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Abstract. We study the asymptotic behaviour of the free, cold-dark matter density fluc-
tuation bispectrum in the limit of small scales. From an initially Gaussian random field,
we draw phase-space positions of test particles which then propagate along Zel’dovich tra-
jectories. A suitable expansion of the initial momentum auto-correlations of these particles
leads to an asymptotic series whose lower-order power-law exponents we calculate. The dom-
inant contribution has an exponent of −11/2. For triangle configurations with zero surface
area, this exponent is even enhanced to −9/2. These power laws can only be revealed by a
non-perturbative calculation with respect to the initial power spectrum. They are valid for
a general class of initial power spectra with a cut-off function, required to enforce conver-
gence of its moments. We then confirm our analytic results numerically. Finally, we use this
asymptotic behaviour to investigate the shape dependence of the bispectrum in the small-
scale limit, and to show how different shapes grow over cosmic time. These confirm the usual
model of gravitational collapse within the Zel’dovich picture.
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1 Introduction

Identifying and understanding the origin and evolution of generic properties of cosmic struc-
tures on small, non-linear scales is an important aspect of cosmology. At the time of the
CMB release, typical amplitudes of relative density fluctuations are ∼ 10−5, reflected by the
CMB temperature fluctuations [1]. In this initially nearly-homogeneous universe, the initial
density field can be modelled as a Gaussian random field. It is then fully characterized by its
two-point correlation function or equivalently its power spectrum. For the evolution of this
initial state, gravity is most important, especially on large scales. Relative to the expanding
background of an underlying Friedmann-Lemâıtre-Robertson-Walker spacetime, Newtonian
gravitational forces suffice to describe the local dynamics of dark matter and baryons.

Several approaches exist to address the evolution of cosmic structures. Numerical simu-
lations allow for extensive tests of many effects relevant for the full picture of interactions and
feedback processes [2, 3]. However, they are computationally expensive and thus only avail-
able for a limited set of cosmological parameters. Analytical approaches tend to need more
idealizing assumptions than simulations, but can be used to scan wide parameter ranges and
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theory classes, and can provide insight into fundamental reasons why the universe appears
as we observe it today.

Most of the analytic approaches build on the matter density and the velocity as funda-
mental fields. This is problematic in regions where multiple streams are expected to form due
to the collision-less nature of the dark matter, which is assumed to be the main constituent of
cosmic structures. This limits the applicability of perturbative approaches based on smooth
fields, such as Eulerian standard or Lagrangian perturbation theory [4–6]. To by-pass this
notorious shell-crossing problem, kinetic field theory (KFT) dissolves cosmic structures into
a statistical, non-equilibrium ensemble of classical particles whose trajectories are traced
through phase space [7, 8]. Since Hamiltonian trajectories cannot cross in phase space, KFT
can enter into small, non-linear scales without conceptual limitations.

The central quantity of many structure-formation studies is the power spectrum, i.e.,
the mean-squared amplitude of structures as a function of their scale. For Gaussian random
fields, this information is complete. Initially Gaussian random fields however become more
complex as they evolve and build up higher-order spectra. The first one beyond the power
spectrum is the bispectrum, defined as the Fourier transform of the three-point function.
It adds information on the abundance of structures of a given shape [9], and it allows to
quantify how strongly non-Gaussian processes affect the evolution of cosmic structures. This
is very valuable information which is sensitive to modifications of the underlying physics, and
which will become fully observationally accessible within the current stage IV cosmological
surveys.

The bispectrum has conventionally been calculated from Eulerian perturbation theory
[5, 10]. The results can be understood as an approximation valid on large scales. They rely
on the linearized system of the continuity, Euler, and Poisson equations. On small scales,
however, this approach ceases to be valid.

In this work, we derive the asymptotic behaviour of the bispectrum on small scales, based
on kinetic field theory. This is done to the lowest order for the full expression, which is the free
theory based on the Zel’dovich approximation [7, 11]. Since its conception, this approximation
has been applied as a first approximation to the evolution of cosmic structures. It describes
particle trajectories as straight lines in a time coordinate which is a non-linear function of
cosmic time, starting from initially correlated positions and momenta. We will only take
momentum correlations into account because they dominate the evolution at moderate and
late cosmic times [7].

The asymptotic behaviour of the bispectrum is important for studying the formation
of small-scale structures like halos, and the gravitational collapse leading to them. It also
provides interesting insight into virialization, understood as the process of turning ordered
into unordered kinetic energy. The bispectrum has also been used for analyzing redshift
distortions, with a focus on moderate scales [12].

While our results to be derived below are based on the Zel’dovich approximation and
thus neglect small-scale gravitational interactions, they provide an important step into the
direction of understanding rigorous and inevitable aspects of small-scale cosmic structures.
As we will show, starting with fairly general assumptions on the initial state, the non-
perturbative approach with respect to the initial correlations reveals a richer dependence at
leading order on the initial power spectrum than expected from the large-scale or even previ-
ous small-scale approximations to the power spectrum [13]. More precisely, the bispectrum
can be approximated as a square of power spectra [5, 10, 14] in a large-scale approximation,
which implies, to leading order, a power-law scaling ∝ k−6 for large wave numbers k, as this is
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expected from the small-scale behaviour of the power spectrum, even beyond the Zel’dovich
approximation [13, 15, 16].

We structure this paper as follows: Section 2 will collect all the methods needed to derive
the asymptotic behaviour of the bispectrum for small scales from KFT, going into different
special cases that need to be considered. It also describes how the free KFT expression can be
evaluated numerically, providing means to validate the derived results. Section 3 contains a
comparison of the full numerical evaluation of the free bispectrum and of the large- and small-
scale approximations to it. Also, physical insight from the resulting formulae is discussed.
Section 4 summarizes our results and ends with an outlook. The Appendix collects detail on
the calculations performed in Sect. 2.

We conclude this introduction with a brief remark on notation. Vectors are denoted
as v , matrices as M. Vector components are labelled as v = (vx, vy, xz)

⊤. When clear
from context, a plain vector q will be used to refer to the six-dimensional collection of two
three-dimensional vectors q2 and q3. Often, the Euclidean norm of a vector k will simply
be denoted by k. We will use the following short-hand notation for integrals,∫

q
=

∫
d3q ,

∫
k
=

∫
d3k

(2π)3
, (1.1)

and the Fourier convention is fixed by

f̃(k) =

∫
q
f(q)e−ik ·q , f(q) =

∫
k
f̃(k)eik ·q . (1.2)

2 Methods

2.1 Free Bispectrum from Kinetic Field Theory

We use kinetic field theory (KFT) to describe cosmic structure formation. For details of its
formalism, we refer the reader to the review [13] which deals specifically with the free theory,
neglecting particle interactions beyond the Zel’dovich approximation.

The bispectrum B is the connected, synchronous, 3-point correlation function of the
density contrast, which can be calculated in KFT from a generating functional Z,

(2π)3δD

(
3∑
i=1

k i

)
B(k2, k3) = ⟨δ1(k1)δ2(k2)δ3(k3)⟩c ≈

N3

ρ̄3
Z[L] , (2.1)

with δ the density contrast, N the total particle number, ρ̄ the mean dark-matter density,
and L a shift vector resulting from applying three density operators to the full generating
functional. We drop the time argument from B for brevity. The linear growth factor D+ is
used as the time coordinate here for convenience, t = D+ − 1, setting t = 0 by normalising
D+ to unity at the initial cosmic time.

With the free generating functional Z0[L] calculated from KFT, the final equation for
the free bispectrum is

δD

(
3∑
i=1

k i

)
B(k2, k3) = δD

(
3∑
i=1

k i

)
e−QD

∫
q12

∫
q13

exp
(
−t2QC

)
ei(k2·q12+k3·q13) (2.2)
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with the Dirac distribution δD ensuring the triangle condition for the k vectors. The exponent
functions are

QD =
σ2
1t

2

6

3∑
i=1

k2
i and (2.3)

QC = k t1Cp1p2(q12)k2 + k t1Cp1p3(q13)k3 + k t2Cp2p3(q12 − q13)k3 . (2.4)

Here, Cpp is the auto-correlation matrix of the initial particle momenta. Since these dominate
the amplitude of cosmic structures by orders of magnitude at moderate and late cosmic times,
it is well justified to ignore density-density and density-momentum correlations [7]. The
momentum auto-correlation matrix is determined by the power spectrum Pψ of the initial
velocity potential by

Cpipj (q) =

∫
k
(k ⊗ k)Pψ(k)e

ik ·q = 13a1(q)− (q̂ ⊗ q̂) a2(q) . (2.5)

The correlation functions a1 and a2 introduced here will turn out to be decisive. The function
a1 is the momentum-autocorrelation function perpendicular to the line connecting the two
momenta, while a1 − a2 is the momentum-autocorrelation function parallel to it. They can
be written as

a1(q) = − 1

2π2

∫ ∞

0
dk P

(i)
δ (k)

j1(kq)

kq
, (2.6)

a2(q) =
1

2π2

∫ ∞

0
dk P

(i)
δ (k) j2(kq) , (2.7)

with P
(i)
δ the initial density contrast power spectrum. Two further comments are in order

on the general form (2.2) of the free bispectrum. Firstly, the integrand without the complex
phase is an even function with respect to a joint reflection of the q vectors. The bispectrum is
thus real-valued, which means that the complex phase can be replaced by a cosine function.
Secondly, due to isotropy, the k vectors can be chosen to point into a direction convenient for
numerical evaluation. We will do so when needed, and then use the convention k2 = k2z êz
and k3 = k3xêx + k3zêz.

