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Abstract

We investigate the global stability of large solutions to the compressible isentropic Navier–Stokes
equations in a three-dimensional (3D) bounded domain with Navier-slip boundary conditions. It is
shown that the strong solutions converge to an equilibrium state exponentially in the L2-norm provided
the density is essentially uniform-in-time bounded from above. Moreover, we obtain that the density
converges to its equilibrium state exponentially in the L∞-norm if additionally the initial density is
bounded away from zero. Furthermore, we derive that the vacuum states will not vanish for any time
provided vacuum appears (even at a point) initially. This is the first result concerning the global stability
for large strong solutions of compressible Navier–Stokes equations with vacuum in 3D general bounded
domains.
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1 Introduction

The motion of a viscous compressible isentropic flow in a domain Ω ⊂ R
3 is governed by the compressible

Navier–Stokes equations

{

ρt + div(ρu) = 0,

(ρu)t + div(ρu⊗ u) +∇P = µ∆u+ (µ+ λ)∇ div u,
(1.1)

where the unknowns ρ, u = (u1, u2, u3), and P = aργ (a > 0, γ > 1) stand for the density, velocity,
and pressure, respectively. The constants µ and λ represent the shear viscosity and the bulk viscosity
respectively satisfying the physical restrictions

µ > 0, 2µ+ 3λ ≥ 0,

Without loss of generality, we assume that a = 1 throughout the paper.
Let Ω ⊂ R

3 be a simply connected smooth bounded domain, we consider (1.1) with the initial data

ρ(x, 0) = ρ0(x), ρu(x, 0) = ρ0u0(x), x ∈ Ω, (1.2)
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and slip boundary conditions

u · n = 0, curlu× n = 0, x ∈ ∂Ω, t > 0, (1.3)

where n is the unit outward normal vector to Ω.
Significant progress has been made over the past decades regarding the global existence of solutions

to the multi-dimensional compressible isentropic Navier–Stokes equations. Among them, Matsumura and
Nishida [27,28] proved the global well-posedness of classical solutions provided the initial data are close to
a non-vacuum equilibrium in H3. Hoff [15,16] derived global weak solutions with small and discontinuous
data. The major breakthrough on the global solutions with large initial data is due to Lions [26], where
he employed the renormalization skills to establish global weak solutions to (1.1) in R

n for γ ≥ 3n
n+2 (n =

2, 3). Feireisl–Novotný–Petzeltová [10] later extended Lions’ result to the case γ > n
2 by introducing

oscillation defect measure. At the same time, Jiang and Zhang [21, 22] obtained global weak solutions
for any γ > 1 when the initial data are assumed to have some spherically symmetric or axisymmetric
properties. Nonetheless, due to the possible concentration of finite kinetic energy [18], it still seems to be
a challenge to show the global existence of weak solutions with general 3D data for γ ∈ (1, 32 ]. Meanwhile,
several results are devoted to investigating the global well-posedness of strong (or classical) solutions to
the compressible isentropic Navier–Stokes equations with vacuum both at far field and interior region.
Huang–Li–Xin [20] established the global existence and uniqueness of classical solutions for the 3D Cauchy
problem with smooth initial data which are of small total energy but possibly large oscillations, where
the far field density could be either vacuum or non-vacuum. Shortly thereafter, using some key a priori
decay with rates (in large time) and a spatially weighted energy method, Li and Xin [25] analyzed the 2D
Cauchy problem with far-field vacuum provided the initial total energy is suitably small. A central aspect
of their analysis in [20, 25] is the derivation of a time-independent upper bound of the density. Hong–
Hou–Peng–Zhu [17] generalized the main result in [20] to the case of large initial total energy when the
adiabatic exponent γ is sufficiently close to 1. Cai and Li [3] investigated the global existence of classical
solutions in general 3D bounded domains with Navier-slip boundary conditions provided the initial energy
is properly small. Let us mention that in the last two decades there were also some interesting results
concerning the global well-posedness of compressible isentropic Navier–Stokes equations in Besov spaces,
see for instance [4–6,9, 13,14,37], to cite but a few.

It is also of great interest to study the global stability and large-time behavior of solutions to the
compressible Navier–Stokes system. The readers can refer to [7, 8, 23, 24, 27, 28] for large-time behavior of
global solutions with the initial data being a small perturbation of constant equilibrium states, while long-
time behavior of Hoff’s intermediate weak solutions with discontinuous and small initial data can be found
in [19, 33]. Naturally, one may wonder how about the large-time behavior of solutions with large initial
data. Under the assumptions that the density is essentially bounded and has uniform-in-time positive
lower bound, Padula [31] proved that weak solutions of (1.1) decay exponentially to the equilibrium state
in L2-norm provided the density is essentially bounded from above and below. Such the assumption was
later removed in [32] by means of the Bogovskii operator and a suitable Lyapunov functional. Under
the hypothesis that the density ρ(x, t) verifies infx∈R3 ρ0(x) ≥ c0 > 0 and supt≥0 ‖ρ(t)‖Cα ≤ M with
arbitrarily small α, He–Huang–Wang [14] established the convergence of the large strong solution (ρ, u)
to its associated equilibrium state (1, 0) with an explicit decay rate being the same as that of the heat
equation, more precisely, they obtained

‖ρ− 1‖H1 + ‖u‖H1 ≤ C(1 + t)
− 3

4
( 2
p
−1)

,

where (ρ0 − 1, u0) ∈ Lp(R3) ∩ H2(R3) with p ∈ [1, 2). Shortly thereafter, Gao–Wei–Yao [12] shown
that the upper decay rate of the first order spatial derivative converges to zero in H1-norm at the rate

(1 + t)−
3

2
( 1
p
− 1

2
)− 1

2 . More recently, Wu and Zhong [36] weakened the assumption supt≥0 ‖ρ(t)‖Cα ≤ M
in [14] to the bounded density by employing some new ideas. Meanwhile, Wu–Yao–Zhang [35] investigated
the global stability of large strong solutions for (1.1) in the torus T3 and proved exponential convergence
(for large time) in various norms to the reference constant solution. It should be noted that all the
results [12, 14, 35, 36] are devoted to the Cauchy problem in R

3 or T
3, and harmonic analysis techniques

play key roles more or less. Then a natural question, but of importance and interest, is that can we show
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the global stability and large-time behavior of global large solutions to the system (1.1) in 3D general
bounded domains? The main goal of the present paper is to give an affirmative response to this problem.

Before stating our main result precisely, we describe the notation throughout. The symbol ✷ denotes
the end of a proof and A , B means A = B by definition. We denote by ḟ , ft + u · ∇f the material
derivative of f and

∫

fdx ,

∫

Ω
fdx, f̄ ,

1

|Ω|

∫

Ω
fdx.

For 1 ≤ p ≤ ∞ and k ≥ 1, the standard Sobolev spaces are defined as follows

Lp = Lp(Ω), W k,p = W k,p(Ω), Hk = W k,2,

H̃1 ,
{

v ∈ H1(Ω)|v · n = 0 and curl v = 0 on ∂Ω
}

.

