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LOGARITHMIC CONTINUITY FOR THE NONLOCAL DEGENERATE
TWO-PHASE STEFAN PROBLEM

KYEONGBAE KIM, HO-SIK LEE, AND HARSH PRASAD

ABSTRACT. We establish certain oscillation estimates for weak solutions to nonlinear, anomalous
phase transitions modeled on the nonlocal two-phase Stefan problem. The problem is singular
in time, is scaling deficient and influenced by far-off effects. We study the the problem in a
geometry adapted to the solution and obtain oscillation estimates in intrinsically scaled cylinders.
Furthermore, via certain uniform estimates, we construct a continuous weak solution to the
corresponding initial boundary value problem with a quantitative modulus of continuity.

1. INTRODUCTION
We study the following nonlocal two-phase Stefan problem
(1.1) Or(u+ Bu) + Lu>0 inQx (0,7] c R™

where €2 is an open and bounded domain in R™ with n > 2, u is an unknown, and a maximal
monotone graph 8 : R — [0,1] is defined as

1 if € >0,
B =4q0,1] if&=0,
0 if £ <0.

In addition, the nonlocal operator £ is defined by

Cue,t) = p. [ D= OP ) — 0. 0)

o =y

k(z,y,t)dy,

where s € (0,1), p > 2 and k: R™ x R” x (0,7] — R is a measurable function with
k(z,y,t) = k(y,z,t) and A™' <k(z,y,t) <A

for some constant A >1. The aim of the article is to derive modulus of continuity estimates in a
quantitative way and to establish the existence of a continuous weak solution to the corresponding
initial boundary value problem of the nonlocal two-phase Stefan problem.

1.1. History and Motivation. A variational model of phase transition, say from ice to water,
as a function of the unknown temperature 6, is given by the following classical Stefan equation

(0 + B(0)) = AD

(see [Ste89; Kam61; Ole60]), where 3 is a maximal monotone graph. The reason why we have such
a graph is to represent the latent heat of the water molecules as they undergo phase transition from
ice at 0°C to water at 0°C; outside of this transition region we have the usual heat equation; we
also allow for negative temperatures. The equation also models many other physical phenomena
and we refer the interested reader to [Vis08].
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The first issue in studying the equation is the notion of solution employed. We are interested
in weak solutions which are obtained via integration by parts and differential inclusions. There
are other notions of solution possible as in [Vis08]. Having established the notion of solution,
we turn to the well-posedness for weak solutions. A natural question would be to ask for the
existence of a continuous temperature - as ice transitions to water the equation should not predict
sudden discontinuities in the temperature. It would also be of interest to quantify the modulus of
continuity.

The continuity of temperature was indeed shown in a series of works [DiB82; Zie82; CE83; Sac83;
DiB86] which also dealt with boundary regularity. Furthermore, the methods in [Zie82; DiB82;
DiB86] were more general and could deal with a general nonlinear elliptic part with linear growth
in the gradient. The paper [DiB86] also provided a boundary modulus of continuity, namely

(1.2) w(r)=In|ln(Cr))~™ for O0<r<1

where C' > 0 and « > 0 are universal constants.

For the case where the Laplace operator is replaced by more general degenerate diffusion of p-
Laplace type (p > 2), such equations were first studied in [Urb97; Urb00] and an interior modulus
of continuity was obtained in [BKU14] viz.

(1.3) w(r)=|In(Cr)|™* for 0<r<1

where C' > 0 and o > 0 are universal constants. We note that (1.3) is an improvement over (1.2)
even for the Laplace operator. Subsequently, a boundary modulus of continuity was derived in
[BKLU18] which was of type (1.2).

Later, the improved modulus (1.3) for the boundary case was proved in [Lia22]. On the other
hand, recently, there are noteworthy results for interior regularity for the Stefan problem with the
p-Laplace operator. More specifically, when p = n > 2, the improved modulus of continuity, which
is

w(r) =~ exp (—c| 1nr|1/")

was derived in [Lia24a; GLU24]. Moreover, significant Holder continuity results with the p-Laplace
operator when p > max{n, 2} were established in [Lia24b; GLU24], which are notable since such
regularity was not readily anticipated for the equation (1.1) involving such a degeneracy from ().

We note that the passage from the Laplace operator to the p-Laplace operator for parabolic
problems leads to fundamental new difficulties as far as regularity is concerned since the equation
is no longer scaling invariant and one must work in a geometry intrinsic to the equation; such a
geometry also leads to non-trivial technical issues [Urb08].

When modeling phase transition via the Stefan equation above, one assumes that the material
is homogeneous - for example the ice consists only of water molecules. In practice, this corre-
sponds to the assumption that the mean square displacement of the molecule in a given time ¢
is proportional to the time ¢ (which is also reflected in the classical heat equation). However, if
strong heterogeneities are present at large scales, such an assumption is untenable. Such situa-
tions involving anomalous scaling naturally lead to consideration of fractional derivatives [Voll4;
RD23].

In [ACM22], it was shown that the Stefan problem involving anomalous diffusion with initial-
boundary value conditions admits a continuous solution and a logarithmic modulus of continuity
is claimed. On the other hand, we study the initial boundary value problem for diffusion operators
comparable to the fractional p-Laplace (p > 2) and construct a weak solution with a quantitative
boundary modulus of continuity as in (1.3) and also provide quantitative continuity estimates at
the initial boundary.

Finally, we note that the regularity results for weak solutions to parabolic nonlocal equations
which have no singular effect have been investigated extensively, see for instance [KW23; FK13;
Lia24d; Lia24c; APT24; BK24; DZZ21; Tav24; BLS21; NNSW24; Str19b; Str19a; PT23; Pra24;
BGK23; GLT25; DKLN25; LW24; KWZ24].

1.2. Interior Oscillation Estimate. Now we are going to provide our main results. First, we
investigate a quantitative oscillation estimate of a weak solution to a regularized problem of (1.1).
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To this end, we fix a cut-off function ¢ € C°(—1,1) such that [; ¢ dt =1 and we write ¢.(¢) =

%1/1 (f) for e € (0,1). We now consider a weak solution u. to

(1.4) O¢(ue + Be(ue)) + Lue =0 in Q x (0,77,
where
(1.5) Be(§) = (B * ¥e)(E)-

Let us give a precise definition of a weak solution to (1.4).
Definition 1.1. For e € (0,1), we say that u. is a locally bounded weak solution to (1.4) if

us € LY, (0, T; W2 () N Cloc (0, T L*(2)) N Lise (0, T5 LETH(R™)) N LS, (0, T Lis.(2))

loc loc
satisfies

t=to

_/:/Q(ua+ga(u€))at<pd:cdt+/(ua+B€(u€))s0dw

Q

t=t1

" Jue (2, t) — ue(y, t)[P 2 (ue(z,t) — ue(y, 1)) (¢(@,t) — @(y,1)) _
_|_/tl /n/n k(z,y,t)dxdydt =0

o =y

for any ¢ € LP(t1,ta; WP(Q)) N Wh2(t1,t2; L*(Q)), where (t1,t2] € (0,T] and the support of
o(t,-) is compactly embedded in Q for each t € (0,T).

For f € L>(0,T; L% ' (R™)), 20 € R"*!, and R > 0, we define the tail as follows:

Tail(f; Qr(z0)) = sup psz’/ M dy ” .
to—pP<t<to R7\ B, (z0) |T0 — Y| T5P

For any zg = (29,t0) € R*"1, R >0, T and 6 > 0, we define
I9(t) = (to — 70,t0] and QY 'r(20) == Br(xo) x I (to).
In particular, we write

W (20) = QW (20) and  Qr(z0) = QG gun (0.

We are now ready to state our main results. We first give the explicit interior oscillation
estimate.

Theorem 1.2. Let u. be a bounded weak solution to
O (ue + Be(ue)) + Lue =0 in Qr(20).
Let us take
wo = max{[[uc|| Lo (Qr (20)) T Tail(ue; Qr(20)), 1}

Suppose Q%O/@%p(zo) C Qr(z0) for some constant po € (0,R]. Then there is a constant ¢ =
s(n,s,p,A) € (0,1) such that for any r < po,

(1.6) 0sc ue < cwo (1+In(po/r)) "/ + 4e

2
(TW0/4) p(Z())

for some constant ¢ = ¢(n, s,p, \) independent of .
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1.3. Oscillation Estimate near the Boundary. Next, we consider oscillation estimates of
solution u, to (1.4) up to the boundary. We first recall a fractional Sobolev space. Let f : R — R
be a measurable function and Q € Q' C R™. We define

XP(0,2) ={ue WP (Q) : u= fon R"\ Q}.

By [BLS18, Lemma 2.11], we observe X;*(Q,Q") = X;”(Q,R"). Thus we write
X5P(Q) = X5P(Q,R™).
Let us give a notion of weak solution to (1.4) near the boundary.
Definition 1.3. Let us fix g € LP(0,T; W*P(€Y)) N L>°(0,T; L2, 1 (R™)) with Q' 2 Q. For Ig =
Ir(to), we say that
ue € LP(Ir; WP (Br (20))) N C(Ir; L*(Br(z0))) N L (Ir; LE, H(R™) N Lis. (Ir; Lis(2))
18 a locally bounded weak solution to
O(ue + Be(ue)) + Lus =0 in Qr(z0) N Qr,

{ ue=g inQr(z0)\ Qr,

if ue € LP(Ig; W*P(B)) for some B 3 QN Bgr(xo) and

t=to

_/: /Q(us—kﬂs(us))at(pdz—!-/(us+ﬂs(us))@d$

Q

t=t1

P[] e 0 e ) el 0N =D )ty =

o =y

holds for any ¢ € Lp(tl,tg;Xg’p(QﬂBR(xo)))ﬂW1’2(t1,tg; L2(QQBR($O))) with (tl,tg] c IR(to).

We now assume that the complement of the domain () satisfies a measure density condition.
More specifically, there exists a constant «g € (0, 1) such that for any z¢ € 99,

1. inf |B, Q| > ag|B,|.

(1.7) og;g' (z0) \ €| = ao| B |

We point out that such an assumption is standard to obtain the continuity at the boundary (see,
for instance [KKP16; BKLU18; Lia22]).

In addition, for any g € C(Q) with @  R™*! which will be play a role as a boundary data, we
always assume

1 —
(1.8) lg(z1) — g(22)] < wqy (|331 — x| + |t1 — t2|SP) for any 21,22 € Q

for some non-decreasing function w, : R* — RT with w,4(0) = 0.
Let us state oscillation estimates at the lateral boundary.

Theorem 1.4. Fore € (0,1) and ¥ 3 Q, let
ue € LP(0, T; W*P(V')) N C(0,T; L*(€2)) N L>=(0,T; L1 (R™))
be a bounded weak solution to
Dulute + Bo(us) + Lu =0 in Qrlz0) N O,

{ u-=g  in Qr(20) \ Qr,
where xg € 0 and Qr(z0) C Q. Let us assume
(1.9) el Loe (@ (20)) + Tail(ue; Qr(20)) < 1.
Then there exist constants ¢ = ¢(n, s,p, A, ap) € (0,1) such that if

wy(r) < ¢ (14 In(R/r) ™

holds where ¢ € (¢,1) and r € (0, R], then

(1.10) o5 e < c(1+In(R/r) "/ + 4e
(20
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holds for some constant ¢ = c(n, s, p, A, ap, 9, ¢g).
We now provide the continuity estimate at the initial boundary.

