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LOGARITHMIC CONTINUITY FOR THE NONLOCAL DEGENERATE

TWO-PHASE STEFAN PROBLEM

KYEONGBAE KIM, HO-SIK LEE, AND HARSH PRASAD

Abstract. We establish certain oscillation estimates for weak solutions to nonlinear, anomalous
phase transitions modeled on the nonlocal two-phase Stefan problem. The problem is singular
in time, is scaling deficient and influenced by far-off effects. We study the the problem in a
geometry adapted to the solution and obtain oscillation estimates in intrinsically scaled cylinders.
Furthermore, via certain uniform estimates, we construct a continuous weak solution to the
corresponding initial boundary value problem with a quantitative modulus of continuity.

1. Introduction

We study the following nonlocal two-phase Stefan problem

∂t(u+ β(u)) + Lu ∋ 0 in Ω× (0, T ] ⊂ R
n+1,(1.1)

where Ω is an open and bounded domain in R
n with n ≥ 2, u is an unknown, and a maximal

monotone graph β : R → [0, 1] is defined as

β(ξ) =






1 if ξ > 0,

[0, 1] if ξ = 0,

0 if ξ < 0.

In addition, the nonlocal operator L is defined by

Lu(x, t) = p.v.

∫

Rn

|u(x, t)− u(y, t)|p−2(u(x, t)− u(y, t))

|x− y|n+sp
k(x, y, t) dy,

where s ∈ (0, 1), p > 2 and k : Rn × R
n × (0, T ] → R is a measurable function with

k(x, y, t) = k(y, x, t) and Λ−1 ≤ k(x, y, t) ≤ Λ

for some constant Λ ≥1. The aim of the article is to derive modulus of continuity estimates in a
quantitative way and to establish the existence of a continuous weak solution to the corresponding
initial boundary value problem of the nonlocal two-phase Stefan problem.

1.1. History and Motivation. A variational model of phase transition, say from ice to water,
as a function of the unknown temperature θ, is given by the following classical Stefan equation

∂t(θ + β(θ)) = ∆θ

(see [Ste89; Kam61; Ole60]), where β is a maximal monotone graph. The reason why we have such
a graph is to represent the latent heat of the water molecules as they undergo phase transition from
ice at 0℃ to water at 0℃; outside of this transition region we have the usual heat equation; we
also allow for negative temperatures. The equation also models many other physical phenomena
and we refer the interested reader to [Vis08].
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The first issue in studying the equation is the notion of solution employed. We are interested
in weak solutions which are obtained via integration by parts and differential inclusions. There
are other notions of solution possible as in [Vis08]. Having established the notion of solution,
we turn to the well-posedness for weak solutions. A natural question would be to ask for the
existence of a continuous temperature - as ice transitions to water the equation should not predict
sudden discontinuities in the temperature. It would also be of interest to quantify the modulus of
continuity.

The continuity of temperature was indeed shown in a series of works [DiB82; Zie82; CE83; Sac83;
DiB86] which also dealt with boundary regularity. Furthermore, the methods in [Zie82; DiB82;
DiB86] were more general and could deal with a general nonlinear elliptic part with linear growth
in the gradient. The paper [DiB86] also provided a boundary modulus of continuity, namely

(1.2) ω(r) = (ln | ln(Cr)|)−α for 0 < r < 1

where C > 0 and α > 0 are universal constants.
For the case where the Laplace operator is replaced by more general degenerate diffusion of p-

Laplace type (p > 2), such equations were first studied in [Urb97; Urb00] and an interior modulus
of continuity was obtained in [BKU14] viz.

(1.3) ω(r) = | ln(Cr)|−α for 0 < r < 1

where C > 0 and α > 0 are universal constants. We note that (1.3) is an improvement over (1.2)
even for the Laplace operator. Subsequently, a boundary modulus of continuity was derived in
[BKLU18] which was of type (1.2).

Later, the improved modulus (1.3) for the boundary case was proved in [Lia22]. On the other
hand, recently, there are noteworthy results for interior regularity for the Stefan problem with the
p-Laplace operator. More specifically, when p = n ≥ 2, the improved modulus of continuity, which
is

ω(r) h exp
(
−c| ln r|1/n

)

was derived in [Lia24a; GLU24]. Moreover, significant Hölder continuity results with the p-Laplace
operator when p > max{n, 2} were established in [Lia24b; GLU24], which are notable since such
regularity was not readily anticipated for the equation (1.1) involving such a degeneracy from β(·).

We note that the passage from the Laplace operator to the p-Laplace operator for parabolic
problems leads to fundamental new difficulties as far as regularity is concerned since the equation
is no longer scaling invariant and one must work in a geometry intrinsic to the equation; such a
geometry also leads to non-trivial technical issues [Urb08].

When modeling phase transition via the Stefan equation above, one assumes that the material
is homogeneous - for example the ice consists only of water molecules. In practice, this corre-
sponds to the assumption that the mean square displacement of the molecule in a given time t
is proportional to the time t (which is also reflected in the classical heat equation). However, if
strong heterogeneities are present at large scales, such an assumption is untenable. Such situa-
tions involving anomalous scaling naturally lead to consideration of fractional derivatives [Vol14;
RD23].

In [ACM22], it was shown that the Stefan problem involving anomalous diffusion with initial-
boundary value conditions admits a continuous solution and a logarithmic modulus of continuity
is claimed. On the other hand, we study the initial boundary value problem for diffusion operators
comparable to the fractional p-Laplace (p > 2) and construct a weak solution with a quantitative
boundary modulus of continuity as in (1.3) and also provide quantitative continuity estimates at
the initial boundary.

Finally, we note that the regularity results for weak solutions to parabolic nonlocal equations
which have no singular effect have been investigated extensively, see for instance [KW23; FK13;
Lia24d; Lia24c; APT24; BK24; DZZ21; Tav24; BLS21; NNSW24; Str19b; Str19a; PT23; Pra24;
BGK23; GLT25; DKLN25; LW24; KWZ24].

1.2. Interior Oscillation Estimate. Now we are going to provide our main results. First, we
investigate a quantitative oscillation estimate of a weak solution to a regularized problem of (1.1).
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To this end, we fix a cut-off function ψ ∈ C∞
c (−1, 1) such that

∫
R
ψ dt = 1 and we write ψε(ξ) :=

1
εψ
(

ξ
ε

)
for ε ∈ (0, 1). We now consider a weak solution uε to

(1.4) ∂t(uε + βε(uε)) + Luε = 0 in Ω× (0, T ],

where

(1.5) βε(ξ) = (β ∗ ψε)(ξ).

Let us give a precise definition of a weak solution to (1.4).

Definition 1.1. For ε ∈ (0, 1), we say that uε is a locally bounded weak solution to (1.4) if

uε ∈ Lp
loc(0, T ;W

s,p
loc (Ω)) ∩ Cloc(0, T ;L

2(Ω)) ∩ L∞
loc(0, T ;L

p−1
sp (Rn)) ∩ L∞

loc(0, T ;L
∞
loc(Ω))

satisfies

−

∫ t2

t1

∫

Ω

(uε + βε(uε))∂tϕdxdt+

∫

Ω

(uε + βε(uε))ϕdx

∣∣∣∣∣

t=t2

t=t1

+

∫ t2

t1

∫

Rn

∫

Rn

|uε(x, t)− uε(y, t)|
p−2(uε(x, t) − uε(y, t))(ϕ(x, t) − ϕ(y, t))

|x− y|n+sp
k(x, y, t) dx dy dt = 0

for any ϕ ∈ Lp(t1, t2;W
s,p(Ω)) ∩ W 1,2(t1, t2;L

2(Ω)), where (t1, t2] ⋐ (0, T ] and the support of
ϕ(t, ·) is compactly embedded in Ω for each t ∈ (0, T ].

For f ∈ L∞(0, T ;Lp−1
sp (Rn)), z0 ∈ R

n+1, and R > 0, we define the tail as follows:

Tail(f ;QR(z0)) = sup
t0−ρsp≤t≤t0

(
ρsp
∫

Rn\Bρ(x0)

|f(y)|p−1

|x0 − y|n+sp
dy

) 1
p−1

.

For any z0 = (x0, t0) ∈ R
n+1, R > 0, T and θ > 0, we define

I(θ)τ (t0) = (t0 − τθ, t0] and Q
(θ)
R,T (z0) := BR(x0)× I

(θ)
T (t0).

In particular, we write

Q
(θ)
R (z0) := Q

(θ)
R,Rsp(z0) and QR(z0) := Q

(1)
R,Rsp(z0).

We are now ready to state our main results. We first give the explicit interior oscillation
estimate.

Theorem 1.2. Let uε be a bounded weak solution to

∂t(uε + βε(uε)) + Luε = 0 in QR(z0).

Let us take

ω0 := max{‖uε‖L∞(QR(z0)) +Tail(uε;QR(z0)), 1}.

Suppose Q
(ω0/4)

2−p

ρ0 (z0) ⊂ QR(z0) for some constant ρ0 ∈ (0,R]. Then there is a constant ς =
ς(n, s, p,Λ) ∈ (0, 1) such that for any r < ρ0,

osc
Q

(ω0/4)2−p

r (z0)

uε ≤ cω0 (1 + ln(ρ0/r))
−ς/2

+ 4ε(1.6)

for some constant c = c(n, s, p,Λ) independent of ε.
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1.3. Oscillation Estimate near the Boundary. Next, we consider oscillation estimates of
solution uε to (1.4) up to the boundary. We first recall a fractional Sobolev space. Let f : Rn → R

be a measurable function and Ω ⋐ Ω′ ⊂ R
n. We define

Xs,p
f (Ω,Ω′) = {u ∈W s,p(Ω′) : u ≡ f on R

n \ Ω}.

By [BLS18, Lemma 2.11], we observe Xs,p
0 (Ω,Ω′) = Xs,p

0 (Ω,Rn). Thus we write

Xs,p
0 (Ω) := Xs,p

0 (Ω,Rn).

Let us give a notion of weak solution to (1.4) near the boundary.

Definition 1.3. Let us fix g ∈ Lp(0, T ;W s,p(Ω′)) ∩ L∞(0, T ;Lp−1
sp (Rn)) with Ω′ ⋑ Ω. For IR =

IR(t0), we say that

uε ∈ Lp(IR;W s,p(BR(x0))) ∩ C(IR;L2(BR(x0))) ∩ L
∞(IR;Lp−1

sp (Rn)) ∩ L∞
loc(IR;L∞

loc(Ω))

is a locally bounded weak solution to
{
∂t(uε + βε(uε)) + Luε = 0 in QR(z0) ∩ ΩT ,

uε = g in QR(z0) \ ΩT ,

if uε ∈ Lp(IR;W s,p(B)) for some B ⋑ Ω ∩BR(x0) and

−

∫ t2

t1

∫

Ω

(uε + βε(uε))∂tϕdz +

∫

Ω

(uε + βε(uε))ϕdx

∣∣∣∣∣

t=t2

t=t1

+

∫ t2

t1

∫

Rn

∫

Rn

|uε(x, t)− uε(y, t)|
p−2(uε(x, t) − uε(y, t))(ϕ(x, t) − ϕ(y, t))

|x− y|n+sp
k(x, y, t) dx dy dt = 0

holds for any ϕ ∈ Lp(t1, t2;X
s,p
0 (Ω∩BR(x0)))∩W

1,2(t1, t2;L
2(Ω∩BR(x0))) with (t1, t2] ⋐ IR(t0).

We now assume that the complement of the domain Ω satisfies a measure density condition.
More specifically, there exists a constant α0 ∈ (0, 1) such that for any x0 ∈ ∂Ω,

(1.7) inf
0<r≤1

|Br(x0) \ Ω| ≥ α0|Br|.

We point out that such an assumption is standard to obtain the continuity at the boundary (see,
for instance [KKP16; BKLU18; Lia22]).

In addition, for any g ∈ C(Q) with Q ⊂ R
n+1 which will be play a role as a boundary data, we

always assume

(1.8) |g(z1)− g(z2)| ≤ ωg

(
|x1 − x2|+ |t1 − t2|

1
sp

)
for any z1, z2 ∈ Q

for some non-decreasing function ωg : R+ → R
+ with ωg(0) = 0.

Let us state oscillation estimates at the lateral boundary.

Theorem 1.4. For ε ∈ (0, 1) and Ω′ ⋑ Ω, let

uε ∈ Lp(0, T ;W s,p(Ω′)) ∩ C(0, T ;L2(Ω)) ∩ L∞(0, T ;Lp−1
sp (Rn))

be a bounded weak solution to{
∂t(uε + βε(uε)) + Luε = 0 in QR(z0) ∩ ΩT ,

uε = g in QR(z0) \ ΩT ,

where x0 ∈ ∂Ω and QR(z0) ⊂ Ω′
T . Let us assume

(1.9) ‖uε‖L∞(QR(z0)) +Tail(uε;QR(z0)) ≤ 1.

Then there exist constants ς = ς(n, s, p,Λ, α0) ∈ (0, 1) such that if

ωg(r) ≤ cg (1 + ln(R/r))−δ

holds where δ ∈ (ς, 1) and r ∈ (0,R], then

osc
Qr(z0)

uε ≤ c (1 + ln(R/r))
−ς/2

+ 4ε(1.10)
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holds for some constant c = c(n, s, p,Λ, α0, δ, cg).

We now provide the continuity estimate at the initial boundary.

Theorem 1.5. For ε ∈ (0, 1) and Ω′ ⋑ Ω, let

uε ∈ Lp(0, T ;W s,p(Ω′)) ∩ C(0, T ;L2(Ω)) ∩ L∞(0, T ;Lp−1
sp (Rn))

be a bounded weak solution to
{
∂t(uε + βε(uε)) + Luε = 0 in (BR(x0)× (0,Rsp]) ∩ ΩT ,

uε = g in (BR(x0)× [0,Rsp]) \ ΩT ,

where x0 ∈ Ω and BR(x0)× (0,Rsp] ⊂ Ω′
T . Let us assume

(1.11) ‖uε‖BR(x0)×[0,Rsp] +Tail(uε;BR(x0)× [0,Rsp]) ≤ 1.

If there are constants cg ≥ 1 and δ ∈ (0, 1) such that for any r ∈ (0,R],

ωg(r) ≤ cg (1 + ln(R/r))
−δ

holds, then for any r ∈ (0,R],

osc
Br(x0)×[0,rsp]

uε ≤ c (1 + ln(R/r))
−δ

(1.12)

holds, where c = c(n, s, p,Λ, α0, δ, cg).

Remark 1.6. We note that in order to avoid complicated oscillation estimates, we use the nor-
malization conditions (1.9) and (1.11). However, by considering the estimates given in Section
4 and Section 5, we obtain similar quantitative oscillation estimates (1.10) and (1.12) without
assuming (1.9) and (1.11), respectively.