Finally, we denote the initial total energy of (1.1) by

C0 ,

∫

(1

2
ρ0|u0|2 +G(ρ0)

)

dx, (1.4)

with

G(ρ) , ρ

∫ ρ

ρ̄

P (s)− P (ρ̄)

s2
ds. (1.5)

Definition 1.1 (Strong solutions). For T > 0, (ρ, u) is called a strong solution to the problem (1.1)–(1.3)
on Ω× [0, T ] if for some q ∈ (3, 6],











0 ≤ ρ ∈ C([0, T ];W 1,q), ρt ∈ C([0, T ];L2 ∩ Lq),

u ∈ C([0, T ];H2) ∩ L2(0, T ;W 2,q),
√
ρut,∈ L∞(0, T ;L2), ut ∈ L2(0, T ;H1),

(1.6)

and (ρ, u) satisfies (1.1) a.e. in Ω× [0, T ].

Our first main result can be stated as follows.

Theorem 1.1. Assume that the initial data (ρ0 ≥ 0, u0) satisfies

K , ‖ρ0 − ρ̄0‖L2 + ‖√ρ0u0‖L2 + ‖∇u0‖H1 < ∞. (1.7)

Let (ρ, u) be a global strong solution to the problem (1.1)–(1.3) verifying that

sup
t≥0

‖ρ(·, t)‖L∞ ≤ ρ̂, (1.8)

for some positive constants ρ̂. Then there exist some positive constants C1, η1, and η2, which are dependent
on ρ̂ and K, but independent of t, such that

‖(ρ− ρ̄0,
√
ρu,∇u,

√
ρu̇)(·, t)‖L2 ≤ C1e

−η1t. (1.9)

If additionally inf
x∈Ω

ρ0(x) ≥ ρ∗ > 0, then there exist some positive constants C2, η1, and η2, which are

dependent on ρ∗, ρ̂, and K, but independent of t, such that

‖ρ− ρ̄0‖L∞ ≤ C2e
−η2t. (1.10)

Remark 1.1. Theorem 1.1 gives the first global stability result for large strong solutions of compressible
Navier–Stokes equations with vacuum in 3D general bounded domains.
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Remark 1.2. It should be noted that Cai and Li [3] established the global existence and uniqueness of
classical solutions to the problem (1.1)–(1.3) provided the initial energy is small. One of the key ingredients
in [3] is to derive a time-independent upper bound of the density. Hence, using similar arguments as those
in [3], one can show that a strong solution (ρ, u) satisfying (1.8) indeed exists as long as the initial energy
is properly small.

Next, we shall prove that the vacuum states will not vanish for any time provided vacuum appears
initially.

Theorem 1.2. Assume that all conditions of Theorem 1.1 are satisfied. If additionally infx∈Ω ρ0(x) = 0,
then it holds that

inf
x∈Ω

ρ(x, t) = 0, (1.11)

for any t ≥ 0.

Now we sketch the main ideas used in the proof of Theorems 1.1 and 1.2. Compared with the previous
results [35, 36] in which the authors dealt with the Cauchy problem, the Navier-slip boundary condition
(1.3) develops additional difficulties in deriving a priori estimates for solutions of the compressible Navier–
Stokes equations. Hence we need some new observations to overcome these obstacles. First, we prove the
exponential decay estimate of ‖(ρ − ρ̄0,

√
ρu)‖L2 . On one hand, by making the basic energy estimate and

the Bogovskii operator (see Lemma 2.2), one can derive an energy-dissipation inequality of the form

d

dt
Ẽ(t) + D̃(t) ≤ 0, (1.12)

where Ẽ(t) is equivalent to ‖(ρ− ρ̄0,
√
ρu)‖2L2 and D̃(t) is equivalent to ‖(ρ− ρ̄0,∇u)‖L2 . On the other hand,

by making full use of the momentum equation, Poincaré’s inequality, and the Lp theory of the div-curl
system, one has that

‖∇u‖Lp ≤ C(‖div u‖Lp + ‖ curlu‖Lp), ‖√ρu‖L2 ≤ C‖∇u‖L2 ,

which implies that D̃(t) ≥ CẼ(t). This combined with (1.12) immediately yields the exponential decay rate
of ‖(ρ − ρ̄0,

√
ρu)‖L2 . Next, we show the exponential decay estimate of ‖∇u(·, t)‖L2 . To this end, taking

good properties of the effective viscous flux F and the vorticity curlu, we can obtain an important energy
inequality (3.20). Note that ‖∇u(·, t)‖L2 is sufficiently small for large enough t, which together with (3.8)
gives a crucial Lyapunov-type energy inequality (3.27). This along with Gronwall’s inequality implies the
desired exponential decay rate of ‖∇u(·, t)‖L2 . Next, in order to obtain the exponential decay estimate of
‖√ρu̇(·, t)‖L2 , we need to improve the uniform-in-time bounds of ‖√ρu̇(·, t)‖L2 . In this process, we have to
deal with the integrals on the boundary ∂Ω, such as

∫

∂Ω Ft(u̇ ·n)dS and so on. To overcome this difficulty,
inspired by [3], one infers from u · n|∂Ω = 0 that

u · ∇u · n = −u · ∇n · u, on ∂Ω, (1.13)

which implies

(u̇+ (u · ∇n)× u⊥) · n = 0, on ∂Ω,

with u⊥ , −u×n, and the key point is to control the term
∫

∂Ω(u ·∇n ·u)FdS (see (3.36)). Combining these
key facts with lower-order energy estimates, we obtain a Lyapunov-type energy inequality (3.39). This will
lead to the exponential decay rate of ‖√ρu̇(·, t)‖L2 immediately. To prove (1.10), the key ingredient is to
get a time-independent positive lower bound of the density ρ. This is the case by modifying the method
used in [36]. Then we can prove that ‖ρ− ρ̄0‖L∞ decays exponentially as well by the damping mechanism
of density (see Lemma 3.4). As a by-product, we finally show that the vacuum states will not vanish for
any time provided vacuum appears initially.

The rest of this paper is organized as follows. Some important inequalities and auxiliary lemmas will
be given in Section 2. Section 3 is devoted to proving Theorems 1.1 and 1.2.
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2 Preliminaries

In this section, we recall some known facts and elementary inequalities which will be used later.
First of all, the following well-known Gagliardo–Nirenberg inequality (see [30]) will be used frequently.

Lemma 2.1. Assume that Ω is a bounded Lipschitz domain in R
3. For p ∈ [2, 6], q ∈ (1,∞), and

r ∈ (3,∞), there exist two positive constants C1 and C2 depending only on p, q, r, and Ω such that, for
any f ∈ H1 and g ∈ Lq ∩D1,r,

‖f‖Lp ≤ C1‖f‖
6−p

2p

L2 ‖∇f‖
3p−6

2p

L2 +C2‖f‖L2 , (2.1)

‖g‖C(Ω) ≤ C1‖g‖q(r−3)/(3r+q(r−3))
Lq ‖∇g‖3r/(3r+q(r−3))

Lr + C2‖g‖L2 . (2.2)

Moreover, if either f · n|∂Ω = 0 or g · n|∂Ω = 0, then C2 = 0.

Next, for the problem

{

div v = f, x ∈ Ω,

v = 0, x ∈ ∂Ω,
(2.3)

one has the following conclusion.

Lemma 2.2. [11, Theorem III.3.1] There exists a linear operator B = [B1,B2,B3] enjoying the properties:
1) The operator

B : {f ∈ Lp : f̄ = 0} → (W 1,p
0 )3

is a bounded linear one, that is,

‖B[f ]‖
W 1,p

0

≤ C(p)‖f‖Lp , for any p ∈ (1,∞).