Finally, there is an approximation for large scales, i.e., the limit k → 0, which has
been previously derived [17]. The small k justifies an expansion around zero of the exponen-
tial function containing QC in (2.2) up to second order. This allows to fully integrate the
expression, leading to the approximation

B(k2, k3) ≈ F (k2, k3)P
(lin)(k2)P

(lin)(k3) + cyc. (2.8)

with P (lin) the linearly evolved initial power spectrum and the kernel function

F (k2, k3) =

(
1 +

k2 · k3

k22

)(
1 +

k2 · k3

k23

)
. (2.9)

This is structurally similar to the result from Eulerian perturbation theory [5]. The difference
reflects a different way of including self-gravity [7].

In view of this result, it is natural to define the reduced bispectrum as

Q =
B(k2, k3)

P(k1)P(k2) + P(k2)P(k3) + P(k3)P(k1)
, (2.10)
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where P(k) is the power spectrum. This was first introduced in [14]. As we often approximate
B, we need to approximate P as well. To remain consistent, we will approximate it by the
linearly evolved initial power spectrum P(k) ≈ P (lin)(k). This is then also in line with the
approximation in Eq. (2.8). In many scenarios, considering Q instead of B effectively removes
most of the cosmology dependence, especially in the large-scale limit [5].

2.2 Small-Scale Approximation of the Free Bispectrum

Aiming at a small-scale description of the free bispectrum in Eq. (2.2), an approach based on
Laplace-type integrals is possible, used for example in [18–20] for the free power spectrum.
The central argument there rests on the Morse lemma, which allows to approximate the
relevant exponent. This is not possible here, as the Hessian of the exponent is singular. Thus
we will apply a method based the splitting lemma of functions. Since that exists in several
variants [21–23], we will focus on the presentation in terms of power series as in [24].

Let C{x1, . . . , xn} be the ring of convergent power series with the standard norm, and
let ord(f) be the order of the power series f ∈ C{x1, . . . , xn}, i.e. the lowest sum of exponents
of monomials with non-zero coefficients. Let H(f)(x ) denote the Hessian of f at x , where x
is the collection of all variables x1, . . . , xn.

Then, the splitting lemma states that, for f ∈ C{x1, . . . , xn} with ord(f) ≥ 2 and
rank(H(f)(0)) = k, f can be represented as

f ∼ x21 + · · ·+ x2k + g(xk+1, . . . , xn) , (2.11)

with g ∈ C{xk+1, . . . , xn}, and ord(g) ≥ 3 or g = 0. This g is uniquely determined up to
right equivalence, where right equivalence and the ∼ symbol refer to local biholomorphic
coordinate transformations.

For a proof of this lemma, see e.g. [24]. It relies on the critical point at zero being
isolated, which then implies that the series is finitely determined. This is defined as follows:
for a finitely determined power series f , there exists a degree n such that for all power series g
with terms identical to f up to degree n, this immediately implies f ∼ g. Also, the proof has
been extended to the real domain, with the only difference that signs have to be considered
in front of the monomials [25].

In this form, however, the lemma does not yet help with the integral we wish to calculate.
Nonetheless, its constructive proof can be followed in parts to transform the integral into a
helpful representation. The forms defined in Eqs. (2.3) and (2.4) add up to

Qf = QD + t2QC , (2.12)

which has a critical point at zero and also evaluates to zero at q = 0, using q = (q1, . . . , q6)
as the 6-dimensional collection of q12 and q13. The calculation is carried out in Appendix A.
The Hessian at q = 0 is given by (using isotropy to reduce the dependence on the full k2, k3

to 3 components)

H =
t2σ2

2

15

(
H22 H23

H32 H33

)
(2.13)

with the component matrices

Hab = ka ⊗ k b + k b ⊗ ka + 13 (ka · k b) , a, b ∈ {2, 3} . (2.14)

This Hessian H has a rank of 5 out of a possible 6, hence corank 1, if k3x ̸= 0. This
makes it particularly easy because the splitting lemma then implies that five variables can be
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separated into a Gaussian in the integral and only one variable remains in a more complicated
expression. For k3x = 0, the corank increases to 3, but this corresponds to a configuration
with parallel k2 and k3, hence to a degenerate configuration, as the spanned triangle has
zero surface area. This will be treated separately in Sect. 2.4.

The key condition of the splitting lemma, i.e., that the critical point be isolated, is also
shown in Appendix A. This is in general quite difficult to establish, but can be calculated
explicitly in the non-degenerate case.

The last prerequisite is then to rewrite Qf from (2.12) as a convergent power series in
the neighbourhood of the critical point q = 0. We adopt from [18, 19] the power series

a1(q) ≈ −σ2
1

3
−

∞∑
n=1

σ2
n+1(−q2)n

(2n+ 3)(2n+ 1)!
, (2.15)

a2(q) ≈ q2
∞∑
n=0

σ2
n+2(−q2)n

(2n+ 5)(2n+ 3)(2n+ 1)!
, (2.16)

of the momentum-correlation functions a1, a2 for q → 0, with the moments for n ∈ N

σ2
n =

1

2π2

∫ ∞

0
dk k2n−2P

(i)
δ (k) . (2.17)

It is also shown in [18, 19] that the power series expressions for a1, a2 are convergent for the
case that the initial power spectrum has an exponential cut-off. This cut-off is introduced to
keep the moments σ2

n finite for all n ∈ N. We will use an exponential cut-off of the following
form

P
(i)
δ → P

(i)
δ e−

k
ks , (2.18)

with which we can then rewrite Qf as a convergent power series in a neighbourhood of q = 0.
The first transformation in the proof of the splitting lemma rewrites the quadratic part

of the power series in the desired form. Applying Sylvester’s law of inertia, a basis can be
found such that H is a diagonal matrix with the only entries −1, 1, and 0. Relaxing this
condition slightly such that the columns of the transformation matrix T become simpler and
T has det(T) = 1, the result is

T =



1 0 0 −k3z
k2z

0 −k3x
k2z

0 1 0 0 −k3z
k2z

0

0 0 1 − k3x
3k2z

0 −k3z
k2z

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


. (2.19)

This matrix is dimension-less because it contains only ratios of physical quantities. The
Hessian H after transformation is then

1

2

(
T⊤HT

)
=

t2σ2
2

30
diag

(
k22z, k

2
2z, 3k

2
2z,

8k23x
3

, k23x, 0

)
=: D . (2.20)

Note that the diagonal entries do not represent the eigenvalues of H, nor is T an orthogonal
matrix. This is then applied to Qf as a coordinate transformation q 7→ q =: Tq ′, which
leaves the last coordinate q′6 = q6 = q13z unchanged.
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The desired form of Qf requires further transformations. This follows from the observa-
tion that, after applying T to Qf , the form can be abstractly written in terms of the partially
new variables q ′ as

5∑
a=1

Daa · (q′a)2 + g(4)
(
q′6
)
+

5∑
a=1

q′a · h(3)a (q ′) , (2.21)

where the Daa are components of the matrix D from before, g(4) ∈ C{x} with ord(g) ≥ 4 and

h
(3)
a ∈ C{x1, . . . , x6} with ord(h

(3)
a ) ≥ 3 for a ∈ {1, . . . , 5}. Only the third term is problematic

as it does not separate q′6 from the rest of the variables. Applying the transformation (slightly
modified from the original reference to account for T with det(T) = 1)

q′a 7→ q′a =: q
′′
a −

1

2Daa
h(3)a (q ′′) for a ∈ {1, . . . , 5} ,

q′13z 7→ q′′13z := q′13z .

(2.22)

pushes the mixed term into higher degrees,

5∑
a=1

Daa (q
′′
a)

2 + g(4)(q′′6) + g(6)(q6) +
5∑

a=1

q′′a · h(5)a (q ′′) , (2.23)

with g(6) ∈ C{x} with ord(g) ≥ 6 and h
(5)
a ∈ C{x1, . . . , x6} with ord(h

(5)
a ) ≥ 5 for a ∈

{1, . . . , 5}. Reapplying another transformation based on this form continues this process,
which terminates due to the prerequisite of the critical point being isolated. Note that all
subsequent transformations are the identity to leading order.