1.4. Existence of a continuous solution. Before we state the existence result of the two-phase
Stefan problem, we introduce a precise notion of a weak solution to the corresponding initial
boundary value problem of (1.1).

Definition 1.7. Let us fix g ∈ Lp(0, T ;W s,p(Ω′))∩L∞(0, T ;Lp−1
sp (Rn)) with Ω′ ⋑ Ω. We say that

u ∈ Lp(0, T ;W s,p(Ω)) ∩ L∞(0, T ;L2(Ω)) ∩ L∞(0, T ;Lp−1
sp (Rn))

is a weak solution to

(1.13)

{
∂t(u+ β(u)) + Lu ∋ 0 in ΩT ,

u = g in R
n \ (∂Ω× (0, T ] ∪ Ω× {t = 0}),

if there is a pair (u, v) with v ∈ L∞(0, T ;L2(Ω)) and

{v(z) : z ∈ ΩT } ⊂ {(u+ β(u))(z) : z ∈ ΩT }

in the sense of graphs and

−

∫ t2

t1

∫

Ω

v∂tϕdz

+

∫ t2

t1

∫

Rn

∫

Rn

|u(x, t)− u(y, t)|p−2(u(x, t)− u(y, t))(ϕ(x, t) − ϕ(y, t))

|x− y|n+sp
k(x, y, t) dx dy dt

= −

∫

Ω

vϕ dx

∣∣∣∣
t=t2

t=t1

holds for any (t1, t2] ⋐ (0, T ] and ϕ ∈ Lp(t1, t2;X
s,p
0 (Ω)) ∩W 1,2(t1, t2;L

2(Ω′)).

We now provide the existence result of the two-phase Stefan problem.
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Theorem 1.8. Let us fix Ω′ ⋑ Ω and the complement of the domain Ω satisfy the measure density
condition with α0 ∈ (0, 1). If

(1.14) g ∈ C
(
[0, T ]× Ω′

)
∩ Lp(0, T ;W s,p(Ω′)) ∩ L∞(0, T ;L∞(Rn))

with ∂tg ∈ L2(ΩT ), then there is a weak solution u ∈ C
(
Ω× [0, T ]

)
to (1.13). In addition, there

is a constant ς = ς(n, s, p,Λ, α0) such that if for any r > 0,

ωg(r) ≤ cg (1 + | ln(1/r)|)
−δ

holds for some δ ∈ (ς, 1), then we have

sup
z1,z2∈Ω×[0,T ]

|u(z1)− u(z2)| ≤ c

[
1 +

∣∣∣∣∣ln
(

1

|x1 − x2|+ |t1 − t2|
1
sp

)∣∣∣∣∣

]−ς/2

(1.15)

for some constant c = c(n, s, p,Λ, α0, ‖g‖L∞, T,Ω,Ω′, cg, δ).

1.5. Technical Tools. Let us give a sketch of the proof of our main theorems. First, we prove
uniform oscillation estimates of the solution uε to approximated equation (1.4) of (1.1). To this
end, we divide the proof into three parts, interior estimates, lateral boundary estimates and initial
boundary estimates.

Based on [BKU14; Lia22], we are going to prove interior oscillation estimates. First, we prove
De Giorgi type lemmas under the assumption that the tail is sufficiently small (see Lemma 3.4).
Note that the tail does not appear in local problems, so we need to make additional analysis
to deal with the term considering appropriate scaling for it. Based on such lemmas, we next
construct a sequence of intrinsic cylinders which contain global information about the solution,

such as Q
(ω2−p)
ρ , where ω h ‖uε‖L∞(Q)+Tail(uε;Q) (see Section 3.1 for more details). We refer to

[APT24; Lia24c] for constructing such intrinsic cylinders for parabolic fractional p-Laplacian type
equations. With this construction, we are able to obtain that the tail on each cylinder is small
enough. Therefore, we apply De Giorgi type lemmas together with two alternative arguments (see
(3.23) and (3.37) below), which leads to the desired oscillation estimates. More specifically, we use
an iteration argument to get the following implications

osc
Qi

uε . ωi =⇒ Tail(uε;Qi) . ωi =⇒ osc
Qi+1

uε . ωi+1

with a sequence of shrinking parabolic cylinders Qi and non-increasing numbers ωi, and then
employ a technical lemma to derive oscillation estimates.

For the lateral boundary, our method is motivated by [BKLU18; Lia22]. Compared to the
interior case, we now consider boundary datum, which makes us use a different type intrinsic

cylinder such as Q
(θ)
ρ , where θ h ω1−p. Using the measure density condition as in (1.7) together

with such a construction of the intrinsic cylinder, we have a measure shrinking lemma and a De
Giorgi type lemma (see Lemma 4.2 and Lemma 4.3, respectively). As in the interior case, we
thus obtain the desired oscillation estimates by constructing an appropriate sequence of intrinsic
cylinders and using De Giorgi type lemmas. The remaining proof is about oscillation estimates at
the initial level. Since we have energy estimates which is close to elliptic ones (see Lemma 5.1),
there is no singular effect from βε which is defined in (1.5). Therefore, in a similar way as above,
we get the oscillation estimates which do not depend on ε.

Combining all three estimates yields uniform global oscillation estimates as in Lemma 6.1. By
the approximation argument as in [BKLU18], we construct a weak solution to nonlocal two-phase
Stefan problem and find a quantitative continuity estimates of such a solution.

1.6. Organization of the paper. The paper consists of 6 sections. Section 2 is devoted to basic
notation, function spaces, the existence of a regularized equation, and recording necessary lemmas.
In Section 3, we prove interior oscillation estimates, while Sections 4 and 5 are devoted to lateral
and initial boundary estimates, respectively. Finally, in Section 6 we prove existence result for our
problem.
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2. Preliminaries

We always denote a general constant by c, which is equal or bigger than 1. To show the relevant
dependencies of constants, we use parentheses, such as c = c(n, s, p), if the constant c depends on
n, s and p. We will usually denote by x the spatial variable, t the time variable, and z = (x, t) the
space-time variable. For an open set U ⊂ R

n and T > 0, we write

UT := (0, T ]× U.

For f ∈ L1
loc(I × U) for an open set U ⊂ R

n, an open interval I ⊂ R
n, and k ∈ R, we define the

truncation operator as follows:

(f − k)+ := max{f − k, 0} and (f − k)− := max{k − f, 0}.

Let a bounded open set U ⊂ R
n and T > 0 be given. We define the function space

C(0, T ;L2
loc(U))

=
{
f ∈ L1(UT ) : t 7→ ‖f(·, t)‖L2(K) is continuous on (0, T ) for any compact set K ⋐ U

}
.

With 0 < s < 1 ≤ p <∞, we define the fractional Sobolev space W s,p(U) as

W s,p(U) =
{
f ∈ Lp(U) : ‖f‖Lp(U) + [f ]W s,p(U) <∞

}

equipped with the norm

‖f‖W s,p(U) := ‖f‖Lp(U) + [f ]W s,p(U) :=

(∫

U

|f |p dx

) 1
p

+

(∫

U

∫

U

|f(x)− f(y)|p

|x− y|n+sp
dx dy

) 1
p

.

We denote byW s,p
0 (U) the space of functions which consists of f ∈ W s,p(Rn) with f ≡ 0 in R

n \U .
Now we define

Lp
loc(0, T ;W

s,p
loc (U))

=

{
f ∈ L1((0, T ]× U) : for any compact I ′ ⋐ (0, T ) and K ⋐ U,

∫

I′

‖f(·, t)‖pW s,p(K) dt <∞

}
.

With s ∈ (0, 1) and a time interval I ⊂ R, and the function space

Lp−1
sp (Rn) =

{
f ∈ L1

loc(R
n) :

∫

Rn

|f(y)|p−1

(1 + |y|)n+sp
dy <∞

}
,

we define the following tail space:

L∞(I;Lp−1
sp (Rn)) =

{
f ∈ L1

loc(R
n+1) : sup

t∈I

∫

Rn

|f(y, t)|p−1

(1 + |y|)n+sp
dy <∞

}
.

We now provide some well-known results about nonlocal parabolic equations and some basic
inequalities.

With ε ∈ (0, 1), we recall the regular function βε = βε(ξ) defined in (1.5). We directly observe

β′
ε ≥ 0 and

∫

R

β′
ε(ξ) dξ = 1.(2.1)

We now verify the existence of a weak solution u ≡ uε to the corresponding initial-boundary value
problem of a regularized problem of (1.1).

Lemma 2.1. Let Ω′ ⋑ Ω and

g ∈ Lp(0, T ;W s,p(Ω′)) ∩ L∞(0, T ;L∞(Rn)) ∩ C
(
[0, T ]× Ω′

)
and ∂tg ∈ L2(ΩT ).

Fix ε ∈ (0, 1). Then there is a unique weak solution

uε ∈ Lp(0, T ;W s,p(Ω′)) ∩ C(0, T ;L2(Ω)) ∩ L∞(0, T ;Lp−1
sp (Rn))

to

(2.2)

{
∂t(uε + βε(uε)) + Luε = 0 in ΩT ,

uε = g in R
n \ (∂Ω× (0, T ] ∪ Ω× {t = 0}).
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In addition, we have

sup
Rn×[0,T ]

|uε| ≤ sup
Rn×[0,T ]

|g|.(2.3)

Proof. We first observe that b(ξ) := ξ + βε(ξ) is a C
1 diffeomorphism with

1 ≤ |b′(ξ)| ≤ c = c(ε).(2.4)

Let us define a nonlocal operator

Lbv(x) = p.v.

∫

Rn

ϕ(b−1(v)(x) − b−1(v)(y))

|x− y|n+sp
k(x, y, t) dy,

where ϕ(t) := |t|p−2t. By (2.4), we get

ϕ(b−1(v)(x) − b−1(v)(y))(v(x) − v(y)) h |v(x) − v(y)|p(2.5)

with the implicit constant c = c(p, ε). For each t > 0, let us write

Xs,p
b(g(t))(Ω,Ω

′) := {f ∈ W s,p(Ω′) : f(x) = b(g(x, t)) a.e. x ∈ R
n \ Ω}.

We now define for any v ∈ Xs,p
b(g(t))(Ω,Ω

′) and φ ∈ Xs,p
0 (Ω,Ω′),

〈At(v), φ〉 : =

∫∫

Ω′×Ω′

ϕ(b−1(v)(x) − b−1(v)(y))(φ(x) − φ(y))

|x− y|n+sp
k(x, y, t) dx dy

+ 2

∫

Ω

∫

Rn\Ω′

ϕ(b−1(v)(x) − g(y, t))φ(x)

|x− y|n+sp
k(x, y, t) dy dx.

By (2.5), we obtain that the operator At : Xs,p
b(g(t))(Ω,Ω

′) → (Xs,p
0 (Ω,Ω′))

∗
is well-defined. We

next define

A : Xs,p
0 (Ω,Ω′)× (0, T ] → (W s,p(Ω′))

∗
as A(w, t) = At(w + b(g)).

We now follow the same lines as in the proof of [BLS21, Theorem A.3] together with (2.4) to see
that there is a unique weak solution

w ∈ Lp(0, T ;Xs,p
0 (Ω,Ω′)) ∩ C(0, T ;L2(Ω)) ∩ L∞(0, T ;Lp−1

sp (Rn))

to {
∂tw + Lb(w + b(g)) = −∂t(b(g)) in ΩT ,

w + b(g) = b(g) in R
n \ (∂Ω× (0, T ] ∪ Ω× {t = 0}).

By considering the function

b−1(w + b(g)) ∈ Lp(0, T ;W s,p
g (Ω′)) ∩C(0, T ;L2(Ω)) ∩ L∞(0, T ;Lp−1

sp (Rn)),

which follows from (2.4) and the fact that |b(ξ)| ≤ ξ + 1, we obtain a weak solution uε :=
b−1(w + b(g)) to (2.2).

We are now going to prove (2.3). We first note from the standard approximation argument as
in the proof of [BLS21, Proposition A.4] that for any τ ∈ (0, T ),

∫ τ

0

∫

Ω

∂t(b(uε))(uε −M)+ dz

=

∫

Ω

∫ uε(x,τ)

0

b′(ξ)(ξ −M)+ dξ dx−

∫

Ω

∫ uε(x,0)

0

b′(ξ)(ξ −M)+ dξ dx,

where M := ‖g‖L∞(ΩT ). Therefore, by testing (uε −M)+ to (2.2) and considering the proof given
in [BLS21, Proposition A.4], we obtain

∫

Ω

∫ uε(x,τ)

0

b′(ξ)(ξ −M)+ dξ dx ≤ 0.

Using this together with (2.4) and the choice of τ ∈ (0, T ), we have (2.3). �

We next provide a basic algebraic lemma which will be used to obtain oscillation estimates.
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Lemma 2.2. Let the constants M2, N2, L2 ≥ 4 be given with L2 ≥ M2. Let us take an :=

ω
L2/M2

0 (1 + n)−ε, where ω0 ≥ 1 and ε ∈ (0, 1). Then there is a constant ε = ε(M2, N2, L2) such
that if

g(x) := 1−
|x|M2

N2ω
L2
0

,

then for any n ≥ 1,

an ≥ an−1g (an−1) .(2.6)

Proof. Let us define

g1(x) :=

(
x

1 + x

)ε

and g2(x) := 1−
1

M2N2xεM2

for any x ≥ 0. We are going to prove that

g1(x) ≥ g2(x) for any x ≥ 1.

Then we have
(

n

1 + n

)ε

≥ 1−
1

M2N2nεM2
≥ 1−

1

N2nεM2
,

which implies (2.6).
To do this, we first observe

g′1(x) =
εxε−1

(1 + x)ε+1
and g′2(x) =

ε

N2xεM2+1
.

By taking

ε < 1/(2M2),(2.7)

we observe that if x ≥ 1, then ε

N2x
3
2
≤ g′2(x). After a few simple computations, we derive

g′1(x) ≤
ε

N2x
3
2

< g′2(x) for any x ≥ x0 := N2
2 − 1.

We next assume

(2.8) ε < log2

(
M2N2(N

2
2 − 1)1/2

M2N2(N2
2 − 1)1/2 − 1

)

to see that (1/2)ε ≥ 1− 1

M2N2x
1
2
0

. Therefore, using the fact that g1 and g2 are increasing functions,

we obtain that for any x ∈ [1, x0],

g1(x) ≥ g1(1) ≥ 1−
1

M2N2x
1
2
0

> g2(x0) ≥ g2(x).

By (2.8) and (2.7), we fix

ε :=
1

2
min

{
1

2M2
, log2

(
M2N2(N

2
2 − 1)1/2

M2N2(N2
2 − 1)1/2 − 1

)}

to obtain that (g1−g2)(x) > 0 for any x ∈ [1, x0] and (g1−g2)
′(x) < 0 for any x ≥ x0. In addition,

we directly observe limx→∞(g1 − g2)(x) = 0. Therefore, we deduce g1(x) ≥ g2(x) for any x ≥ 1,
which completes the proof. �

Finally, we recall a technical lemma (see [DiB93, Lemma 4.1]).

