in both polarization and spatial DoF's, are

(a1|LL> + ﬂ1|LR> + ’71‘RL> + (51|RR>)MN,
(azlming) + Ba|ming) + v2|many)
+d2|mang)) M N, (1)

“P>z}\3{N
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where the coefficients adhere the normalization condition
|O/,1'|2 + |B2|2 + |71|2 + ‘6z|2 =1fori = 1,2 Thus, the
initial states of the entire system can be expressed as
[Wo) = [0)hrw @ |9)irn-

Firstly, two photons M and N in spatial modes m1,
ma, n1, and ng pass through respective circular polarized
beam splitters (CPBS; and CPBS;), which transmit (re-
flect) the |R) (|L)) polarization state of the photon. Ow-
ing to the property of the CPBS, only the spatial modes
entangled with |R)-polarized photons are exchanged, re-
sulting in

V1) = au|LL) N @ (az|lming) + Ba|ming) 4 v2|many)
+02lmanz)) + f1|LR) N @ (azlming)
+B2lmini) + yalmang) 4 d2|mana)) + 11| RL)uN
®(az|mani) + Ba|mang) + ya2|lming) + dz|minz))
+01|RR) N @ (az|mang) + Balmaoni)
+y2lmaing) + da|ming)). (2)

Secondly, for the spatial mode of photon M, an

interferometric network is constructed using two 1/2-
reflectivity beam splitters (BS%/2 and BS§/2), while two

1/3-reflectivity beam splitters (BS%/3 and BS%/?)) are po-
sitioned on the two arms of the interferometer, respec-
tively. The BS;,, applies the operation to two spatial
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FIG. 1. Schematic diagram of 16D CSUM gate implemented
with linear optics. CPBS denotes a circular polarization beam
splitter, which transmit (reflect) the |R)— (|L)-) polarization
state of the photon. BS; /s is a 1/2-reflectivity beam splitter.
BSy,3 is a 1/3-reflectivity beam splitter. D is a single-photon
detector.

modes of the photon M, i.e., |m1) = (|m1) + |m2))/v2
and |ms) = (Jm1) —|m2))/v/2. For photon N, after pass-
ing through the CPBS3, its spatial mode n; is split into
the spatial modes n1; and ni2. These modes are subse-
quently recombined into the spatial mode n; by CPBSy.
The photon M in the spatial mode ms and the photon N
in the spatial mode ni; simultaneously pass through the
BS% /3" This induces interference between the two pho-
tons, resulting in a m-phase shift in the interferometric
arms [76]. It is noteworthy that the BS}/?’, BS:f/37 and
BS‘ll/3 in proper order the my, ni2, and nsy spatial modes
do not participate in the interference between two pho-
tons but serves to average the photon loss. After these
operation, the state of the entire system is evolved to

1
|Wa) = g{a1|LL>MN®(042\m1n1>+52\m1n2>

+y2|many) + d2lmana)) + Bi|LR) uN
®@(az|ming) + Ba|many) + y2|mana)
+d2lminy)) + 11| RL) N @ (2|mang)
+B2|mang) + yalminy) + dz2|ming))
+01|RR) N @ (az|mang) + Ba||ming)
+72|mang) + dz2|mani))}. (3)

In Eq. , we retain only the photon-number-conserving
terms detectable by photon detector D, while omitting
the failure modes of the CSUM gate where the output
ports of the single photon do not each contain exactly
one photon. Comparing Eq. with Eq. , it can
be seen that, when photon N is in the |Rni)y state,
the |my) component of photon M is converted into |ms)
one and vice versa. In all other cases, the states of two
photons N and M remain unchanged.