In a final step, note that all convergent power series with a non-zero constant term are
invertible. As the residual term g(4) has a non-zero term of degree four, it is possible to write

g(q6) :=
∞∑
n=2

g(2n)(q6) = c · q46 · u(q6) (2.24)

with c ∈ R and u ∈ C{x} with g(0) = 1. Then the coordinate change

q′′a 7→ q′′a for a ∈ {1, . . . , 5} ,

q′′6 = q6 7→ q̃6 =:
4
√

u(q6) · q6
(2.25)

removes u completely. The Jacobian determinant of this transformation is unity to first
order because the constant term of u is unity. Thus all the transformations leave the integral
measure invariant to leading order. In the end, this leaves five variables in Qf which appear
quadratic, and only one with a quartic dependence.

As all the transformations are explicitly given, they can be performed on Qf in appro-
priately truncated form. This is done here with the help of Mathematica [26], especially to
verify the cancellations at higher order.

The final result for Qf after applying the modified splitting lemma is

Qf ≈ t2σ2
2

30

(
k22z
(
q2
12 + 2q212z

)
+

k23x
3

(
8q213x + 3q213y

))
+

t2σ2
3

280

q413z
k22z

(
k43x + 6k23xk

2
3z + k22z(k

2
3x + 5k23z) + 5k43z + 2k2z(3k

2
3xk3z + 5k33z)

) (2.26)
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as q → 0. All variables q ′′ have been implicitly renamed to their former names. Taking
effects into account only to leading order, the phase transforms only under T as

k2zq12z + k3xq13x + k3zq13z 7→ k2zq12z +
2

3
k3xq13x . (2.27)

In this form, the transformed variables can be integrated over with standard techniques
because all integration variables are decoupled. The final result is

Bk→∞(k2, k3) =
c0 · e−

15
4
(t σ2)

−2

(t|σ2|)5
√

t|σ3| 4
√
c4(k2, k3) k23x|k2z|

5
2

, (2.28)

valid for large k, with the numerical coefficient c0 and the quartic polynomial c4(k2, k3) given
by

c0 = 900
√
3

4
√
7000 π

5
2 Γ

(
5

4

)
≈ 2.2609 · 105 , (2.29)

c4(k) = k43x + 6k23xk
2
3z + 5k43z + k22z

(
k23x + 5k23z

)
+ 2k2z

(
3k23xk3z + 5k33z

)
. (2.30)

This formula gives a concise description for the free bispectrum at large k, but it only
represents the leading order. Higher orders will be dealt with in the next Section.

The power-law scaling is more apparent in the equilateral configuration k2 = k · êz,
k3 =

√
3k
2 êx − k

2 êz

Bequi
k→∞(k) =

4 4
√
2 c0 e

− 15
4
(t σ2)

−2

3 (t|σ2|)5
√
t|σ3| k

11
2

. (2.31)

This scaling behaviour extends to other triangle configurations with fixed angles and varying
size k.

2.3 Asymptotics Beyond Leading Order

Having an asymptotic expansion beyond leading order is helpful for several reasons. Firstly,
this will improve the accuracy of the asymptotic expansion, seen as an approximation to the
full expression, in the transition regime towards large k. Secondly, this will give an estimate
of the expected error of the approximation, and with this, an expected domain of validity.

In the last Section, higher orders might have been taken into account on several occa-
sions:

1. The first transformation based on the Hessian is exact and no approximations were
used.

2. The subsequent transformations are the identity only to leading order. Their Jacobian
effectively adds a polynomial in front of the exponentials.

3. The subsequent transformations transform the complex phase as well.

4. The final transformation based on g(q13z) can be taken into account beyond leading
order.
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In principle, the second and third points could make it impossible to calculate any higher
orders, as arbitrarily many transformations would have to be taken into account. However,
the transformations in Eq. (2.22) will always have a part linear in q, but the next order will
increase with each successive transformation.

We will now calculate the next two orders in k. The details can be found in Appendix B.
The resulting expression for general k configurations is long, thus we leave this to the Ap-
pendix. For an equilateral k configuration, the next-order result is

BNO,equi
k→∞ (k) ≈ 32

4
√
8 · 72 cNO

0

3

e−
15
4
(t σ2)

−2

fNO
equi(k, σ, t)

t9 |σ2|11 k7
√
t|σ3| k

, (2.32)

with the function fNO
equi encoding the different k orders

fequi =
√
35Γ

(
9

4

)(
2688 t4k2σ6

2 + 5σ2
3(3582σ

2
2t

2 − 5995)
)
− 2400 Γ

(
11

4

)
t3 k σ2

2 |σ3| (2.33)

and the constant

cNO
0 =

15
√
3 4
√
5 π

5
2

224
4
√
143

≈ 0.419204 . (2.34)

This reveals that three orders in k occur, namely k−15/2, k−13/2, and k−11/2. The result thus
incorporates two corrections to the leading-order expression. The different orders of the free

bispectrum are called B(0)
k→∞, B(1)

k→∞, and B(2)
k→∞, together summing up to BNO

k→∞.
The k where the zeroth and first order meet in the equilateral configuration is given by

k0=1
equi =

5
√
5(56σ4

2σ
2
4t

2 + 27σ4
3(2σ

2
2t

2 − 15))Γ
(
7
4

)
864

√
7σ4

2σ
3
3t

3Γ
(
9
4

) ≈ 7.06hMpc−1 . (2.35)

Intersections like this can be calculated for any given triangle configuration and give an
expected wave number from which onwards the asymptotic description should be applicable.

2.4 Asymptotics for Degenerate Configurations

We will finally analyze degenerate configurations of the k vectors of the free bispectrum, i.e.,
triangle configurations with zero surface area. The cases of either one of the wave vectors
k i being entirely zero will not be treated here, as this requires an analysis of the neglected
shot-noise contributions from Eq. (2.1).

Then only one degenerate case remains: Taking k3x = 0, the vectors k2 and k3, and
thus k1, become parallel. The only remaining relevant components are k2z and k3z. The
restriction k2z + k3z ̸= 0 must be imposed, however, otherwise k1 would vanish.

This case is important to examine because the asymptotic description in previous Sec-
tions breaks down for parallel configurations, indicated by the divergence of Eq. (2.28) when
setting k3x = 0. As argued in the accompanying discussion, originally in [5], an increase
in amplitude of the bispectrum for parallel configurations means that such configurations
contribute more in terms of structure formation. This shape dependence will be investigated
further in the following Section.

In this k configuration, the Hessian matrix H at the critical point zero is the same as
before, but with k3x = 0. Its rank and corank are then 3, which is somewhat problematic,
as the left-over polynomial g in the splitting lemma becomes significantly more complicated.
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The critical points are never simple for corank 3 and thus easy normal forms exist only for
special cases [24, 27]. Nevertheless, the transformations in the proof of the splitting lemma
turn out to be useful in this approximate, asymptotic setting.

In principle, the same steps have to be followed as before. The details can be found in
Appendix C. The result has the form

B∥
k→∞(k2, k3) ≈

c
∥
0 · e−

5
2
(t σ2)

−2

(t|σ2|)3 |t σ3 k2z k3z(k2z + k3z)|
3
2

, (2.36)

with the numerical coefficient

c
∥
0 = −150

4
√
5 · 143 π

5
2 Γ

(
−1

4

)
2F1

(
1

2
,
3

4
;
3

2
,−4

)
≈ 87 400 . (2.37)

To see the scaling behaviour and to make the connection to non-parallel configurations, define
a special one: take k2 and k3 to be of the same length and pointing into the same direction.
Call this new length again k, then simply k2z = k, k3z = k, and k1z = −2k holds. In this
case, the free bispectrum becomes

B∥,special
k→∞ (k) ≈ c

∥
0

2
√
2

e−
5
2
(t σ2)

−2

(t|σ2|)3 |t σ3|
3
2 |k|

9
2

. (2.38)

Compared to Eq. (2.31), this shows a power-law scaling with k of only −9/2 rather than
−11/2 before, which is a significant increase in overall amplitude. In similar ways, the
scaling with respect to t is t−9/2 exp(−t−2). Also the powers of the σ have been rearranged,

where now it is σ−3
2 exp(−σ−2

2 )σ
−3/2
3 , to before σ−5

2 exp(−σ−2
2 )σ

−1/2
3 .

2.5 Comment on Higher N-Point Correlation Functions

The asymptotic calculations performed here, based on the splitting lemma, can also be ap-
plied to higher n-point correlation functions, such as the trispectrum. The corank of the
Hessian is then larger than 1, making computations more complicated. Also, there are more
possibilities to form degenerate k vector configurations which then need separate investi-
gations. In the case of the trispectrum, we were still able to calculate the leading order
asymptotic terms.

2.6 Numerical validation

Having used the splitting lemma to derive the asymptotic limit of the free bispectrum for
large k, we proceed to numerically evaluate the full expression for the free bispectrum. For
this purpose, we wrote code in C++ 1, using the GNU scientific library (GSL) [28].

The final form of the free bispectrum is given in Eq. (2.2), which can schematically be
written as

B(k2, k3) =

∫
q12

∫
q13

e−QD e−QC ei·ϕ (2.39)

with the damping QD, the quadratic form free of damping QC , and the Fourier phase ϕ
defined in Eq. (2.3) and Eq. (2.4). The triangle condition for the k is implicit here.