2) The function v = B[f ] solves the problem (2.3).
3) If, moreover, f = div g with a certain g ∈ Lr, g · n|∂Ω = 0, then for any r ∈ (1,∞),

‖B[f ]‖Lr ≤ C(r)‖g‖Lr .

Next, since our solution u does not vanish on the boundary, we need to use the following generalized
Poincaré inequality (see [2, Lemma 8]).

Lemma 2.3. Let Ω ⊂ R
3 be bounded with Lipschitz boundary. Then, for 1 < p < ∞, there exists a positive

constant C depending only on p and Ω such that

‖f‖Lp ≤ C‖∇f‖Lp, (2.4)

for each vector field f ∈ W 1,p(Ω) satisfying either (f · n)|∂Ω = 0 or (f × n)|∂Ω = 0.

The following two lemmas are given in Theorem 3.2 in [34] and Propositions 2.6–2.9 in [1].

Lemma 2.4. Let k ≥ 0 be a integer, 1 < q < +∞, and assume that Ω is a simply connected bounded
domain in R

3 with Ck+1,1 boundary ∂Ω. Then for v ∈ W k+1,q with v · n = 0 on ∂Ω, it holds that

‖v‖W k+1,q ≤ C(‖divv‖W k,q + ‖ curl v‖W k,q ). (2.5)

In particular, for k = 0, we have

‖∇v‖Lq ≤ C(‖divv‖Lq + ‖ curl v‖Lq ). (2.6)
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Lemma 2.5. Let k ≥ 0 be a integer, 1 < q < +∞. Suppose that Ω is a bounded domain in R
3 and its

Ck+1,1 boundary ∂Ω only has a finite number of 2-dimensional connected components. Then for v ∈ W k+1,q

with v × n = 0 on ∂Ω, we have

‖v‖W k+1,q ≤ C(‖divv‖W k,q + ‖ curl v‖W k,q + ‖v‖Lq ).

In particular, if Ω has no holes, then

‖v‖W k+1,q ≤ C(‖divv‖W k,q + ‖ curl v‖W k,q ).

Motivated by [15,16], we set

F , (2µ+ λ) div u− (P − P̄ ), ω , ∇× u, (2.7)

where F and ω denote the effective viscous flux and the vorticity, respectively. For F , ω, and ∇u, we have
the following key a priori estimates.

Lemma 2.6. Let (ρ, u) be a classical solution of (1.1)–(1.3) on Ω × (0, T ]. Then, for any p ∈ [2, 6] and
1 < q < +∞, there exists a positive constant C depending only on p, q, µ, λ, and Ω such that

‖∇u‖Lq ≤ C
(

‖div u‖Lq + ‖ω‖Lq

)

, (2.8)

‖∇F‖Lp + ‖∇ω‖Lp ≤ C
(

‖ρu̇‖Lp + ‖∇u‖L2

)

, (2.9)

‖F‖Lp ≤ C‖ρu̇‖
3p−6

2p

L2

(

‖∇u‖L2 + ‖P − P̄‖L2

)
6−p

2p + C
(

‖∇u‖L2 + ‖P − P̄‖L2

)

, (2.10)

‖ω‖Lp ≤ C‖ρu̇‖
3p−6

2p

L2 ‖∇u‖
6−p

2p

L2 + C‖∇u‖L2 . (2.11)

Moreover, one has that

‖∇u‖Lp ≤ C‖ρu̇‖
3p−6

2p

L2

(

‖∇u‖L2 + ‖P − P̄‖L2

)
6−p

2p + C
(

‖∇u‖L2 + ‖P − P̄‖Lp

)

. (2.12)

Proof. Owing to u · n = 0 on ∂Ω, we get (2.8) from Lemma 2.4.
Taking (1.1)2 and the slip boundary condition (1.3), one finds that the effective viscous flux F satisfies

{

∆F = div(ρu̇) in Ω,
∂F
∂n = ρu̇ · n on ∂Ω.

(2.13)

It follows from Lemma 4.27 in [29] that

‖∇F‖Lq ≤ C‖ρu̇‖Lq . (2.14)

On the other hand, we can rewrite (1.1)2 as

µ∇× w = ∇F − ρu̇,

which along with ω × n = 0 on ∂Ω, divw = 0, and Lemma 2.5 leads to

‖∇ω‖Lp ≤ C(‖∇ × ω‖Lq + ‖ω‖Lq ) ≤ C(‖ρu̇‖Lq + ‖ω‖Lq ). (2.15)

One deduces from (2.1), (2.7), and (2.14) that, for p ∈ [2, 6],

‖F‖Lp ≤ C‖F‖
6−p
2p

L2 ‖∇F‖
3p−6

2p

L2 +C‖F‖L2

≤ C‖ρu̇‖
3p−6

2p

L2 (‖∇u‖L2 + ‖P − P̄‖L2)
6−p

2p + C(‖∇u‖L2 + ‖P − P̄‖L2). (2.16)

By (2.1) and (2.15), we get that

‖ω‖Lp ≤ C‖ω‖
6−p

2p

L2 ‖∇ω‖
3p−6

2p

L2 + C‖ω‖L2

6



≤ C
(

‖ρu̇‖L2 + ‖∇u‖L2

)
3p−6

2p ‖∇u‖
6−p

2p

L2 + C‖∇u‖L2

≤ C‖ρu̇‖
3p−6

2p

L2 ‖∇u‖
6−p
2p

L2 + C‖∇u‖L2 , (2.17)

which together with (2.16) leads to

‖F‖Lp + ‖ω‖Lp ≤ C
(

‖ρu̇‖L2 + ‖P − P̄‖L2 + ‖∇u‖L2

)

. (2.18)

By (2.15), (2.17), Young’s inequality, and Hölder’s inequality, we derive that, for p ∈ [2, 6],

‖∇ω‖Lp ≤ C
(

‖ρu̇‖Lp + ‖ω‖Lp

)

≤ C
(

‖ρu̇‖Lp + ‖ρu̇‖L2 + ‖ω‖L2

)

≤ C
(

‖ρu̇‖Lp + ‖∇u‖L2

)

, (2.19)

which implies (2.9). Moreover, we infer from (2.8), (2.7), (2.16), and (2.17) that

‖∇u‖Lp ≤ C
(

‖div u‖Lp + ‖ω‖Lp

)

≤ C
(

‖F‖Lp + ‖P − P̄‖Lp + ‖ω‖Lp

)

≤ C‖ρu̇‖
3p−6

2p

L2

(

‖∇u‖L2 + ‖P − P̄‖L2

)
6−p

2p + C
(

‖∇u‖L2 + ‖P − P̄‖Lp

)

,

as the desired (2.12).

Lemma 2.7. Under the assumption of Lemma 2.3, there exists a positive constant C depending only on
Ω such that

‖u̇‖L6 ≤ C
(

‖∇u̇‖L2 + ‖∇u‖2L2

)

, (2.20)

‖∇u̇‖L2 ≤ C
(

‖div u̇‖L2 + ‖ curl u̇‖L2 + ‖∇u‖2L4

)

. (2.21)

Proof. Setting u⊥ , −u× n. Since u · n = 0 on ∂Ω and

a · (b× c) = (a× b) · c, (a× b)× c = b(a · c)− a(b · c),
one gets that

u⊥ × n = −(u× n)× n = u(n · n)− n(u · n) = u,

which implies that

u̇ · n = u · ∇u · n = −u · ∇n · u = −u · ∇n · (u⊥ × n) = −(u · ∇n)× u⊥ · n on ∂Ω.