Theorem 1.5. Fore € (0,1) and ' 3 Q, let

ue € LP(0,T; W*P(Q')) N C(0,T; L*(Q)) N L>=(0,T; LY H(R™))
be a bounded weak solution to

O (ue + Be(ue)) + Lus. =0 in (Br(xo) x (0, R*P]) N Qp,

{ U =g in (Br(zo) x [0,R*P]) \ Qr,
where To € Q and Br(zo) x (0, R*P] C Q.. Let us assume
(111) Il ooy 0.o7) + Tala Bre (o) x [0,R7)) < 1.
If there are constants cg > 1 and 6 € (0,1) such that for any r € (0,R],

wy(r) < ¢y (1+In(R/r)~°

holds, then for any r € (0,R],

1.12 osc u: <c(l+In(R/r -0
(1.12) B oS ey U S ( (R/7))

holds, where ¢ = c(n, s,p, A, ap, 9, ¢g).

Remark 1.6. We note that in order to avoid complicated oscillation estimates, we use the nor-
malization conditions (1.9) and (1.11). However, by considering the estimates given in Section
4 and Section 5, we obtain similar quantitative oscillation estimates (1.10) and (1.12) without
assuming (1.9) and (1.11), respectively.

1.4. Existence of a continuous solution. Before we state the existence result of the two-phase
Stefan problem, we introduce a precise notion of a weak solution to the corresponding initial
boundary value problem of (1.1).

Definition 1.7. Let us fix g € LP(0,T; W*P(V')) N L>°(0, T; L2 (R™)) with ' 2 Q. We say that
we L0, T:W*(9)) N L°(0,T; L(Q) 1 L(0,T; L2 (B"))

is a weak solution to

O(u+ Bu)+Lu>0 in Qr,
(1.13) { u=g in R™\ (09 x (0,T]UQ x {t =0}),

if there is a pair (u,v) with v € L>=(0,T; L*(Q)) and
{v(z) : z€Qr} C {(u+B(uw)(z) : z€Qr}

in the sense of graphs and

to
—/ /U@tgodz
t1 Q

" |ua, t) — uly, )P (u(z, t) — uly, 1) (p(z,t) — ¢y, 1))
+/t1 /n/n k(x,y,t)dx dy dt

o =yl
:_/ v dx
Q t=tq

holds for any (t1,t2] € (0,T] and ¢ € LP(tq,t2; X3P () N WH2(ty, to; L2(Y)).

t=to

We now provide the existence result of the two-phase Stefan problem.
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Theorem 1.8. Let us fixr Q' 3 Q and the complement of the domain Q satisfy the measure density
condition with o € (0,1). If

(1.14) g € C([0,T] x Q) NLP0, T; W*P(Q')) N L>(0,T; L= (R™))

with 0yg € L*(Qr), then there is a weak solution u € C (Q x [0,T]) to (1.13). In addition, there
is a constant ¢ = ¢(n, s,p, A, ag) such that if for any r > 0,

wy(r) < g (1+ | In(1/r)]))~°

holds for some ¢ € (s,1), then we have
—¢/2
1
|1 — 2| + [t1 — to]5P

for some constant ¢ = c(n, s,p, A, ao, ||g]|z, T, Q, ', cg, ).

1+

(1.15) sup lu(z1) —u(z2)| < ¢
zl,zzeﬁx[O,T]

1.5. Technical Tools. Let us give a sketch of the proof of our main theorems. First, we prove
uniform oscillation estimates of the solution u. to approximated equation (1.4) of (1.1). To this
end, we divide the proof into three parts, interior estimates, lateral boundary estimates and initial
boundary estimates.

Based on [BKU14; Lia22], we are going to prove interior oscillation estimates. First, we prove
De Giorgi type lemmas under the assumption that the tail is sufficiently small (see Lemma 3.4).
Note that the tail does not appear in local problems, so we need to make additional analysis
to deal with the term considering appropriate scaling for it. Based on such lemmas, we next
construct a sequence of intrinsic cylinders which contain global information about the solution,

such as ngz ") where w =~ l|luc|| oo (@) + Tail(ue; Q) (see Section 3.1 for more details). We refer to
[APT24; Lia24c] for constructing such intrinsic cylinders for parabolic fractional p-Laplacian type
equations. With this construction, we are able to obtain that the tail on each cylinder is small
enough. Therefore, we apply De Giorgi type lemmas together with two alternative arguments (see
(3.23) and (3.37) below), which leads to the desired oscillation estimates. More specifically, we use
an iteration argument to get the following implications

oscu, Sw; = Tail(ug; Qi) Sw; = 08¢ ue S Wit

Qi Qit1
with a sequence of shrinking parabolic cylinders @); and non-increasing numbers w;, and then
employ a technical lemma to derive oscillation estimates.

For the lateral boundary, our method is motivated by [BKLU18; Lia22]. Compared to the

interior case, we now consider boundary datum, which makes us use a different type intrinsic

cylinder such as Qf,e), where § =~ w'~P. Using the measure density condition as in (1.7) together
with such a construction of the intrinsic cylinder, we have a measure shrinking lemma and a De
Giorgi type lemma (see Lemma 4.2 and Lemma 4.3, respectively). As in the interior case, we
thus obtain the desired oscillation estimates by constructing an appropriate sequence of intrinsic
cylinders and using De Giorgi type lemmas. The remaining proof is about oscillation estimates at
the initial level. Since we have energy estimates which is close to elliptic ones (see Lemma 5.1),
there is no singular effect from . which is defined in (1.5). Therefore, in a similar way as above,
we get the oscillation estimates which do not depend on €.

Combining all three estimates yields uniform global oscillation estimates as in Lemma 6.1. By
the approximation argument as in [BKLU18], we construct a weak solution to nonlocal two-phase
Stefan problem and find a quantitative continuity estimates of such a solution.

1.6. Organization of the paper. The paper consists of 6 sections. Section 2 is devoted to basic
notation, function spaces, the existence of a regularized equation, and recording necessary lemmas.
In Section 3, we prove interior oscillation estimates, while Sections 4 and 5 are devoted to lateral
and initial boundary estimates, respectively. Finally, in Section 6 we prove existence result for our
problem.
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2. PRELIMINARIES

We always denote a general constant by ¢, which is equal or bigger than 1. To show the relevant
dependencies of constants, we use parentheses, such as ¢ = ¢(n, s, p), if the constant ¢ depends on
n,s and p. We will usually denote by z the spatial variable, ¢ the time variable, and z = (z,t) the
space-time variable. For an open set U C R™ and T > 0, we write

Ur:=(0,T] x U.
For f € L (I x U) for an open set U C R", an open interval I C R", and k € R, we define the

loc
truncation operator as follows:

(f = k)4 =max{f —k,0} and (f—k)_ :=max{k— f,0}.
Let a bounded open set U C R™ and T > 0 be given. We define the function space
C(0,T; 12, (1))
={f e LY Ur):t— | f(,t)lr2(x) is continuous on (0,7 for any compact set K € U} .
With 0 < s < 1 < p < 0o, we define the fractional Sobolev space W*P(U) as
WHP(U) = {f € LP(U) : ||fllLow) + [flwerw) < 0o}

equipped with the norm

sy o= Wl + oo o= ([ 1rpae) ™ ([ [ HEZTOE gogy )

We denote by WP (U) the space of functions which consists of f € W*P(R™) with f =0in R"\U.
Now we define

Lioe (0, T Wi (U))
= {f € L*((0,T] x U) : for any compact I’ € (0,T) and K € U, / Hf(-,t)||€vsyp(K) dt < oo} .
I/
With s € (0,1) and a time interval I C R, and the function space

p—1 ny __ 1 n . |f(y)|p_l
Lsp (R)_{fELloc(R)/Rn(

M gy <ooy,
1+ [y))rrer @Y }

we define the following tail space:

L=(I; LA HR™)) = {fe L (R™1) sup/ WDl dy < oo}.
tel Jrn (L4 [y[)ntep

We now provide some well-known results about nonlocal parabolic equations and some basic
inequalities.
With € € (0,1), we recall the regular function 8. = 5.(€) defined in (1.5). We directly observe

(2.1) B20 and [ g de-1.
We now verify the existence of a weak solution v = u. to the corresponding initial-boundary value
problem of a regularized problem of (1.1).
Lemma 2.1. Let Q' 3 Q and
g € L0, T;W=P(Q)) N L>=(0,T; L=(R"))NC ([O, T] x W) and Oig € L*(Qr).
Fiz e € (0,1). Then there is a unique weak solution
ue € LP(0,T; W*P(Q')) N C(0,T; L*(Q)) N L>®(0,T; LY H(R™))

to

(2.2)

O (ue + Be(ue)) + Lue =0 in Qrp,
U =g in R™\ (0Q x (0,T]UQ x {t =0}).
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In addition, we have

(2.3) sup |ue| < sup |g].

R"x[0,T] R™ % [0,7]
Proof. We first observe that b(§) := & + B-(€) is a C! diffeomorphism with
(2.4) 1< )] < e = cle).

Let us define a nonlocal operator

Lyv(x) = p.v. /n (b (v)(2) — bil(v)(y))k(x,y,t) dy,

o =g

where (t) == [t|P~2t. By (2.4), we get
(2.5) p(b™ ! (0)(x) = b7 (v) (W) (v(@) — v(y)) = [v(z) —v(y)”
with the implicit constant ¢ = ¢(p,e). For each t > 0, let us write
Xoloy Q. Q) = {f e W(Q) : f(z) =blg(z,t)) ae. x €R"\ Q}.
We now define for any v € Xb( ) (Q, Q’) and ¢ € X7P(Q,9),

// () = @O =66 o day
QY |:E — |n+S:D » Y
+2/ /n\Q/ |$_y|n+5p k(%?/i) dy dx.

By (2.5), we obtain that the operator A; :
next define

b(q(t))(Q Q) — (XJP(Q,))" is well-defined. We
A XgP(Q, Q) % (0,T] — (W*P(Q)" as A(w,t) = Ae(w + b(g))-

We now follow the same lines as in the proof of [BLS21, Theorem A.3] together with (2.4) to see
that there is a unique weak solution

w € LP(0,T; XgP(Q, Q) N C(0,T; L*(2)) N L=(0,T; LE, H(R™))
to
Oyw + Ly(w +b(g)) = =0 (b(9))  in O,
w+b(g) = b(g) in R™\ (992 x (0, T]UQ x {t = 0}).
By considering the function
b~ (w+b(g)) € LP(0,T; WPP(Q)) N C(0,T; L*(Q)) N L>(0,T; L2 (R™)),
which follows from (2.4) and the fact that |b(§)] < & 4+ 1, we obtain a weak solution u. =
b= Hw + b(g)) to (2.2).
We are now going to prove (2.3). We first note from the standard approximation argument as
in the proof of [BLS21, Proposition A.4] that for any 7 € (0,T),

//6,5 (ue))(ue — M)y dz
/Q/w”) £)(€ — M) dfdx—/ﬂ/ o, — M), d¢ da,

where M = ||g||L~(q,). Therefore, by testing (u. — M)y to (2.2) and considering the proof given
in [BLS21, Proposition A.4], we obtain

/ / — M), d¢ da < 0.
Q

Using this together with (2.4) and the choice of 7 € (0,T), we have (2.3). O

We next provide a basic algebraic lemma which will be used to obtain oscillation estimates.
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Lemma 2.2. Let the constants My, No, Lo > 4 be given with Ly > Msy. Let us take a, =
wg2/M2(1 +n)"¢, where wg > 1 and € € (0,1). Then there is a constant ¢ = (Ma, Na, La) such
that if

|2
Ngwgz ’

glz) =1

then for any n > 1,
(2.6) ap > an-19 (@p-1) .
Proof. Let us define

1
B MQNQ,TEM?

X
1+

gi(z) = ( )E and go(z) =1

for any x > 0. We are going to prove that
g1(z) > go(x) for any x > 1.