Lemma 2.3. Let Ai be a sequence of positive numbers with Ai+1 ≤ cbiA1+α
i , where c, b ≥ 1 and

α > 0. If A0 ≤ c−1/αb−1/α2

, then Ai → 0 as i→ ∞.
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3. Interior Estimates

Fix ε ∈ (0, 1). In this section, we will investigate a bounded weak solution u ≡ uε to

∂t(u + βε(u)) + Lu = 0 in ΩT .(3.1)

Let us take QR,T (z0) ⊂ ΩT for some R, T > 0 and z0 ∈ R
n+1. We first observe a translation

invariant and normalization property of (3.1).

Lemma 3.1. For M > 0, let u be a weak solution to

∂t(u + βε(u)) + Lu = 0 in BR(x0)× (t0 − T , t0].

Then for x0 ∈ R
n and t0 ∈ R, u(x, t) := u(x+ x0, t+ t0)/M is a weak solution to

∂t(u+ βε(u)) + Lu = 0 in BR × (−T , 0],

where βε(ξ) =
βε(Mξ)

M and

Lu(x) = p.v.

∫

Rn

|u(x, t)− u(y, t)|p−2(u(x, t)− u(y, t))

|x− y|n+sp
k(x, y, t) dy

with Mp−2Λ−1 ≤ k(x, y, t) ≤ Mp−2Λ.

We next give Caccioppoli estimates with truncation.

Lemma 3.2. Let u be a sub(super)-solution to (3.1). Let ϕ be a nonnegative smooth function
satisfying ϕ(·, t) ≡ 0 on R

n \ Br(x0) with r < R. Then there is a constant c = c(n, s, p,Λ) such
that

sup
t0−T <t<t0

[∫

BR(x0)

ϕp(u− k)2± dx±

∫

BR(x0)

ϕp

∫ u

k

β′
ε(ξ)(ξ − k)± dξ dx

]

+

∫ t0

t0−T

∫

BR(x0)

∫

BR(x0)

|((u− k)±ϕ)(x, t) − ((u − k)±ϕ)(y, t)|
p

|x− y|n+sp
dx dy dt

+

∫ t0

t0−T

∫

BR(x0)

∫

BR(x0)

(u− k)p−1
∓ (y, t)((u − k)±ϕ

p)(x, t)

|x− y|n+sp
dx dy dt

≤ cRp(1−s)

∫

QR,T (z0)

(u − k)p±|∇ϕ|
p dz + c

∫

QR,T (z0)

(
(u− k)2± ±

∫ u

k

β′
ε(ξ)(ξ − k)± dξ

)
∂tϕ

p dz

+ c

∫ t0

t0−T

∫

Rn\BR(x0)

∫

BR(x0)

(u− k)p−1
± (y, t)((u − k)±ϕ

p)(x, t)

|x− y|n+sp
dx dy dt

+

∫

BR(x0)×{t=t0−T }

(
(u− k)2± ±

∫ u

k

β′
ε(ξ)(ξ − k)± dξ

)
ϕp dx,

where k ∈ R.

Proof. Let us take a test function (u− k)±ϕ
p. Then by using [BKU14, Lemma 2.1] to control the

time term ∂t(u + βε(u)), and by using [Lia24c, Proposition 2.1] to handle the space term Lu, we
deduce the desired estimate. �

By Lemma 3.2, we have energy estimates which remove the role of the singularity β(·).

Lemma 3.3. For any k ≥ ε, we have same energy estimates of (u − k)+ as in the parabolic
fractional p-Laplacian equations. Similarly, for any k ≤ −ε, we have same energy estimates of
(u − k)− as in the parabolic fractional p-Laplacian equations.

Proof. When k ≥ ε or k ≤ −ε, then
∫ u

k

β′
ε(ξ)(ξ − k)± dξ = 0,

since β′
ε(ξ) = (β ∗ ψ′

ε)(ξ) = 0 when |ξ| ≥ ε. Therefore, we have the same energy estimates as
in the ones given in the standard parabolic fractional p-Laplacian equations (see [APT24; BK24;
Lia24c]). �
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With this energy estimate, we will provide several pointwise estimates. Let us fix Q := BR(x0)×
I ⊂ ΩT , where I := (t1 − T , t1]. We also fix constants µ+, µ− and ω as

µ+ ≥ sup
Q
u, µ− ≤ inf

Q
u, and ω ≥ µ+ − µ−.(3.2)

Let us assume ρ ≤ R. Using Lemma 3.2, we obtain the following De Giorgi type Lemma.

Lemma 3.4. Let u be a locally bounded sub(super)-solution to (3.1). Let us fix ξ ∈ (0, 1/4].
Suppose

(ρ/R)
sp

p−1Tail((u − µ±)±;Q) ≤ ξω(3.3)

and Q
(θ)
ρ (z0) ⋐ Q, where θ = (ξω)2−p. Then there exists ν0 = ν0(n, s, p,Λ) ∈ (0, 1) such that if

|{Q(θ)
ρ (z0) : ±(µ± − u) ≤ ξω}| ≤ ν0

(
ξω

max{1, ξω}

)n+sp
sp

|Q(θ)
ρ (z0)|,(3.4)

then

±(µ± − u) ≥ ξω/2 in Q
(θ)
ρ/2(z0).

Proof. We may assume z0 = 0 by Lemma 3.1. We first handle the case when u is a super-solution.
Let us define sequences

(3.5) ki := µ− +
ξω

2
+

ξω

2i+1
, ρi :=

ρ

2
+

ρ

2i+1
and ρi :=

ρi + ρi+1

2

for any i ≥ 0. We next define

Ai :=
|{Q

(θ)
ρi : u < ki}|

|Q
(θ)
ρi |

to claim that

(3.6) Ai+1 ≤ cM imax{1, ξω}1+sp/n

(ξω)1+sp/n
A

1+sp/n
i

for some constant c = c(n, s, p,Λ) ≥ 1 andM =M(n, s, p,Λ) ≥ 1. To obtain (3.6), we first observe
from [DZZ21, Lemma 2.3] that

(3.7)

−

∫

Q
(θ)
ρi+1

(u− ki)
p(1+2s/n)
− dz

≤ c

(
−

∫

Q
(θ)
ρi+1

∫

Bρi+1

ρspi
|(u − ki)−(x, t)− (u − ki)−(y, t)|

p

|x− y|n+sp
dy dz + −

∫

Q
(θ)
ρi+1

(u− ki)
p
− dz

)

×



 sup
t∈I

(θ)
ρi+1

−

∫

Bρi+1

(u− ki)
2
− dx





sp
n

=: J1 × J2

for some constant c = c(n, s, p). We will apply Lemma 3.2 to (3.7). To do this, let us choose
a nonnegative cut-off function ψ ∈ C∞

c (Bρi
) with ψ ≡ 1 in Bρi+1 and |∇ψ| ≤ c(n)2i/ρ, and

φ ∈ C∞(R) with φ ≡ 1 on t ≥ −ρspi+1θ and φ ≡ 0 on t < −ρspi θ. For ϕ = ψφ, we compute

(3.8)

ρp −

∫

Q
(θ)
ρi

(u− ki)
p
−|∇ϕ|

p dz + cρsp −

∫

Q
(θ)
ρi

(
(u− ki)

2
− +

∫ ki

u

β′
ε(ξ)(ξ − ki)− dξ

)
∂tϕ

p dz

≤ c

[
2ip −

∫

Q
(θ)
ρi

(u− ki)
p
− dz +

2i

θ
−

∫

Q
(θ)
ρi

(u− ki)
2
− + (u− ki)− dz

]

for some constant c = c(n, s, p), where we have used (2.1). In light of the fact that

|y − x| ≥ |y|/2i+1 for any x ∈ Bρi
and y ∈ R

n \Bρi
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together with (3.3), we next obtain

(3.9)

ρsp −

∫

I
(θ)
ρi

∫

Rn\Bρi

−

∫

Bρi

(u− ki)
p−1
− (y, t) ((u− ki)−ϕ

p) (x, t)

|x− y|n+sp
dx dy dt

≤ cρsp2i(n+sp) −

∫

I
(θ)
ρi

∫

Rn\Bρi

−

∫

Bρi

(u− ki)
p−1
− (y, t) ((u− ki)−ϕ

p) (x, t)

|y|n+sp
dx dy dt

≤ c2i(n+sp)(ξω)p−1 −

∫

Q
(θ)
ρi

(u − ki)− dz.

By using (3.8), (3.9), θ = (ξω)2−p, and Lemma 3.2 with k = ki, ϕ = ψφ and QR,T (z0) = Q
(θ)
ρi ,

J1 ≤ c

[
−

∫

Q
(θ)
ρi

2i(n+sp+p)(u− ki)
p
− +

2i(n+sp)

θ

(
(u − ki)

2
− + (1 + ξω)(u− ki)−

)
dz

]
(3.10)

holds and

(ρspi+1θ)
−1J

n
sp

2 ≤ cρ−sp
i

[
−

∫

Q
(θ)
ρi

2i(n+sp+p)(u − ki)
p
− +

2i(n+sp)

θ

(
(u− ki)

2
− + (1 + ξω)(u− ki)−

)
dz

](3.11)

for some constant c = c(n, s, p,Λ). By the choice of the constant θ = (ξω)2−p, and (u− ki)− ≤ ξω
from (3.5), we have

−

∫

Q
(θ)
ρi

θ−1
(
(u− ki)

2
− + (u− ki)−

)
dz ≤ c(ξω)p−2

(
(ξω)2 + (ξω)

)
Ai.

Plugging this into (3.10) and (3.11) with (u− ki)− ≤ ξω again, we obtain

J1 ≤ c2i(n+sp+p) max{1, ξω}(ξω)p−1Ai

and with θ = (ξω)2−p,

J2 ≤ c
(
θ2i(n+sp+p) max{1, ξω}(ξω)p−1Ai

) sp
n

≤ c
(
2i(n+sp+p) max{1, ξω}(ξω)Ai

) sp
n

for some constant c = c(n, s, p,Λ), which implies

−

∫

Q
(θ)
ρi+1

(u− ki)
p(1+2s/n)
− dz ≤ c2i(n+sp+p)(1+sp/n) max{1, ξω}1+sp/n(ξω)p−1+sp/nA

1+sp/n
i

together with (3.7). Therefore, we have

(3.12)

Ai+1 ≤
c2ip(1+2s/n)

(ξω)p(1+2s/n)
−

∫

Q
(θ)
ρi+1

(u− ki)
p(1+2s/n)
− dz

≤ c22ip(n+sp+p)(1+sp/n)max{1, ξω}1+sp/n

(ξω)1+sp/n
A

1+sp/n
i

for some constant c = c(n, s, p,Λ) ≥ 1, which proves (3.6) with M = 22p(n+sp+p)(1+sp/n) ≥ 1. By
applying Lemma 2.3 into (3.12), we deduce the desired result for some ν0 = ν0(n, s, p,Λ) ∈ (0, 1).
Similarly, we also get the conclusion when u is a sub-solution. �

We give a remark for a similar version of Lemma 3.4 when the singular β(·) has no effect.

Remark 3.5. Suppose ±(µ± − ε) ≥ ω/4. By Lemma 3.3 and [Lia24c, Lemma 3.1], we obtain
that if

|{Q(θ)
ρ (z0) : ±(µ± − u) ≤ ξω}| ≤ ν0|Q

(θ)
ρ | and (ρ/R)

sp
p−1Tail((u− µ±)±;Q) ≤ ξω,

then

±(µ± − u) ≥ ξω/2 in Q
(θ)
ρ/2(z0).

We next prove a variant of De Giorgi type lemma.
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Lemma 3.6. Let u be a locally bounded sub(super)-solution to (3.1) and let ξ ∈ (0, 1/4]. Then
there is a constant νd = νd(n, s, p,Λ) ∈ (0, 1) such that if

(3.13) ±(µ± − u(·, t1)) ≥ ξω in Bρ(x0),

then for Θ = (ξω)2−p,

±(µ± − u) ≥ ξω/2 in Bρ/2(x0)× (t1, t1 + νdΘρ
sp],

whenever

(ρ/R)
sp

p−1Tail((u − µ±)±;Q) ≤ ξω

and Bρ(x0)× (t1, t1 + νdθρ
sp] ⊂ Q.

Proof. By (3.13), we have
∫

Bρ(x0)×{t=t1}

(
(u− k)2± ±

∫ u

k

β′
ε(ξ)(ξ − k)± dξ

)
ϕp dx = 0

if k = µ± ∓ ξω. Therefore, by following the same lines as in the proof of [Lia24c, Lemma 3.2], we
get the desired estimate. �

We provide more lemmas in case of ±(µ± ∓ ω/4) ≥ ε. Since in this case, there is no effect of
the singularity β(·), the following two lemmas are obtained by [Lia24c, Lemma 3.3 and Lemma
3.4].

Lemma 3.7. Let u be a locally bounded sub(super)-solution to (3.1) with ±(µ± ∓ ω/4) ≥ ε and
let α, ξ ∈ (0, 1) and ξ ∈ (0, 1) be given. Then there are constants δ, τ ∈ (0, 1) depending only on
n, s, p,Λ, and α, but independent of ξ, such that if

|{±(µ± − u(·, t1)) ≥ ξω} ∩Bρ(x0)| ≥ α|Bρ|,

then
|{±(µ± − u(·, t)) ≥ τξω} ∩Bρ(x0)| ≥ α/2|Bρ| for any t ∈ (t1, t1 + δθρsp]

whenever
(ρ/R)

sp
p−1Tail((u − µ±)±;Q) ≤ ξω

and Bρ(x0) × (t1, t1 + δθρsp] ⊂ Q, where θ = (ξω)2−p. In particular, we observe τ = α
c and

δ = αn+p+1

c for some constant c = c(n, s, p,Λ).

Lemma 3.8. Let u be a locally bounded sub(super)-solution to (3.1) with ±(µ± ∓ ω/4) ≥ ε. Let
us fix ξ ∈ (0, 1/4], ς ∈ (0, 1] and write θ = (ςξω)2−p. If there is a constant α ∈ (0, 1) such that

|{±(µ± − u(·, t)) ≥ ξω} ∩Bρ(x0)| ≥ α|Bρ| for any t ∈ (t0 − θρsp, t0]

and
(ρ/R)

sp
p−1Tail((u− µ±)±;Q) ≤ ςξω

with Q
(θ)
ρ (z0) ⊂ Q, then for some c = c(n, s, p,Λ), we have

∣∣∣{±(µ± − u) ≤ ςξω/4} ∩Q(θ)
ρ (z0)

∣∣∣ ≤
cςp−1

α
|Q(θ)

ρ |.