1This code can be found in this repository: GitLab ITP.
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Figure 1. The absolute value of the integrand of the bispectrum (cf. Eq. (2.2)) is shown in the three
panels. In the top left one, the integrand is plotted along the q12x axis which is non-oscillating. The
bottom panel shows the integrand along the q13z axis, on which the behaviour is expected to go with
∼ exp(−x4). The right panel shows the integrand along a random direction in q -space.
The Bardeen power spectrum [29] and an equilateral k configuration are used. The integrand has
been transformed based on a transformation of the Hessian of the exponent of the integrand of the
bispectrum. The dashed lines show the integrand’s asymptotic approximation by the splitting lemma.
For large triangle sidelengths k, the agreement of the approximation and the original integrand can
be seen in all directions.

This is in principle a six-dimensional integration over an oscillating integrand, which
is numerically challenging. Initial tests showed that in this form, the slight differences be-
tween a quadratic and quartic Gaussian could not be seen well enough. Thus, the linear
transformation of coordinates into a diagonal system for the Hessian of the quadratic form
was applied. As the change of coordinates is linear, it can be implemented exactly. The
transformed integrand can be seen in Fig. 1. The figure also shows the prediction derived
from the splitting lemma as a dashed line.

Calculating QC needs the momentum auto-correlations. These can be calculated com-
pletely from the functions a1(q) and a2(q). Asymptotic descriptions exist, but the function
values need to be available in all regimes. The code interpolates the function values across the
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necessary domain, so that the workload is reduced drastically in the subsequent numerical
integration. The code also uses the asymptotic description in the appropriate limits, as the
numerical integration becomes unstable for small values of q. In the asymptotic regime, the
series was evaluated up to fourth order, i.e., up to the q8 term.

Due to the high dimension of the integration, the Monte-Carlo VEGAS algorithm in its
GSL implementation was chosen as it produces consistently better results than the MISER
and plain variants. To ensure absolute convergence of the integrand, several Taylor orders
were subtracted from the exponential as in

e−QD

(
e−QC − 1 +QC − 1

2
(QC)

2

)
cos(ϕ) . (2.40)

We have already used here that the integrand represents an overall even function, so the
imaginary part of the phase cancels. This procedure has almost no effect for large k values,
but it severely damps the integrand for low k as this procedure effectively just subtracts
the small k approximation of the bispectrum shown before in Eq. (2.8). As the analytical
result of the integration of these Taylor orders is already well-known, it can be restored after
numerical integration.

While the integration domain is unbounded, numerical integration cannot deal with it
as is. The integrand needs to fall off sufficiently quickly, otherwise the integral would be
divergent. Two options exist then: one can either map the infinite domain into a finite
one by coordinate transformation, or integrate only up to a finite boundary that is set such
that the integrand is so small that the remaining contribution to the integral is negligible.
Here the latter option was chosen. Setting these limits correctly is important. If chosen too
large, the density of sampled points would drop quickly, requiring an extraordinary amount
of computing power. Additionally, the central peak at zero is important, but the volume
of its support can quickly vanish in relation to the total integration volume, as the volume
increases rapidly in six-dimensional space. However, setting the volume too small cuts off
important parts of the function.

With this in mind, the following system for setting the integration domain was imple-
mented. The idea was that, in the large k limit, the integrand can be well described by a
Gaussian. When this does not apply, the oscillations can be used to define a point after
which the integral probably cancels.

We thus introduce two parameters, pfall-off and pmax. osc.. The first is set to a level relative
to the central peak of the integrand at zero, after which the integrand can be negligibly small.
We mostly set pfall-off = 10−4. The second parameter describes after how many oscillations
the integration can be assumed to cancel itself. We mostly used pmax. osc. = 12, which
produced stable results.

Note that the application of the linear transformation put the quartic Gaussian on the
q13z axis, and that it is now possible to set specific limits for it, which would have been
significantly harder without the transformation. Using all this sets the upper bound for
integration. The lower bound is simply chosen as the negative of the upper bound.

Generally, the code writes all the choices and parameter values into a log-file, so close
monitoring of the process is possible and adjustments can then be made on an informed basis.
More detail on the parameters can be found in Appendix D.
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Figure 2. The left panel shows the numerical integration result of the free bispectrum, with asymp-
totic approximations for k → 0 and k → ∞. The right panel shows the reduced bispectrum, where
the bispectrum is normalized with the square of the linearly evolved power spectrum. The bottom
figures show the relative deviation with respect to the numerical result. The k vector configuration
used is an equilateral triangle with side length k. The initial power spectrum is taken as the Bardeen
power spectrum [29].

3 Results

The main result of this paper is the asymptotic behaviour of the free bispectrum. Its analytic
calculation was confirmed by direct numerical computation. The result can be seen in Fig. 2.
There the typical behaviour of asymptotic series become apparent: while providing a better
approximation in a certain regime, the farther the point is from the expansion point, the worse
the higher-order approximation gets. This is because in general, asymptotic series tend to
be divergent. In the small-scale regime, the relative deviation between numerics and small-
scale asymptotics seems to level off, which is most probably due to issues in the numerical
integration. In the small-scale regime of the reduced bispectrum Q it is important to see that
the curve does not level off at a constant value as expected from large-scale approximations
[5, 10, 30], but retains a residual k1/2 dependence due to the non-perturbative degeneracy.

Another interesting feature to investigate is the dependence of the bispectrum on the
shape of the k -vector configuration. This can be found in Fig. 3. Here, two special parametriza-
tions are used:

1. An isosceles configuration with constant circumference. To enforce the isosceles condi-
tion, set k3z = −k2z

2 . This then implies, using the angle π − α, α ∈ [0, π2 ] between k2

and k3 and the total circumference U = |k1|+ |k2|+ |k3|

k2z =
cos(α)

1 + cos(α)
U , k3x = tan

(α
2

) U

2
. (3.1)

Note that the limit α = 0 can be described by the parallel configuration result while
α = π

2 cannot, as there k2 = 0. Schematically, this can be draw as (k1 is completely
determined through the δD(−) triangle condition):
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Figure 3. Both panels show the dependence of the reduced bispectrum Q on the k configuration.
The left panel is an isosceles configuration, with changing angle π − α between k2 and k3 while
keeping the total circumference U = |k1|+ |k2|+ |k3| = 4000hMpc−1 constant. The right panel keeps
|k2| and |k3| constant, with |k2| = 2|k3| = 1000hMpc−1. The reduced bispectrum in the large-scale
approximation Qk→0 is rather insensitive to cosmology, specifically there is no dependence on time
or overall k-scale in this lowest order approximation [5]. The values of the large-scale approximation
had to be rescaled such that both results fit in the same plot.

k2

k3k1

α
π−α

2. A configuration in which |k2| and |k3| are kept constant. Furthermore, the condition
|k2| = 2|k3| is imposed. The configuration can then be parameterized by k = |k2| and
the angle α ∈ [0, π] is between k2 and k3. This can then be described by

k2z = k , k3x = sin(α)
k

2
, k3z = cos(α)

k

2
. (3.2)

Note that here both extremal cases α = 0 and α = π can be described via the formula
(2.36) for B∥

k→∞. Schematically, this can be draw as (k1 is completely determined
through the triangle condition):

k2

k3

k1

α

Especially the second configuration has been used extensively in the literature [5, 12, 30].
Looking at the case of varying angle, but keeping the circumference constant, the isosce-

les configuration forms a local maximum. Analytical calculations show as well that this occurs
at α = π

3 . In the bispectrum this is actually a global minimum, but turns into a local max-
imum in the reduced bispectrum. With the interpretation from [9], this means that in the
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Zel’dovich picture at this wave number, filaments with a circular cross section are slightly
more abundant than those with elliptical ones. Generally, as the overall sign of the free
bispectrum is positive, this indicates that the cosmos is filled with higher overdensities and
rather mild, extended underdensities [9]. In the constant armlength configuration, a mini-
mum can also be calculated, but a specific interpretation for the angle is not known to the
authors.

In both configurations, the reduced bispectrum for parallel configurations is an order of
magnitude higher than the typical value of Q for in the middle of the α-range. Additionally,
the large-scale approximation leads to a reduced bispectrum that is far more insensitive to
cosmology and time [5, 10] than the small-scale result, which explitly depends on the overall
scale and time, and on cosmological parameters through the moments of the initial density
power spectrum.

Finally, following the analysis of time dependence in [13], define the time

τ22 = t2 · σ2
2 . (3.3)

The time dependence of the power spectrum could be fully expressed by this coordinate in
the small-scale regime. For the free bispectrum, due to the degeneracy in the critical point,
even to lowest order σ2

3 plays a relevant role. Figure 4 shows the time dependence of the
small- and large-scale approximations to the reduced bispectrum.