The polarization states of two photons M and N
are served as the 4D control qudit, that is, |LL) —



|0)¢, [LR) — |1),|RL) — |2)¢, and |[RR) — |3).. Si-
multaneously, the spatial states of two photons M and
N are worked as 4D target qudit, that is, |min;) —
[0)¢, |maing) — |1)¢, [mani) — |2)¢, |mang) — |3):. Con-
sequently, the 16D CSUM gate can be successfully im-
plemented with linear optical elements, i.e.,

1, - _ _ _
[CSUM) = 2{ea|0)c @ (02|0)¢ + Ba[1)e +72[2)e

+0213)¢) + B1[1)e @ (a2|1) + B2(2):

+79213) + 02[0)¢) +7112)e @ (a2]2):

+B2[3)¢ 4+ 72|0)¢ + S2|1)¢) + 61/3)e
®(az|3)t + B2[0)¢ +v2|1)¢ + d2[2)1)}- (4)

It is evident that the efficiency 7, of 16D CSUM gate
with linear optics is 1/9. We have completed the first
protocol by encoding information in the spatial and po-
larized DoF's of two flying photons, resulting in significant
resource savings.

III. THE DETERMINISTIC 16D CSUM GATE
ASSISTED BY TWO ONE-SIDED
MICROCAVITY-QD SYSTEMS

As illustrated top left in Fig. [2] the microcavity-QD
system, which consists of a singly charged In(Ga)As QD
embedded within an optically resonant single-sided mi-
crocavity. The four-level emitter configuration comprises
ground states | J) and | 1).This configuration addition-
ally integrates two optically excited X~ trion states,
labeled as | T41) and | J1{).As governed by selection
rules, the QD spin states | |) and | 1) couple to left-
(L) and right- (R) circularly polarized photons, respec-
tively. This coupling facilitates optical transitions to the
respective trion states. A |R)- or |L)-polarized photon at
frequency w, which enters via the input mode am W) iD-
teracts with the mlcrocav1ty QD system and propagates
to the output mode aout »- Under adiabatic cavity-field
evolution under neghglble QD excitation, the quantum
state-dependent reflection coefficient r. (e =0,1) is

L S
e A [ TS A

here, e = 1 describes the interaction in the cou-
pled microcavity-QD system with the polarized photon,
whereas e = 0 corresponds to the interaction in the un-
coupled microcavity configuration. The parameter g de-
notes the cavity-X ~-trion coupling strength. The pa-
rameter x is the directional coupling rate, governing en-
ergy transfer dynamics within the system. &, corre-
sponds to the cavity-side leakage rate, and ~ represents
the spontaneous emission rate of the trion. The f is
v/2—(w—wx-)i, in which wyx- and w, are the transition
frequency of the QD and the cavity resonance frequency,
respectively. For simplicity, we assume wx- = w. (res-
onant condition). Under realistic conditions, the state-

selective reflection coefficient for the input photon inter-
acting with the one-sided microcavity-QD system is ex-
pressed as

L) = L)1, L[4 = rol L)),
[R)4) = il R)[ L), [R)| 1) = rolR)[ ). (6)

In the condition x > kg and g% > k7, the coupling
and uncoupling reflection coefficients become r =~ 1 and
ro ~ —1, leading to the rules

(D)) = (D), (D)) =
(R = [R)[ 1), |R)|1) —

=D ),
=R 1. (7

Now we introduce the second protocol for determinis-
tic 16D CSUM gate, which is assisted by two one-sided
microcavity-QD systems. The deterministic 16D CSUM
gate is completed with two steps. The first step performs
the 4D qudit-flip operation for the 4D target qudit, while
the second step serves as a spatial-mode coupler, merg-
ing the previously separated four spatial modes into two.
Under these two basic steps, the second protocol is read-
ily implemented.

The quantum circuit for the first step of the determin-
istic 16D CSUM gate is illustrated in the left part of Fig.
The initial states of the two photons, labeled M and
N, in both polarization and spatial DoFs, are |¥y). The
auxiliary electron spln of the QDj-microcavity system is
initialized as [+); = (| 1+ ¢>)], where j = 1,2 (i.e.,

QD; of the first step and QD> of the second step). Thus,
the initial states of the entire system can be expressed as
[©0) = [Vo) @ |[+)1 ® [+)2.