Hence, we deduce that

(u̇+ (u · ∇n)× u⊥) · n = 0 on ∂Ω, (2.22)

which along with Poincaré’s inequality yields that

‖u̇+ (u · ∇n)× u⊥‖
L

3
2
≤ C‖∇(u̇+ (u · ∇n)× u⊥)‖

L
3
2
,

that is

‖u̇‖
L

3
2
≤ C

(

‖∇u̇‖
L

3
2
+ ‖∇u‖2L2

)

. (2.23)

Then, by Sobolev’s embedding theorem, one has that

‖u̇‖L3 ≤ C
(

‖∇u̇‖
L

3
2
+ ‖u̇‖

L
3
2

)

≤ C
(

‖∇u̇‖L2 + ‖∇u‖2L2

)

,

‖u̇‖L6 ≤ C
(

‖∇u̇‖L2 + ‖u̇‖L3

)

≤ C
(

‖∇u̇‖L2 + ‖∇u‖2L2

)

,

which gives (2.20).
Moreover, it follows from (2.22), (2.5), and Lemma 2.3 that

‖∇u̇‖L2 ≤ C
(

‖divu̇‖L2 + ‖ curl u̇‖L2 + ‖∇((u · ∇n)× u⊥)‖L2

)

≤ C
(

‖divu̇‖L2 + ‖ curl u̇‖L2 + ‖∇u‖2L4

)

,

as the desired (2.21).
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3 The proofs of Theorems 1.1 and 1.2

This section is devoted to proving Theorems 1.1 and 1.2.

Lemma 3.1. Under the assumptions of Theorem 1.1, there exist two positive constants C3 and η3, which
are dependent on K, but independent of t, such that for any t ≥ 0,

‖ρ(·, t) − ρ̄0‖L2 + ‖√ρu(·, t)‖L2 ≤ C3e
−η3t. (3.1)

Proof. Multiplying (1.1)1 and (1.1)2 by G′(ρ) and u, respectively, and integration by parts, one gets that

d

dt

∫

(1

2
ρ|u|2 +G(ρ)

)

dx+ (2µ + λ)

∫

(div u)2dx+ µ

∫

| curlu|2dx

= −
∫

div(ρu)G′(ρ)dx−
∫

u · ∇(P − P̄ )dx

=

∫

ρu · ∇G′(ρ)dx−
∫

u · ∇Pdx = 0, (3.2)

due to

ρ̄ =
1

|Ω|

∫

ρ(x, t)dx ≡ 1

|Ω|

∫

ρ0dx = ρ̄0, (3.3)

−∆u = −∇ div u+ curl curlu. (3.4)

By (1.5) and (3.3), there exists a positive constant C̃ < 1 depending only on γ, ρ̄0, and ρ̂ such that, for
any ρ ∈ [0, 2ρ̂],

C̃2(ρ− ρ̄0)
2 ≤ C̃G(ρ) ≤ (P − P (ρ̄0))(ρ− ρ̄0), (3.5)

‖P − P̄‖2L2 ≤ C

∫

G(ρ)dx. (3.6)

Multiplying (1.1)2 by B[ρ− ρ̄0], we deduce from (1.6) and Lemma 2.1 that

∫

(P − P (ρ̄0))(ρ− ρ̄0)dx =
d

dt

∫

ρu · B[ρ− ρ̄0]dx−
∫

ρu · ∇B[ρ− ρ̄0] · udx−
∫

ρu · B[ρt]dx

+ µ

∫

∇u · ∇B[ρ− ρ̄0]dx+ (µ + λ)

∫

(ρ− ρ̄0) div udx

=
d

dt

∫

ρu · B[ρ− ρ̄0]dx+ C‖√ρu‖2L4‖ρ− ρ̄0‖L2 + C‖ρu‖2L2

+ C‖ρ− ρ̄0‖L2‖∇u‖L2

≤ d

dt

∫

ρu · B[ρ− ρ̄0]dx+ C‖√ρu‖
1

2

L2‖
√
ρu‖

3

2

L6‖ρ− ρ̄0‖L2

+ C‖ρ− ρ̄0‖L2‖∇u‖L2 + C‖∇u‖2L2

≤ d

dt

∫

ρu · B[ρ− ρ̄0]dx+
C̃2

2
‖ρ− ρ̄0‖2L2 + C‖∇u‖2L2 ,

which along with (3.5) and (3.6) leads to

C̃2‖ρ− ρ̄0‖2L2 ≤ C̃

∫

G(ρ)dx ≤
∫

(P − P (ρ̄0))(ρ− ρ̄0)dx

≤ d

dt

∫

ρu · B[ρ− ρ̄0]dx+
C̃2

2
‖ρ− ρ̄0‖2L2 + C‖∇u‖2L2 .

Thus, by (2.8), we arrive at

− d

dt

∫

ρu · B[ρ− ρ̄0]dx+
C̃2

2
‖ρ− ρ̄0‖2L2 ≤ C‖div u‖2L2 + C‖ curlu‖2L2 . (3.7)
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Now we choose a positive constant D1 suitably large and define the temporal energy functional

M1(t) = D1

∫

(1

2
ρ|u|2 +G(ρ)

)

dx−
∫

ρu · B[ρ− ρ̄0]dx.

It follows from (3.5) that

∣

∣

∣

∣

∫

ρu · B[ρ− ρ̄0]dx

∣

∣

∣

∣

≤ C̃2

(1

2
‖√ρu‖2L2 +

∫

G(ρ)dx
)

.

Hence, M1(t) is equivalent to ‖(ρ − ρ̄0,
√
ρu)‖2L2 provided we choose D1 large enough. Taking a linear

combination of (3.2) and (3.7), we deduce that, for any t ≥ 0,

d

dt
M1(t) +

M1(t)

D1
+

‖div u‖2L2 + ‖ curlu‖2L2

D1
≤ 0. (3.8)

Integrating (3.8) with respect to the time over [0, t] gives (3.1).

Next, we establish the time-decay rate of ‖∇u‖L2 .

Lemma 3.2. Under the assumptions of Theorem 1.1, there exist two positive constant C4 and η4, which
are dependent on K, but independent of t, such that for any t ≥ 0,

‖∇u(·, t)‖L2 ≤ C4e
−η4t. (3.9)

Proof. By the definition of the material derivative and (3.4), we can rewrite (1.1)2 as

ρu̇+∇(P − P̄ ) = (2µ+ λ)∇ div u− µ curl curlu. (3.10)

Multiplying (3.10) by u̇ and integration by parts, one gets that

∫

ρ|u̇|2dx = −
∫

u̇ · ∇(P − P̄ )dx+ (2µ + λ)

∫

∇ div u · u̇dx− µ

∫

curl curlu · u̇dx ,

3
∑

i=1

Ii. (3.11)

By (1.1)1 and P = ργ , we have

Pt + div(Pu) + (γ − 1)P div u = 0, (3.12)

which together with (3.12) gives that

(P − P̄ )t + u · ∇(P − P̄ ) + γP div u− (γ − 1)P div u = 0. (3.13)