Two specific configurations are singled out here: the equilateral and the special-parallel
(k = k2z = k3z) case, both with the same circumference of 3000hMpc−1. Using the interpre-
tation of [9], these correspond to filaments and pancakes. Note that for these configurations,
the large-scale approximations become completely insensitive to the power spectrum used,
as that divides out. Thus also all time dependence is lost in this lowest-order approximation.

The small-scale approximation shows interesting behaviour however. Just as expected
from the eigenvalue distribution of the Zel’dovich tensor [31], the collapse of the homogeneous
background happens first along one axis, leading to pancake-like structures, which can then
further collapse to filaments [11]. This is reflected in the overall higher values for the parallel
configuration and its steeper rise.

Analytical calculations also show that the position of the maxima are independent of
the higher moments, and given by

argmaxτ22

(
Qequi
k→∞(τ22 )

)
=

15

11
, argmaxτ22

(
Q

∥
k→∞(τ22 )

)
=

10

9
. (3.4)

These are universal with respect to the initial power spectrum and cut-off used, in
the sense that the only dependence is in σ2

2, which is absorbed into the time coordinate
τ22 . Again, the parallel configurations reaches its maximum earlier, as expected from the
Zel’dovich model.

4 Summary and Outlook

The main result of this paper is the asymptotic behaviour of the free bispectrum, i.e., the
bispectrum within the Zel’dovich approximation. This is based on the following assumptions:

• The initial density perturbation field is a Gaussian random field with an appropriate
small-scale behaviour, i.e., its moments converge;
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Figure 4. The figure gives the value of the reduced bispectrum for two configurations as a function of
time τ22 = t2σ2

2 . The first configuration is the equilateral one, corresponding to cosmic filaments. The
second one is a parallel one, corresponding to pancakes [9]. The large-scale approximation, to lowest
order, is completely insensitive to the used cosmological model and time, in these k configurations.
The small-scale asymptotics gives an interesting growth of different structures within the Zel’dovich
picture. The dots in the plot indicate what would correspond to the current cosmic time, given
different values of σ2

2 due to different cut-offs ks. The squares indicate the maximum amplitude,
which are shown to be independent of the higher moments σ2

n>2.

• The cosmic time is late enough for the momentum-momentum correlations to dominate
density-density and density-momentum correlations;

• The wave numbers are sufficiently large. This can be estimated through the intersection
of the leading order and next-to-leading order asymptotics.

Then the following formula shows the universal form of the free bispectrum for large k

Bk→∞(k2, k3) =
c0 · e−

15
4
(t σ2)

−2

(t|σ2|)5
√

t|σ3| 4
√
c4(k2, k3) k23x|k2z|

5
2

, (4.1)

with the numerical coefficient c0 and the quartic polynomial c4(k2, k3) given by

c0 = 900
√
3

4
√
7000 π

5
2 Γ

(
5

4

)
≈ 2.2609 · 105 , (4.2)

– 16 –



c4(k) = k43x + 6k23xk
2
3z + 5k43z + k22z

(
k23x + 5k23z

)
+ 2k2z

(
3k23xk3z + 5k33z

)
. (4.3)

Higher-order corrections are derived as well in Sect. 2.3. This formula holds for triangle
configurations of the k vectors that are non-degenerate, i.e., have k3x ̸= 0 and all k non-zero.
A similar result for parallel configurations was derived as well in Sect. 2.4.

This asymptotic result was then confirmed by direct numerical computation of the free
bispectrum2. Looking at specific configurations with only one scaling parameter k gives the
following behaviour:

• For all components k3z, k3x, k3z large, the overall power law exponent is −11/2;

• For parallel configurations with k1 ̸= 0 and k2z, k3z large, the overall power law expo-
nent is −9/2.

Using the interpretation of [9] of what these structures look like in real space allows to iden-
tify the connection of equilateral triangles with filamentary structures, and specific parallel
configurations with pancakes. We then investigated the growth of these different types of
structure and found an early preference for pancake-like structures, as expected from the
Zel’dovich model of gravitational collapse. Additionally, there was a richer dependence on
the initial power spectrum, compared to the Zel’dovich power spectrum in the small-scale
limit: its dependence on σ2

3 to leading order due to the non-perturbative degeneracy means
that there is also a richer dependence on cosmological parameters and the initial cut-off scale
ks used for the initial power spectrum (2.18).

We also investigated the overall shape dependence of the reduced bispectrum in this
small-scale approximation. We found that there is a higher residual dependence on cosmology
and time compared to lowest-order large-scale computation. We also note here that parallel
configurations had a significantly higher amplitude, and that the equilateral configuration
forms a small local maximum when varying the angle of the configuration while keeping the
circumference constant.

The result can be extended in two directions: Firstly, other initial correlations beyond
momentum-momentum correlations were neglected. Inclusion of those would be in principle
interesting, but including them into the Zel’dovich power spectrum has shown in other con-
texts that they are only relevant close to the initial time. Nevertheless, especially for other
versions of KFT, such as resummed KFT [32], getting this correctly for small t would be
important.

Secondly, including more gravitational interactions relative to the Zel’dovich trajectories
would be very interesting. In this perturbative sense, this result here provides the lowest-
order term. Already here we see an interesting effect from treating the initial correlations
non-perturbatively, and it would be important to see how this persists when including more
interactions. Especially for investigations into virialization this becomes important: When
the kinetic energy becomes completely unordered on small scales, the reduced bispectrum is
expected to loose all dependence on the shape of the triangle configuration [30]. Here however,
we do not see this behaviour. The reduced bispectrum retains the overall dependence on the
wave number k through a residual k1/2, as the free bispectrum does not scale with k−6 on
small scales as expected from large-scale perturbation theory.

2This implementation and other computations are available at: GitLab ITP.
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A Checking the Requirements for the Splitting Lemma

This Section shows the calculations on why the splitting lemma can be applied to Qf in the
first place, defined in Eq. (2.12). These are:

1. Qf has a critical point at q = 0

2. Qf evaluates to zero at q = 0

3. The critical point of Qf in q = 0 is isolated

4. Qf can be written as a convergent power series in a neighbourhood of q = 0

Before point 3, this Section will also provide details on how to calculate the Hessian of Qf

at zero.

A.1 Critical Point

This Section will calculate the derivative of the quadratic form Q(l) for general l ∈ N \ {1}.
This quadratic form arises when calculating not only the bispectum (l = 3), but higher
l-point correlators.

The quadratic form is given by

Q(l) =
t2

2

σ2
1

3

l∑
i=1

k2
i + t2

l∑
i=2

k⊤
1 Cpp(q1i)k i + t2

l−1∑
i=2

l∑
j=i+1

k⊤
i Cpp(q1i − q1j)k j . (A.1)

The derivative is taken with respect to q1a,m, the m-th component of q1a, for a ∈ {2, . . . , l}
and m ∈ {1, 2, 3}. Clearly, the first part of the sum is a constant for the q derivative, so the
derivative is given by

∂

∂q1a,m
Q(l) = t2

∂

∂q1a,m

 k⊤
1 Cpp(q1a)ka +

l∑
i=2
i ̸=a

k⊤
i Cpp(q1i − q1a)ka


= t2

∂

∂q1a,m

l∑
i=1
i ̸=a

k⊤
i Cpp(q1i − q1a)ka

= −t2
l∑

i=1
i ̸=a

∫
k
(k i · k)(ka · k)Pψ(k) sin(k · (q1a − q1i)) (k)m ,

(A.2)

where (k)m denotes the m-th component of the vector k . Going from the second to the third
line, it was used that q11 = 0, so the expression could be put neatly into one sum. For the
last expression it was used that the Fourier phase can be written as a cosine because Cpp is
an even function.

In this form, it is clear to see that for q1a = 0 ∀ a ∈ {2, . . . , l}, the derivative vanishes.
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A.2 Value at Critical Point

Based on the form of the correlations Cpipj (q) in equation (2.5), it is easy to see that

Cpipj (0) = 13a1(0) = 13
σ2
1

3
. (A.3)

Plugging this into the quadratic form gives

Q(l)|q=0 =
t2

2

l∑
i=1

k i

l∑
j=1

Cpp(0) k j =
t2σ2

1

6

l∑
i=1

k i

l∑
j=1

k j = 0 , (A.4)

which equates to zero because of homogeneity enforcing the δD

(∑l
i=1 k i

)
condition for the

k vectors.

A.3 Convergent Power series

The quadratic form Q(l) can be written as a power series in q with use of the expansions
of the a1 and a2 functions given in equations (2.15)-(2.16). The series has been shown to be

convergent for models with an exponential cut-off in the initial power spectrum P
(i)
δ (k)e−

k
ks

[18]. This cut-off is needed to make the moments of the initial power spectrum finite.

A.4 Hessian

The Hessian of the quadratic form Q(l) is used multiple times in this thesis. We will again
show the result for general l ∈ N \ {1}, the bispectrum corresponds to l = 3.