Foremostly, similar to the first step of the first proto-
col, two photons M and N in spatial modes my, mo, nq,
and ngy pass through the CPBS; and CPBS,, resulting in
1) = [U1) @ [+)1 @ |+)2, where |¥1) in Eq. (2). After
that, photon M in spatial mode m; or msy passes through
BS%/2 or BSf/27 which apply the operation to two spatial

modes of the photon, i.e., |my) = (jmi1) + |mi2))/v2
and |ms) = (|ma1) + |ma2))/v/2. Then the spatial mode
of photon N (M) through CPBS; (CPBS3 or CPBSy) is
split into two polarization-depended spatial modes. Sub-
sequently, the |L)as|L)n polarization states of two pho-
tons in spatial modes mi; (or mi;), and ni; pass directly
interact with the microcavity-QD; system via the rules
in Eq. (7)), while their |R)y/|R)y states in spatial modes
m32, (or m3,), and no pass sequentially through X; (or
X3), X3 — microcavity-QD; system— X4 (or Xj5), Xg.
Here, the operator Xy (k= 1,2, ...,6) is a half-wave plate
executing a qubit-flip function on the P photon, where

= |R)p(L| + |L)p(R| for P = M, N. Finally, CPBSg
and CPBS7 combine the four spatial modes of photon M
separated by CPBS3 and CPBS;. The hybrid state of
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FIG. 2. Schematic diagram of the deterministic 16D CSUM gate assisted by the one-sided microcavity-QD system. Xy (k =
1,2,...6) represents qubit-flip function on P photon, i.e., of = |R)p(L| 4+ |L)p(R|(P = M, N). P, denotes the phase shifter,
performing the transformation, i.e., |R) (|L)) — —|R) (—|L)).

two photons and electron spin is represented as

|®2) = [oa|LL) N ® (azlmigniz) + B2|miang)

|=); =

+2|magnia) 4 d2|maana)) + B1|LR) N
®(aa|miang) + Bo|miinii) + vo|maoang)
+02|mo1ni11)) + 71 |RL) N ® (a2lmaania)
+52|m22n2> + ’Y2|m12n12> + 52|m12n2>)
+01|RR) pN @ (a2|magng) + Ba|moiniy)
+72|migng) 4 d2lm11n11))] @ [4)1 @ [+)2
+[a1|LL) N @ (co|miinia) + Ba|miing)
+72|ma1nia) + d2|mainag)) + B1|LR) MmN
®(az|miing) + Balmianii) + y2|maing)
+02/maanii)) + 1| RL) N @ (az|maini2)
+B2|ma1ng) + Yy2lmiiniz) + d2lmiing))
+01|RR) N @ (qalmaing) + Ba|maznii)
+y2lmaine) + d2lmiani1))] @ [—)1 @ |[4)2,(8)

%(| 1 —1] 1));j(G = 1). Then the spin state of

the microcavity-QD; system is measured with the basis

{|4+)1,]—)1}. If the spin is found in state |+)1, the state

|@3) = [ LL) N @ (az|mianiz) + Ba|miana)
+72|maznia + da|maang))) + B1|LR) mn
®@(az|miang) + Balmiinii) + ya2|maana)
+02|maini1)) + | RL) un ® (az|mazniz)
+B2|maana) + y2|mianiz) + d2|mianz))
+01|RR) N ® (2lmaoang) + B2|maini)
+y2|miz2ng) + da|mi1ni1))] ® |+)2 9)
is obtained. Otherwise, if the spin is in state |—)i, the
related feed-forward operation with two swap (S) gates
fulfilling by two BSs; /5 and a phase shifter o, executing
the unitary operator o = |mg1)(mga| + |mg2) (Mg, (¢ =
1,2) on two spatial modes, is applied to photon M to
get the desired state |®3) in Eq. (9). Finally, photon M

in spatial modes m1; and mso; undergoes another S to
exchange two spatial modes, leading to

|®4) = [a|LL)pn ® (a2|mianiz) + Balmians)
+92|maania) + d2|maanz)) + B1|LR) N
®(az|migng) + Balmiinii) + y2|maang)
+02lmaini1)) + 1| RL) N @ (az|maania)
+B2|magne) + y2|maznige) + d2lmiang))
+01|RR) N @ (a2|maanz) + Ba|mainiy)
+2|magne) + d2|miina))] ® [+)e. (10)



Upon completing first step, the target qudit reaches the
desired state.