3.1. Oscillation estimate of solutions. In this subsection, we prove Theorem 1.2. Before we
give the proof, we first construct a sequence of cylinders Qi defined in (3.16) and find suitable
oscillation estimates on these cylinders (see (3.17)).

Let us fix QR(z0) ⊂ ΩT and

ω0 := max
{
‖u‖L∞(QR(z0)) +Tail(u;QR(z0)), 1

}
.

Choose ρ0 ≤ R such that

Q(ω0/4)
2−p

ρ0
(z0) ⊂ QR(z0).

We define

(3.14) f1(x) :=
|x|M1

N1ω
M1
0

and f2(x) = 1−
|x|M2

N2ω
M2
0

,
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where M1,M2, N1, N2 ≥ 4 are the constants determined later. Take sequences

(3.15) ρi+1 := f1(ωi)ρi and ωi+1 := max {ωif2(ωi), ωi/2
s, 4ε} ,

where

(3.16) Qi := Q(θi)
ρi

(z0), θi := (ωi/4)
2−p, µ+

i := sup
Qi

u and µ−
i := sup

Qi

u− ωi.

We are now going to determine the constants M1,M2, N1 and N2 to see that

(3.17) osc
Qi

u ≤ ωi and Qi ⊂ Qi−1 for each i ≥ 0 (i ∈ N),

where Q−1 = QR(z0). Suppose that

osc
Qi

u ≤ ωi and Qi ⊂ Qi−1

hold for any i = 0, 1, . . . j − 1. In this setting, we first observe that there is a constant c0 =
c0(n, s, p) ≥ 1 which is independent of i such that for any i = 0, 1, . . . j − 1,

(3.18) Tail
(
(u− µ±

i )±;Qi

)
≤ c0ωi.

To this end, we first see

Tail
(
(u − µ±

i )±;Qi

)
≤ c

i∑

k=1

(ρi/ρk)
sp

p−1 sup
t∈Ii

(
−

∫

Bk\Bk−1

(u − µ±
i )

p−1
± dx

) 1
p−1

+ c(ρi/ρ0)
sp

p−1 sup
t∈Ii

(
ρsp0

∫

Rn\B0

(u − µ±
i )

p−1
±

|y|n+sp
dy

) 1
p−1

:= J1 + J2,

where we write

(3.19) Bi := Bρi , Ii := I
(ωi/4)

2−p

ρsp
i

, and Qi := Bi × Ii.

Since f1(ωi) ≤ 1/2 (from M1, N1 ≥ 4 and ωi ≤ ω0) and ωi+1 ≥ ωi/2
s by (3.15), we estimate J1 as

J1 ≤ c

i∑

k=1

2−(i−k) sp
p−1ωk ≤ c

i∑

k=1

2−(i−k) sp
p−1 2s(i−k)ωi ≤ c

i∑

k=1

2−(i−k) s
p−1ωi ≤ cωi,

where c = c(n, s, p). Again ωi+1 ≥ ωi/2
s by (3.15), we estimate J2 as J2 ≤ c2−

isp
p−1ω0 ≤ cωi, where

c = c(n, s, p). Combining the estimates J1 and J2 yields (3.18). For convenience, we write

(3.20) R := ρj−1, Q := Qj−1, ω := ωj−1, µ+ := µ+
j−1 and µ− := µ−

j−1.

In addition, by Lemma 3.1, we may assume z0 = 0.
By the choice of µ+, µ−, and ω given in (3.16), either

µ+ − ω/4 ≥ ω/4 or µ− + ω/4 ≤ −ω/4

holds by the definition of ωj . It suffices to show the case when µ+−ω/4 ≥ ω/4, as we can similarly
prove the case that µ− + ω/4 ≤ −ω/4. Therefore, µ+ − ω/4 ≥ ε by (3.15).

Let γ ≥ 2 to be determined later depending only on n, s, p and Λ (see (3.36)). We next let
σ ∈ (0, 1] which will be chosen later depending only on n, s, p and ω (see (3.48)). We write

(3.21) ζ := 1/(p− 1), ρ := σR/γ and r := σζR/γ.

Since σ ≤ 1 and ζ < 1, we have ρ ≤ r.
First alternative : We now assume that there is a time level

t ∈ (−rsp(ω/4)2−p, 0](3.22)

such that

(3.23)
∣∣∣
{
Q(θ)

ρ (0, t) : u− µ− ≤ ω/4
}∣∣∣ ≤ ν0ω

∣∣∣Q(θ)
ρ (0, t)

∣∣∣ ,
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where the constant ν0 = ν0(n, s, p,Λ) is determined in Lemma 3.4, and

(3.24) ω :=

(
ω/4

max{1, ω/4}

)n+sp
sp

and θ =
(ω
4

)2−p

.

We now choose

(3.25) γ ≥
(
1 + 2

p−1
sp

)
(4c0)

p−1
sp

to see that

Q(θ)
ρ (0, t) ⊂ Q.(3.26)

Indeed, by (3.21) and (3.24), Q
(θ)
ρ (0, t) = Bρ(0) × (t − θρsp, t] = BσR

γ
(0) × (t − (ω4 )

2−p(σRγ )sp, t]

holds. Also, by (3.22) and (3.20), we obtain

Q = Qi−1 = Bρi−1 (0)× I
(ωi−1/4)

2−p

ρsp
i−1

= BR(0)× I
(ω/4)2−p

Rsp = BR(0)× (−(ω4 )
2−pRsp, 0).

Then if γ ≥ 1+2
1
sp , since σ ≤ 1, we have BσR

γ
(0) ⊂ BR(0). Moreover, by t > −rsp

(
ω
4

)2−p
, (3.21),

and ζ < 1, there holds

t−
(ω
4

)2−p
(
σR

γ

)sp

≥
(ω
4

)2−p
[
−rsp −

(
σR

γ

)sp]

≥
(ω
4

)2−p
[
−

(
σζR

γ

)sp

−

(
σR

γ

)sp]
≥ −

(ω
4

)2−p

Rsp.

Thus (t− (ω4 )
2−p(σRγ )sp, t) ⊂ (−(ω4 )

2−pRsp, 0) so that (3.26) is proved.

Also, the choice of γ in (3.25) helps us to estimate

(ρ/R)
sp

p−1Tail((u− µ−)−;Q) = (σ/γ)
sp

p−1Tail((u − µ−)−;Q) ≤ ω/4,

which follows from (3.21) and (3.18). Then by Lemma 3.4, we get

(3.27) u− µ− ≥ ω/8 in Q
(θ)
ρ/2(0, t).

Hence, there is a constant

(3.28) ξ1 ≥ σ
sp

p−1 ν
1

p−2

d 2−
sp

p−2 := ξ0(≤ 1)

such that

(3.29) t+ νd(ξ1ω/4)
2−p(ρ/2)sp = 0,

where νd = νd(n, s, p,Λ) ∈ (0, 2−(p−2)] is determined in Lemma 3.6. Here, note that

νd(ξ0ω/4)
2−p(ρ/2)sp = νd

(
σ

sp
p−1 ν

1
p−2

d 2−
sp

p−2
ω

4

)2−p (ρ
2

)sp
=

(
σζρ

σ

)sp (ω
4

)2−p

= rsp
(ω
4

)2−p

by (3.21) and so t+ νd(ξ0ω/4)
2−p(ρ/2)sp > 0 by (3.22). We now select

(3.30) γ ≥ 2
p−1
p−2

(
8c0ν

− 1
p−2

d

) p−1
sp

to see that

(3.31)
(ρ/R)

sp
p−1Tail((u− µ−)−;Q) = (σ/γ)

sp
p−1Tail((u − µ−)−;Q) ≤ σ

sp
p−1 ν

1
p−2

d 2−
sp

p−2ω/8

≤ ξ0ω/8 ≤ ξ1ω/8,

where we have used (3.18) and (3.28). We first consider the case when ξ1 ≤ 1. Since (3.27) implies

(3.32) u(·, τ)− µ− ≥ ω/8 ≥ ξ1ω/8 in Bρ/2 for any τ ∈ (t− (ρ/2)spθ, t],

by Lemma 3.6 for Θ = (ξ1ω/8)
2−p together with (3.29) and (3.31), we have

(3.33) u− µ− ≥ ξ1ω/16 in Bρ/4 × (−(ρ/2)spθ, 0].



16 KIM, LEE, AND PRASAD

On the other hand, if ξ1 ≥ 1, then from (3.29), t ∈ [−νd(ω/4)
2−p(ρ/2)sp, 0]. Thus there is a time

level t̃ ∈ (t− (ω/4)2−p(ρ/2)sp, t] such that t̃ = −νd(ω/8)
2−p(ρ/2)sp. Hence, from (3.27) we have

u(·, t̃)− µ− ≥ ω/8 in Bρ/2.

We now use (3.31) and ξ0 ≤ 1 to see that

(ρ/R)
sp

p−1Tail((u− µ−)−;Q) = (σ/γ)
sp

p−1Tail((u − µ−)−;Q) ≤ ξ0ω/8 ≤ ω/8.

By Lemma 3.6, we get

(3.34) u− µ− ≥ ω/16 in Bρ/4 × (−(ρ/2)spθ, 0].

In light of (3.27), (3.33) and (3.34) along with (3.28), we get

osc
Q

(ω/4)2−p

ρ/4

u ≤

(
1−

ξ0
16

)
ω =



1−
σ

sp
p−1 ν

1
p−2

d 2−
sp

p−2

16



ω(3.35)

if

(3.36) γ :=
(
2

p−1
sp + 2

p−1
p−2

)(
8c0ν

− 1
p−2

d

) p−1
sp

,

which makes γ still satisfy (3.25) and (3.30).
Second alternative : If (3.23) does not hold, then for any t ∈ (−rsp(ω/4)2−p, 0],

∣∣∣
{
Q(θ)

ρ (0, t) : u− µ− ≤ ω/4
}∣∣∣ ≥ ν0ω

∣∣∣Q(θ)
ρ

∣∣∣ ,

which gives

(3.37)
∣∣∣
{
Q(θ)

ρ (0, t) : µ+ − u ≥ ω/4
}∣∣∣ ≥ ν0ω

∣∣∣Q(θ)
ρ

∣∣∣ ,

where the constants θ and ω are determined in (3.24). Then for each t ∈ (−rspθ, 0], there is a
time level t ∈ (t− ρspθ, t− ν0ωρ

spθ/2] such that
∣∣{Bρ : µ+ − u(·, t) ≥ ω/4

}∣∣ ≥ ν0ω|Bρ|/2.

Otherwise
∣∣∣
{
Q(θ)

ρ (0, t) : µ+ − u ≥ ω/4
}∣∣∣ ≤

∫ t−ν0ωρspθ/2

t−ρspθ

|{Bρ : µ+ − u(·, τ) ≥ ω/4}| dτ + ν0ωρ
spθ|Bρ|/2

< ν0ω|Q
(θ)
ρ |,

so it contradicts (3.37). Therefore, we have
∣∣{Bρ : µ+ − u(·, t) ≥ ξ3ω/4

}∣∣ ≥
∣∣{Bρ : µ+ − u(·, t) ≥ ω/4

}∣∣ ≥ ν0ω|Bρ|/2,

where ξ3 ∈ (0, 1] is determined later (see (3.41)). Let us recall µ+ −ω/4 ≥ ω/4 ≥ ε, which follows
from the fact that ω ≡ ωi−1 in (3.20) and (3.15). Thus by Lemma 3.7, we get

∣∣{Bρ : µ+ − u(·, t̃) ≥ τξ3ω/4
}∣∣ ≥ ν0ω|Bρ|/4 for any t̃ ∈ (t, t+ (ωn+p+1/c1)(ξ3ω/4)

2−pρsp],

(3.38)

where

(3.39) τ = ω/c1

with c1 = c1(n, s, p,Λ) ≥ 2 and ω in (3.24), whenever

(ρ/R)
sp

p−1Tail((u− µ+)+;Q) = (σ/γ)
sp

p−1Tail((u − µ+)+;Q) ≤ ξ3ω/4.(3.40)

We note that from t ∈ (t− ρspθ, t− ν0ωρ
spθ/2], there is a positive number ξ3 ∈ (0, 1] such that

(3.41) ξ3 ≥
(
ωn+p+1/c1

) 1
p−2 := ξ2

and

(3.42) 0 + (ωn+p+1/c1)(ξ3ω/4)
2−pρsp = 0,
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where 0 means the evaluation t = 0 in t ∈ (t− ρspθ, t− ν0ωρ
spθ/2]. We point out that since ω ≤ 1

from (3.24), we ensure that ξ3 ∈ (0, 1]. Since we arbitrarily choose t ∈ (−rsp(ω/4)2−p, 0], (3.42)
and (3.38) implies

|{Bρ : µ+ − u(·, t) ≥ τξ2ω/4}| ≥ ν0ω|Bρ|/4

for any t ∈ (−rsp(ω/4)2−p, 0]. For ς ∈ (0, 1] which will be determined later in (3.45), τ in (3.39),
ξ2 in (3.41), we assume

(3.43) σ ≤ (ςτξ2)
p−1
sp

to see that (−ρsp(ςτξ2ω/4)
2−p, 0] ⊂ (−rsp(ω/4)2−p, 0]. We now use Lemma 3.8 with α and ξ

replaced by ν0ω/4 and τξ2/4, respectively, to see that
∣∣∣
{
Q(ςτξ2ω/4)2−p

ρ : µ+ − u ≤ ςτξ2ω/4
}∣∣∣ ≤

c2ς
p−1

ω
|Q(ςτξ2ω/4)2−p

ρ |

for some constant c2 = c2(n, s, p), whenever

(3.44) (ρ/R)
sp

p−1Tail((u− µ+)+;Q) = (σ/γ)
sp

p−1Tail((u − µ+)+;Q) ≤ ςτξ2ω/4.

We now choose

(3.45) ς :=
(
ων0c

−1
2

) 1
p−1 ≤

1

2

to see that ∣∣∣
{
Q(ςτξ2ω/4)2−p

ρ : µ+ − u ≤ ςτξ2ω/4
}∣∣∣ ≤ ν0|Q

(ςτξ2ω/4)2−p

ρ |.

By Remark 3.5 with ξ = ςτξ2/4, we get

µ+ − u ≥ ςτξ2ω/8 in Q
(ςτξ2ω/4)2−p

ρ/2 ,

whenever

(3.46) (ρ/R)
sp

p−1Tail((u− µ+)+;Q) = (σ/γ)
sp

p−1Tail((u − µ+)+;Q) ≤ ςτξ2ω/4.

By (3.43) and (3.36), we have (3.40), (3.44) and (3.46) hold. Therefore, we have

osc
Q

(ςξ2ω/4)2−p

ρ/2

u ≤ ω(1− ςτξ2/8),(3.47)

if

(3.48) σ := (ςτξ2)
p−1
sp .