For a, b ∈ {2, . . . , l}, m,n ∈ {1, 2, 3}, the Hessian is given by

∂2Q(l)

∂q1a,m∂q1b,n
= t2

∂2

∂q1a,m∂q1b,n

 l∑
i=2

k⊤
1 Cpp(q1i)k i +

l−1∑
i=2

l∑
j=i+1

k⊤
i Cpp(q1i − q1j)k j


= t2

∂2

∂q1a,m∂q1b,n

k⊤
1 Cpp(q⃗1a)kaδab + δab

l∑
j=2
j ̸=a

k⊤
a Cpp(q1a − q1j)k j +

+ (1− δab) k
⊤
a Cpp(q1a − q1b)k b


= t2

∂2

∂q1a,m∂q1b,n

δab l∑
j=1
j ̸=a

k⊤
a Cpp(q1a − q1j)k j +

+ (1− δab) k
⊤
a Cpp(q1a − q1b)k b

 ,

(A.5)

where we removed all terms that did not depend on the variables in the partial derivatives.
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With these simplifications, the Hessian in zero can be calculated as

∂2Q(l)

∂q1a,m∂q1b,n

∣∣∣∣
q=0

= t2
∂2

∂q1a,m∂q1b,n

∣∣∣∣
q=0


δab

l∑
j=1
j ̸=a

∫
k
(ka · k)(k j · k)Pψ(k) cos

(
k · (q1a − q1j)

)
+

+ (1− δab)

∫
k
(ka · k)(k b · k)Pψ(k) cos(k ·(q1a − q1b))


= t2

[
δab

∫
k
(ka · k)(ka · k)Pψ(k)(k)m(k)n+

+ (1− δab)

∫
k
(ka · k)(k b · k)Pψ(k)(k)m(k)n

]
= t2

∫
k
(ka · k)(k b · k)Pψ(k)(k)m(k)n ,

(A.6)

where (k)m denotes the m-th component of the vector k . In performing the derivative and
setting q = 0, the j-dependence becomes very simple. This made it possible to use the overall
Dirac delta condition,

∑l
i=1 k i = 0, to get rid of the sum. Before that, it was used that the

complex phase could be rewritten as a cosine, because Cpp is even. To continue evaluating,
use the formulae for m ̸= n∫

k
k2mk2nPψ(k) =

∫
k

k2mk2n
k4

Pδ(k) =
1

15
σ2
2 , (A.7)∫

k
k4mPψ(k) =

∫
k

k4m
k4

Pδ(k) =
1

5
σ2
2 , (A.8)∫

k
kmknk

2
pPψ(k) = 0 . (A.9)

These relations can be found by direct computation using spherical coordinates. Then they
can be used to rewrite the equation from before as

= t2
∫
k
(k)m(k)nPψ(k)

[
ka,xkb,xk

2
x + ka,ykb,yk

2
y + ka,zkb,zk

2
z+

+(ka,xkb,y + ka,ykb,x)kxky + (ka,xkb,z + ka,zkb,x)kxkz + (ka,ykb,z + ka,zkb,y)kykz
]

=
t2 σ2

2

15
[δmn (ka · k b + 2 · ka,mkb,m) + (1− δmn) (ka,mkb,n + ka,nkb,m) ]

=
t2 σ2

2

15

[
(ka,mkb,n + ka,nkb,m) + δmn k⃗a · k⃗b

]
.

(A.10)

Writing the m, n indices as blocks of the Hessian matrix gives the final expression

∂2Q(l)

∂q1a,m∂q1b,n

∣∣∣∣
q=0

=
t2 σ2

2

15

(
k⃗a ⊗ k⃗b + k⃗b ⊗ k⃗a + (k⃗a · k⃗b)13

)
m,n

. (A.11)
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A.5 Isolated Critical Point

This Section will address the last point in the list of prerequisites. Namely that the critical
point in q = 0 is isolated, i.e., there is no other critical point infinitesimally close to zero.
This is in general a hard problem as the interest is in the typical behaviour in relation to
the k parameters in the sense that there might be a very particular configuration that shows
degeneracies, but all other configurations are fine. There is a mathematically precise way of
analyzing this based on [22], a typicality argument based on René Thom. A formal argument
for the general Q(l) is beyond the scope of this work however.

This Section will focus on the specific case of the bispectrum in a non-degenerate k
configuration: k2z ̸= 0, k3x ̸= 0, k2z + k3z ̸= 0. This is the main interest of this work and will
turn out to be easier to compute as the Hessian has corank 1.

Looking at the quadratic form Qf in equations (2.3)-(2.4), the first impulse is to expand
it for small q . This however yields an approximation of the type

Qf ≈ 1

2
q tHq , (A.12)

with q the 6-dimensional variable vector and H the Hessian matrix of Qf in q = 0. As
noted in the main part, rank(H) = 5, thus there is a straight line of critical points in this
approximation.

This can be used as an advantage: calculate the 1-dimensional kernel ofH and then check
that the derivative does not vanish on this line any longer for a higher-order approximation
of Qf .

Doing this, it is straightforward to see that

ker(H) = span(qker) := span

((
−k3x
k2z

, 0,−k3z
k2z

, 0, 0, 1

)t)
(A.13)

is the explicit description for the kernel. Using an approximation up to fourth order in q of
Qf , calculate the derivative and look at

∂Qf

∂q

∣∣∣∣
q=ϵqker

=
σ2
3t

2ϵ3

210k22z

(
−k2zk3x(k

2
2z + 2k23x + 6k2zk3z + 6k23z), 0,−k2z(k2z+

+ 2k3z)(3k
2
3x + 5k3z(k2z + k3z)), k3x(3k2zk

2
3x + 4(k22z + k23x)k3z+

+ 9k2zk
2
3z + 4k33z), 0, k

4
3x + 6k23xk

2
3z + 5k43z + 2k22z(k

2
3x + 5k23z)+

+3k2z(3k
2
3xk3z + 5k33z)

)
(A.14)

where ϵ is used to parameterize the one-dimensional space ker(H). This obviously gives a
critical point at ϵ = 0, i.e., q = 0. Note the conditions on non-degeneracy considered here. We
also assume σ2

3 ̸= 0; but even if zero, a higher-order approximation could then be considered.
To obtain a critical point for ϵ ̸= 0, the parenthesis in 4 components would have to compute
to zero. This can be tested, but is only possible at the same time for k2z = k3x = k3z = 0,
which we exclude here. This can also be checked to even higher order with Mathematica,
but the same pattern exists. Thus the critical point is shown to be isolated.

For the parallel configuration k3x = 0, the corank of the Hessian is 3, so the problem
becomes harder to compute. For higher polyspectra this is the same case. Then either a
typicality argument needs to be leveraged or the following physical argument: a non-isolated
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critical point means that there is at least a line of critical points leading away from the
original point. Close up, this looks like a one-dimensional subspace. This would mean that
a direction in q space is preferred, in contradiction to isotropy. Alternatively, critical points
could form a sphere around zero, in line with isotropy. But this can be easily disproven with
the same technique as before. It is easy to check that for example along the first coordinate
axis, there is only a critical point in zero.

B Details on the Asymptotic Bispectrum

In the main Sect. 2.3 it was already detailed how higher orders could be added systematically.
To understand this, we will firstly look at monomials in front of the exponential. The
prefactor essentially scales with k2 and with the formulas for n ∈ N0∫

dq q2ne−k
2q2 ∼ 1

k1+2n
,

∫
dq q2ne−k

2q4 ∼ 1

k
1+2n

2

,

∫
dq q2ne−k

2q2+ikq ∼ 1

k1+2n
(B.1)

it is clear to see which terms are relevant for the next orders. The k−11/2 order is generated
by a 1 in front of the exponential. The next order k−13/2 is generated by q26 monomials in
front of the full exponential, while there is no dependence on qi, i ∈ {1, . . . , 5}, in the terms
in front. The last order considered k−15/2 is generated by either q2i , for one i ∈ {1, . . . , 5}, or
q46 monomials.

The first subsequent transformation contains the identity transformation and order 3
monomials. The second subsequent transformation contains the identity transformation and
order 5 monomials. So these are the only subsequent transformations that need to be taken
into account, as the determinant of their Jacobians are the only one contributing to degree
2 and 4 in front of the exponential.

The final transformation based on the residual polynomial g(q13z) is more complicated
to take into account. Computationally, higher orders in q13z are considered by performing a
Taylor expansion. This produces terms in front of the exponential of degree 6 and 8. This
is however fine, as they come with a factor of k2, thus still contribute to the next-order
approximation.

In the end, the subsequent transformations have an effect on the complex phase as
well. Here the same procedure is applied, expanding the exponentials of these higher-order
contributions.

Combined, this leads to these terms in front of the exponential of equation (2.2), given
by

J ≈
(
1 + j

(2)
1 + j

(4)
1

)(
1 + j

(4)
2

)(
1 + t(6)g + t(8)g

)(
1 + t

(3)
1,ϕ

)
≈ 1 + j

(2)
1 + j

(4)
1 + j

(4)
2 + t(6)g + t(8)g + t

(3)
1,ϕ + j

(2)
1 t(6)g ,

(B.2)

where j1 and j2 are the Jacobians of given order of the first and second subsequent transfor-
mations respectively. tf describes the terms obtained by expanding the residual polynomial
g and t1,ϕ the terms obtained by expanding the higher-order complex phase parts.