The quantum circuit for the second step of the de-
terministic 16D CSUM gate is illustrated in the right
part of Fig. Firstly, photon M passes through BSi’ /2
or BS;‘/Q, namely, |mg1) = (|mg1) + |mg2))/v2 and
Img2) = (jmg1) — |mg2))/V2, (¢ = 1,2). Subsequently,
photon M in spatial modes mi2 and mey undergoes the
processes, that is, passing through CPBSg (CPBSy), in-
teracting with the microcavity-QDs system, and con-
verging at CPBS;p (CPBS;;), the same as the former
microcavity-QD; system, thereby resulting in the state
|®4) transformed into

|®5) = [oa|LL)mn ® (azlmiinie) + B2lmiing)
+y2|mainiz) + d2|maing)) + B1|LR) N
®(aamiing) + B2|maini1) 4+ vo|maing)
+2lmi1ni1)) + n|RL) N @ (az|maini)
+52|m21n2> + 72|m11n12> + 62|m11n2))
+01|RR) m N @ (a2lmaing) + Ba||miinii)
+y2[mi1ng) 4 d2|moini1))] ® [+)2
—la1|LL) N ® (a2lmizniz) + Balmians)
+y2|magnia) + d2|maana)) + B1|LR) N
®(az|miang) — Balmagni) + ya|maana)
—dz|mign11)) + 1 |RL) uNn ® (2lmaogny)
+B2|maana) + Ya|miani) + d2|miang))
+01|RR) N @ (a2|moang) — Ba|miania)
+2|mizna) — d2|maaniz))] @ |—)a. (11)

Then the spin state of the microcavity-QDs system is
measured with the basis {|+)2,|—)2}. If the spin is found
in state |+)2, the state

|®6) = ai|LL)pun @ (az2lmiiniz) + Balmiing)
+92|ma1ni2) + 62|maing)) + Bi|LR) yN
®(az|maing) + Ba2lmaoinir) + y2|lmaing)
+02|mi1n11)) + 1| RL) un & (az|maingz)
+B2|ma1na) + y2|mi1niz) + d2|miina))
+01|RR) pN @ (a2|maing) + Ba||miinig)
+v2|mi1ng) + d2|mainii)). (12)

is obtained. Apparently, the deterministic 16D CSUM
gate is successfully constructed. On the contrary, if the
spin is in state |—)q, the related feed-forward operation
assisted by two S gates on two pairs of spatial modes of
photon M, mi5 and mq1, mos and may, is applied to pho-
ton M to get the desired state |¥g) in Eq. . Thus,
two spatial modes mq; and mqa (mo; and mas) are cou-
pled to one spatial mode my (mz). Additionally, photon
N in spatial mode nq; should pass through a P, opera-
tion. Finally, two spatial modes ni; and nq2 of photon
N converge into spatial modes nq through CPBS15. The

entire system state is transformed into

|®7) = au|LL) N ® (az|ming) + Balming)
+72|mani) + d2lmang)) + B1|LR) mN
®(az|ming) + Balmany) + y2lmana)
+02lming)) + 1 |RL) yNn ® (c2lmany)
+B2|mang) + valming) 4 d2|mina))
+01|RR) N ® (az|mang) + Ba||ming)
+y2lming) + d2|many))

= 01]0)c ® (2]0)¢ + Ba2|1)¢ + 72]2)¢

+0213)1) + Bil1)e @ (@2|1)s + B2]2),
+72(3)t + 02[0)¢) +71[2)c @ (@2[2),
+B213)¢ + V2]0)¢ 4 d2|1)1) + 61]3)e
®(2]3)t + B210)¢ +72|1): + 02(2)¢).  (13)

We have proposed the second protocol to implement the
deterministic 16D CSUM gate assisted by the photon
scattering property in the two QD-microcavity systems.