Owing to

P div u =
1

|Ω|

∫

ργ div uddx ≤ C(ρ̂, γ,Ω) ‖div u‖L2 ,

then it follows from (3.13) that

I1 = −
∫

ut · ∇(P − P̄ )dx−
∫

u · ∇u · ∇(P − P̄ )dx

=
d

dt

∫

(P − P̄ ) div udx−
∫

div u(P − P̄ )tdx−
∫

u · ∇u · ∇(P − P̄ )dx

=
d

dt

∫

(P − P̄ ) div udx− γ

∫

P (div u)2dx−
∫

u · ∇(P − P̄ ) div udx

+ (γ − 1)

∫

div uP div udx−
∫

u · ∇u · ∇Pdx

=
d

dt

∫

(P − P̄ ) div udx− γ

∫

P (div u)2dx+

∫

(P − P̄ )∇u : ∇udx
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+ (γ − 1)

∫

div uP div udx−
∫

∂Ω
Pu · ∇u · ndS

≤ d

dt

∫

(P − P̄ ) div udx+ C‖∇u‖2L2 , (3.14)

where we have used
∫

u · ∇(P − P̄ ) div udx−
∫

u · ∇u · ∇(P − P̄ )dx

=

∫

ui∂i(P − P̄ )∂ju
jdx−

∫

ui∂iu
j∂j(P − P̄ )dx

= −
∫

∂iu
i∂ju

j(P − P̄ )dx−
∫

(P − P̄ )∂j∂iu
juidx−

∫

ui∂iu
j∂j(P − P̄ )dx

= −
∫

∂Ω
(P − P̄ )ui∂iu

jnjdS +

∫

(P − P̄ )∂iu
j∂ju

idx+

∫

(P − P̄ )∂iu
j∂ju

idx

= −
∫

∂Ω
(P − P̄ )ui∂i(u

jnj)dS +

∫

∂Ω
Puiuj∂in

jdS +

∫

(P − P̄ )∂iu
j∂ju

idx−
∫

∂iu
i∂ju

j(P − P̄ )dx

=

∫

∂Ω
(P − P̄ )u · ∇n · udS +

∫

(P − P̄ )∇u : ∇udx−
∫

(P − P̄ )(div u)2dx

≤ C

∫

∂Ω
|u|2dS +

∫

(P − P̄ )|∇u|2dx ≤ C‖∇u‖2L2 ,

due to (1.3), (1.13), the trace theorem, (2.4), and (1.8).
By virtue of (1.3) and (1.13), we infer from integration by parts that

I2 = (2µ + λ)

∫

∂Ω
div u(u̇ · n)dS − (2µ + λ)

∫

div udiv u̇dx

= (2µ + λ)

∫

∂Ω
div u(u · ∇u · n)dS − 2µ + λ

2

d

dt

∫

(div u)2dx− (2µ+ λ)

∫

div udiv (u · ∇u)dx

= −2µ+ λ

2

d

dt

∫

(div u)2dx− (2µ + λ)

∫

∂Ω
div u(u · ∇n · u)dS − (2µ + λ)

∫

div u∂j(u
i∂iu

j)dx

= −2µ+ λ

2

d

dt

∫

(div u)2dx− (2µ + λ)

∫

∂Ω
div u(u · ∇n · u)dS

− (2µ + λ)

∫

div u∇u : ∇udx− (2µ + λ)

∫

div uuj∂j∂iu
idx

= −2µ+ λ

2

d

dt

∫

(div u)2dx− (2µ + λ)

∫

∂Ω
div u(u · ∇n · u)dS

− (2µ + λ)

∫

div u∇u : ∇udx+
2µ + λ

2

∫

(div u)3dx

≤ −2µ+ λ

2

d

dt

∫

(div u)2dx+
1

4
‖√ρu̇‖2L2 + C

(

‖∇u‖4L2 + ‖∇u‖2L2 + ‖∇u‖3L3

)

, (3.15)

where we have used
∫

div uuj∂j∂iu
idx = −

∫

∂j(∂ku
kuj)∂iu

idx = −
∫

∂j∂ku
kuj∂iu

idx−
∫

divu∂ju
j∂iu

idx,

and

∣

∣

∣
− (2µ + λ)

∫

∂Ω
div u(u · ∇n · u)dS

∣

∣

∣

=
∣

∣

∣
−

∫

∂Ω

(

F + (P − P̄ )
)

(u · ∇n · u)dS
∣

∣

∣

≤
∣

∣

∣

∫

∂Ω
F (u · ∇n · u)dS

∣

∣

∣
+

∣

∣

∣

∫

∂Ω
(P − P̄ )(u · ∇n · u)dS

∣

∣

∣
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≤ C

∫

∂Ω
|F ||u|2dS + C

∫

∂Ω
|u|2dS

≤ C
(

‖∇F‖L2‖u‖2L4 + ‖F‖L6‖u‖L3‖∇u‖L2 + ‖F‖L2‖u‖2L4

)

+ C‖∇u‖2L2

≤ C‖F‖H1‖u‖2H1 + C‖∇u‖2L2 + C‖∇u‖4L2

≤ 1

4
‖√ρu̇‖2L2 + C

(

‖∇u‖4L2 + ‖∇u‖2L2

)

, (3.16)

due to the trace theorem, (2.4), (2.8), and (2.9).
Noting that

∫

curlu · (ui∂icurlu)dx = −
∫

curlu · (ui∂icurlu)dx−
∫

|curlu|2div udx,

we have
∫

curlu · (ui∂icurlu)dx = −1

2

∫

|curlu|2div udx.

This implies that
∫

curlu · curl (u · ∇u)dx =

∫

curlu · curl (ui∂iu)dx =

∫

curlu ·
(

uicurl ∂iu+∇ui × ∂iu
)

dx

= −
∫

∂i(curl uu
i)curludx+

∫

(∇ui × ∂iu) · curludx

= −1

2

∫

|curlu|2div udx+

∫

(∇ui × ∂iu) · curludx,

which combined with (1.3) and integration by parts leads to

I3 = −µ

∫

curlu · curl u̇dx

= −µ

2

d

dt

∫

|curlu|2dx− µ

∫

curlu · curl (u · ∇u)dx

= −µ

2

d

dt

∫

|curlu|2dx− µ

∫

(∇ui × ∂iu) · curludx+
µ

2

∫

|curl u|2div udx

≤ −µ

2

d

dt

∫

|curlu|2dx+C‖∇u‖3L3 . (3.17)

Substituting (3.14), (3.15), and (3.17) into (3.11) yields that

d

dt
Ψ(t) +

3

4
‖√ρu̇‖2L2 ≤ C

(

‖∇u‖3L3 + ‖∇u‖4L2 + ‖∇u‖2L2 + ‖∇u‖6L2

)

, (3.18)

where

Ψ(t) ,

∫

[1

2

(

(2µ+ λ)(div u)2 + µ| curlu|2
)

− (P − P̄ ) div u
]

dx.