Then we have

€

n 1
>l-—>1 - —
(1—|—7’L> - M2N2n€M2 - N2n5M2’

which implies (2.6).
To do this, we first observe

N 4 o () — £

91(z) = (e and  gh(x) = NozeMa+1’
By taking
(2.7) e < 1/(2My),
we observe that if z > 1, then N": = < gh(x). After a few simple computations, we derive

22
gi(z) < ~ < gh(z) for any x > x¢ = NI — 1.
2% 2
We next assume
MyNy(N3 —1)Y/2

2.8 <1
( ) € 0go (M2N2(N22_1)1/2_1
to see that (1/2) > 1— L. Therefore, using the fact that g; and g, are increasing functions,

M2N2:Eo2
we obtain that for any z € [1, zg],

1
g1(x) > g1(1) > 1 — ——— > ga(xo) > g2(x).
MQNQ.IOZ

By (2.8) and (2.7), we fix

€= 1mim 1 lo M No(N3 — 1)
=3 oMy 82 \ Mo Ny (N2 — 1)1/2 — 1

to obtain that (g1 —g2)(x) > 0 for any = € [1,x] and (g1 — g2)'(x) < 0 for any = > (. In addition,
we directly observe lim, (g1 — ¢g2)(x) = 0. Therefore, we deduce g1 (z) > go(x) for any = > 1,
which completes the proof. ([l

Finally, we recall a technical lemma (see [DiB93, Lemma 4.1]).

Lemma 2.3. Let A; be a sequence of positive numbers with A; 11 < cbiAlH'a, where ¢,b > 1 and
a>0. If Ay < c’l/o‘b’l/o‘z, then A; — 0 as ¢ — oo.
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3. INTERIOR ESTIMATES
Fix € € (0,1). In this section, we will investigate a bounded weak solution u = u. to
(3.1) Or(u+ Be(w)) + Lu=0 in Qp.

Let us take Qg 7(20) C Qr for some R, 7 > 0 and 2o € R""!. We first observe a translation
invariant and normalization property of (3.1).

Lemma 3.1. For M > 0, let u be a weak solution to
Oy(u+ Be(u)) + Lu=0 in Br(xo) x (to — T, to].
Then for xo € R™ and tg € R, u(x,t) == u(x + xo,t + to)/ M is a weak solution to
0@+ B-(w))+Lu=0 in Bgx (=T,0],
where B.(§) = BeMO) ond
o / [z, t) —aly, )P~*(@(x, t) — uy, 1))

Lu(z) = p.v. 7 — g

k(z,y,t)dy

with MP~2A~Y < k(z,y,t) < MP72A.
We next give Caccioppoli estimates with truncation.

Lemma 3.2. Let u be a sub(super)-solution to (3.1). Let ¢ be a nonnegative smooth function
satisfying p(-,t) =0 on R™\ B,.(x¢) with r < R. Then there is a constant ¢ = ¢(n,s,p,\) such
that

u Py — k)2 dz P Y — T
sw [/B o Pemwas [ o [ mdsd]
o |((u—Fk)xp)(x,t) — ((u—k)xp)(y, V)
dxdyd
+/t()—T/BR(LEO) /BR(I()) y t

o=

A AL U T . P
to—T J Br(zo) Y Br(zo) |x_y|n+5p

<ert=d [ emgiverase [ (we-mis [T - e de) o d:
Qr,7(20) Qr,7(20) k

n C/to / / (= k)5 (y, 1) (= k) 0P) () d dy di
to—T JR"\Br(x0) Y Br(zo) |:17 - y|n+5p

k)2 4+ “ _k)ed > P d,
+/13R(zo)X{t_toT} <(u )+ /k BLE)(E — k) dE | P dx
where k € R.

Proof. Let us take a test function (u — k)£ @P. Then by using [BKU14, Lemma 2.1] to control the
time term O;(u + S-(u)), and by using [Lia24c, Proposition 2.1] to handle the space term Lu, we
deduce the desired estimate. g

By Lemma 3.2, we have energy estimates which remove the role of the singularity 5(-).

Lemma 3.3. For any k > €, we have same energy estimates of (u — k)4 as in the parabolic
fractional p-Laplacian equations. Similarly, for any k < —e, we have same energy estimates of
(u — k) as in the parabolic fractional p-Laplacian equations.

Proof. When k > ¢ or k < —e¢, then

/: BLE)(E — ks dE = 0,

since BL(&) = (B x¥L)(€) = 0 when || > . Therefore, we have the same energy estimates as
in the ones given in the standard parabolic fractional p-Laplacian equations (see [APT24; BK24;
Lia24c]). O
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With this energy estimate, we will provide several pointwise estimates. Let us fix Q := Bg(x¢) X
I C Qr, where I :== (t; — T,t1]. We also fix constants u4, u— and w as

(3.2) by >supu, p— < iréfu, and w > puy —p_.
Q

Let us assume p < R. Using Lemma 3.2, we obtain the following De Giorgi type Lemma.

Lemma 3.4. Let u be a locally bounded sub(super)-solution to (3.1). Let us fit & € (0,1/4].
Suppose

(3.3) (p/R)? 1 Tail((u — pt)+; Q) < &w

and Qf,e)(zo) € Q, where § = (£w)?~P. Then there exists vy = vo(n,s,p, A) € (0,1) such that if
ntsp

(34) QW (20) : (s — u) < Ew}| < w0 (ﬁ) Q5 (z0)1,

then

E(pe —u) > €w/2 in Q) (20).

Proof. We may assume zg = 0 by Lemma 3.1. We first handle the case when wu is a super-solution.
Let us define sequences

_ P + pit1
2

, §w | Cw P, P
(35) ki-:ﬂf—""?—i_ﬁu pi':§+2i+1

for any ¢ > 0. We next define

and p;:

0
o MO u <k
Q5|
to claim that
imaX{ng}lJrsp/n 14+sp/n
(36) ArL’Jrl S cM (gw)l-i-sp/n i

for some constant ¢ = ¢(n, s,p,A) > 1and M = M(n,s,p,A) > 1. To obtain (3.6), we first observe
from [DZZ21, Lemma 2.3] that

][ (u . ki)é(lJrQs/n) dz
Q

(9)
/B ool =) (@t) = (= k) O L, iy dz)

Pit1
[ — e

(37) =° (JQ o,

X sup ][ (u— k;)? dx = J; x Jy

telf,ill Bﬂi+1

Pi+1 Pi+1

sp
n

for some constant ¢ = ¢(n,s,p). We will apply Lemma 3.2 to (3.7). To do this, let us choose
a nonnegative cut-off function ¢ € C°(Bp,) with ¢» = 1 in B, ., and |[Vi| < ¢(n)2'/p, and
¢ € C*(R) with g =1 ont>—p? 0 and ¢ =0 ont < —p;"f. For ¢ =1, we compute

ki
i ][ " (u — k)P |Vp|P dz + cp®P ]l o <(u — k)2 + / BLEN(E — ky)— dg) By dz
(38) Mg Qp; u

) 9t
< ip — .\P i — )2 L.
<c [2 ][Q(‘” (u—Fk;)? dz 4+ 7 Jow (u—Fki)Z 4+ (u— ki) dz]
Pi Pi

for some constant ¢ = ¢(n, s,p), where we have used (2.1). In light of the fact that

ly — x| > |y|/2"" for any z € B; and y € R™\ B,,
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together with (3.3), we next obtain

p 1
t — ki) —P) (x,t
@ Jems, o=y
, — k)P Ny, t) ((u — ki) ¢P) (z,t
(3.9) < cpsp2z(n+sp)][ / ][ (u )y )(n(fsp )—¢P) (z )dxdydt
159 Jr\B,, JB,, lyl
< 2UnFsp) (gy)p—t ][ (u — k;)_ dz.
Q"

By using (3.8), (3.9), 0 = (£&w)?7P, and Lemma 3.2 with k = k;, ¢ = ¢ and Qg 7(20) = gf),

2i(n+sp)

(3.10) J<c¢ [][ 9i(n+sp+p) (u—k;)? +
Q¥

holds and
(3.11)

(P1+19) Jer < Cpi—S:D []{fﬂ) i(n+sp+p) (u _ kz)l‘i 4

((u— k)2 4+ (14 w)(u—ki)-) dz]

2i(n+sp)

(u—Fki)” + (1 + Ew)(u—k;)-) dz}

for some constant ¢ = ¢(n, s, p, A). By the choice of the constant 6 = (£w)?*7?, and (u —k;)— < &w
from (3.5), we have

]2(9) 01 (= ko) + (u— b)) dz < olgw)?™ ((€w)? + (€w)) A

Plugging this into (3.10) and (3.11) with (u — k;)— < &w again, we obtain
Jy < 20 max {1, fw} (Ew)P LA,
and with 0 = (éw)?7P,

38

Jy<e (92i("+5”+p) max{l,fw}(ﬁw)p_lAi) " <e (2i("+5”+p) max{l,fw}({w)Ai)
for some constant ¢ = ¢(n, s, p, A), which implies

(u . ki)é(lJrQs/n) dz < c2i(n+sp+p)(1+sp/n) ma’x{ljé—w}1+sp/n(é—w)p—l-i-sp/nA?ﬂLS;D/n
Qi - Z

together with (3.7). Therefore, we have

2ip(1+28/n) </n
A < 07][ (u— k)P g
Q

p(1+2s/n) [ o
(3.12) &) o
< C22ip(n+sp+p)(1+sp/n) max{l, é—w}l-i-sp/n ?ﬂLS}D/"
: CRHETZO
for some constant ¢ = ¢(n,s,p, A) > 1, which proves (3.6) with M = 22P(ntsptp)(+sp/n) > 1 By
applying Lemma 2.3 into (3.12), we deduce the desired result for some vy = vy(n, s,p, A) € (0,1).
Similarly, we also get the conclusion when w is a sub-solution. ([

We give a remark for a similar version of Lemma 3.4 when the singular 3() has no effect.

Remark 3.5. Suppose £(uy —¢) > w/4. By Lemma 3.3 and [Lia2jc, Lemma 3.1], we obtain
that if

QW (20) + £(px —u) < &w} < wolQY| and (p/R)7 1 Tail((u — ps)+; Q) < &w,
then
(i —u) > €w/2 in Q) (20).

We next prove a variant of De Giorgi type lemma.
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Lemma 3.6. Let u be a locally bounded sub(super)-solution to (3.1) and let & € (0,1/4]. Then
there is a constant vq = vg(n, s,p, A) € (0,1) such that if
(3.13) H(pt —ul-,t1)) > &w in By(zo),
then for © = (£w)?7P,
+(ps —u) 2 &w/2  in Byja(wo) x (t1,t1 + va©p™],

whenever

(p/R)7 Tail((u — p+)+; Q) < &w
and B,(xo) x (t1,t1 + vqabp*?] C Q.
Proof. By (3.13), we have

/ Qu—mii/‘&@xa—mi%)¢Wx=o
Bp(mo)x{t:tl} k

if k = pt F w. Therefore, by following the same lines as in the proof of [Lia24c¢, Lemma 3.2], we
get the desired estimate. O

We provide more lemmas in case of +(ut Fw/4) > €. Since in this case, there is no effect of

the singularity §(-), the following two lemmas are obtained by [Lia24c, Lemma 3.3 and Lemma
3.4].