IV. THE ERROR-HERALDED
DETERMINISTIC 16D CSUM GATE

The fidelity of deterministic 16D CSUM gate assisted
by the one-sided microcavity-QD system is affected by
non-ideal scattering, including defective coupling be-
tween the cavity mode and the QD and minor side-cavity
leakage, leading to a fidelity less than unity. To address
this, we propose the third protocol, i.e., an error-heralded
deterministic 16D CSUM gate shown in Fig. [3] where er-
roneous components are passively filtered by the CPBS,
and error prediction is achieved using a single-photon de-
tector (D), resulting in unity fidelity with ignoring pho-
ton loss. Compared with the above CSUM gate in Eq.
formed in Fig. |2| the quantum circuit of the error-
heralded deterministic 16D CSUM gate shown in Fig.
replaces the QD ;-microcavity system with the error-
heralded QD; unit and adds some wave-front correctors
(WFCs) to designated spatial modes, where the photon
does not interact with the error-heralded QD; unit dur-
ing each interaction. WFC executes the coefficient varia-
tion |R) (|L)) — A|R)(|L)). As the |L)-polarized photon
traverses error-heralded QD; unit, it encounters various
optical elements, that is, H; (Hs) — microcavity-QD;
system via the rules in Eq. @—) H, (Hy). Here, the op-
erator H; (for i = 1,2, 3,4) denotes a half-wave plate that
implements the Hadamard transformation on the pho-
ton’s polarization DoF, such that |L) — (|R) — |L))/v/2
and |R) — (|R) + |L))/v2. As a result of these opera-
tions, the system evolves into

[L)|+) = AlR)|=) + BIL)|+), (14)

where A and B are expressed as (r; —r9)/2 and (r1 +
r0)/2, respectively. As governed by Eq. , an in-
put |L)-polarized photon generates two distinct output
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FIG. 3. Schematic diagram of the error-heralded 16D CSUM gate. WFC is a wave-form corrector that executes the coefficient
variation |R) (|L)) — A|R)(|L)). Half-wave plate H; (i = 1,2, 3,4) performs the Hadamard operation in polarized DoF.

states. Specifically, detector D; detects a photon in the
|L) output state upon reflection by the CPBS, indicat-
ing a fault. However, the spin state of the microcavity-
QD; system retains its integrity and remains reusable
in subsequent cycles. The polarization-dependent se-
lection imposed by the CPBS suppresses errors stem-
ming from imperfect photon-spin interactions within the
microcavity-QD; system. Conversely, a photon in the |R)
output state propagates directly through the CPBS and
subsequently passes through an X-polarization converter,
yielding the final desired outcome

[L)[+) = AlL)|=). (15)

Thus, assuming identical initial states for both gates, the
states in each expression of the error-heralded determin-
istic 16D CSUM gate, corresponding to the deterministic
16D CSUM gate assisted by the one-sided microcavity-
QD system, are

|CSUM') = A%|®,). (16)

V. DISCUSSION ON THE FIDELITY AND
EFFICIENCY OF EACH PROTOCOL

The first protocol relies solely on linear optical ele-
ments, including CPBSs and BSs. Experimentally, CPBS
may be substituted with calcite beam displacer (BD),

as both optical components direct photons into different
spatial modes based on their polarization states. Thus,
upon the photon passes through the first CPBS, misalign-
ments in mirror mounts (¢) and the polarization extinc-
tion ratio (p) result in deviations of the actual quantum
state from the ideal input state. Consequently, the mode
transformation matrix, applied to the two creation oper-
ators and influenced by ¢ and p, is expressed as [77]

1 VP .
Vitp Vitp cos¢ sing (17)
—VP 1 —sing coso|’

1+p 1+p

\/P" denotes the conjugate complex of /p. Assume that
the input state is |R) or |L), the fidelity is given by

1 2

Fr = [{Preatlpidea)]* = o |cos ¢ — v/rsing|”,
2 1 . 2
Fr = [(¢real|pidear)|” = i ‘—\/; sm¢+cos¢‘ )

(18)

By analyzing Eq. , it is determined that Fr = Fr.
Consequently, the fidelity of the first CPBS, denoted as
Flops, is given by ﬁ ‘cosqb - \/ﬁsin¢‘2.