By (2.12), one has that

‖∇u‖3L3 ≤ C‖√ρu̇‖
3

2

L2

(

‖∇u‖L2 + ‖P − P̄‖L2

)
3

2 + C
(

‖∇u‖3L2 + ‖P − P̄‖3L3

)

≤ C‖√ρu̇‖
3

2

L2

(

‖∇u‖L2 + ‖ρ− ρ̄0‖L2

)
3

2 + C
(

‖∇u‖3L2 + ‖ρ− ρ̄0‖2L2

)

≤ 1

4
‖√ρu̇‖2L2 +C

(

‖∇u‖2L2 + ‖∇u‖4L2 + ‖∇u‖6L2

)

+ C‖ρ− ρ̄0‖2L2 , (3.19)

due to

‖P − P̄‖L3 ≤ C‖P − P̄‖
1

3

L∞

(
∫

|P − P̄ |2dx
)

1

3

≤ C(ρ̂)‖ρ− ρ̄0‖
2

3

L2 .
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Plugging (3.19) into (3.18), we arrive at

d

dt
Ψ(t) +

1

2
‖√ρu̇‖2L2 ≤ C

(

‖∇u‖4L2 + ‖∇u‖2L2 + ‖∇u‖6L2 + ‖ρ− ρ̄0‖2L2

)

. (3.20)

In view of (1.6), (1.8), (3.1), and (3.2), it is clear that

√
ρu̇ ∈ L2

loc(0,∞;L2), Ψ(t) ∈ C[0,∞), (3.21)

which along with (3.1) and (3.2) implies that
∫ ∞

0

∫

[1

2

(

(2µ + λ)(div u)2 + µ| curlu|2
)

− (P − P̄ ) div u+D2|ρ− ρ̄0|2
]

dxdt < ∞. (3.22)

Next, for t ≥ 0, we choose a positive constant D3 suitably large and define the temporal energy
functional

M2(t) = D3M1(t) +

∫

[1

2

(

(µ + λ)(div u)2 + µ|∇u|2
)

− (P − P̄ ) div u+D2|ρ− ρ̄0|2
]

(t)dx. (3.23)

Noticing that M2(t) is equivalent to ‖(ρ− ρ̄0,
√
ρu,∇u)(t)‖2L2 provided we choose D2 and D3 large enough.

Fix a positive constant δ1 that may be small. In light of (3.1) and (3.23), we conclude that, for any δ1 > 0,
there exists a positive constant T1 > 0 such that

M2(T1) < δ1. (3.24)

Now we claim that, for any t ≥ T1,

Ψ(t) +D2‖(ρ− ρ̄0)(·, t)‖2L2 < 2δ1. (3.25)

This implies that, for any t ≥ T1,
∫

[

µ|∇u|2 + (µ+ λ)(div u)2
]

(t)dx < 4δ1. (3.26)

Let δ1 be small enough, then one deduces from (3.8) and (3.25) that, for any t ≥ T1,

d

dt
M2(t) +

M2(t)

D3
+

‖√ρu̇‖2L2

D3
≤ 0. (3.27)

Integrating (3.27) with respect to t over [T1,∞) implies (3.9).
It remains to prove (3.25). If (3.25) were false, taking advantage of (3.21), there exists a time T2 > T1

such that

Ψ(T2) +D2‖(ρ− ρ̄0)(·, T2)‖2L2 = 2δ1. (3.28)

Taking a minimal value of T2 satisfying (3.28), then (3.25) holds for any T1 ≤ t < T2. Integrating (3.27)
from T1 to T2 implies that

M2(T2) ≤ M2(T1) < δ1,

which contradicts to (3.28). Hence, (3.25) holds for any t ≥ T1.

Lemma 3.3. Under the assumptions of Theorem 1.1, there exist two positive constant C5 and η5, which
are dependent on K, but independent of t, such that for any t ≥ 0,

sup
t≥0

‖√ρu̇‖2L2 +

∫ ∞

0
‖∇u̇‖2L2dt ≤ C, (3.29)

and

sup
t≥0

‖√ρu̇‖2L2 ≤ C5e
−η5t. (3.30)
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Proof. Taking (2.7), we rewrite (1.1)2 as

ρu̇ = ∇F − µ curl curlu. (3.31)

Applying u̇j [∂/∂t + div(u·)] to the jth-component of (3.31), and then integrating the resulting equality
over Ω, one gets that

1

2

d

dt

∫

ρ|u̇|2dx =

∫

(

u̇ · ∇Ft + u̇jdiv (u∂jF )
)

dx− µ

∫

(

u̇ · curl curlut + u̇jdiv ((curl curlu)ju)
)

dx

, J1 + J2. (3.32)

We denote by h , u · (∇n+ (∇n)tr) and u⊥ , −u× n, then it deduces from Lemma 2.3 that

−
∫

∂Ω
Ft(u · ∇n · u)dS

= − d

dt

∫

∂Ω
(u · ∇n · u)FdS +

∫

∂Ω
Fh · u̇dS −

∫

∂Ω
Fh · (u · ∇u)dS

= − d

dt

∫

∂Ω
(u · ∇n · u)FdS +

∫

∂Ω
Fh · u̇dS −

∫

∂Ω
Fhi(∇ui × u⊥) · ndS

= − d

dt

∫

∂Ω
(u · ∇n · u)FdS +

∫

∂Ω
Fh · u̇dS +

∫

Fhi∇× u⊥ · ∇uidx−
∫

∇ui × u⊥ · ∇(Fhi)dx

≤ − d

dt

∫

∂Ω
(u · ∇n · u)FdS + C‖∇F‖L2‖u‖L3‖u̇‖L6

+ C
(

‖F‖L3‖u‖L6‖∇u̇‖L2 + ‖F‖L3‖u‖L6‖u̇‖L2 + ‖F‖L3‖∇u‖L2‖u̇‖L6

)

+ C
(

‖∇u‖L2‖u‖2L6‖∇F‖L6 + ‖∇u‖2L4‖u‖L6‖F‖L3

)

≤ − d

dt

∫

∂Ω
(u · ∇n · u)FdS + C

(

‖ρu̇‖L2 + ‖P − P̄‖L2 + ‖∇u‖L2 + ‖∇u‖2L2

)

· ‖∇u‖L2

(

‖∇u̇‖L2 + ‖∇u‖2L2 + ‖∇u‖2L4

)

+ C‖∇u‖3L2‖∇F‖L6

≤ − d

dt

∫

∂Ω
(u · ∇n · u)FdS + C‖∇u‖3L2‖∇F‖L6 + δ‖∇u̇‖2L2

+ C
(

‖√ρu̇‖2L2‖∇u‖2L2 + ‖∇u‖6L2 + ‖∇u‖4L4 + ‖∇u‖2L2 + ‖∇u‖4L2

)

, (3.33)

due to

div(∇ui × u⊥) = u⊥ · curl∇ui −∇ui · curlu⊥ = −∇ui · curlu⊥,
‖u̇‖L6 ≤ C

(

‖∇u̇‖L2 + ‖∇u‖2L2

)

,

‖√ρu̇‖L2 ≤ C‖u̇‖L2 ≤ C‖∇u̇‖L2 ,

‖∇F‖L6 ≤ C‖ρu̇‖L6 ≤ C‖u̇‖L6 ≤ C(‖∇u̇‖L2 + ‖∇u‖2L2).