Lemma 3.7. Let u be a locally bounded sub(super)-solution to (3.1) with £(p+ Fw/4) > € and
let a,& € (0,1) and & € (0,1) be given. Then there are constants 6,7 € (0,1) depending only on
n,s,p, A, and «, but independent of €, such that if

{£(pt —u(- 1)) = Ew} N By(xo)| = | By,
then
HE(pe —u(-t)) = 76w} N By(xo)| = o/2|By|  for any t € (t1,t1 + 00p™]
whenever
(p/R)7 Tail((u — p+)+; Q) < &w

and B, (xo) % (t1,t1 + 60p°p] C Q, where § = (Ew)*>P. In particular, we observe T = & and
5= gttt

for some constant ¢ = ¢(n, s,p, A).

Lemma 3.8. Let u be a locally bounded sub(super)-solution to (3.1) with £(us Fw/4) > €. Let
us fix £ € (0,1/4], ¢ € (0,1] and write 0 = (c€w)?>~P. If there is a constant « € (0,1) such that

(s —ul(-, 1) > Ew} N By(zo)| = aBy|  for any t € (to — 0p™, to]
and
(p/R)»" 1 Tail((u — pt )25 Q) < céw
with QEJG)(ZO) C Q, then for some ¢ = ¢(n, s,p,A), we have

ccP~1

{£(ps —u) < cw/4} N QY (z0)| < Q).

3.1. Oscillation estimate of solutions. In this subsection, we prove Theorem 1.2. Before we
give the proof, we first construct a sequence of cylinders @; defined in (3.16) and find suitable
oscillation estimates on these cylinders (see (3.17)).

Let us fix Qr(z0) C Qr and

«

wop == maX{”u”Loo(QR(ZO)) + Tail(u; Qr(20)), 1} .
Choose py < R such that
Qo' (20) € Qri(=0).
We define

_ ™

- M- My’
leo ! Ngwo 2
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where My, My, N1, No > 4 are the constants determined later. Take sequences

(315) Pit+1 = fl(wi)pi and Wi+4+1 = mMax {wifg(wi),wi/?,éls},
where
(3.16) Q; = ngi)(zo), 0; = (w;/4)* P, pf =supu and p; =supu—w;.

i k3

We are now going to determine the constants My, Ms, N1 and N to see that

(3.17) %)scu <w; and Q; CQ;—1 foreachi>0 (ieN),

where Q_1 = Qr(20). Suppose that
osc u Sw; and Q; C Qi
hold for any ¢ = 0,1,...7 — 1. In this setting, we first observe that there is a constant ¢y =
¢o(n, s,p) > 1 which is independent of i such that for any ¢ = 0,1,...5 — 1,
(3.18) Tail ((u — uE)e; Qi) < cow;.
To this end, we first see

[ p—1
Tail ((u — p)+; Qi) < ¢ (pi/pr)? T sup (% (u— )5 dw)
k=1 Bi\Br-1

tel;
+\p—1 p—1
sp (u—pi )%
+ ¢(pi/po) =1 sup psp/ e dy =J1+ Ja,
B tel, 0 R™\ Bo |y|n+sp
where we write

(3.19) B; =B

2—p

R ::1/5}“;/4) . and Q= B; x I

Since f1(w;) < 1/2 (from M, N1 > 4 and w; < wp) and w;+1 > w;/2° by (3.15), we estimate J; as
J1 < CZ 27(1'7]“)%4% < 0227“7’“)
k=1 k=1

where ¢ = ¢(n, s,p). Again w;1+1 > w;/2° by (3.15), we estimate Ja as Jy < CQ_%WO < cw;, where
¢ = ¢(n, s,p). Combining the estimates J; and Jo yields (3.18). For convenience, we write

K2
s I
p-1250-k) . < ¢ E 2 =REr < cwi,
k=1

(3.20) R=pj1, Q=Qj_1, w=wj_1, py = u;il and  p— = pj .

In addition, by Lemma 3.1, we may assume zp = 0.
By the choice of py, p—, and w given in (3.16), either

py —w/d>w/d or p-+w/d< —w/4

holds by the definition of w;. It suffices to show the case when u4 —w/4 > w/4, as we can similarly
prove the case that p_ + w/4 < —w/4. Therefore, i —w/4 > ¢ by (3.15).

Let v > 2 to be determined later depending only on n,s,p and A (see (3.36)). We next let
o € (0, 1] which will be chosen later depending only on n, s,p and w (see (3.48)). We write

(3.21) ¢=1/(p—1), p=o0R/y and r:=0"R/y.

Since 0 < 1 and ¢ < 1, we have p <r.
First alternative : We now assume that there is a time level

(3.22) t € (—rP(w/4)*7P,0]
such that
(3.23) {0« u-p- <w/a}| <@ |Q 0,1

)
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where the constant vy = vp(n, s,p, A) is determined in Lemma 3.4, and

p 2—
(3.24) 5= <%) and 0 (4)".
We now choose
(3.25) v > (1 + 2;) (o) 57
to see that
(3.26) QY (0,t) c Q.

Indeed, by (3.21) and (3.24), Q(0,) = B,(0) x (t — 6p%,1] = Ban (0) x (t — (£)>P(ZR)*7,¢]
Y
holds. Also, by (3.22) and (3.20), we obtain

Q=Qi-1=B,_,(0) x 14/ = Br(0) x Il = Br(0) x (~(£)* PR*,0).

Pi—1

Then if v > 1+ 27, since o < 1, we have B.r (0) C Br(0). Moreover, by t > —r°P (%) , (3.21),
¥

and ¢ < 1, there holds
sp
(5]
(3

WA 2—
- (z) ( )
sp _
) - 0
g gl 4
Thus (t — (f)Q*P(ﬁ)SP,t) C (—(%)*PR*?,0) so that (3.26) is proved.
Also, the choice of «y in (3.25) helps us to estimate
(o B)#5 Tail(w — )5 Q) = (0/) 7 Tail((u — i) 5 Q) < w/4,
which follows from (3.21) and (3.18). Then by Lemma 3.4, we get

| \/

Y

(3.27) u—p->w/s inQL0,1).
Hence, there is a constant

S ; S
(3.28) & > 0r Tyl 2275E = gy(< 1)
such that
(3.29) t+ va(w/4)° 7 (p/2)" = 0,

where vg = v4(n, s,p, A) € (0,2~ ?~2)] is determined in Lemma 3.6. Here, note that

. . 2-p s ¢H\ P 2- 2—
2-p sp S prag— e W PN _ (P WNTP s (WP
i 0027 < (o222 5) ()= () (5) = ()
by (3.21) and so t + v4(&ow/4)27P(p/2)%P > 0 by (3.22). We now select

p—1

(3.30) = <8c01/d_”12> ’
to see that
gy IRPIT(— ) Q) = (/)P il — )5 Q) < o] T )
< §ow/8 < §1w/8,
where we have used (3.18) and (3.28). We first consider the case when & < 1. Since (3.27) implies
(3.32) u(7) —p- >w/8>&w/8 in B, forany 7 € (t — (p/2)70,1],
by Lemma 3.6 for © = (£;w/8)?7P together with (3.29) and (3.31), we have
(3.33) u—p- >&w/16 in B,y x (—(p/2)°F0,0].
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On the other hand, if & > 1, then from (3.29), t € [—va(w/4)?7P(p/2)°P,0]. Thus there is a time
level t € (t — (w/4)*>7P(p/2)°P, t] such that t = —vg(w/8)?7P(p/2)*P. Hence, from (3.27) we have
u(t) — p_ > w/8 in B,/s.

We now use (3.31) and & < 1 to see that
(p/R)7 T Tail(u — p—) 5 Q) = (0/7) 7 T Tail((u — p—)—; Q) < §ow/8 < w/8.

By Lemma 3.6, we get

(3.34) u—p_ >w/l6 in B, x (—(p/2)°"0,0].
In light of (3.27), (3.33) and (3.34) along with (3.28), we get
oo Ll sp
&o orTyyTi2T e
. < _ = . —
(3.35) Q(U;i)c%p u < (1 16 )Y 1 T w
p/4
if
p=1
p— p— -1 sp
(3.36) = (2* + 2?) <800Vd ) ,

which makes v still satisfy (3.25) and (3.30).
Second alternative : If (3.23) does not hold, then for any t € (—r*?(w/4)?~7, 0],

’{Qge)(o,t) cu—pu_ < w/4}‘ > VOG’QE,O)

)

which gives

(3.37) HQ,(JQ)(O,t) Dy —u > w/4H > oW ‘Qg’)

where the constants § and @ are determined in (3.24). Then for each ¢t € (—r*P6, 0], there is a
time level ¢ € (t — p*P0,t — vywpPH/2] such that

B, py —ul-,7) > w/4}| > nw|B,|/2.

)

Otherwise
t—vowpPo/2
{QP 0.0 pe—uzw/a}| < / {B, : s —u(7) > w/4}| dr + u@p™| B,|/2
t—psr6o
< VOE|Q§)0)|5

so it contradicts (3.37). Therefore, we have

B, : py —ul-,1) > &w/a}| > {B, : pg —u(-1) > w/4}| > 10w B,|/2,
where &3 € (0,1] is determined later (see (3.41)). Let us recall py —w/4 > w/4 > e, which follows
from the fact that w = w;_1 in (3.20) and (3.15). Thus by Lemma 3.7, we get

(3.38)
By ¢ pe —u(- D) > r&sw/4}| > @l B,|/4  for any Te @I+ @ Jer)(Ew/4)> Pp™),

where

(3.39) T=W/c1

with ¢ = ¢1(n, s,p, A) > 2 and @ in (3.24), whenever

(3.40) (o R)FETail(u — 1) 43 Q) = (o/7) 7 Tail( — iy )1 Q) < Exw/A.

We note that from € (t — p*P,t — vywpPH/2], there is a positive number &3 € (0, 1] such that
1

(341) 53 2 (wn+p+l/01)p72 = 62

and

(3.42) 0+ @ /e1)(Ew/4)* 7o =0,
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where 0 means the evaluation ¢t = 0 in € (t — p*P0,t — vowp*PH/2]. We point out that since @
from (3.24), we ensure that & € (0,1]. Since we arbitrarily choose t € (—r*P(w/4)?77,0], (3
and (3.38) implies

<1

42)
B, : s — (1) > rEaw/A}| > @] B, /4

for any t € (—r*P(w/4)?>7P,0]. For ¢ € (0,1] which will be determined later in (3.45), 7 in (3.39),

& in (3.41), we assume

(3.43) 0 < (er6s) "

to see that (—p*P(¢7&aw/4)?7P,0] C (—r*P(w/4)?>7P,0]. We now use Lemma 3.8 with a and ¢

replaced by vogw/4 and 7€ /4, respectively, to see that

2—p C2§p71 2—p
{QEmss™ sy —u < argaw/a | < Z—jQe "
for some constant co = ¢a(n, s, p), whenever

(844)  (p/R)F I Tail((u— )45 Q) = (0/)7 T Tail(u — 14) 43 Q) < <réow/Ad.