For simplicity, it is assumed that the second CPBS
and the first CPBS exhibit an identical extinction ratio.
Ideally, the unitary mode transformation matrix of the
second CPBS constitutes the inverse of the transforma-
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FIG. 5. The fidelity of the first protocol under realistic con-
ditions A = 7/36, £ = 0.02, ¢ = 0.001 and p = 0.0001.

tion matrix of the first CPBS rotated by 90°, i.e.,

A

=i T )

In this step, the angle of deviation of the mirror mounts is

not reconsidered, as the first CPBS and second CPBS are
typically assembled with a consistent orientation. Con-
sequently, by the definition of fidelity

]:CQJPBS = ]:;?, = }—IL = |<‘Preal|90ideal>|2 = m (20)

The interference network formed by the combination
of BSsy/; and BSs; 3 essentially constitutes a Mach-
Zehnder interferometer (MZI). If the actual phase dif-
ference between the two arms of the MZI is given by

m — A, the unitary transformation matrix describing the
internal phase-shifting element is expressed as

[ei(WO_A) (1)] : (21)

Assuming a small deviation from ideal transmittance in
BS; /2, the unitary transformation matrix of the BS; 5 is

UW—A =

5 _ 1 1+¢& i
UBS1/2_ \/m[ i 1+£:| (22)

where £ denotes the imperfection in the transmission ra-
tio. Consequently, the fidelity of BS; /5 is

B . 2 (§+2)°
]:}331/2 = |<90rea1|§01dea,l>| =3 (52 T 25 T 2) .

(23)
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Then the unitary transformation matrix for an imperfect
MZI becomes
1
£24+26+2
TR 1462 =1 (142 +1)
i(14&)(ef™2) —1) —ei(m=8) L (14¢6)2|"
(24)

Umzt = Uss, ,Ur—aUss, ,, =

The fidelity of MZI is then given by

(14 cos(A)) [(14 €)% +1]
2(€2 +2¢ +2)°

2

Frizr = |{rea| @idear)|” =

(25)
The BS%/37 BS?/S, and BS‘ll/3 only serves to balance the

losses, and thus its impact on the overall fidelity can be
considered negligible.

We calculate the fidelity of the first protocol based on
linear elements encountered by the photon in different
paths. The fidelity of photon M in path m; can be ex-
pressed as

le = f(leBS]:]%Sl/2
_ leoso—vrsingl® (€42 o0
1+p 4(e24+26+2)%

The fidelity of photon M in path msy can be expressed as

Fr, = FéppsFrz
|cos ¢ — /7 sin ¢|
1+p
(1+cos(A)) [(1+€)2 +1]°

2(£2 + 26+ 2)°

(27)

The fidelity of photon N in path n1; can be expressed as

Fuy, = (Fépps)* FéppsFuzt
_ cos ¢ — \/Fsin¢|4
(1+p)?

(1+cos(A)) [(1+€)2 + 1]

2(£2 4 26 4 2)

(28)

The fidelity of photon N in path nis can be expressed as

F,

nia = (]:(leBS)2]:C2)PBS

|cos ¢ — Vrsing|*
1+p?

(29)



The fidelity of photon N in path ns can be expressed as
F,, = -FCIJPBS

_ Jcos¢ — \/?sin¢|2
1+p '

Assuming realistic conditions A = 7/36 and £ = 0.02,
the fidelities Fi,,,, Fin,, Fnyys Fnyyy Fn, are shown in Figs.
[4(a)-(e), respectively. When linear optical elements ex-
hibit defects or nonidealities, i.e., delay error A = /36,
imperfection of the transmission ratio ¢ = 0.02, the de-
viation in mirror mounts ¢ = 0.001, and the polariza-
tion extinction ratio p = 0.0001, the fidelity of the first
protocol is calculated to be greater than 0.9936 with 16
computational basis as shown in Fig. [5