The results of the calculations are the following. For the next-order (NO) contribution,

we can split this into the original result Bk→∞ = B(0)
k→∞ from Eq. (2.28), and higher orders

B(1)
k→∞ and B(2)

k→∞ given by

B(1) + B(2) =
cNO
0 · e−

15
4
(t σ2)

−2√
|k2z|

(
f (1) + f (2)

)
t11 |σ2|13

√
t|σ3|11 (c4(k))

11
4 k63x k

9
2
2z

(B.3)
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for large k, with the numerical coefficient

cNO
0 =

5 4
√
5 π

5
2

14784
√
3 4
√
7 · 8

≈ 0.00187 (B.4)

and the functions f (1), f (2) encoding the complex k dependence. They are given by

f (1)(k2, k3, σ, t) =

− 61600 t3σ4
2σ

2
3k2zk

2
3xΓ

(
7

4

)(
k43x + 6k23xk

2
3z + 5k43z + k22z(k

2
3x + 5k23z) + 2k2z·

·(3k23xk3z + 5k33z)
) [

k42z
(
1215σ4

3(k
4
3x + 2k23xk

2
3z − 15k43z) + 2t2σ2

2(27σ
4
3(15k

4
3x+

+14k23xk
2
3z + 495k43z)− 140σ2

2σ
2
4k

2
3x(k

2
3x + 7k23z))

)
+
(
k23x + k23z

)2 (
1215(k43x+

+ 2k23xk
2
3z − 15k43z)σ

4
3 + 2t2σ2

2(27(15k
4
3x + 14k23xk

2
3z + 495k43z)σ

4
3 − 140k23x(k

2
3x+

+7k23z)σ
2
2σ

2
4)
)
+ 12k32zk3z

(
405(k43x − 6k23xk

2
3z − 15k43z)σ

4
3 + 2σ2

2(9(11k
4
3x+

+258k23xk
2
3z + 495k43z)σ

4
3 − 35k23x(3k

2
3x + 7k23z)σ

2
2σ

2
4)t

2
)
+ 12k2zk3z

(
k23x + k23z

)
·

·
(
405(k43x − 6k23xk

2
3z − 15k43z)σ

4
3 + 2σ2

2(9(11k
4
3x + 258k23xk

2
3z + 495k43z)σ

4
3 −

−35k23x(3k
2
3x + 7k23z)σ

2
2σ

2
4)t

2
)
+ 2k22z

(
1215σ4

3(k
6
3x − 3k43xk

2
3z − 41k23xk

4
3z − 45k63z)−

− 2σ2
2(27(17k

6
3x − 291k43xk

2
3z − 1513k23xk

4
3z − 1485k63z)σ

4
3+

+56k23x(3k
4
3x + 30k23xk

2
3z + 35k43z)σ

2
2σ

2
4)t

2
)]

and

f (2)(k2, k3, σ, t) = 5
√
70Γ

(
9

4

)
|σ3|·

·
√

(k43x + 6k23xk
2
3z + 5k43z + k22z(k

2
3x + 5k23z) + 2k2z(3k23xk3z + 5k33z))σ

2
3 ·

· (52k52zk3z(1804275(k23x + 5k23z)(19k
4
3x + 28k23xk

2
3z − 15k43z)σ

6
3 − 160380(k23x + 5k23z)·

· (593k43x + 668k23xk
2
3z − 765k43z)σ

2
2σ

6
3t

2 − 2σ4
2(−297(19087k63x − 80489k43xk

2
3z+

+ 502785k23xk
4
3z − 108135k63z)σ

6
3 + 308k23x(24131k

4
3x + 109190k23xk

2
3z − 37125·

· k43z)σ2
2σ

2
3σ

2
4 + 329280k43x(k

2
3x + 3k23z)σ

4
2σ

2
5)t

4) + 2k2zk3z(1804275(k
2
3x + k23z)

2·
· (k23x + 5k23z)(19k

4
3x + 28k23xk

2
3z − 15k43z)σ

6
3 − 160380(k23x + k23z)(k

2
3x + 5k23z)·

· (1025k63x + 1837k43xk
2
3z − 337k23xk

4
3z − 765k63z)σ

2
2σ

6
3t

2 − 2σ4
2(297(127793k

10
3x+

+ 1502475k83xk
2
3z + 3915906k63xk

4
3z + 2423054k43xk

6
3z − 286515k23xk

8
3z + 108135·

· k103z)σ6
3 + 308k23x(k

2
3x + k23z)(40331k

6
3x + 252121k43xk

2
3z + 261065k23xk

4
3z − 37125·

· k63z)σ2
2σ

2
3σ

2
4 + 329280k43x(k

2
3x + k23z)

2(k23x + 3k23z)σ
4
2σ

2
5)t

4) + k62z(1804275(3k
2
3x−

− k23z)(k
2
3x + 5k23z)

2σ6
3 − 160380(97k23x − 51k23z)(k

2
3x + 5k23z)

2σ2
2σ

6
3t

2 + 2σ4
2(297·

· (12863k63x + 28385k43xk
2
3z + 222741k23xk

4
3z − 36045k63z)σ

6
3 + 616k23x(43k

4
3x−

− 15260k23xk
2
3z + 7425k43z)σ

2
2σ

2
3σ

2
4 − 54880k43x(k

2
3x + 9k23z)σ

4
2σ

2
5)t

4) + (k23x + k23z)·
· (1804275(3k23x − k23z)(k

4
3x + 6k23xk

2
3z + 5k43z)

2σ6
3 − 160380(k23x + k23z)(k

2
3x + 5k23z)

2·
· (169k43x + 22k23xk

2
3z − 51k43z)σ

2
2σ

6
3t

2 − 2σ4
2(297(1537k

10
3x + 254049k83xk

2
3z+

+ 1248426k63xk
4
3z + 1362178k43xk

6
3z − 150651k23xk

8
3z + 36045k103z)σ

6
3 + 616k23x·
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· (k23x + k23z)(1757k
6
3x + 36817k43xk

2
3z + 70835k23xk

4
3z − 7425k63z)σ

2
2σ

2
3σ

2
4 + 54880·

· k43x(k23x + k23z)
2(k23x + 9k23z)σ

4
2σ

2
5)t

4) + k42z(1804275(9k
8
3x + 228k63xk

2
3z + 742k43x·

· k43z + 340k23xk
6
3z − 375k83z)σ

6
3 − 160380(363k83x + 7500k63xk

2
3z + 20402k43xk

4
3z−

− 1060k23xk
6
3z − 19125k83z)σ

2
2σ

6
3t

2 − 2σ4
2(−297(1213k83x − 703436k63xk

2
3z − 1836386·

· k43xk43z + 1909476k23xk
6
3z − 540675k83z)σ

6
3 + 616k23x(7529k

6
3x + 168187k43xk

2
3z+

+ 307255k23xk
4
3z − 81675k63z)σ

2
2σ

2
3σ

2
4 + 188160k43x(k

4
3x + 14k23xk

2
3z + 21k43z)σ

4
2σ

2
5)·

· t4) + k22z(1804275(k
2
3x + k23z)(9k

8
3x + 228k63xk

2
3z + 742k43xk

4
3z + 340k23xk

6
3z − 375·

· k83z)σ6
3 − 160380(435k103x + 11223k83xk

2
3z + 37934k63xk

4
3z + 24622k43xk

6
3z − 23185·

· k23xk83z − 19125k103z)σ
2
2σ

6
3t

2 − 2σ2
24(297(59267k

10
3x + 1908943k83xk

2
3z + 8573422k63x·

· k43z + 7486910k43xk
6
3z − 1368801k23xk

8
3z + 540675k103z)σ

6
3 + 616k23x(10049k

8
3x+

+ 217116k63xk
2
3z + 657242k43xk

4
3z + 414580k23xk

6
3z − 81675k83z)σ

2
2σ

2
3σ

2
4 + 188160k43x·

· (k23x + k23z)(k
4
3x + 14k23xk

2
3z + 21k43z)σ

4
2σ

2
5)t

4) + 4k32zk3z(1804275(19k
8
3x + 160k63x·

· k23z + 290k43xk
4
3z + 40k23xk

6
3z − 125k83z)σ

6
3 − 160380(809k83x + 5792k63xk

2
3z + 7270·

· k43xk43z − 4360k23xk
6
3z − 6375k83z)σ

2
2σ

6
3t

2 − 2σ4
2(297(101617k

8
3x + 1023456k63xk

2
3z+

+ 1374838k43xk
4
3z − 509256k23xk

6
3z + 180225k83z)σ

6
3 + 308k23x(35445k

6
3x + 229587k43x·

· k23z + 229975k23xk
4
3z − 51975k63z)σ

2
2σ
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4
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3z + 63k43z)·

· σ4
2σ

2
5)t

4))

The polynomial c4(k) of degree and order 4 is the same as for the leading order approximation.