We now choose
1

(3.45) ¢ = (@roey )7 <

N =

to see that
)2’p|

’{Q(pgrﬁzw/@%?’ Sy —u< §T§2u/4}’ < VO|Q§)§T£2w/4
By Remark 3.5 with £ = ¢7&>/4, we get

= oréw/8 i QUL

p/2 ’

whenever
(346) (/R Tail((u — piy) 5 Q) = (0/4) P Tail(u — )43 Q) < s7auw/d.
By (3.43) and (3.36), we have (3.40), (3.44) and (3.46) hold. Therefore, we have
(3.47) osc  u<w(l—¢7&/8),

QE)</522N/4)27”
if
(3.48) o= (ngg)ps_;l.

By (3.35) and (3.47) together with (3.36) and (3.48), we have

1 o«
525 o — 5B
¢TéUi "2 P2
osc u< 1——5 d

(w/4)2=P 16
Qp/4

In addition, in light of (3.24) along with the fact that max{w/4,1} < wo, (3.39), (3.41) and (3.45),

we Obtain
0S < )
¢ U= M

(w/4)2—P cw
Qp/4 0

for some constant M = M(n,s,p,A) > 4 and ¢ = ¢(n, s,p,A) > 4. Therefore, by recalling the
definition of the function f5 given in (3.14), we get

os¢  u< folww
(w/4)2—P

Qp/4

by taking My = M and N = 4max{c,2°/(2° — 1)} which depend only on n,s,p and A. In
addition, by the choice of Ns, we get

(3.49) folw)w > w/25.
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In addition, by (3.48), (3.41), (3.39), (3.45), and (3.36), there is a suitable constant C; > 1
depending only on n,s,p and A such that o/y = @™ /C}. Therefore, by taking

- M
(3.50) Ny =255 T22M0 (> 4) and M = M(z 4),
sp
together with wy > max{1,w/4} we have
My
w o
(3.51) hw) = 2PTj2+2+2Mlclwé\41 = 95 2y
Indeed, since ﬁ < m, we obtain
M1 e N v,
22M Oy T O \ max{22,w} S0y

Then with (3.51), by using w; < wj_1 = w and (3.15), together with N7 > 4 and w,_1 < wy, we
get
osc u< osc u< folww= fo(wj—1)wj—1 < w;j and Q; CQj-1.
(w;/9)2=P QUe/H2P
j—1)Pj—1 p/4

)2

Indeed, note that Q; = B; x I; = B, x Iﬁ?ﬁ“
J
p;p(wj/4)2’p < p;’il(wj_l/4)2’p. Note from (3.14) with N; > 4 and (3.15) together with the fact
that w; > wj_1/2%,
PP (Wi /4P = (fi(wjm1)pj—1)"(w;/4)* 7P < (filwj—1)pj-1) (wj_1/4)* P25 P~2)
<P (wj—1/4)*7P

. Since w; <w;_1 and (3.14), it suffices to show

(3.52)

holds. Therefore, we have proved (3.17).
We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Using (3.17), we first inductively prove that there is a constant ¢ = ¢(n, s, p, A)
such that
(3.53) oscu <wo(l1+14)7° +4e
for some constant ¢ = ¢(n, s,p, A), where the cylinder @; is determined in (3.16). By Lemma 2.2,
there is a constant ¢ = ¢(n, s, p, A) € (0,1) such that the sequence a; := wp(1 + )~ satisfies
(3.54) a; > a;—1f2 (a;—1) for any i > 1.
We now note that there is a positive integer i¢ such that w;, = 4e. If not, we have w; 1 = w; fo(w;)
for any ¢« > 1, as (3.15) and (3.49). Then, by (3.54), we have w; < wo(1 4+ 7). Therefore, if 7 is
sufficiently large, then w;;+1 < 4e, which gives a contradiction.

Let us take the smallest positive integer ig such that w;, = 4e. Then, we have oscg, u <
wo(1+14)~° for any ¢ < ip and oscg, u < 4e for i > ip. This implies (3.53).

Using (3.53), we are now ready to prove (1.6). Let take r € (0, po]. Then there is a nonnegative
integer j such that

Pi+1 <1 < pj.

We next observe from (3.15) that w; > wy/2% and

Wi My 1 1 JF1 [ J 1 My
) > 22 —p; > > = —
(3 55) Pi+1 = <W0> Nl P; = = <N1> H (281)

=0

Lo,

where the constants Ny and M; fixed in (3.50) depend only on n,s,p and A. Using (3.55), we get

£o 00
(2N1)2M1j2 < Nj+12w < Pi+1 < T
1
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By taking logarithm on both sides together with a few computations, we have j2 > cIn(pg/7),
where ¢ = ¢(n, s, p, A). Using this along with (3.53), we obtain
osc u< oscu <wo(147)7 +4e < cwo (1 + In(po /7)) "% + 4e
J

(wg/4)2—P
T

for some constant ¢ = ¢(n, s, p, A), which gives (1.6). This completes the proof. O

4. ESTIMATES ON THE LATERAL BOUNDARY
Let us fix € € (0,1). In this section, we are going to study a bounded weak solution
u=u. € LP(0,T;W*P(Q')) N C(0,T; L*(Q)) N L>(0,T; LY (R™))

to
il O(u+ Be(u)) + Lu=0 in QN Qp,

(4.1) u=yg in @\ Qr,

where Q' 3 Q and Q = Bgr(xo) X (t1 — To, t1] with o € 9Q, R € (0,1], t1 € R, Ty > 0 and
Q C Q. Let us fix constants

He > supu, po < iléf’u,, and w > py — p—.
Q
We next assume that the complement of € satisfies the measure density condition with «g € (0, 1)

(see (1.7) for the precise definition of this). We assume g € C' (Q) and there is a non-decreasing
function w, : Ry — Ry with wg(0) = 0 and

l9(1) = glz2)] < wy (Jo = 2] + |t

For zp € R™*! and R, T > 0, we fix

1
5) for any z1, 22 € Q.

Qr,7(20) C Q.

We now observe the following energy estimates near the boundary.

Lemma 4.1. Letu be a sub(super)-solution to (4.1). Let ¢ be a positive smooth function satisfying
o(,t) =0 on R™\ B,(x¢) with r < R. Then there is a constant ¢ = ¢(n, s,p, A) such that

(4.2)
g’u<€<to [/BR(I0 Plu—k)i dx:t/BR(xO) / BLE)(E —k)+ d{dx‘|
o
/to /BR (o) /BR(IU) — jESD)(|/J;)_y|EL(+sp By, O dx dy dt
to . P 1 _
" /,” / o / . (u=h)t (é’_)(;fiﬂf)” @0 4
< ¢RP—P /QRT . (u— k)L Vel dZ+C!QR,T(zo) <(u—l<:)§E i/k BLEE — k) d{) OrpP dz
/to / A\ Boo) /BR o o (&t_)(y(fi:sf)iwp)(x’t) de dy dt

)
u— k)2 / A P g
i /BR(IO)X{t—toT} <( Jik /k pe(e)(€ )+ f) ¥ )

whenever

k>supg if u is a sub-solution

(4.3)
k< irglfg if u is a super-solution.

Proof. By (4.3), we are able to test (u — k)1 to (4.1). Therefore, as in the proof of Lemma 3.2,
we have the desired energy inequalities near the boundary. O



20 KIM, LEE, AND PRASAD

First, we prove a measure shrinking lemma near the boundary. In particular, we use a different
kind of intrinsic cylinder which is of the form QEJO), where § =~ w'~P. Since we employ the third

term given in the left-hand side of (4.2) which specially appears in nonlocal problems, such a
cylinder is useful for dealing with the singular term f..

Lemma 4.2. Let u be a sub(super)-solution to (4.1) with the measure density condition (1.7) for
Q. Let us fix £, s € (0,1/4] and write

(4.4) 0= (ctw)'P.
If
(4.5) (p/R) 71 Tail((u — pa)1; Q) < séw  and €w < £pg — sgp(ig)

with Qg)(zo) C Q, then
(s — ) < <€} N QY (20)| < e max{1, c6w} ||
for some constant ¢ = ¢(n, s,p, A, ag), where the constant «g is determined in (1.7).

Proof. Tt suffices to consider the case when v is a super-solution and zyp = 0. By the maximum
principle, (1.7) and the second condition in (4.5), we observe

{=(p- = w)(-,t) > Ew} N By| > ao| Byl

for any t € I,@. Therefore, together with 0 < ¢ = p(x) € C*(Bs,2), ¢ = 1 on B,, and

[Vl < c¢/p, we have
— Y, t —k P t
[t =Rt
@ Jp,

Iw — y|ntep
(fw)r! ((u—k)—¢P)(x,t)
(4.6) > f (/Q@ i dz> |B,|
- cpSz) ‘{ —u) S sgwin Qf)‘ ’

where we write k = p_ + 2¢€w. In addition, as in the estimate of (3.9) together with the first
condition in (4.5), we deduce

k)P Ny, t —k)_oP)(z,t
/ (u—k deJr/ / Ty, )((LS) sﬁ)(x,)dxdydt
(9) "\ng |‘T - yl P

/ <<u —K)? - / BLEE ~ ) d§> o du
B, x{t=—(2p)*P0} “

Ew)?|Bp| + ¢ ((s6w)? + (s€w)) | By |
) _
= [(c&w)ﬁ 187 (6 + (&) | [ QP
for some constant ¢ = ¢(n, s,p), where (4.5) is used. We now use (4.4) to further estimate J as

J < p—ip(g{w)p max{1,céw} ’Q?)‘ )

< c

<

Using this, (4.6) and the energy estimates given in Lemma 4.1 for ¢ = ¢(x) (so dyp = 0) with
r = p and R = 2p, we have

s(§w)? 9 c 9
o |l = < sk n @] < T(sge max{1, 6w [QF)
for some constant ¢ = ¢(n, s, p, A), which completes the proof. O

We next observe a De Giorgi type lemma near the boundary.
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Lemma 4.3. Let u be a sub(super)-solution to (4.1) with the measure density condition (1.7) for
Q. Let us fiz & € (0,1/4]. We take

(4.7) 0= (Ew)P.
Suppose
(p/R)P T Tail((u — p+)+; Q) < &w  and  &w < ps — sgp(ig)

and Qf)(zo) C Q. Then there is a constant v1 = v1(n,s,p, A) € (0,1) such that if

w QP (z0)].

max{1, w}itn/sp

QWP (20) : £(ps —u) < Ew}| <11
then B
E(pr —u) > €w/2 in Q) (x0).