Thus, it follows from integration by parts, Hölder’s inequality, Gagliardo–Nirenberg inequality, (1.13),
(2.9), and (2.4) that

J1 =

∫

(

u̇ · ∇Ft + u̇j∂i(∂jFui)
)

dx

=

∫

∂Ω
Ftu̇ · ndS −

∫

Ft div u̇dx−
∫

ui∂iu̇
j∂jFdx

= −
∫

∂Ω
Ft(u · ∇n · u)dS − (2µ+ λ)

∫

(div u̇)2dx+ (2µ + λ)

∫

div u̇∇u : ∇udx

− γ

∫

P div u̇ div udx+

∫

div u̇u · ∇Fdx−
∫

ui∂iu̇
j∂jFdx

≤ −
∫

∂Ω
Ft(u · ∇n · u)dS − (2µ+ λ)‖div u̇‖2L2 + δ‖∇u̇‖2L2 + C‖∇u‖4L4
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+ C‖u‖2L6‖∇F‖2L3 + C‖∇u‖2L2

≤ −
∫

∂Ω
Ft(u · ∇n · u)dS − (2µ+ λ)‖div u̇‖2L2 + δ‖∇u̇‖2L2 + C‖∇u‖4L4

+ C‖∇u‖2L2‖∇F‖L2‖∇F‖L6 + C‖∇u‖2L2

≤ −
∫

∂Ω
Ft(u · ∇n · u)dS − (2µ+ λ)‖div u̇‖2L2 + δ‖∇u̇‖2L2

+ C‖∇u‖4L4 + C‖∇u‖2L2‖∇F‖L2‖∇F‖L6 + C‖∇u‖2L2

≤ − d

dt

∫

∂Ω
(u · ∇n · u)FdS − (2µ+ λ)‖div u̇‖2L2 + δ‖∇u̇‖2L2

+ C
(

‖√ρu̇‖2L2‖∇u‖2L2 + ‖∇u‖6L2 + ‖∇u‖4L4 + ‖∇u‖2L2 + ‖∇u‖4L2

)

+ C(‖∇u‖3L2 + ‖∇u‖2L2‖∇F‖L2)‖∇F‖L6

≤ − d

dt

∫

∂Ω
(u · ∇n · u)FdS − (2µ+ λ)‖div u̇‖2L2 + δ‖∇u̇‖2L2

+ C
(

‖√ρu̇‖2L2‖∇u‖2L2 + ‖∇u‖6L2 + ‖∇u‖4L4 + ‖∇u‖2L2 + ‖∇u‖4L2

)

+ C‖∇u‖4L2‖
√
ρu̇‖2L2 , (3.34)

where we have used

‖∇u‖3L2‖∇F‖L6 ≤ ‖∇u‖3L2(‖∇u̇‖L2 + ‖∇u‖2L2)

≤ δ‖∇u̇‖2L2 + C‖∇u‖6L2 + C‖∇u‖4L2

‖∇u‖2L2‖∇F‖L2‖∇F‖L6 ≤ C‖∇u‖2L2‖
√
ρu̇‖L2(‖∇u̇‖L2 + ‖∇u‖2L2)

≤ δ‖∇u̇‖2L2 + C‖∇u‖4L2‖
√
ρu̇‖2L2 +C‖∇u‖6L2 +C‖∇u‖4L2 ,

and

Ft + u · ∇F = (2µ + λ) div ut − Pt + (2µ + λ)u · ∇ div u− u · ∇P

= (2µ + λ) div u̇− (2µ+ λ) div(u · ∇u) + (2µ + λ)u · ∇ div u− (Pt + u · ∇P )

= (2µ + λ) div u̇− (2µ+ λ)∂i(uj∂jui) + (2µ+ λ)uj∂j∂iui + γP div u

= (2µ + λ) div u̇− (2µ+ λ)∂iuj∂jui + γP div u.

By direct calculations, we have

J2 = −µ

∫

u̇ · (curl curlut)dx− µ

∫

u̇ · (curl curlu)div udx− µ

∫

uiu̇ · curl(∂icurlu)dx

= −µ

∫

|curl u̇|2dx+ µ

∫

curl u̇ · curl (u · ∇u)dx+ µ

∫

(curlu× u̇) · ∇divudx

− µ

∫

div u(curlu · curl u̇)dx− µ

∫

uidiv (∂icurlu× u̇)dx− µ

∫

ui∂icurlu · curl u̇dx

= −µ

∫

|curl u̇|2dx+ µ

∫

curl u̇∂iu×∇uidx+ µ

∫

(curlu× u̇) · ∇div udx

− µ

∫

div u(curlu · curl u̇)dx− µ

∫

uidiv (∂icurlu× u̇)dx

= −µ

∫

|curl u̇|2dx+ µ

∫

curl u̇∂iu×∇uidx+ µ

∫

(curlu× u̇) · ∇div udx

− µ

∫

div u(curlu · curl u̇)dx− µ

∫

u · ∇div (curl u× u̇)dx+ µ

∫

uidiv (curlu× ∂iu̇)dx

= −µ

∫

|curl u̇|2dx+ µ

∫

curl u̇∇iu×∇uidx

− µ

∫

div u(curlu · curl u̇)dx− µ

∫

∇ui · (curl u× ∂iu̇)dx

≤ δ‖∇u̇‖2L2 + C‖∇u‖4L4 − µ‖curl u̇‖2L2 , (3.35)
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due to

curl(u̇div u) = div ucurl u̇+∇div u× u̇,

div (∂icurlu× u̇) = u̇ · curl(∂icurlu)− ∂icurlu · curl u̇,
∫

curlu · (∇div u× u̇)dx = −
∫

(curlu× u̇) · ∇div udx,
∫

curl u̇ · curl (u · ∇u)dx =

∫

curl u̇ · curl (ui∂iu)dx

=

∫

curl u̇
(

uicurl ∂iu+ ∂iu · ∇ui
)

dx

=

∫

ui∂icurlu · curl u̇dx+

∫

curl u̇∂iu×∇uidx,

and
∫

u · ∇div (curl u× u̇)dx =

∫

ui∂idiv (curlu× u̇)dx

=

∫

ui∂i(u̇ · curl curlu− curl u̇ · curlu)dx

=

∫

ui(u̇ · ∂i curl curlu− curl u̇ · ∂icurlu)dx

+

∫

ui(∂iu̇ · curl curludx− ∂icurl u̇ · curlu)dx

=

∫

uidiv (∂icurlu× u̇)dx+

∫

uidiv (curlu× ∂iu̇)dx.

Plugging (3.34) and (3.35) into (3.32), we obtain after choosing δ suitably small that

d

dt

(

‖√ρu̇‖2L2 +

∫

∂Ω
(u · ∇n · u)FdS

)

+ ‖∇u̇‖2L2

≤ C
(

‖∇u‖4L2‖
√
ρu̇‖2L2 + ‖√ρu̇‖2L2‖∇u‖2L2 + ‖∇u‖6L2 + ‖∇u‖4L4 + ‖∇u‖2L2 + ‖∇u‖4L2

)

≤ C
(

‖√ρu̇‖2L2 + ‖∇u‖2L2

)

‖√ρu̇‖2L2 + C
(

‖∇u‖2L2 + ‖ρ− ρ̄0‖2L2

)

, (3.36)

due to

‖∇u‖4L4 ≤ C‖ρu̇‖3L2

(

‖∇u‖L2 + ‖P − P̄‖L2

)

+ C
(

‖∇u‖L2 + ‖P − P̄‖L4

)4

≤ C
(

‖√ρu̇‖4L2 + ‖∇u‖4L2 + ‖ρ− ρ̄0‖2L2

)

. (3.37)

It follows from the trace theorem, (2.4), and (3.9) that

∣

∣

∣

∫

∂Ω
(u · ∇n · u)FdS

∣

∣

∣
≤ C‖|u|2|F |‖W 1,1 ≤ C‖∇u‖2L2‖F‖H1

≤ 1

2
‖√ρu̇‖2L2 + C

(

‖∇u‖4L2 + ‖∇u‖2L2

)

≤ 1

2
‖√ρu̇‖2L2 + C‖∇u‖2L2 .