By (3.35) and (3.47) together with (3.36) and (3.48), we have

osc
Q

(ω/4)2−p

ρ/4

u ≤


1−

ςτξ2ν
1

p−2

d 2−
sp

p−2

16


ω.

In addition, in light of (3.24) along with the fact that max{ω/4, 1} ≤ ω0, (3.39), (3.41) and (3.45),
we obtain

osc
Q

(ω/4)2−p

ρ/4

u ≤

(
1−

ωM

cωM
0

)
ω

for some constant M = M(n, s, p,Λ) ≥ 4 and c = c(n, s, p,Λ) ≥ 4. Therefore, by recalling the
definition of the function f2 given in (3.14), we get

osc
Q

(ω/4)2−p

ρ/4

u ≤ f2(ω)ω

by taking M2 = M and N2 = 4max{c, 2s/(2s − 1)} which depend only on n, s, p and Λ. In
addition, by the choice of N2, we get

f2(ω)ω ≥ ω/2s.(3.49)
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In addition, by (3.48), (3.41), (3.39), (3.45), and (3.36), there is a suitable constant C1 ≥ 1
depending only on n, s, p and Λ such that σ/γ = ωM/C1. Therefore, by taking

N1 = 2
p−2
p +2+2MC1(≥ 4) and M1 =

M(n+ sp)

sp
(≥ 4),(3.50)

together with ω0 ≥ max{1, ω/4} we have

(3.51) f1(ω) =
ωM1

2
p−2
p +2+2M1C1ω

M1
0

≤
σ

2
p−2
p +2γ

.

Indeed, since ω
4ω0

≤ ω
max{4,ω} , we obtain

ωM1

22M1C1ω
M1
0

≤
1

C1

(
ω

max{22, ω}

)n+sp
sp M

=
ωM

C1
=
σ

γ
.

Then with (3.51), by using ωj ≤ ωj−1 = ω and (3.15), together with N1 ≥ 4 and ωj−1 ≤ ω0, we
get

osc
Q

(ωj/4)
2−p

f1(ωj−1)ρj−1

u ≤ osc
Q

(ω/4)2−p

ρ/4

u ≤ f2(ω)ω = f2(ωj−1)ωj−1 ≤ ωj and Qj ⊂ Qj−1.

Indeed, note that Qj = Bj × Ij = Bρj × I
(ωj/4)

2−p

ρsp
j

. Since ωj ≤ ωj−1 and (3.14), it suffices to show

ρspj (ωj/4)
2−p ≤ ρspj−1(ωj−1/4)

2−p. Note from (3.14) with N1 ≥ 4 and (3.15) together with the fact

that ωj ≥ ωj−1/2
s,

ρspj (ωj/4)
2−p = (f1(ωj−1)ρj−1)

sp(ωj/4)
2−p ≤ (f1(ωj−1)ρj−1)

sp(ωj−1/4)
2−p2s(p−2)

≤ ρspj−1(ωj−1/4)
2−p

(3.52)

holds. Therefore, we have proved (3.17).
We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Using (3.17), we first inductively prove that there is a constant ς = ς(n, s, p,Λ)
such that

osc
Qi

u ≤ ω0(1 + i)−ς + 4ε(3.53)

for some constant c = c(n, s, p,Λ), where the cylinder Qi is determined in (3.16). By Lemma 2.2,
there is a constant ς = ς(n, s, p,Λ) ∈ (0, 1) such that the sequence ai := ω0(1 + i)−ς satisfies

(3.54) ai ≥ ai−1f2 (ai−1) for any i ≥ 1.

We now note that there is a positive integer i0 such that ωi0 = 4ε. If not, we have ωi+1 = ωif2(ωi)
for any i ≥ 1, as (3.15) and (3.49). Then, by (3.54), we have ωi ≤ ω0(1 + i)−ς . Therefore, if i is
sufficiently large, then ωi+1 ≤ 4ε, which gives a contradiction.

Let us take the smallest positive integer i0 such that ωi0 = 4ε. Then, we have oscQi u ≤
ω0(1 + i)−ς for any i ≤ i0 and oscQi u ≤ 4ε for i > i0. This implies (3.53).

Using (3.53), we are now ready to prove (1.6). Let take r ∈ (0, ρ0]. Then there is a nonnegative
integer j such that

ρj+1 < r ≤ ρj.

We next observe from (3.15) that ωj ≥ ω0/2
sj and

(3.55) ρj+1 ≥

(
ωj

ω0

)M1 1

N1
ρj ≥ · · · ≥

(
1

N1

)j+1
[

j∏

i=0

(
1

2si

)M1
]
ρ0,

where the constants N1 and M1 fixed in (3.50) depend only on n, s, p and Λ. Using (3.55), we get

ρ0
(2N1)2M1j2

≤
ρ0

N j+1
1 2

M1j(j+1)
2

≤ ρj+1 < r.
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By taking logarithm on both sides together with a few computations, we have j2 ≥ c ln(ρ0/r),
where c = c(n, s, p,Λ). Using this along with (3.53), we obtain

osc
Q

(ω0/4)2−p

r

u ≤ osc
Qj

u ≤ ω0(1 + j)−ς + 4ε ≤ cω0 (1 + ln(ρ0/r))
−ς/2

+ 4ε

for some constant c = c(n, s, p,Λ), which gives (1.6). This completes the proof. �

4. Estimates on the Lateral Boundary

Let us fix ε ∈ (0, 1). In this section, we are going to study a bounded weak solution

u ≡ uε ∈ Lp(0, T ;W s,p(Ω′)) ∩ C(0, T ;L2(Ω)) ∩ L∞(0, T ;Lp−1
sp (Rn))

to

(4.1)

{
∂t(u+ βε(u)) + Lu = 0 in Q∩ ΩT ,

u = g in Q \ ΩT ,

where Ω′ ⋑ Ω and Q := BR(x0) × (t1 − T0, t1] with x0 ∈ ∂Ω, R ∈ (0, 1], t1 ∈ R, T0 > 0 and
Q ⊂ Ω′

T . Let us fix constants

µ+ ≥ sup
Q
u, µ− ≤ inf

Q
u, and ω ≥ µ+ − µ−.

We next assume that the complement of Ω satisfies the measure density condition with α0 ∈ (0, 1)
(see (1.7) for the precise definition of this). We assume g ∈ C

(
Q
)
and there is a non-decreasing

function ωg : R+ → R+ with ωg(0) = 0 and

|g(z1)− g(z2)| ≤ ωg

(
|x1 − x2|+ |t1 − t2|

1
sp

)
for any z1, z2 ∈ Q.

For z0 ∈ R
n+1 and R, T > 0, we fix

QR,T (z0) ⊂ Q.

We now observe the following energy estimates near the boundary.

Lemma 4.1. Let u be a sub(super)-solution to (4.1). Let ϕ be a positive smooth function satisfying
ϕ(·, t) ≡ 0 on R

n \Br(x0) with r < R. Then there is a constant c = c(n, s, p,Λ) such that
(4.2)

sup
t0−T <t<t0

[∫

BR(x0)

ϕp(u− k)2± dx±

∫

BR(x0)

ϕp

∫ u

k

β′
ε(ξ)(ξ − k)± dξ dx

]

+

∫ t0

t0−T

∫

BR(x0)

∫

BR(x0)

|((u − k)±ϕ)(x, t) − ((u− k)±ϕ)(y, t)|
p

|x− y|n+sp
dx dy dt

+

∫ t0

t0−T

∫

BR(x0)

∫

BR(x0)

(u− k)p−1
∓ (y, t)((u − k)±ϕ

p)(x, t)

|x− y|n+sp
dx dy dt

≤ cRp−sp

∫

QR,T (z0)

(u− k)p±|∇ϕ|
p dz + c

∫

QR,T (z0)

(
(u− k)2± ±

∫ u

k

β′
ε(ξ)(ξ − k)± dξ

)
∂tϕ

p dz

+ c

∫ t0

t0−T

∫

Rn\BR(x0)

∫

BR(x0)

(u− k)p−1
± (y, t)((u − k)±ϕ

p)(x, t)

|x− y|n+sp
dx dy dt

+

∫

BR(x0)×{t=t0−T }

(
(u− k)2± ±

∫ u

k

β′
ε(ξ)(ξ − k)± dξ

)
ϕp dx,

whenever

(4.3)





k ≥ sup
Q
g if u is a sub-solution

k ≤ inf
Q
g if u is a super-solution.

Proof. By (4.3), we are able to test (u− k)±ϕ
p to (4.1). Therefore, as in the proof of Lemma 3.2,

we have the desired energy inequalities near the boundary. �
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First, we prove a measure shrinking lemma near the boundary. In particular, we use a different

kind of intrinsic cylinder which is of the form Q
(θ)
ρ , where θ h ω1−p. Since we employ the third

term given in the left-hand side of (4.2) which specially appears in nonlocal problems, such a
cylinder is useful for dealing with the singular term βε.

Lemma 4.2. Let u be a sub(super)-solution to (4.1) with the measure density condition (1.7) for
Ω. Let us fix ξ, ς ∈ (0, 1/4] and write

(4.4) θ := (ςξω)1−p.

If

(4.5) (ρ/R)
sp

p−1Tail((u− µ±)±;Q) ≤ ςξω and ξω ≤ ±µ± − sup
Q

(±g)

with Q
(θ)
ρ (z0) ⊂ Q, then

∣∣∣{±(µ± − u) ≤ ςξω} ∩Q(θ)
ρ (z0)

∣∣∣ ≤ cςp−1 max{1, ςξω}
∣∣∣Q(θ)

ρ

∣∣∣

for some constant c = c(n, s, p,Λ, α0), where the constant α0 is determined in (1.7).

Proof. It suffices to consider the case when u is a super-solution and z0 = 0. By the maximum
principle, (1.7) and the second condition in (4.5), we observe

|{−(µ− − u)(·, t) ≥ ξω} ∩Bρ| ≥ α0|Bρ|

for any t ∈ I
(θ)
ρ . Therefore, together with 0 ≤ ϕ = ϕ(x) ∈ C∞

c (B3ρ/2), ϕ ≡ 1 on Bρ, and
|∇ϕ| ≤ c/ρ, we have

(4.6)

∫

Q
(θ)
ρ

∫

Bρ

(u − k)p−1
+ (y, t)((u − k)−ϕ

p)(x, t)

|x− y|n+sp
dx dy dt

≥
(ξω)p−1

c

(∫

Q
(θ)
ρ

((u− k)−ϕ
p)(x, t)

|x− y|n+sp
dz

)
|Bρ|

≥
ς(ξω)p

cρsp

∣∣∣{−(µ− − u) ≤ ςξω} ∩Q(θ)
ρ

∣∣∣ ,

where we write k := µ− + 2ςξω. In addition, as in the estimate of (3.9) together with the first
condition in (4.5), we deduce

J :=ρ−sp

∫

Q
(θ)
2ρ

(u− k)p− dz +

∫

Q
(θ)
2ρ

∫

Rn\B2ρ

(u − k)p−1
− (y, t)((u − k)−ϕ

p)(x, t)

|x− y|n+sp
dx dy dt

+

∫

B2ρ×{t=−(2ρ)spθ}

(
(u − k)2− −

∫ k

u

β′
ε(ξ)(ξ − k)− dξ

)
ϕp dx

≤ cθ(ςξω)p|Bρ|+ c
(
(ςξω)2 + (ςξω)

)
|Bρ|

≤
c

ρsp

[
(ςξω)p + θ

−1 (
(ςξω)2 + (ςξω)

)] ∣∣∣Q(θ)
ρ

∣∣∣

for some constant c = c(n, s, p), where (4.5) is used. We now use (4.4) to further estimate J as

J ≤
c

ρsp
(ςξω)p max{1, ςξω}

∣∣∣Q(θ)
ρ

∣∣∣ .

Using this, (4.6) and the energy estimates given in Lemma 4.1 for ϕ = ϕ(x) (so ∂tϕ ≡ 0) with
r = ρ and R = 2ρ, we have

ς(ξω)p

ρsp

∣∣∣{−(µ− − u) ≤ ςξω} ∩Q(θ)
ρ

∣∣∣ ≤
c

ρsp
(ςξω)p max{1, ςξω}

∣∣∣Q(θ)
ρ

∣∣∣

for some constant c = c(n, s, p,Λ), which completes the proof. �

We next observe a De Giorgi type lemma near the boundary.
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Lemma 4.3. Let u be a sub(super)-solution to (4.1) with the measure density condition (1.7) for
Ω. Let us fix ξ ∈ (0, 1/4]. We take

(4.7) θ := (ξω)1−p.

Suppose

(ρ/R)
sp

p−1Tail((u − µ±)±;Q) ≤ ξω and ξω ≤ ±µ± − sup
Q

(±g)

and Q
(θ)
ρ (z0) ⊂ Q. Then there is a constant ν1 = ν1(n, s, p,Λ) ∈ (0, 1) such that if

|{Q(θ)
ρ (z0) : ±(µ± − u) ≤ ξω}| ≤ ν1

ξω

max{1, ξω}1+n/sp
|Q(θ)

ρ (z0)|,

then

±(µ± − u) ≥ ξω/2 in Q
(θ)
ρ/2(z0).

Proof. We may assume z0 = 0 by Lemma 3.1. It suffices to consider the case when u is a super-
solution. Let us choose sequences ki, ρi and ρi as in (3.5). We next define

Ai :=

∣∣∣
{
Q

(θ)
ρi : u < ki

}∣∣∣
∣∣∣Q(θ)

ρi

∣∣∣

to see that

(4.8) Ai+1 ≤ cM imax{1, ξω}1+sp/n

(ξω)
sp
n

A
1+sp/n
i

for some constant c = c(n, s, p,Λ) and M = M(n, s, p). To do this, we first recall the inequality
(3.7) and we will estimate the terms J1 and J2 given in (3.7) with θ replaced by θ. Let us choose
functions ψ ∈ C∞

c (Bρi
) with 0 ≤ ψ ≤ 1, ψ ≡ 1 on Bρi+1 and φ ∈ C∞(R) with 0 ≤ φ ≤ 1, φ ≡ 1 on

t ≥ −ρspi+1θ and φ ≡ 0 on t < −ρspi θ. By using Lemma 4.1 with k = ki and ϕ = ψφ and following

the same lines as in the estimates of (3.10) and (3.11) with θ replaced by θ, we deduce

J1 ≤ c

[
−

∫

Q
(θ)
ρi

2i(n+sp+p)(u − ki)
p
− +

2i

θ

(
(u − ki)

2
− + (1 + ξω)(u − ki)−

)
dz

]
(4.9)

and

(ρspi+1θ)
−1J

n
sp

2 ≤ cρ−sp
i

[
−

∫

Q
(θ)
ρi

2i(n+sp+p)(u− ki)
p
− +

2i

θ

(
(u− ki)

2
− + (1 + ξω)(u − ki)−

)
dz

](4.10)

for some constant c = c(n, s, p,Λ). By the choice of the constant θ determined in (4.7), we have

−

∫

Q
(θ)
ρi

θ
−1 (

(u − ki)
2
− + (1 + ξω)(u− ki)−

)
dz ≤ (ξω)p−1

(
(ξω)2 + (ξω)

)
Ai.