Proof. We may assume zg = 0 by Lemma 3.1. It suffices to consider the case when u is a super-
solution. Let us choose sequences k;, p; and p; as in (3.5). We next define

P G0

o

to see that

(4.8) Aip1 < eM? max{1, Ew TP/ L
. 1 = sp 0
(w)™

for some constant ¢ = ¢(n, s,p, A) and M = M(n,s,p). To do this, we first recall the inequality
(3.7) and we will estimate the terms J; and J; given in (3.7) with 6 replaced by 6. Let us choose
functions 1 € C°(Bp,) with 0 <9 < 1,9 =1on B,,,, and ¢ € C*°(R) with0 < ¢ <1, ¢ =1o0n
t>—pi’0and ¢ =0ont < —p;’f. By using Lemma 4.1 with k = k; and ¢ = 1¢ and following
the same lines as in the estimates of (3.10) and (3.11) with 6 replaced by 6, we deduce

) 2t
(49)  JLi<e []l o 2T = k) = (= R+ (1 €0~ h)-) dz]
Qp;
and
(4.10)
(052,0) 157 < cp [J[ L2 k)P 4 % (= k)2 + (1 + &w)(u— ki) ) dz]

for some constant ¢ = c(n, s, p, A). By the choice of the constant 6 determined in (4.7), we have
——1 _
]l@ 0 ((u—FK)2 + (14 &w)(u—ki)-) dz < (w)P " ((€w)? + (Ew)) A

Combining this, (4.9) and (4.10) yields J; < ¢2/"+5P+P) max{1, éw}(éw)PA; and

" <o (2i(n+sP+P) max{1, §w}(§w)Ai) "

n

Jo<ec (§2i(”+5p+p) max{1, §w}(§w)pAi)
for some constant ¢ = ¢(n, s,p, A), which implies

w— ki)€(1+2s/n) dz < C2i(n+sp+p)(1+sp/n) HlaX{Lé-w}1+s;o/n(é-w)p(lqts/n)AALi-Sp/n7
Qs - Z

where we have used (3.7). Therefore, we have

c2ip(1+2s/n) p(1425/n)
Aip1 < W ]2(9) (u— k)2 dz

Pi+1
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) max{1, &LJ}HSP/" L+sp/n
(bw)™ '

for some constant ¢ = ¢(n, s,p, A), which proves (4.8). Therefore, by Lemma 2.3, we derive the
desired result. O

< 2P(n+sp+p)(1+sp/n

4.1. Uniform continuity. In this subsection, we are going to prove Theorem 1.4. As in Sub-
section 3.1, we first construct a sequence of cylinders ; and derive oscillation estimates on such
cylinders (see (4.13) and (4.14)).
Let us fix Qr(20) with zyp € 0Q and Qr(z0) C Q7. We now set
wo = max{ |[ul Lo (Qr (20)) + Tail(u; Qr(20)), 1}
Let us choose pg < R such that

1-p
QUo/M " (29) € Qr(20).
We define
| |
4.11 €T = —m—mm— ,
( ) fl( ) N()legl Ngwgz

where My, My, N1, Ny, Ly, Lo > 4 with M; < L; are the constants determined later. In addition,
we may assume Ny > 1 and this will be determined later to obtain a suitable modulus of continuity
of the solution (see (4.28) below). Take sequences

e [

and fo(z)=1-

(4.12) pi+1 = filw;)p; and w;y1 = max {wifg(wi),wi/?ﬂ(gcg,lls},
where
(4.13) Qi = QE)?), 0; = (wi/N'"™P, pf =supu and p; =supu— w;.

We are now going to determine the constants My, Mo, N1, No, L1 and Ly to obtain that
(4.14) oscu <w; and Q; CQ;_1 foreachi >0,

i

where Q-1 = Qr(20). Suppose that

osc u Sw; and Q; C Qi
hold for any i = 0,1,...,5 — 1. By following the same lines as in the proof of (3.18) together with
the fact that fi(w;) < 1/2 (from M;, N1 > 4 and w; < wp) and w;+1 > w;/2%, by (3.15) we have
(4.15) Tail((u — p5) 45 Qy) < crw; forany i =0,1,...,5—1

for some constant ¢; = ¢1(n, s,p), which is independent of i. For a convenience of notations, we
write

Ri=pj 1, Q=Qj 1, w=wj1, py=p and p_=p; ;.
In addition, by Lemma 3.1, we may assume zo = 0. We now fix
(4.16) p=0R,

where o € (0, 1) will be determined in (4.22).
We first consider the following two cases:

(4.17) iy —w/4>supg and ,u,—l—w/élgiréfg.
Q

It implies that
w/4 < £pg — sup(Lg).
Q
Let ¢ € (0,1/4] be a free parameter determined later in (4.20). By Lemma 4.2 with £ = 1/4, we
have

(4.18) {£(py+ —u) <cw/4}N Qﬁf“’/@lip < PP max{1, w/4} ‘QE)WM

)
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for some constant ¢* = ¢*(n, s, p, A, ag) > 1 whenever
, S, Py 1A, O

(4.19) QG cQ and (p/R)7 Tail((u — pit)s; Q) < sw/4,
where the constant ag € (0, 1) is determined in (1.7). With 4 from Lemma 4.3, let us take
1
(4.20) ¢ = <%> P2
16c*wy P
to see that
{+(py —u) < <w/4}ﬁfo“/4)17p < %44 ‘Q (sw/4)t—? < visw/4 — ,(JW/4)1,p 7
wy max{l, cw/4} e

where the constant 11 = v1(n.s,p, A) € (0,1) is determined in Lemma 4.3. Indeed, for the second
inequality we have used wy > max{1, cw/4} since ¢ < 1 and (4.12) hold, and for the first inequality

v1(sw/4) max{1, gw/4} v1(sw/4)

* _p—2
(1) = PR < M
Wo

holds and so (4.18) is applicable.
We now apply Lemma 4.3 with { =¢/4 < 3 L to get that
(s — ) = sw/s i QLY
if
(4.21) QUe/M"" c @ and (p/R)7 T Tail((u — ps)s; Q) < sw/4.

We now take
p—1

(4.22) o= (4%) o

to make (4.19) and (4.21) holds true by (4.16), where the constants ¢; and ¢ are determined in
(4.15) and (4.20), respectively. Therefore, we get
osc u< osc u<w(l-—g/8).

(w/$)1—p (sw/4)1—p
Qp/2 Qp/2

By recalling (4.11) and (4.20), there are constants Mz = 4+ = Lo Ly = (2 + %) (4 + p—i2) > My
and Ny = Na(n, s,p, A, ap) > max{2°/(2° — 1) + Ma, (16¢* /1/1)17*2} such that (3.49) and

(4.23) osc u<w (1 - wM2L ) = wfa(w).

(sw/a)t=p Nowq'?
Qp/2 2%0

In addition, by (4.16), (4.20) and (4.22), there are constants My := 4+ Ma(p —1)/(sp), L1 =4+
1 opo1
Ly(p —1)/(sp) and C, = Cyi(n,s,p, A, ag) > 1 such that p/2 = —22 = ___R and A il <1

ot — 2
w( +8p)p72 sp 1Wo
0

1
We now choose

(4.24) ) = 2
. r) = ——F,
! NoNywl!
where Ny = (42@;1) -+ 1)Cy. We point out that a constant Ny > 1 will be chosen later depending

only on a given data (see (4.28)). Then similar to the argument for (3.52), we get

0SC u < osc u< fQ(CUjfl)CUjfl < Wi and Qj C ijl-
(wj /1P Q(w/4)1’p
Ffrlwj_1)pj—1 /2
On the other hand, if the two cases in (4.17) do not occur, then oscq, u < oscg,;_; u < 20scq; g <
w; holds. Therefore, we have proved (4.14).
Using this, we are now able to derive a quantitative oscillation estimate (1.10).
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Proof of Theorem 1.4. By (1.9), we take wy = 1 and take py = 7%/47)5_;1 to see that Qgﬁo/zl)lip(zo) C

Qr(20). By Lemma 2.2, there is a constant ¢ = ¢(n,s,p, A,ap) € (0,1) such that the sequence
a; = (1+1i)"° satisfies
(425) (079 2 an—lf2(an—l)u

as the constants Mo, Ny and Lo depend only on n, s,p, A and «p.
We now assume

(4.26) wy(p) < ¢ (1+1n(R/p)) ™"

holds for any p € (0,R], where § € (5,1) and ¢, > 1. We are now going to find a parameter Ny
which is first introduced in (4.11), in order to derive

oscu <(1+4)° +4e
for any ¢ > 0.
In light of (4.11) and the fact that w; < wp =1, we get

Pirl o ___ PO
NoN1 = = (NoNp)itt

(4.27) pi <

2(p

Using (1.8), wit1 > w;/2°, (4.27), the fact that Ny > 2 ) (which is determined in (4.24)), and
(4.26), we have

oscg < wy (pz- [1 - (wi/4)1s;ppD < wy (pizi@*”/fo [1 + (w0/4)3%f})

< wy (po/NETY) < e (14 (i +1)InNo)~°,

where we also have used the fact that wg = 1 and pg = R/4ps_;1. We now choose Ny = No(d,¢q) > 1
sufficiently large to see that

(4.28) oscg < (2+14)7/2,
which implies oscg, g < (2 +4)7°/2, by the choice of § > s.
Therefore, by considering the proof of (3.53), we similarly derive
(4.29) oscu <(1+1d)7° +4e
for any ¢ > 0. First, by following the same lines as in the proof of (3.53), there is the smallest
positive integer i¢ such that w;,+1 = 4¢ and w;, > 4e. Then we inductively prove
(4.30) w; <(144)~°
for any i € [0,149]. Suppose (4.30) holds for any ¢ =0,1,...,5 — 1. Then we have w;_1 < j~° and
wj < max{w;j—1fo(wj-1), (1 +7)"°}

We next note that z fo(x) is non-decreasing function when |z| < 1 by the fact that No > M3 which
is determined in (4.23). Therefore, using this and (4.25), we have

(I+73)° 27 f2(17°) > wj—1fa(wj-1),

which implies (4.30) with ¢ = j. Thus, we have proved (4.29).

Using (4.29), we are now ready to prove (1.10). We may assume r € (0, po], since if 7 € (po, R],
then (1.10) directly follows by taking the constant ¢ = ¢(n, s, p, d) sufficiently large. We then note
that there is a nonnegative integer ¢ such that

Pit1 <1 < pg.
From (4.12) and the fact that wg = 1, we observe w; > wg/2% = 1/2%" and

M, i1 [ i M,
r 7 = i - = = )
Pitt = NN, ' = 2isi NN, P NoN, 1145 po
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where N1 = Ni(n,s,p, A, «ap), M1 = My(n, s,p,A) are defined preceding (4.24), and the constant
No = No(0,¢g) is determined in (4.28). Thus, we deduce

Po < o
(2No N1 )M T (NN ) 2

Myi(i+1) <
2

which implies i* > cln(po/7), where ¢ = ¢(n, s,p, A, g, 8, ¢g). Plugging this into (4.29) together
with the fact that po = R/ 4% yields

osc u<oscu<(1+4d) " +4e<c(l+ 111(73/7"))7</2 + 4e.

(wg/4)2~P Qi

Since we assume wy = 1, after a few computations, we derive (1.10). This completes the proof. O

5. ESTIMATES ON THE INITIAL BOUNDARY

In this section, we are going to study a weak solution v = u. to

O (u~+ Be(u)) + Lu=0 in 9N Qr,
u=g in @\ Qr,

where ' 3 Q and Q := Bg(zo) x [0, Tp] with 2o € Q, and Br(xo) x (0,Tp] C Q4. Let

(5.1)

He > supu, po < iléf’u,, and w > py — pu—.
Q
We assume g € C'(Q) and there is a non-decreasing function wy : Ry — R+ with wy(0) = 0 and

1
lg(z1) — g(22)] < wy (|:171 — Zo| +|t1 — t2|SP) for any 21,29 € Q.
Let us fix (0,7) C (0,Tp). Then we have the following energy estimates near the initial level.