This along with (3.36) indicates that

d

dt
‖√ρu̇‖2L2 + ‖∇u̇‖2L2 ≤ C

(

‖√ρu̇‖2L2 + ‖∇u‖2L2 + ‖ρ− ρ̄0‖2L2

)

. (3.38)

Choose a positive constant D4 and define a temporal energy functional

M3(t) , D5M2(t) + ‖√ρu̇(·, t)‖2L2 +D4‖(ρ− ρ̄0)(·, t)‖2L2 .
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Noting that M3(t) is equivalent to ‖(ρ− ρ̄0,∇u,
√
ρu̇)‖2L2 provided D4 and D5 are chosen large enough. In

light of (3.27) and (3.38), we get that, for any t ≥ 0,

d

dt
M3(t) +

M3(t)

D5
+

µ‖∇u̇‖2L2

D5
≤ 0. (3.39)

Integrating (3.39) with respect to t over [0,∞) leads to (3.30).

Lemma 3.4. Under the assumptions of Theorem 1.1, if additionally inf
x∈Ω

ρ0(x) ≥ ρ∗ > 0, then there exist

two positive constants C6 and η6, which are dependent on K, but independent of t, such that for any t ≥ 0,

‖(ρ− ρ̄0)(·, t)‖L∞ ≤ C6e
−η6t. (3.40)

Proof. Denote by ̺ , ρ− ρ̄0, then it follows from (2.2), Lemmas 2.6, 2.7, (3.30), (3.1), and (3.9) that

‖F‖2L∞ ≤ C
(

‖F‖L6‖∇F‖L6 + ‖F‖2L2

)

≤ C
(

‖∇u‖L2 + ‖√ρu̇‖L2 + ‖̺‖L2

)(

‖∇u̇‖L2 + ‖∇u‖2L2

)

+ C
(

‖∇u‖2L2 + ‖̺‖2L2

)

≤ C
(

‖∇u‖L2 + ‖√ρu̇‖L2 + ‖̺‖L2

)

‖∇u̇‖L2 + C
(

‖∇u‖2L2 + ‖√ρu̇‖2L2 + ‖∇u‖4L2 + ‖̺‖2L2

)

≤ C(1 + ‖∇u̇‖L2)e−η1t, (3.41)

which along with (3.29) implies that, for any δ > 0, there exists a positive constant T1 such that
∫ ∞

T1

‖F‖L∞dt ≤ δ. (3.42)

Let X(t, y) be the particle path given by
{

d
dtX(t, y) = u(t,X(t, y)),

X(0, y) = y,
(3.43)

then we rewrite the mass conservation equation (1.1)1 as

d

dt
ln ρ = − div u. (3.44)

By the definition of F in (2.7), (1.8), and (3.41), we have

ρ(t, x) ≥ ρ0e
−

∫ t

0
‖div u‖L∞dτ ≥ ρ∗e

−
∫ t

0
C‖(P−P̄ ,F )‖L∞dτ ≥ ρ∗e

−C(t+1).

Now we claim that there exists a positive constant c0 such that

ρ(t, x) ≥ c0. (3.45)

If (3.45) were false, there exists a time T2 ≥ T1 such that 0 < c0 = ρ(x(T2), T2) ≤
( ρ̄γ

0

2

)
1

γ , then choose a
minimal value of T3 > T2 such that ρ(x(T3), T3) =

c0
2 . Thus, ρ(x(t), t) ∈ [ c02 , c0] for t ∈ [T2, T3]. one can

rewrite (1.1)1 as

d

dt
̺(t,X(t, y)) +

1

2µ+ λ

(

ρ(ργ − ρ̄γ0)
)

(t,X(t, y)) = − 1

2µ+ λ
ρF (t,X(t, y)). (3.46)

Integrating (3.46) along particle trajectories from T2 to T3, abbreviating ρ(t,X(t, y)) by ρ(t) for convenience,
we get that

(2µ + λ)(ρ− ρ̄0)
∣

∣

∣

T3

T2

+

∫ T3

T2

ρ(ργ − ρ̄γ0)dτ = −
∫ T3

T2

ρF (t,X(τ, y))dτ. (3.47)

We deal with the terms on the left-hand side of (3.47) as follows

(2µ + λ)(ρ− ρ̄0)
∣

∣

∣

T3

T2

+

∫ T3

T2

ρ(ργ − ρ̄γ0)dτ ≤ −c0(2µ + λ)

2
+

∫ T3

T2

c0
2

( ρ̄γ0
2

− ρ̄γ0
)

dτ
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= −c0(2µ + λ)

2
− c0ρ̄

γ
0

4
(T3 − T2). (3.48)

By (3.42), we estimate the term on the right-hand side of (3.47) as follows

−
∫ T3

T2

ρF (t,X(τ, y))dτ ≥ −c0δ. (3.49)

Substituting (3.48) and (3.49) into (3.47), we obtain that

−c1(2µ + λ)

2
− c1ρ̄

γ
0

4
(T3 − T2) ≥ −c0δ,

which is impossible if δ is small enough. The proof of (3.45) is finished.
Multiplying (3.46) by ̺ and using (3.45) and (3.5), we obtain that there exist two positive constants

η7 and C such that

d

dt
̺2(t,X(t, y)) + η7̺

2(t,X(t, y)) ≤ C‖F‖2L∞ , (3.50)

which together with (3.41) implies that

d

dt
̺2(t,X(t, y)) + η7̺

2(t,X(t, y)) ≤ C(1 + ‖∇u̇‖L2)e−η1t. (3.51)

Integrating (3.51) along particle trajectories from 0 to t, we derive from Hölder’s inequality and (3.29) that

‖ρ− ρ̄0‖2L∞ ≤ Ce−η7t + C

∫ t

0
e−η7(t−τ)(‖∇u̇‖L2 + 1)e−η1τdτ

≤ Ce−η7t + C

∫ t
2

0
e−η7(t−τ)(‖∇u̇‖L2 + 1)e−η1τdτ +

∫ t

t
2

e−η7(t−τ)(‖∇u̇‖L2 + 1)e−η1τdτ

≤ Ce−η7t + Ce−
η7t

2

(

∫ t
2

0
‖∇u̇‖2L2dτ

)
1

2
(

∫ t
2

0
e−2η1τdτ

)
1

2

+ Ce−
η7t

2

∫ t
2

0
e−η1τdτ

+ Ce−
η1t

2

∫ t

t
2

e−η7(t−τ)dτ + Ce−
η1t

2

(

∫ t

t
2

‖∇u̇‖2L2dτ
)

1

2
(

∫ t
2

0
e−2η7(t−τ)dτ

)
1

2

≤ C
(

e−
η7t

2 + e−
η1t

2

)

,

from which, the conclusion (3.40) follows.

Now we are ready to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. (1.9) follows from (3.1), (3.9), and (3.30), while (1.10) follows from (3.40).

Proof of Theorem 1.2. Thanks to (1.8), (3.1), (3.9), (3.29), (3.30), and (3.41), one gets from (3.44) and
infx∈Ω ρ0(x) = 0 that

inf
x∈Ω

ρ(x, t) ≤ inf
x∈Ω

ρ0(x)e
∫ t

0
‖divu‖L∞dτ ≤ inf

x∈Ω
eC

∫ t

0
(‖F‖L∞+‖P−P̄‖L∞)dτ ≤ inf

x∈Ω
ρ0(x)e

C(1+t) = 0,

as the desired (1.11).
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