Combining this, (4.9) and (4.10) yields J1 ≤ c2i(n+sp+p) max{1, ξω}(ξω)pAi and

J2 ≤ c
(
θ2i(n+sp+p) max{1, ξω}(ξω)pAi

) sp
n

≤ c
(
2i(n+sp+p) max{1, ξω}(ξω)Ai

) sp
n

for some constant c = c(n, s, p,Λ), which implies

−

∫

Q
(θ)
ρi+1

(u − ki)
p(1+2s/n)
− dz ≤ c2i(n+sp+p)(1+sp/n) max{1, ξω}1+sp/n(ξω)p(1+s/n)A

1+sp/n
i ,

where we have used (3.7). Therefore, we have

Ai+1 ≤
c2ip(1+2s/n)

(ξω)p(1+2s/n)
−

∫

Q
(θ)
ρi+1

(u− ki)
p(1+2s/n)
− dz
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≤ c2ip(n+sp+p)(1+sp/n)max{1, ξω}1+sp/n

(ξω)
sp
n

A
1+sp/n
i

for some constant c = c(n, s, p,Λ), which proves (4.8). Therefore, by Lemma 2.3, we derive the
desired result. �

4.1. Uniform continuity. In this subsection, we are going to prove Theorem 1.4. As in Sub-
section 3.1, we first construct a sequence of cylinders Qi and derive oscillation estimates on such
cylinders (see (4.13) and (4.14)).

Let us fix QR(z0) with x0 ∈ ∂Ω and QR(z0) ⊂ Ω′
T . We now set

ω0 := max{‖u‖L∞(QR(z0)) +Tail(u;QR(z0)), 1}.

Let us choose ρ0 < R such that

Q(ω0/4)
1−p

ρ0
(z0) ⊂ QR(z0).

We define

(4.11) f1(x) :=
|x|M1

N0N1ω
L1
0

and f2(x) = 1−
|x|M2

N2ω
L2
0

,

where M1,M2, N1, N2, L1, L2 ≥ 4 with Mi ≤ Li are the constants determined later. In addition,
we may assume N0 ≥ 1 and this will be determined later to obtain a suitable modulus of continuity
of the solution (see (4.28) below). Take sequences

(4.12) ρi+1 := f1(ωi)ρi and ωi+1 := max

{
ωif2(ωi), ωi/2

s, 2 osc
Qi

g, 4ε

}
,

where

(4.13) Qi := Q(θi)
ρi

, θi := (ωi/4)
1−p, µ+

i := sup
Qi

u and µ−
i := sup

Qi

u− ωi.

We are now going to determine the constants M1,M2, N1, N2, L1 and L2 to obtain that

(4.14) osc
Qi

u ≤ ωi and Qi ⊂ Qi−1 for each i ≥ 0,

where Q−1 = QR(z0). Suppose that

osc
Qi

u ≤ ωi and Qi ⊂ Qi−1

hold for any i = 0, 1, . . . , j− 1. By following the same lines as in the proof of (3.18) together with
the fact that f1(ωi) ≤ 1/2 (from M1, N1 ≥ 4 and ωi ≤ ω0) and ωi+1 ≥ ωi/2

s, by (3.15) we have

(4.15) Tail((u− µ±
i )±;Qi) ≤ c1ωi for any i = 0, 1, . . . , j − 1

for some constant c1 = c1(n, s, p), which is independent of i. For a convenience of notations, we
write

R := ρj−1, Q := Qj−1, ω := ωj−1, µ+ := µ+
j−1 and µ− := µ−

j−1.

In addition, by Lemma 3.1, we may assume z0 = 0. We now fix

ρ := σR,(4.16)

where σ ∈ (0, 1) will be determined in (4.22).
We first consider the following two cases:

µ+ − ω/4 ≥ sup
Q
g and µ− + ω/4 ≤ inf

Q
g.(4.17)

It implies that

ω/4 ≤ ±µ± − sup
Q

(±g).

Let ς ∈ (0, 1/4] be a free parameter determined later in (4.20). By Lemma 4.2 with ξ = 1/4, we
have ∣∣∣{±(µ+ − u) ≤ ςω/4} ∩Q(ςω/4)1−p

ρ

∣∣∣ ≤ c∗ςp−1 max{1, ςω/4}
∣∣∣Q(ςω/4)1−p

ρ

∣∣∣(4.18)
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for some constant c∗ = c∗(n, s, p,Λ, α0) ≥ 1 whenever

(4.19) Q(ςω/4)1−p

ρ ⊂ Q and (ρ/R)
sp

p−1Tail((u − µ±)±;Q) ≤ ςω/4,

where the constant α0 ∈ (0, 1) is determined in (1.7). With ν1 from Lemma 4.3, let us take

(4.20) ς :=

(
ν1ω

16c∗ω
2+n/sp
0

) 1
p−2

to see that
∣∣∣{±(µ+ − u) ≤ ςω/4} ∩Q(ςω/4)1−p

ρ

∣∣∣ ≤
ν1(ςω/4)

ω
1+ n

sp

0

∣∣∣Q(ςω/4)1−p

ρ

∣∣∣ ≤
ν1ςω/4

max{1, ςω/4}1+
n
sp

∣∣∣Q(ςω/4)1−p

ρ

∣∣∣ ,

where the constant ν1 = ν1(n.s, p,Λ) ∈ (0, 1) is determined in Lemma 4.3. Indeed, for the second
inequality we have used ω0 ≥ max{1, ςω/4} since ς ≤ 1 and (4.12) hold, and for the first inequality

c∗ςp−2ς max{1, ςω/4} =
ν1(ςω/4)

ω
1+n/sp
0

max{1, ςω/4}

4ω0
≤
ν1(ςω/4)

ω
1+n/sp
0

holds and so (4.18) is applicable.
We now apply Lemma 4.3 with ξ = ς/4 ≤ 1

4 to get that

±(µ± − u) ≥ ςω/8 in Q
(ςω/4)1−p

ρ/2 ,

if

(4.21) Q(ςω/4)1−p

ρ ⊂ Q and (ρ/R)
sp

p−1Tail((u − µ±)±;Q) ≤ ςω/4.

We now take

σ =

(
ς

4c1

) p−1
sp

,(4.22)

to make (4.19) and (4.21) holds true by (4.16), where the constants c1 and ς are determined in
(4.15) and (4.20), respectively. Therefore, we get

osc
Q

(ω/4)1−p

ρ/2

u ≤ osc
Q

(ςω/4)1−p

ρ/2

u ≤ ω(1− ς/8).

By recalling (4.11) and (4.20), there are constantsM2 := 4+ 1
p−2 , L2 :=

(
2 + n

sp

)(
4 + 1

p−2

)
> M2

and N2 = N2(n, s, p,Λ, α0) ≥ max{2s/(2s − 1) +M2, (16c
∗/ν1)

1
p−2 } such that (3.49) and

osc
Q

(ςω/4)1−p

ρ/2

u ≤ ω

(
1−

ωM2

N2ω
L2
0

)
= ωf2(ω).(4.23)

In addition, by (4.16), (4.20) and (4.22), there are constants M1 := 4 +M2(p− 1)/(sp), L1 := 4 +

L2(p− 1)/(sp) and C1 = C1(n, s, p,Λ, α0) ≥ 1 such that ρ/2 = ω
1

p−2
p−1
sp

C1ω
(2+ n

sp
) 1
p−2

p−1
sp

0

R and ωM1

C1ω
L1
0

≤ 1
2 .

We now choose

f1(x) =
|x|M1

N0N1ω
L1
0

,(4.24)

where N1 := (4
2(p−1)

s +1)C1. We point out that a constant N0 ≥ 1 will be chosen later depending
only on a given data (see (4.28)). Then similar to the argument for (3.52), we get

osc
Q

(ωj/4)
1−p

f1(ωj−1)ρj−1

u ≤ osc
Q

(ω/4)1−p

ρ/2

u ≤ f2(ωj−1)ωj−1 ≤ ωj and Qj ⊂ Qj−1.

On the other hand, if the two cases in (4.17) do not occur, then oscQj u ≤ oscQj−1 u ≤ 2 oscQj g ≤
ωj holds. Therefore, we have proved (4.14).

Using this, we are now able to derive a quantitative oscillation estimate (1.10).
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Proof of Theorem 1.4. By (1.9), we take ω0 = 1 and take ρ0 = R/4
p−1
sp to see thatQ

(ω0/4)
1−p

ρ0 (z0) ⊂
QR(z0). By Lemma 2.2, there is a constant ς = ς(n, s, p,Λ, α0) ∈ (0, 1) such that the sequence
ai := (1 + i)−ς satisfies

(4.25) an ≥ an−1f2(an−1),

as the constants M2, N2 and L2 depend only on n, s, p,Λ and α0.
We now assume

ωg(ρ) ≤ cg (1 + ln(R/ρ))
−δ

(4.26)

holds for any ρ ∈ (0,R], where δ ∈ (ς, 1) and cg ≥ 1. We are now going to find a parameter N0

which is first introduced in (4.11), in order to derive

osc
Qi

u ≤ (1 + i)
−ς

+ 4ε

for any i ≥ 0.
In light of (4.11) and the fact that ωi ≤ ω0 = 1, we get

ρi ≤
ρi−1

N0N1
≤ · · · ≤

ρ0
(N0N1)i+1

.(4.27)

Using (1.8), ωi+1 ≥ ωi/2
s, (4.27), the fact that N1 ≥ 2

2(p−1)
s (which is determined in (4.24)), and

(4.26), we have

osc
Qi

g ≤ ωg

(
ρi

[
1 + (ωi/4)

1−p
sp

])
≤ ωg

(
ρi2

i(p−1)/p
[
1 + (ω0/4)

1−p
sp

])

≤ ωg

(
ρ0/N

i+1
0

)
≤ cg (1 + (i + 1) lnN0)

−δ
,

where we also have used the fact that ω0 = 1 and ρ0 = R/4
p−1
sp . We now choose N0 = N0(δ, cg) ≥ 1

sufficiently large to see that

(4.28) osc
Qi

g ≤ (2 + i)−δ/2,

which implies oscQi g ≤ (2 + i)−ς/2, by the choice of δ > ς .
Therefore, by considering the proof of (3.53), we similarly derive

osc
Qi

u ≤ (1 + i)−ς + 4ε(4.29)

for any i ≥ 0. First, by following the same lines as in the proof of (3.53), there is the smallest
positive integer i0 such that ωi0+1 = 4ε and ωi0 > 4ε. Then we inductively prove

ωi ≤ (1 + i)−ς(4.30)

for any i ∈ [0, i0]. Suppose (4.30) holds for any i = 0, 1, . . . , j − 1. Then we have ωj−1 ≤ j−ς and

ωj ≤ max{ωj−1f2(ωj−1), (1 + j)−ς}.

We next note that xf2(x) is non-decreasing function when |x| ≤ 1 by the fact that N2 ≥M2 which
is determined in (4.23). Therefore, using this and (4.25), we have

(1 + j)−ς ≥ j−ςf2(j
−ς) ≥ ωj−1f2(ωj−1),

which implies (4.30) with i = j. Thus, we have proved (4.29).
Using (4.29), we are now ready to prove (1.10). We may assume r ∈ (0, ρ0], since if r ∈ (ρ0,R],

then (1.10) directly follows by taking the constant c = c(n, s, p, δ) sufficiently large. We then note
that there is a nonnegative integer i such that

ρi+1 < r ≤ ρi.

From (4.12) and the fact that ω0 = 1, we observe ωi ≥ ω0/2
si = 1/2si and

r > ρi+1 ≥
ωM1

i

N0N1
ρi ≥

1

2M1si

1

N0N1
ρi ≥ · · · ≥

(
1

N0N1

)i+1
[

i∏

k=0

(
1

2sk

)M1
]
ρ0,



NONLOCAL TWO-PHASE STEFAN PROBLEM 25

where N1 = N1(n, s, p,Λ, α0), M1 = M1(n, s, p,Λ) are defined preceding (4.24), and the constant
N0 = N0(δ, cg) is determined in (4.28). Thus, we deduce

ρ0

(2N0N1)
2M1i2

≤
ρ0

(N0N1)
i+1 2

M1i(i+1)
2

≤ r,

which implies i2 ≥ c ln(ρ0/r), where c = c(n, s, p,Λ, α0, δ, cg). Plugging this into (4.29) together

with the fact that ρ0 = R/4
p−1
sp yields

osc
Q

(ω0/4)2−p

r

u ≤ osc
Qi

u ≤ (1 + i)−ς + 4ε ≤ c (1 + ln(R/r))
−ς/2

+ 4ε.

Since we assume ω0 = 1, after a few computations, we derive (1.10). This completes the proof. �

5. Estimates on the Initial Boundary

In this section, we are going to study a weak solution u ≡ uε to

(5.1)

{
∂t(u+ βε(u)) + Lu = 0 in Q∩ ΩT ,

u = g in Q \ ΩT ,

where Ω′ ⋑ Ω and Q := BR(x0)× [0, T0] with x0 ∈ Ω, and BR(x0)× (0, T0] ⊂ Ω′
T . Let

µ+ ≥ sup
Q
u, µ− ≤ inf

Q
u, and ω ≥ µ+ − µ−.

We assume g ∈ C
(
Q
)
and there is a non-decreasing function ωg : R+ → R+ with ωg(0) = 0 and

|g(z1)− g(z2)| ≤ ωg

(
|x1 − x2|+ |t1 − t2|

1
sp

)
for any z1, z2 ∈ Q.

Let us fix (0, T ) ⊂ (0, T0). Then we have the following energy estimates near the initial level.

Lemma 5.1. Let u be a sub(super)-solution to (5.1). Let ϕ = ϕ(x) be a cutoff function satisfying
ϕ ≡ 0 on R

n \Br(x0) with r < R. Then there is a constant c = c(n, s, p,Λ) such that

sup
0<t<T

∫

BR(x0)

ϕp(u− k)2± dx

+

∫ T

0

∫

BR(x0)

∫

BR(x0)

|((u − k)±ϕ)(x, t) − ((u − k)±ϕ)(y, t)|
p

|x− y|n+sp
dx dy dt

+

∫ T

0

∫

BR(x0)

∫

BR(x0)

(u − k)p−1
∓ (y, t)((u − k)±ϕ

p)(x, t)

|x− y|n+sp
dx dy dt

≤ cRp−sp

∫

QR,T (x0,T )

(u − k)p±|∇ϕ|
p dz

+ c

∫ T

0

∫

Rn\BR(x0)

∫

BR(x0)

(u− k)p−1
± (y, t)((u− k)±ϕ

p)(x, t)

|x− y|n+sp
dx dy dt

whenever 



k ≥ sup
Q
g if u is a sub-solution,

k ≤ inf
Q
g if u is a super-solution.