Lemma 5.1. Let u be a sub(super)-solution to (5.1). Let ¢ = ¢(x) be a cutoff function satisfying
¢ =0 on R"\ B(xg) with r < R. Then there is a constant ¢ = c(n, s,p, A) such that

sup / P (u— k)3 da
o<t<T 10

(u = k)xp)(a,t) = (v = k) )y, D)7
/ /BR(%) ‘/BR (zo0) |z — y|ntsp dx dy dt

— Ry, ) ((u = k)p?) (1) .
/ /BR(Z‘()) /BR (zo) |£C—y|"+5p d dydt

< cRpfsp/ (u— k)| VelP dz
Qr,7(20,T)

— Y Ny ) (u — k) 2oP) (2, t
+C/ / / (u =k (y, )((Ls )+¢P)(x, )dxdydt
"\Bgr(zo0) Y Br(z0) |517 _y| P

k >supg if u is a sub-solution,
Q

whenever

k< iréfg if u is a super-solution.

Proof. Since we choose a cutoff function ¢ which depends only on the spatial direction, 0y = 0.
In addition, by the choice of k, we have

(u—k)+(-,0)=0 and :I:/ cpp/ BLIE)(E — k)x dEdx > 0.
BR(I[)) k
Therefore, we have the desired estimate. [l

We next provide a variant of De Giorgi type argument.
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Lemma 5.2. Let u be a sub(super)-solution to (3.1) and let £ € (0,1/4] and © = (Ew)*~P. Then
there is a constant vg = v4(n, s,p, A) such that if

F(px —u(,0)) = &w in By(xo),

then
F(pe —u) > &w/2 in B,ja(wo) x (0,vaOp°],

whenever

(p/R) 71 Tail((u — pa)4; Q) < €w  and €w < +ps — sgp(ig)

and B,(xo) x (0,v40p] C Q.
Proof. By Lemma 3.6 with 1 replaced by 0 and Lemma 5.1, we deduce the desired result. ([

5.1. Uniform continuity. In this subsection, we will prove Theorem 1.5. Before that, we first
construct a sequence of cylinders @); and derive oscillation estimates on such cylinders (see (5.3)
and (5.4)). Let us fix Br(zo) x (0, R%?] C Q% with z¢ € . We next set

wo = max{HU’HLOO(BR(;EO)X(O,RSP]) + Tall(ua BR(IO) X (07 RSP])? 1}
Let us choose py < R such that
By (w0) x (0, pg” (wo/4)*7*] C Br(zo) x (0, R°].

Take sequences
(5.2) pi+1 = pi/N and w;41 = max {mwi, 2%869} ,

where N > 4, m = max{7/8,27°} and
(5.3) Qi = By, (w0) x (0,p570;], 0; = (w;/4)* P, pu} =supu and p; =supu—w;:.

i i

We are now going to determine a constant N to see that

(5.4) oscu <w; and @Q; C Q;_1 foreachi >0,

where Q_1 = Br(zo) x (0,R*P]. Suppose that
(Z;ZCU <w; and Q; C Qi1
hold for any ¢ = 0,1,...5 — 1. As in the proof of (3.18), there is a constant c3 = c2(n,s,p) > 1
such that
(5.5) Tail((u — 7 1)+3 Qi—1) < cowj_1.
For a convenience of notations, we write
p=0cR, R=pj_1, Q=Qj_1, w=wj_1, [yt = u;r_l and  p- = p; g,

where o € (0,1/4]. In addition, by Lemma 3.1, we may assume zy = 0. Let us consider the two
cases:

(5.6) iy —w/4>supg and u_+w/4§iréfg.
Q

This is equivalent to
w/4 < £pg — sup(Lg).
Q
We now take
(5.7) o= 1/(16¢2) 7 (< 1/2),
where the constant co is determined in (5.5). Since

+(pt —u(-,0)) = £pt —sup(+g) 2w/4 in B,
Q
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and
(p/R)» Tail(u — p+)1; Q) < w/4,
which follows from (5.5) and (5.7), we are now able to use Lemma 5.2 to get that
+(pe —u) > w/8 in B,y x (0,va(w/4) P p*]

for some constant vq = vy4(n, s,p, A) € (0,1).
Therefore, by taking

25 +2

(5.8) N =

(= 4),

v
where the constant o is determined in (5.7) and v is from Lemma 5.2, we have

(5.9) oscu < 0sc u<Tw/8 < wj.
Q; B /2% (0,v4(w/4)2P psP] (5.2)

Indeed, note that Q; = B,; x (0,p3"0;], pj = pj—1/N and p = op;j_1. By (5.8), we have
pj = pj—1/N <opj_1/2<p/2.
Next, we note from (5.2) and m > 1/2 that
P05 = (pj—1/N)*P(w;/4)* 7P < (pj—1/N)*P(mw;—1/4)*7P < wa(w/4)* Pp®.
Also, we have
Q; C Qj-1.

Indeed, one can see that pi’(w;/4)*77 < (pj—1/N)*Pm*P(w;-1/4)*7? < pi¥ | (wj—1/4)*>"P, which
gives the above inclusion. If two cases given in (5.6) do not occur, then we have

oscu < osc u <2 osc g < wj.
Qj Qj-1 j—1

This proves (5.4).
We are ready to prove Theorem 1.5.

Proof of Theorem 1.5. Note that wy = 1 and that
wy(p) < g1+ In(R/p)™
for some constants § € (0,1) and ¢, > 1. With an inductive process, we are going to derive

(5.10) wi < ¢(1+1In(R/p:))~°,

where pg = 73/4%1 and ¢ = c(n, s,p, A, §,¢y) > 2. Indeed, by the choice of pg, we have B, (z9) x
(0, pgf (wo/4)*>7P] C Br(zo) % (0,R*P]. We find a positive integer iy = i4(n, s, p, A, §) such that for
any ¢ > ig,

(5.11) [1+(i+1)1n (4ps_;1N)}/[1+iln (4”S—?N)} <1/m3,

as the left-hand side is decreasing with respect to the positive integer ¢ and goes to 1 as i — oo,
where the constants m and N are determined in (5.2) and (5.8), respectively. Then there is a
constant ¢ > 2¢, depending only on n, s, p, A and J such that
_1 -5
wi < c (1n (4%p0/pig)) = c(1+I(R/p:,))° < c(1+In(R/p:))~°

for any i < i,. We now use the inductive argument to prove (5.10) for any ¢ > 4. Suppose (5.10)
holds for any i = 0,1,...,ig4,...J. If wj1 = 20scq,; g, then the fact that ¢ > 2¢, implies

wist < 26, (14 (R /p;)) ™" < e(1+In(R/pjs1)) "
On the other hand, if w; 1 = mw;, then we obtain

wir1 < em(1+n(R/pi))~° < e(1+1n(po/piv1))~°,
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where we have used (5.2) and (5.11). Therefore, this implies

oscu <c(1+In(R/p;))~° for any i > 0.

Let us fix r € (0, pp]. Then there is a nonnegative integer ¢ such that
pir1 <1 < pg.
Thus, we get that

osc U= osc u<oscu < c(1+In(R/r)~°
By x[0,r°P(1/4)277]  Brx[0.rP(wo/4)>P] T Qi

holds for any r € (0, po] (Recall pg = R/4PS;PI), where ¢ = ¢(n, s,p, A, 0, ¢g). Therefore, we deduce

osc  u<c(l+In(R/r))~% forany r € (0,R)],
B, x[0,r=p]

which implies (1.12). This completes the proof. O
6. EXISTENCE OF A CONTINUOUS SOLUTION

In this section, we prove a global continuity estimates of (2.2) and construct a weak solution
u e C(Qx[0,7]) to (1.13). First, we obtain a global uniform continuity estimates of (2.2).

Lemma 6.1. Let Q' 3 Q and the complement of Q satisfy (1.7). We next assume that
g€ LP(0, T;W*P(Y)NC (K x [0, T]) N L>®(0,T; L=(R"))

and that there is a non-decreasing function wy : Rt — RT such that wy(0) = 0,

1
sup |g(z1) = g(z2)| < wy (Jor — 2ol + 1 — 1o )
21,22€Q/ % [0,T]

Let ue be a weak solution to (2.2). Then there is a constant ¢ = s(n, s, p, A, ) such that for any
de (s, 1), if

(6.1) wy(p) < ¢ (1+|In(1/p)]) "

for some constant c; > 1, then we have
1 e
In i +e,
|71 — 22| + [t1 — ta|°®

where ¢ = ¢(n, s,p, A, ao, ||g]| L, T, Q, X, ¢g,6) and c1 = c1(n, s,p).

(6.2) sup |ue(21) —ue(22)] < e
21722€§X[0,T]

1+

Proof. In the proof, the constant ¢ always depends on n, s,p, A, ag, ||g||Le~,T,Q, ', ¢y and §. Let
us recall the constants ¢; = ¢1(n, s,p,A) € (0,1) and ¢2 = ¢2(n, s,p, A, ap) € (0,1) determined in
Theorem 1.2 and 1.4, respectively. Let us choose

¢ = min{ci, 2 }.
We note that there is a constant Cy such that
Tail(g; Qr(20)) < Collg|l o ®» x[0,17)
for any Q,(z0) C R™ x [0,T]. Let us fix
(6.3) M = 2C0||g|| Lo (rn x[0,17)-
From Lemma 3.1, we observe that @, := u./M is a unique solution to
{at(u—g+E(u—a)) +Lu:=0  inQr,
=g inR™"\ (00 x (0, T|UQ x {t=0}),
where § = g/M, and the function 3. and the nonlocal operator £ are defined in Lemma 3.1. By

the choice of the constants Cy and M, we have
(6.4) =]l oo (Qr(20)) + Tail(We; @r(20)) < 1
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for any Qr(z0) C R™ x [0,T]. In addition, we observe

— —/

(6.5) 5020 ad [ Blde =M.
R

We point out that the second condition given in (2.1) was only used to show the following inequal-
ity:

£ [ BUOE Rz de < (0B
For example, see (3.8). Therefore, by taking the conditions given in (6.5) instead of (2.1), we are
able to obtain all of the results given in Theorem 1.2, Theorem 1.4 and Theorem 1.5, while all the
universal constants ¢ determined in the three theorems also depend on the constant M.

We are now going to derive (6.2). To this end, we note that there is a constant Ry = Ry (£, Q') <
1 such that

BQRO (LL'Q) C QI

for any xo € Q. Let us fix

(6.6) ro == min{1/21%, RI0 1/4*5 7% < 1,
and write

1
(67) ri= |£L'1 - {E2| + |t1 — t2|sp.

We divide the proof of (6.2) into several cases. We may assume t; > to and we write d(x) =
dist(x, 09).
(a) r > ro: In this case, together with (6.4), (6.2) follows by taking constant ¢ sufficiently
large.