For the second protocol that present the deterministic
16D CSUM gate, assuming that the side leakage rate kg is
negligible, the theoretical fidelity can reach unity in per-
fect microcavity system. However, to present the more
realistic scenario, the influence of ks must be considered.
The side leakage rate k4 affects the amplitude of the re-
flected photon, which, in turn, impacts the fidelity Fb
and efficiency 7y of the 16D CSUM gate. For the error-
heralded 16D CSUM gate of the third protocol, the two
QD; and QD5 units have the error-heralded mechanism
during imperfect photon scattering process. Errors aris-
ing from non-ideal scattering are filtered by the CPBSs.
For example, the CPBS of the QD; unit passively filters
out the incorrect |L) state components while transmit-
ting the useful |R) state components to X. The response
of D is solely used to indicate the presence of error. As
a result, the fidelity F3 of the error-heralded determinis-
tic 16D CSUM gate shown in Eq. , can theoretically
approach unity (ignoring photon loss) as shown in Fig. |§|
(b), but impacts its efficiency 73, leading to lower than
the efficiency 72. In a word, the cavity decay rate ratio
ks/k and the coupling strength ratio g/« significantly in-
fluence the efficiency 7, and 13 of both two protocols and
fidelity F5 of the second protocol, but not affect the fi-
delity F3 of the third protocol. In practical experiments,
a value of v = 0.1k is achievable. Specifically, the anal-
yses of the fidelities and efficiencies reveal that they are
improved as g/k increases and k,/k decreases in Fig. @
For instance, when g/x increases from 1.2 to 2.4, Fs, 12,
and 73 improve from 0.9995, 0.9670, and 0.9506 to 0.9999,
0.9913, and 0.9870, respectively, while maintaining a con-
stant xs/k = 0. Conversely, when k,/x increases from 0
to 0.05 while keeping g/k = 2.4, Fs, 12, and n3 decrease
from 0.9999, 0.9913, and 0.9870 to 0.9961, 0.8998, and
0.8508, respectively.

In practical implementations, achieving strong cou-
pling represents a prerequisite for robust-fidelity 16D
gate operation. Strong coupling has been experimen-
tally demonstrated in cavity-QD; systems, including mi-
cropillar structures, microdisk configurations, and QD-
nanocavity architectures. In 2011, Hu et al. reported
g/k =~ 2.4 in a micropillar cavity featuring ks/x ~ 0 and
a quality factor Q ~ 4 x 10*. Fig. EI illustrates the fi-
delities of 16 computational basis states resulting from

(30)

CSUM gate

Fidelity

FIG. 7. The fidelity of the second protocol with computa-
tional basis under the condition g/k = 2.4, ks/k = 0 and
v =0.1k.

the application of the second protocol for two photons in
two DoFs, against 16D input states under the parame-
ters g/k = 2.4, ks/k = 0, and v = 0.1k. As evidenced,
the fidelity for each computational basis exceeds 0.9999.

VI. SUMMARY

In summary, we propose three practical protocols for
realizing the 16D CSUM gate. The first protocol solely
relies on linear optical elements, with current optical
technologies, yielding the efficiency 7; of 1/9 and the
fidelity Fi greater than 0.9936 under realistic conditions
delay error A = 71/36, imperfection of the transmission
ratio £ = 0.02, deviation in mirror mounts ¢ = 0.001,
and polarization extinction ratio p = 0.0001. The sec-
ond protocol utilizes the photon scattering characteris-
tics of the microcavity-QD system with the efficiency 7,
of 0.9913 and the fidelity F5» of 0.9999 keeping the con-
dition side leakage rate x4/k = 0 and coupling strength
g/k = 2.4. As the error-heralded mechanism is incorpo-
rated for the third protocol, under the same condition
as the second protocol, its efficiency n3 of 0.9870 and fi-
delity F3 of 1. Moreover, this encoding strategy of the
16D CSUM gates reduce resource overhead, suppress de-
coherence, and shorten operational timescales, thereby
facilitating efficient storage and enabling ultrafast QIP.
The proposed protocols provide a scalable framework for
advancing HD quantum computing, delivering enhanced
processing capabilities and robust performance.
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