Proof. Since we choose a cutoff function ϕ which depends only on the spatial direction, ∂tϕ = 0.
In addition, by the choice of k, we have

(u− k)±(·, 0) = 0 and ±

∫

BR(x0)

ϕp

∫ u

k

β′
ε(ξ)(ξ − k)± dξ dx ≥ 0.

Therefore, we have the desired estimate. �

We next provide a variant of De Giorgi type argument.
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Lemma 5.2. Let u be a sub(super)-solution to (3.1) and let ξ ∈ (0, 1/4] and Θ = (ξω)2−p. Then
there is a constant νd = νd(n, s, p,Λ) such that if

±(µ± − u(·, 0)) ≥ ξω in Bρ(x0),

then

±(µ± − u) ≥ ξω/2 in Bρ/2(x0)× (0, νdΘρ
sp],

whenever

(ρ/R)
sp

p−1Tail((u − µ±)±;Q) ≤ ξω and ξω ≤ ±µ± − sup
Q

(±g)

and Bρ(x0)× (0, νdΘρ
sp] ⊂ Q.

Proof. By Lemma 3.6 with t1 replaced by 0 and Lemma 5.1, we deduce the desired result. �

5.1. Uniform continuity. In this subsection, we will prove Theorem 1.5. Before that, we first
construct a sequence of cylinders Qi and derive oscillation estimates on such cylinders (see (5.3)
and (5.4)). Let us fix BR(x0)× (0,Rsp] ⊂ Ω′

T with x0 ∈ Ω. We next set

ω0 := max{‖u‖L∞(BR(x0)×(0,Rsp]) +Tail(u;BR(x0)× (0,Rsp]), 1}.

Let us choose ρ0 < R such that

Bρ0(x0)× (0, ρsp0 (ω0/4)
2−p] ⊂ BR(x0)× (0,Rsp].

Take sequences

(5.2) ρi+1 := ρi/N and ωi+1 := max

{
mωi, 2 osc

Qi

g

}
,

where N ≥ 4, m = max{7/8, 2−s} and

(5.3) Qi := Bρi(x0)× (0, ρspi θi], θi := (ωi/4)
2−p, µ+

i := sup
Qi

u and µ−
i := sup

Qi

u− ωi.

We are now going to determine a constant N to see that

(5.4) osc
Qi

u ≤ ωi and Qi ⊂ Qi−1 for each i ≥ 0,

where Q−1 = BR(x0)× (0,Rsp]. Suppose that

osc
Qi

u ≤ ωi and Qi ⊂ Qi−1

hold for any i = 0, 1, . . . j − 1. As in the proof of (3.18), there is a constant c2 = c2(n, s, p) ≥ 1
such that

(5.5) Tail((u− µ±
j−1)±;Qi−1) ≤ c2ωj−1.

For a convenience of notations, we write

ρ := σR, R := ρj−1, Q := Qj−1, ω := ωj−1, µ+ := µ+
j−1 and µ− := µ−

j−1,

where σ ∈ (0, 1/4]. In addition, by Lemma 3.1, we may assume z0 = 0. Let us consider the two
cases:

µ+ − ω/4 ≥ sup
Q
g and µ− + ω/4 ≤ inf

Q
g.(5.6)

This is equivalent to

ω/4 ≤ ±µ± − sup
Q

(±g).

We now take

σ := 1/(16c2)
p−1
sp (≤ 1/2),(5.7)

where the constant c2 is determined in (5.5). Since

±(µ± − u(·, 0)) ≥ ±µ± − sup
Q

(±g) ≥ ω/4 in Bρ
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and

(ρ/R)
sp

p−1Tail((u − µ±)±;Q) ≤ ω/4,

which follows from (5.5) and (5.7), we are now able to use Lemma 5.2 to get that

±(µ± − u) ≥ ω/8 in Bρ/2 × (0, νd(ω/4)
2−pρsp]

for some constant νd = νd(n, s, p,Λ) ∈ (0, 1).
Therefore, by taking

N :=
2

p−2
sp +2

σν
1
sp

d

(≥ 4),(5.8)

where the constant σ is determined in (5.7) and νd is from Lemma 5.2, we have

osc
Qj

u ≤ osc
Bρ/2×(0,νd(ω/4)2−pρsp]

u ≤ 7ω/8 ≤
(5.2)

ωj .(5.9)

Indeed, note that Qj = Bρj × (0, ρspj θj ], ρj = ρj−1/N and ρ = σρj−1. By (5.8), we have

ρj = ρj−1/N ≤ σρj−1/2 ≤ ρ/2.

Next, we note from (5.2) and m ≥ 1/2 that

ρspj θj = (ρj−1/N)sp(ωj/4)
2−p ≤ (ρj−1/N)sp(mωj−1/4)

2−p ≤ νd(ω/4)
2−pρsp.

Also, we have

Qj ⊂ Qj−1.

Indeed, one can see that ρspj (ωj/4)
2−p ≤ (ρj−1/N)spm2−p(ωj−1/4)

2−p ≤ ρspj−1(ωj−1/4)
2−p, which

gives the above inclusion. If two cases given in (5.6) do not occur, then we have

osc
Qj

u ≤ osc
Qj−1

u ≤ 2 osc
Qj−1

g ≤ ωj .

This proves (5.4).
We are ready to prove Theorem 1.5.

Proof of Theorem 1.5. Note that ω0 = 1 and that

ωg(ρ) ≤ cg(1 + ln(R/ρ))−δ

for some constants δ ∈ (0, 1) and cg ≥ 1. With an inductive process, we are going to derive

ωi ≤ c(1 + ln(R/ρi))
−δ,(5.10)

where ρ0 := R/4
p−1
sp and c = c(n, s, p,Λ, δ, cg) ≥ 2. Indeed, by the choice of ρ0, we have Bρ0(x0)×

(0, ρsp0 (ω0/4)
2−p] ⊂ BR(x0)× (0,Rsp]. We find a positive integer ig = ig(n, s, p,Λ, δ) such that for

any i ≥ ig,
[
1 + (i+ 1) ln

(
4

p−1
sp N

)]
/
[
1 + i ln

(
4

p−1
sp N

)]
≤ 1/m

1
δ ,(5.11)

as the left-hand side is decreasing with respect to the positive integer i and goes to 1 as i → ∞,
where the constants m and N are determined in (5.2) and (5.8), respectively. Then there is a
constant c ≥ 2cg depending only on n, s, p,Λ and δ such that

ωi ≤ c
(
ln
(
4

p−1
sp ρ0/ρig

))−δ

= c(1 + ln(R/ρig ))
−δ ≤ c(1 + ln(R/ρi))

−δ

for any i ≤ ig. We now use the inductive argument to prove (5.10) for any i > ig. Suppose (5.10)
holds for any i = 0, 1, . . . , ig, . . . j. If ωj+1 = 2 oscQj g, then the fact that c ≥ 2cg implies

ωj+1 ≤ 2cg (1 + ln(R/ρj))
−δ ≤ c (1 + ln(R/ρj+1))

−δ .

On the other hand, if ωj+1 = mωj , then we obtain

ωj+1 ≤ cm(1 + ln(R/ρi))
−δ ≤ c(1 + ln(ρ0/ρi+1))

−δ,
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where we have used (5.2) and (5.11). Therefore, this implies

osc
Qi

u ≤ c(1 + ln(R/ρi))
−δ for any i ≥ 0.

Let us fix r ∈ (0, ρ0]. Then there is a nonnegative integer i such that

ρi+1 < r ≤ ρi.

Thus, we get that

osc
Br×[0,rsp(1/4)2−p]

u = osc
Br×[0,rsp(ω0/4)2−p]

u ≤ osc
Qi

u ≤ c(1 + ln(R/r))−δ

holds for any r ∈ (0, ρ0] (Recall ρ0 = R/4
p−1
sp ), where c = c(n, s, p,Λ, δ, cg). Therefore, we deduce

osc
Br×[0,rsp]

u ≤ c(1 + ln(R/r))−δ for any r ∈ (0,R],

which implies (1.12). This completes the proof. �

6. Existence of a continuous solution

In this section, we prove a global continuity estimates of (2.2) and construct a weak solution
u ∈ C

(
Ω× [0, T ]

)
to (1.13). First, we obtain a global uniform continuity estimates of (2.2).

Lemma 6.1. Let Ω′ ⋑ Ω and the complement of Ω satisfy (1.7). We next assume that

g ∈ Lp(0, T ;W s,p(Ω′)) ∩ C
(
Ω′ × [0, T ]

)
∩ L∞(0, T ;L∞(Rn))

and that there is a non-decreasing function ωg : R+ → R
+ such that ωg(0) = 0,

sup
z1,z2∈Ω′×[0,T ]

|g(z1)− g(z2)| ≤ ωg

(
|x1 − x2|+ |t1 − t2|

1
sp

)
.

Let uε be a weak solution to (2.2). Then there is a constant ς = ς(n, s, p,Λ, α0) such that for any
δ ∈ (ς, 1), if

(6.1) ωg(ρ) ≤ cg (1 + | ln(1/ρ)|)
−δ

for some constant cg ≥ 1, then we have

sup
z1,z2∈Ω×[0,T ]

|uε(z1)− uε(z2)| ≤ c




[
1 +

∣∣∣∣∣ln
(

1

|x1 − x2|+ |t1 − t2|
1
sp

)∣∣∣∣∣

]−ς/2

+ ε



 ,(6.2)

where c = c(n, s, p,Λ, α0, ‖g‖L∞, T,Ω,Ω′, cg, δ) and c1 = c1(n, s, p).

Proof. In the proof, the constant c always depends on n, s, p,Λ, α0, ‖g‖L∞, T,Ω,Ω′, cg and δ. Let
us recall the constants ς1 = ς1(n, s, p,Λ) ∈ (0, 1) and ς2 = ς2(n, s, p,Λ, α0) ∈ (0, 1) determined in
Theorem 1.2 and 1.4, respectively. Let us choose

ς := min{ς1, ς2}.

We note that there is a constant C0 such that

Tail(g;Qr(z0)) ≤ C0‖g‖L∞(Rn×[0,T ])

for any Qr(z0) ⊂ R
n × [0, T ]. Let us fix

(6.3) M := 2C0‖g‖L∞(Rn×[0,T ]).

From Lemma 3.1, we observe that uε := uε/M is a unique solution to
{
∂t(uε + βε(uε)) + Luε = 0 in ΩT ,

uε = g in R
n \ (∂Ω× (0, T ] ∪ Ω× {t = 0}),

where g = g/M, and the function βε and the nonlocal operator L are defined in Lemma 3.1. By
the choice of the constants C0 and M, we have

‖uε‖L∞(QR(z0)) +Tail(uε;QR(z0)) ≤ 1(6.4)
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for any QR(z0) ⊂ R
n × [0, T ]. In addition, we observe

β
′

ε(ξ) ≥ 0 and

∫

R

β
′

ε(ξ) dξ = M.(6.5)

We point out that the second condition given in (2.1) was only used to show the following inequal-
ity:

±

∫ u

k

β′
ε(ξ)(ξ − k)± dξ ≤ (u− k)±.

For example, see (3.8). Therefore, by taking the conditions given in (6.5) instead of (2.1), we are
able to obtain all of the results given in Theorem 1.2, Theorem 1.4 and Theorem 1.5, while all the
universal constants c determined in the three theorems also depend on the constant M.

We are now going to derive (6.2). To this end, we note that there is a constantR0 = R0(Ω,Ω
′) ≤

1 such that

B2R0(x0) ⊂ Ω′

for any x0 ∈ Ω. Let us fix

(6.6) r0 := min{1/210, R10
0 , 1/4

20(p−2)
sp , T

10
sp } ≤ 1,

and write

(6.7) r := |x1 − x2|+ |t1 − t2|
1
sp .

We divide the proof of (6.2) into several cases. We may assume t1 > t2 and we write d(x) :=
dist(x, ∂Ω).

(a) r ≥ r0: In this case, together with (6.4), (6.2) follows by taking constant c sufficiently
large.

(b) r < r0 and max

{
d(x1), d(x2), t

1
sp

1

}
< r

1
2 : Then there is the point y0 ∈ ∂Ω such that

d(x1) = |x1 − y0|.

Then we observe from (6.6) that

z1, z2 ∈ Br1/4(y0)× (0, rsp/4] ⊂ B
r
1/5
0

(y0)× (0, r
sp/5
0 ] ⊂ Ω′

T .

By (6.1) and (6.6), we have

(6.8) ωg(ρ) ≤ c
(
1 + ln(r

1/5
0 /r)

)−δ

for any r ∈ (0, r
1/5
0 ].

Using (6.8) and Theorem 1.5 with R and r replaced by r
1
5
0 and r

1
4 , respectively, we have

|uε(z1)− uε(z2)| ≤ osc
B

r
1
4
(y0)×(0,r

sp
4 ]

uε ≤ c
(
1 + ln

(
r
1/5
0 /r1/4

))−ς/2

≤ c(1 + ln(1/r))−ς/2.

(c) r < r0 and max

{
d(x1), d(x2), t

1
sp

1

}
≥ r

1
2 :

(c)-(1) d(xi) ≥ r
1
2 for some i ∈ {1, 2} and t

1
sp

1 ≥ r
1
2 : By (6.6), we observe

z1, z2 ∈ Q
(ω0/4)

2−p

r
7
8

(xi, t1) ⊂ Q
(ω0/4)

2−p

r
13
16

(xi, t1) ⊂ Q
r

3
4
(xi, t1) ⊂ ΩT ,

where we write

ω0 := max{‖uε‖L∞(Q
r3/4

(xi,t1)) +Tail(uε;Qr3/4(xi, t1)), 1} = 1

Then applying Theorem 1.2 with R = r3/4, ρ0 = r13/16, we have

|uε(z1)− uε(z2)| ≤ osc
Q

(ω0/4)2−p

r
7
8

(xi,t1)

uε ≤ c
(
1 + ln(1/r1/16)

)−ς/2

+ 4ε ≤ c(1 + ln(1/r))−ς/2 + 4ε.
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(c)-(2) d(xi) ≥ r
1
2 for some i ∈ {1, 2} and t

1
sp

1 < r
1
2 : Suppose t

1
sp

1 ≤ r
3
4 . Then we get

z1, z2 ∈ B
r

3
4
(xi)× (0, r

3sp
4 ] ⊂ B

r
1
2
0

(xi)× (0, r
sp
2
0 ] ⊂ Ω′

T .

Indeed, we get (6.8) with r
1/5
0 replaced by r

1/2
0 . Therefore, Theorem 1.5 implies

|uε(z1)− uε(z2)| ≤ osc
B

r
3
4
(xi)×(0,r

3sp
4 ]

uε ≤ c(1 + ln(1/r))−ς/2.