1
(b) r < 7y and max {d(xl), d(za),t;" } < r2: Then there is the point yo € dQ such that
d(x1) = |21 — yol.
Then we observe from (6.6) that
2122 € Baya(yo) X (07" € B,ass(yo) x (0,75"7) € Q.
0

By (6.1) and (6.6), we have
-6
(6.8) wg(p) <c (1 + 1n(r(1)/5/r)> for any r € (0, T(l)/5].
Using (6.8) and Theorem 1.5 with R and r replaced by r§ and 71, respectively, we have

—¢/2
[Tz (21) — Te(22)| < osc W <c (1 +1In (ré/5/r1/4>) <c(l1+ ln(l/r))_§/2.
B i(yo)X(O;T_‘*E]

(¢) r <rg and max {d(:bl),d(xg),tf%’} >3
(c)-(1) d(x;) > rz for some i € {1,2} and tfip > r2: By (6.6), we observe
21,22 € Qi?mz*p(!ﬂi, t1) C Qiﬁ_%m%p(%, t1) C Q s (xi,t1) C Qr,
where we write

o = e T2l e (0 (vt + Tl Qo (i, 1)), 1} = 1

3/4 13/16

Then applying Theorem 1.2 with R =r , we have

y PO =T
T(21) — Tals)] < osc  m<c (1 + ln(l/rl/lﬁ)) YT e < e(1 4+ In(1/r) 2 + 4e.

wg/4)2—P
Q(zo/ ) (z4,t1)
r8
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a 1
d(z;) > r2 for some i € {1,2} and 17 < r%: Suppose ;7 < 3. Then we get

21,22 € B g (1) % (0,7°F] C B y (1) x (0,74 | C .
7o

Indeed, we get (6.8) with ré/ g replaced by ré/ 2T herefore, Theorem 1.5 implies

[Tz(21) — Tz (22)| < osc T <c(l+n(1/r)"/2
B %(mi)x(o,rs—ie]

1
We next suppose ri< < r2. Then we have
4 2—p 2—p
21,22 € QY (i t) € QU (i) € Q 3 (x5, t1) C Qr,
T8 r16 T
where we write
wp = max{||u_5||LOO(QT3/4($i,t1)) + Tail(u_s; Qr3/4 (:Ei, tl)), 1} =1.

Thus by Theorem 1.2, we obtain

Tz(21) — Te(22)| < osc Tz < e(141n(1/r)) "% + 4e.
(“’70/4)271) (Iiytl)
r8

1
d(zy),d(z2) < rz and " > 7. Then there is the point yg € 9 such that
d(z1) = |z1 = yol-
X 1
Suppose t;* > rs
21,22 € Q 1 (Yo, t1) C Q 1 (yo,t1) C Q.

By (6.1), we have a constant ¢ such that
-5
wylp) e (1+In(rt/p))

Thus, in light of Theorem 1.4, we have

[uz(z1) —Te(z2)| < osc Tz < e(1+1n(1/r)”/% + 4e.
Q %(yoytl)

1
On the other hand, if rz < "< r%, then we have
p 7
21,22 € By (y0) x (0,7%] C By (yo) x (0,757 € .

Using (6.8) with ré/5 replaced by réﬁ and Theorem 1.5, we have

[Tz(21) — Te(22)] < 0sc e < e(1+ ln(l/r))_g/Q.
Brl/ﬁ (y())X(O,T'Sp/G]

Combining all the cases together with (6.3), (6.7) and the fact that @z = u/M yields (6.2).

O

We are now ready to prove Theorem 1.8. We point out that our argument is based on the proof
of [BKLU18, Theorem 1.1]

Proof of Theorem 1.8. In light of the Ascoli-Arzeld-type argument given in [BKLU18, Section 5]
together with (6.2), there exists a sequence {u;} which is a solution to (2.2) with e replaced by
1/i such that u; uniformly converges to u in © x [0,7] and u € C (€2 x [0,T]). We are now going
to prove that u is a local weak solution to (1.1). We first show

(6.9)  we LP(0,T; W*P(Q)) N L>(0,T; L*(Q)) N L>(0, T; L, (R™)) N Lis. (0, T; L ().
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By testing u; — ¢ to (2.2) with e = 1/, we have for any 7 € (0, T]

J Z/OT/Qat(uz' —9)(ui —g) dZJr/OT/Qatﬁl/i(ui)(ui—g)dZ
[T ettt = wi0) - eto(e0) - (0.0

o i@ ) —uiy,t) — (g(x,t) — g(y,1))] K

x,y,t) dz dy dt

e
_ — 9(y, )] [uiz,t) —wily, t) — (g(x, 1) — g(y,1))]
_/ / /n P k(. ) da dy dt
= Jla
where we write p(t) = |t|p_2t We obtain
J> | u—gna)l 2 dz+ ~[u; — gt
+ tﬁl/z Us ( Us g) z+ A[uz g]LP(O)T;WS,p(Rn))
=7

for any 7 € (0,7]. In addition, by integration by parts, we further estimate J as

_<//m(“)ﬂm gdgda:—//m(moﬂl/l §d§d:z:>

+ / [ Bus(u)org dz / (Byi(us)g) (@, ) d + /le/z(uz—)g)(x,m dz,

where we have used the fact that

/OT/Qatﬁl/i(uz*)ui dz = /OT o, (/Q /Ous(w,t) 0 dgdx> .

Therefore, we have

T
J = - (/ |0:g* dz + sup Ig(w,t)lzdw+0>
0

te[0,7] JQ

for some constant ¢ = ¢(n, T, ).
On the other hand, we estimate J; as

Jl < C[g]LP(OT WP (Q/)) + H[uz g]Lp 0,7;Ws:2(Q)) + C”gHLP Qr ||’LL7I gHLZD(Q
gl ey S / (s — g)(a, )| o

€(0,7)
By the fact that

(6.10) [lu; — QHLP(QT) < clu; — g]LP(O,T;WS’P(Q’))

for some constant ¢ = ¢(n, s,p, Q,Q', ap) which follows from [Coz17, Lemma 4.7] together with
(1.7), and by using Young’s inequality, we further estimate J; as

1
Jl S c||g||ZI)‘p(017;Ws,p(gll)) + ﬂ[ (. Q]LP(OT We:p(Q)) + = 4 t:‘[-ép]/ | fE t |2 dx
2(p—1)

+CHg||Lp 1 OTLP I(R"))

for some constant ¢ = ¢(n, s,p, 2, Q’, ag). We now combine all of the estimate J, J and J; to see
that

sup /| 9)(7,x)|? dx + [u; ]LP(OTW w@ny) < G
T€[0,T]
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where we have used (1.14) with ;g € L?(Q7). This implies
S / fus(r, 2)[* dz + [wil oo, mwer ey < €
relo,7]JQ
Moreover, after a few simple computations together with (6.10), we get
(6.11) s [ ol <
TE|

where the constant ¢ is independent of i. Applying Fatou’s lemma into (6.11) along the fact that
u; = uin C(Qx[0,7]) and u =g on (R™\ Q) x (0,T), we get (6.9).
We next prove that there is a function
veu+ fu)

such that for any t1,¢ € (O T] and ¢ € LP(t1,to; WP (Q, ) N W2 (¢, ta; L2(Q)),

/(UQS x,T) /t1 /U@t¢dz

/ /n /n |a:— pE= k(x,y,t)dxdydt = 0.
Since
p(ui(z,t) ntizsgy,t)) < o
lz —yl 7 LP (9 xS x(0,T))
and
lim plui(, 1) nzizgy,t)) — plulz,t) ngy’t)) for a.e. (z,y,t) € Q' x Q' x (0,7T),
T o=yl |z —y|

by the weak compactness theorem, there is a sequence {u;} (up to a labeling) such that
7 t 3 7t t 7t . ’
(612) L@t jj (y D by ) — 2B H(f D itay,t) in L¥ (@ x 9 x (0,T)).
|z —yl " |z —yl
Next, we observe for any ¢ € LP(t1, ta; W5P(Q,Q)),

. t2 @(ui(xvt) — Ui(y, t))(¢(x7t) B ¢(y7t))
lim /t1 /n /n k(z,y,t)dxdydt

i—00 |z — y|7tsp
t2 ) A _
S Jor o oy
to . — _
42 lim / / plui(,t) — wily, t))ﬁ:(x’ t) — 9(v,1)) k(z,y,t) dedydt = J, + Ja.
=00 Jy n\ QY |$ - y| P

By (6.12) together with the fact that

D SB e Ll 0
rT—yY
we have
_ b2 <P(u(x7 t) _ U(y, t))((b(d?, t) B (b(yv t)) T T
Jl—/t1 //// o — gt k(x,y,t) dx dy dt.

On the other hand, using the fact that * € Q and y € R \ @, w; — u in C(Q x [0,7]) and
ui(y) = g(y) = u(y), we get
2 t) —u(y,t t) — oy, t
P O - B S TN N P
t1 n\Q JQ

o =y
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Therefore, we have

. t2 @(Ui(% t) - Ui(y, t))((b((b, t) - ¢(y7 t))
llggo /n /n P k(xz,y,t)dxdydt

/ / / — w0 = 6w 0)

o =yl

(6.13)

We are now going to find a function v such that

{v(z) : z€Qr} C {(u+B(w)(z) : z€Qr}

to t
i—r00 + /t1 /Q (Uz + 51/1'(%‘)) Oy dz

_ / (v6) (z /tt / vypdz,

A1 ={2€Qp : u(z) >0} and Ay:={z€ Qr : u(z) <0}.

and

lim /Q ((ul + ﬁl/i(ui)) ¢) (x,7)dx
(6.14)

Let us define

First, we prove

(6.15) lim 3y /;(us)(2) =1 for any z € Ay
12— 00

and

(6.16) lim £y /;(ui)(2) =0 for any z € As.
1—> 00

Let us assume z € A;. Then u(z) > § for some § > 0 and there is a positive integer [ such that if
1 > 1, then w;(z) > %, as u; uniformly converges to u. Thus, we get

Bryi(ui(z)) =1 if i > max{2/4,1},

which implies (6.15). We next assume z € Aj. Then u(z) < —§ for some § > 0 so there is a
positive integer [ such that if 4 > [, then u;(z) < —%. Thus, we get

Bri(ui(2)) =0 if i > max{2/6,1},
which gives (6.16). Let us write w;(2) = B1/;(u;)(2) € [0,1]. Since sup sup [|w;(:,t)||Lo) < 1,

by the weak compactness theorem, there is a function w(z,t) € [0, 1365[?1{}]1 tzhat
(6.17) wi(-,t) = w(-,t) in L}(Q) for every t € [0,T].

In addition, we get

(6.18) w; = w in LY(Qr).

To do this, let us choose ¢ € L'(Qr) and write

AW [(@oende wd o= [ ol
By the fact that ¢ € L'((0,7); L'(2)), we have ¢(-,t) € L}(Q) a.e. in (0,T). Therefore, we get
(6.19) lim A;(¢t) = im [ (w;9)(z,t)dx = / (wo)(x,t)dx a.e. in (0,T),
1— 00 71— 00 (9] Q

where we have used (6.17).
Since |A;(t)] < g(t) and g(t) € L*(0,T), by Lebesgue dominated convergence theorem together
with (6.19), we have

T
lim wipdz = lim Ai(t)dt = / lim A;(t)dt = / / wodz.
0 0 Q

71— 00 SZT 1—00 1—00
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Therefore, we have verified (6.18). In addition, by (6.15), we have w(z) = 1 a.e., if z € A;.
Otherwise, there is a set A C A; with |A| # 0 and w(z) < 1in z € A. Then we get

|A] = lim / B1yi(ui)(z)dz = lim [ wi(z)dz = / w(z)dz < | A,
71— 00 A 71— 00 A A

which is a contradiction. Similarly, we observe from (6.16) that w(z) = 0 a.e., if z € As. By taking

v = u + w, we prove (6.14). Therefore, in light of (6.13) and (6.14), we construct a pair (u,v)

which is a weak solution to (1.13). In addition, by Lemma 6.1 and using the fact that u; — u in

C (92 x [0,T7), we derive (1.15). This completes the proof. O
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