C Details on the Asymptotic Bispectrum with Degeneracy

This Section gives details on the calculation of the asymptotic bispectrum in a degenerate
configuration of k vectors. Only the parallel situation of k2 = k2zêz and k3 = k3zêz is
considered with k2z ̸= 0, k3z ̸= 0, and k2z + k3z ̸= 0.

When applying the proof of the splitting lemma, start with a coordinate transform that
gives a diagonal Hessian. The transformation due to Sylvester’s law of inertia applied to 1

2H
∥

is modified like before to achieve a determinant of 1 while keeping the entries depending on
the k i components “balanced”. This yields

T∥ =



1 0 0 −k3z
k2z

0 0

0 1 0 0 −k3z
k2z

0

0 0 1 0 0 −k3z
k2z

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


, (C.1)

which is coincidentally the result from the non-degenerate case with k3x = 0. Note that this
is not true for the original, “unbalanced” transformation. The result after transformation is
then

1

2

(
T∥
)⊤

H∥T∥ =
t2σ2

2

30
diag

(
k22z, k

2
2z, 3k

2
2z, 0, 0, 0

)
. (C.2)
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Applying the subsequent transformations yields a residual part g∥(q13x, q13y, q13z) where no-
tationally the original and the transformed variables are not distinguished. This residual
part has order 4, but cannot be simplified further by the splitting lemma alone.

As the main interest here is not the precise normal form of the residual part, but the
asymptotic description of the whole integrand of the bispectrum, this should not be an issue.
Then either use that g∥ should be finitely determined because zero is an isolated critical point
or, as this has not been proven rigorously, use that a1(q) and a2(q) are absolutely convergent
for exponential cut-offs [18], and g∥ should at least be a convergent power series. Thus the
high-order monomials should be suppressed in the limit q → 0. For the leading order term,
truncate g∥ at degree four to get

g∥ ≈ t2σ2
3

280

k23z(k2z + k3z)
2

k22z
q2
13

(
q2
13 + 4q213z

)
(C.3)

for q → 0. It has been carefully checked in Mathematica [26], that no further subsequent
transformations of the splitting lemma influence this description. Additionally, applying only
the first transformation T∥ to the phase part yields

i (k2zq12z + k3zq13z) 7→ i k2zq12z . (C.4)

This description can then be plugged into the formula of the free bispectrum, equation (2.2).
The quadratic and quartic parts in the exponential separate in the integration. Computing
the integral over the Gaussians is simple and yields

30
√
10π

3
2 · e−

5
2
(t σ2)

−2

(t|σ2|)3 |k2z|3
. (C.5)

The quartic part is slighly more complicated because it is not decoupled. However, using
spherical coordinates |q13| =: q13

(q13x, q13y, q13z) 7→ (q13, φ13, θ13) , (C.6)

the residual part becomes

g∥ ≈ t2σ2
3

280

k23z(k2z + k3z)
2

k22z
q413 (3 + 2 cos(2 θ13)) (C.7)

for small q13. For the radial component, use the formula∫ ∞

0
dr r2 e−a·r

4
=

1

4
Γ

(
3

4

)
a−

3
4 , (C.8)

with a ∈ R+. Then the integral can be partially performed over q13 and φ13, which gives∫ π

0
dθ13

∫ 2π

0
dφ13

∫ ∞

0
dq13 sin(θ13) q

2
13 e

−g∥

= −π

(
35

2

) 3
4

Γ

(
−1

4

)(
t2k23z(k2z + k3z)

2σ2
3

k22z

) 3
4

·
∫ π

0
dθ13

sin(θ13)

(3 + 2 cos(2 θ13))
3
4

.

(C.9)

The last integral over θ13 can be transformed using u = cos(θ13) as∫ π

0
dθ13

sin(θ13)

(3 + 2 cos(2 θ13))
3
4

=

∫ 1

−1
du

1

(1 + 4u2)
3
4

= 2 · 2F1

(
1

2
,
3

4
;
3

2
,−4

)
, (C.10)
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using the hypergeometric 2F1 function, for which efficient numerical implementations exist.
The result for the bispectrum is then simply the product of the quadratic and the quartic

result. Note that it was never guaranteed that the truncation at degree 4 would work, the
integral could have diverged and more terms of higher orders would have had to be taken
into account.

D Details on the Numerical Implementation

D.1 Details on Cosmological Model

The precise numerical values of some cosmological constants were not given previously. All
measured constants are taken from the Planck collaboration [33].

The Bardeen power spectrum for cold dark matter was used for the initial density
perturbation power spectrum [29]. Its transfer function is given by

TBardeen(k) =
ln(1 + 2.34q)

2.34q

[
1 + 3.89q + (16.1q)2 + (5.46)3 + (6.71q)4

]− 1
4 , (D.1)

where q is given by

q =
k

h Mpc−1 ΩX0 exp

(
Ωb0

(
1 +

√
2h

ΩX0

))
. (D.2)

The two constants depending on cosmology occurring are ΩX0 and Ωb0, the dark matter and
baryon density parameter, respectively. The values used were

ΩX0 = 0.26 , Ωb0 = 0.04 . (D.3)

These approximate the measured values by [33] of

ΩPlanck
X0 = (0.315± 0.007)− (0.0486± 0.0010) = 0.266± 0.007 , (D.4)

ΩPlanck
b0 = 0.0486± 0.0010 . (D.5)

The dimensionless Hubble constant h was set to h = 0.7. The initial density perturbation
power spectrum can then be computed with the transfer function via

PBardeen
δ (k) = A(σ8)T

2
Bardeen(k) k

ns , (D.6)

where A is an amplitude determined σ8 and ns is the spectral index. The parameter σ8
describes the variance with a smoothing at R = 8h−1Mpc. The formula for general R is

σ2
R =

1

2π2

∫
dk k2Pδ(k)Ŵ

2
R(k) , (D.7)

where ŴR(K) describes the Fourier transform of a filter function WR in real space. The value
published by the Planck collaboration is 0.811 ± 0.006, the value implemented in the code
was 0.8. The spectral index used was ns = 1.0, while the measured one is at 0.965± 0.004.

Finally, the initial power spectra can be evolved linearly via

P lin(k, t) = D2
+ P (i)(k) = t2 P (i)(k) . (D.8)

The initial point used in this work is the CMB release, put by the Planck collaboration at a
redshift of 1089.80± 0.21. Thus, an approximate value for the initial scale factor a(i) = 10−3

is used. In general, the time coordinate now, i.e., scale factor a = 1, is given by t = 901.067.
Note that the numerics and the asymptotics described here are valid for a general class

of initial power spectra and cosmological parameters. For example, the precise values of σ2
2

will depend on these choices, but the overall dependence on σ2
2 will remain universal.
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D.2 Details on Numerical Bispectrum

Here the parameters used to generate the data for Fig. 2 are reported. The Bardeen power
spectrum was used as the initial power spectrum, as detailed in the previous Section. A
logarithmic grid was used for the k values, 200 points ranging from 5 · 10−5 hMpc−1 to
104 hMpc−1. The Monte Carlo VEGAS algorithm was used for the numerical integration,
with 107 function evaluations for every result. There was no need to adjust any other pa-
rameter in the integration bound setting from their implemented defaults.

For the asymptotics the explicit moments of the initial power spectrum are needed.
Here we give them for two cut-off values ks to the relevant degree, as both have been used
later in Fig.s 3 and 4.

• ks = 102 hMpc−1:

σ2
2 = 3.25 · 10−4

σ2
3 = 0.491h2Mpc−2

σ2
4 = 9160h4Mpc−4

σ2
5 = 5.11 · 108 h6Mpc−6

(D.9)

• ks = 104 hMpc−1:

σ2
2 = 1.65 · 10−3

σ2
3 = 1.35 · 104 h2Mpc−2

(D.10)

Please also note that the full implementation is available at GitLab ITP.

References

[1] Y. Akrami, F. Arroja, M. Ashdown, J. Aumont, C. Baccigalupi, M. Ballardini et al., Planck
2018 results. I. Overview and the cosmological legacy of Planck, arXiv preprint
arXiv:1807.06205 (2018) .

[2] V. Springel, Larger, faster, better: Current trends in cosmological simulations, Astronomische
Nachrichten 333 (2012) 515.

[3] M. Vogelsberger, F. Marinacci, P. Torrey and E. Puchwein, Cosmological simulations of galaxy
formation, Nature Reviews Physics 2 (2020) 42.

[4] C.-P. Ma and E. Bertschinger, Cosmological perturbation theory in the synchronous and
conformal Newtonian gauges, arXiv preprint astro-ph/9506072 (1995) .

[5] F. Bernardeau, S. Colombi, E. Gaztanaga and R. Scoccimarro, Large-scale structure of the
Universe and cosmological perturbation theory, Physics reports 367 (2002) 1.

[6] T. Buchert, Lagrangian theory of gravitational instability of Friedman-Lemâıtre cosmologies
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