We next suppose r
3
4 < t

1
sp

1 < r
1
2 . Then we have

z1, z2 ∈ Q
(ω0/4)

2−p

r
7
8

(xi, t1) ⊂ Q
(ω0/4)

2−p

r
13
16

(xi, t1) ⊂ Q
r

3
4
(xi, t1) ⊂ ΩT ,

where we write

ω0 := max{‖uε‖L∞(Q
r3/4

(xi,t1)) +Tail(uε;Qr3/4(xi, t1)), 1} = 1.

Thus by Theorem 1.2, we obtain

|uε(z1)− uε(z2)| ≤ osc
Q

(ω0/4)2−p

r
7
8

(xi,t1)

uε ≤ c(1 + ln(1/r))−ς/2 + 4ε.

(c)-(3) d(x1), d(x2) < r
1
2 and t

1
sp

1 ≥ r
1
2 . Then there is the point y0 ∈ ∂Ω such that

d(x1) = |x1 − y0|.

Suppose t
1
sp

1 ≥ r
1
5

z1, z2 ∈ Q
r

1
4
(y0, t1) ⊂ Q

r
1
5
(y0, t1) ⊂ Ω′

T .

By (6.1), we have a constant c such that

ωg(ρ) ≤ c
(
1 + ln(r

1
5 /ρ)

)−δ

.

Thus, in light of Theorem 1.4, we have

|uε(z1)− uε(z2)| ≤ osc
Q

r
1
4
(y0,t1)

uε ≤ c(1 + ln(1/r))−ς/2 + 4ε.

On the other hand, if r
1
2 ≤ t

1
sp

1 < r
1
5 , then we have

z1, z2 ∈ B
r

1
6
(y0)× (0, r

sp
6 ] ⊂ B

r
1/7
0

(y0)× (0, r
sp/7
0 ] ⊂ Ω′

T .

Using (6.8) with r
1/5
0 replaced by r

1/7
0 and Theorem 1.5, we have

|uε(z1)− uε(z2)| ≤ osc
B

r1/6
(y0)×(0,rsp/6]

uε ≤ c(1 + ln(1/r))−ς/2.

Combining all the cases together with (6.3), (6.7) and the fact that uε = u/M yields (6.2). �

We are now ready to prove Theorem 1.8. We point out that our argument is based on the proof
of [BKLU18, Theorem 1.1]

Proof of Theorem 1.8. In light of the Ascoli-Arzelá-type argument given in [BKLU18, Section 5]
together with (6.2), there exists a sequence {ui} which is a solution to (2.2) with ε replaced by
1/i such that ui uniformly converges to u in Ω× [0, T ] and u ∈ C

(
Ω× [0, T ]

)
. We are now going

to prove that u is a local weak solution to (1.1). We first show

(6.9) u ∈ Lp(0, T ;W s,p(Ω′)) ∩ L∞(0, T ;L2(Ω)) ∩ L∞(0, T ;Lp−1
sp (Rn)) ∩ L∞

loc(0, T ;L
∞
loc(Ω)).
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By testing ui − g to (2.2) with ε = 1/i, we have for any τ ∈ (0, T ]

J :=

∫ τ

0

∫

Ω

∂t(ui − g)(ui − g) dz +

∫ τ

0

∫

Ω

∂tβ1/i(ui)(ui − g) dz

+

∫ τ

0

∫

Rn

∫

Rn

[ϕ(ui(x, t) − ui(y, t))− ϕ(g(x, t)− g(y, t))]

×
[ui(x, t)− ui(y, t)− (g(x, t)− g(y, t))]

|x− y|n+sp
k(x, y, t) dx dy dt

=

∫ τ

0

∫

Rn

∫

Rn

[ϕ(g(x, t)− g(y, t))] [ui(x, t) − ui(y, t)− (g(x, t) − g(y, t))]

|x− y|n+sp
k(x, y, t) dx dy dt

=: J1,

where we write ϕ(t) = |t|p−2t. We obtain

J ≥

∫

Ω

|(ui − g)(τ, x)|2

2
dx +

∫ τ

0

∫

Ω

∂tβ1/i(ui)(ui − g) dz

︸ ︷︷ ︸
:=J̃

+
1

Λ
[ui − g]pLp(0,τ ;W s,p(Rn))

for any τ ∈ (0, T ]. In addition, by integration by parts, we further estimate J̃ as

J̃ =

(∫

Ω

∫ ui(x,τ)

0

β′
1/i(ξ)ξ dξ dx−

∫

Ω

∫ ui(x,0)

0

β′
1/i(ξ)ξ dξ dx

)

+

∫ τ

0

∫

Ω

β1/i(ui)∂tg dz −

∫

Ω

(β1/i(ui)g)(x, τ) dx +

∫

Ω

(β1/i(ui)g)(x, 0) dx,

where we have used the fact that
∫ τ

0

∫

Ω

∂tβ1/i(ui)ui dz =

∫ τ

0

∂t

(∫

Ω

∫ uε(x,t)

0

β′
1/i(ξ)ξ dξ dx

)
dt.

Therefore, we have

J̃ ≥ −

(∫ T

0

∫

Ω

|∂tg|
2 dz + sup

t∈[0,T ]

∫

Ω

|g(x, t)|2 dx+ c

)

for some constant c = c(n, T,Ω).
On the other hand, we estimate J1 as

J1 ≤ c[g]pLp(0,τ ;W s,p(Ω′)) +
1

4Λ
[ui − g]pLp(0,τ ;W s,p(Ω′)) + c‖g‖Lp(Ωτ )‖ui − g‖p−1

Lp(Ωτ )

+ c‖g‖p−1

Lp−1(0,τ ;Lp−1
sp (Rn))

sup
t∈(0,τ)

∫

Ω

|(ui − g)(x, t)| dx.

By the fact that

(6.10) ‖ui − g‖Lp(Ωτ ) ≤ c[ui − g]Lp(0,τ ;W s,p(Ω′))

for some constant c = c(n, s, p,Ω,Ω′, α0) which follows from [Coz17, Lemma 4.7] together with
(1.7), and by using Young’s inequality, we further estimate J1 as

J1 ≤ c‖g‖pLp(0,τ ;W s,p(Ω′)) +
1

2Λ
[ui − g]pLp(0,τ ;W s,p(Ω′)) +

1

4
sup

t∈[0,τ ]

∫

Ω

|(ui − g)(x, t)|2 dx

+ c‖g‖
2(p−1)

Lp−1(0,τ ;Lp−1
sp (Rn))

for some constant c = c(n, s, p,Ω,Ω′, α0). We now combine all of the estimate J , J̃ and J1 to see
that

sup
τ∈[0,T ]

∫

Ω

|(ui − g)(τ, x)|2 dx + [ui − g]pLp(0,T ;W s,p(Rn)) ≤ c,
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where we have used (1.14) with ∂tg ∈ L2(ΩT ). This implies

sup
τ∈[0,T ]

∫

Ω

|ui(τ, x)|
2 dx+ [ui]

p
Lp(0,T ;W s,p(Ω′)) ≤ c.

Moreover, after a few simple computations together with (6.10), we get

(6.11) sup
τ∈[0,T ]

∫

Ω

|ui(τ, x)|
2 dx+ ‖ui‖

p
Lp(0,T ;W s,p(Ω′)) ≤ c,

where the constant c is independent of i. Applying Fatou’s lemma into (6.11) along the fact that
ui → u in C

(
Ω× [0, T ]

)
and u ≡ g on (Rn \ Ω)× (0, T ), we get (6.9).

We next prove that there is a function

v ∈ u+ β(u)

such that for any t1, t2 ∈ (0, T ] and φ ∈ Lp(t1, t2;W
s,p
0 (Ω,Ω′)) ∩W 1,2(t1, t2;L

2(Ω)),

∫

Ω

(vφ)(x, τ) dx

∣∣∣∣∣

t2

t1

−

∫ t2

t1

∫

Ω

v∂tφdz

+

∫ t2

t1

∫

Rn

∫

Rn

ϕ(u(x, t) − u(y, t))(φ(x, t) − φ(y, t))

|x− y|n+sp
k(x, y, t) dx dy dt = 0.

Since ∥∥∥∥∥
ϕ(ui(x, t) − ui(y, t))

|x− y|
n+sp

p′

∥∥∥∥∥
Lp′(Ω′×Ω′×(0,T ))

<∞

and

lim
i→∞

ϕ(ui(x, t)− ui(y, t))

|x− y|
n+sp

p′

→
ϕ(u(x, t) − u(y, t))

|x− y|
n+sp

p′

for a.e. (x, y, t) ∈ Ω′ × Ω′ × (0, T ),

by the weak compactness theorem, there is a sequence {ui} (up to a labeling) such that

ϕ(ui(x, t)− ui(y, t))

|x− y|
n+sp

p′

k(x, y, t) ⇀
ϕ(u(x, t) − u(y, t))

|x− y|
n+sp

p′

k(x, y, t) in Lp′

(Ω′ × Ω′ × (0, T )).(6.12)

Next, we observe for any ϕ ∈ Lp(t1, t2;W
s,p
0 (Ω,Ω′)),

lim
i→∞

∫ t2

t1

∫

Rn

∫

Rn

ϕ(ui(x, t) − ui(y, t))(φ(x, t) − φ(y, t))

|x− y|n+sp
k(x, y, t) dx dy dt

= lim
i→∞

∫ t2

t1

∫

Ω′

∫

Ω′

ϕ(ui(x, t)− ui(y, t))(φ(x, t) − φ(y, t))

|x− y|n+sp
k(x, y, t) dx dy dt

+ 2 lim
i→∞

∫ t2

t1

∫

Rn\Ω′

∫

Ω

ϕ(ui(x, t)− ui(y, t))(φ(x, t) − φ(y, t))

|x− y|n+sp
k(x, y, t) dx dy dt =: J1 + J2.

By (6.12) together with the fact that

φ(x, t) − φ(y, t)

|x− y|
n+sp

p

∈ Lp(Ω′ × Ω′ × (0, T )),

we have

J1 =

∫ t2

t1

∫

Ω′

∫

Ω′

ϕ(u(x, t) − u(y, t))(φ(x, t) − φ(y, t))

|x− y|n+sp
k(x, y, t) dx dy dt.

On the other hand, using the fact that x ∈ Ω and y ∈ R
n \ Ω′, ui → u in C(Ω × [0, T ]) and

ui(y) = g(y) = u(y), we get

J2 = 2

∫ t2

t1

∫

Rn\Ω′

∫

Ω

ϕ(u(x, t)− u(y, t))(φ(x, t) − φ(y, t))

|x− y|n+sp
k(x, y, t) dx dy dt.
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Therefore, we have

(6.13)

lim
i→∞

∫ t2

t1

∫

Rn

∫

Rn

ϕ(ui(x, t) − ui(y, t))(φ(x, t) − φ(y, t))

|x− y|n+sp
k(x, y, t) dx dy dt

=

∫ t2

t1

∫

Rn

∫

Rn

ϕ(u(x, t)− u(y, t))(φ(x, t) − φ(y, t))

|x− y|n+sp
k(x, y, t) dx dy dt.

We are now going to find a function v such that

{v(z) : z ∈ ΩT } ⊂ {(u+ β(u))(z) : z ∈ ΩT }

and

(6.14)

lim
i→∞




∫

Ω

((
ui + β1/i(ui)

)
φ
)
(x, τ) dx

∣∣∣∣∣

t2

t1

+

∫ t2

t1

∫

Ω

(
ui + β1/i(ui)

)
∂tφdz





=

∫

Ω

(vφ) (x, τ) dx

∣∣∣∣∣

t2

t1

+

∫ t2

t1

∫

Ω

v∂tφdz.

Let us define

A1 := {z ∈ ΩT : u(z) > 0} and A2 := {z ∈ ΩT : u(z) < 0}.

First, we prove

lim
i→∞

β1/i(ui)(z) = 1 for any z ∈ A1(6.15)

and

lim
i→∞

β1/i(ui)(z) = 0 for any z ∈ A2.(6.16)

Let us assume z ∈ A1. Then u(z) > δ for some δ > 0 and there is a positive integer l such that if
i ≥ l, then ui(z) >

δ
2 , as ui uniformly converges to u. Thus, we get

β1/i(ui(z)) = 1 if i > max{2/δ, l},

which implies (6.15). We next assume z ∈ A2. Then u(z) < −δ for some δ > 0 so there is a
positive integer l such that if i ≥ l, then ui(z) < − δ

2 . Thus, we get

β1/i(ui(z)) = 0 if i > max{2/δ, l},

which gives (6.16). Let us write wi(z) := β1/i(ui)(z) ∈ [0, 1]. Since sup
t∈[0,T ]

sup
i

‖wi(·, t)‖L∞(Ω) ≤ 1,

by the weak compactness theorem, there is a function w(x, t) ∈ [0, 1] such that

(6.17) wi(·, t)
∗
⇀ w(·, t) in L1(Ω) for every t ∈ [0, T ].

In addition, we get

(6.18) wi
∗
⇀ w in L1(ΩT ).

To do this, let us choose φ ∈ L1(ΩT ) and write

Ai(t) :=

∫

Ω

(wiφ)(x, t) dx and g(t) :=

∫

Ω

|φ|(x, t) dx.

By the fact that φ ∈ L1((0, T );L1(Ω)), we have φ(·, t) ∈ L1(Ω) a.e. in (0, T ). Therefore, we get

lim
i→∞

Ai(t) = lim
i→∞

∫

Ω

(wiφ)(x, t) dx =

∫

Ω

(wφ)(x, t) dx a.e. in (0, T ),(6.19)

where we have used (6.17).
Since |Ai(t)| ≤ g(t) and g(t) ∈ L1(0, T ), by Lebesgue dominated convergence theorem together

with (6.19), we have

lim
i→∞

∫

ΩT

wiφdz = lim
i→∞

∫ T

0

Ai(t) dt =

∫ T

0

lim
i→∞

Ai(t) dt =

∫ T

0

∫

Ω

wφdz.
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Therefore, we have verified (6.18). In addition, by (6.15), we have w(z) = 1 a.e., if z ∈ A1.
Otherwise, there is a set A ⊂ A1 with |A| 6= 0 and w(z) < 1 in z ∈ A. Then we get

|A| = lim
i→∞

∫

A

β1/i(ui)(z) dz = lim
i→∞

∫

A

wi(z) dz =

∫

A

w(z) dz < |A|,

which is a contradiction. Similarly, we observe from (6.16) that w(z) = 0 a.e., if z ∈ A2. By taking
v = u + w, we prove (6.14). Therefore, in light of (6.13) and (6.14), we construct a pair (u, v)
which is a weak solution to (1.13). In addition, by Lemma 6.1 and using the fact that ui → u in
C
(
Ω× [0, T ]

)
, we derive (1.15). This completes the proof. �
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