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Abstract

We investigate the global stability of large solutions to the compressible isentropic Navier—Stokes
equations in a three-dimensional (3D) bounded domain with Navier-slip boundary conditions. It is
shown that the strong solutions converge to an equilibrium state exponentially in the L?-norm provided
the density is essentially uniform-in-time bounded from above. Moreover, we obtain that the density
converges to its equilibrium state exponentially in the L°°-norm if additionally the initial density is
bounded away from zero. Furthermore, we derive that the vacuum states will not vanish for any time
provided vacuum appears (even at a point) initially. This is the first result concerning the global stability
for large strong solutions of compressible Navier—Stokes equations with vacuum in 3D general bounded
domains.
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1 Introduction

The motion of a viscous compressible isentropic flow in a domain 2 C R is governed by the compressible
Navier—Stokes equations

pt + div(pu) =0, (1.1)
(pu)y + div(pu @ u) + VP = pAu+ (u+ \)V div u, '

where the unknowns p, v = (u',u? u?), and P = ap” (a > 0,7 > 1) stand for the density, velocity,

and pressure, respectively. The constants p and A represent the shear viscosity and the bulk viscosity
respectively satisfying the physical restrictions

p>0, 2p+3X >0,

Without loss of generality, we assume that a = 1 throughout the paper.
Let Q C R3 be a simply connected smooth bounded domain, we consider (1.1) with the initial data

p(z,0) = po(z), pu(z,0) = poug(z), =€ Q, (1.2)
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and slip boundary conditions
u-n=0, curlu xn=0, z€0dQ, t>0, (1.3)

where n is the unit outward normal vector to (2.

Significant progress has been made over the past decades regarding the global existence of solutions
to the multi-dimensional compressible isentropic Navier—Stokes equations. Among them, Matsumura and
Nishida [27,28] proved the global well-posedness of classical solutions provided the initial data are close to
a non-vacuum equilibrium in H3. Hoff [15,16] derived global weak solutions with small and discontinuous
data. The major breakthrough on the global solutions with large initial data is due to Lions [26], where
he employed the renormalization skills to establish global weak solutions to (1.1) in R™ for v > n?’f:2 (n=
2,3). Feireisl-Novotny-Petzeltovd [10] later extended Lions’ result to the case v > 5 by introducing
oscillation defect measure. At the same time, Jiang and Zhang [21, 22] obtained global weak solutions
for any v > 1 when the initial data are assumed to have some spherically symmetric or axisymmetric
properties. Nonetheless, due to the possible concentration of finite kinetic energy [18], it still seems to be
a challenge to show the global existence of weak solutions with general 3D data for v € (1, %] Meanwhile,
several results are devoted to investigating the global well-posedness of strong (or classical) solutions to
the compressible isentropic Navier—Stokes equations with vacuum both at far field and interior region.
Huang-Li—Xin [20] established the global existence and uniqueness of classical solutions for the 3D Cauchy
problem with smooth initial data which are of small total energy but possibly large oscillations, where
the far field density could be either vacuum or non-vacuum. Shortly thereafter, using some key a priori
decay with rates (in large time) and a spatially weighted energy method, Li and Xin [25] analyzed the 2D
Cauchy problem with far-field vacuum provided the initial total energy is suitably small. A central aspect
of their analysis in [20,25] is the derivation of a time-independent upper bound of the density. Hong-
Hou-Peng—Zhu [17] generalized the main result in [20] to the case of large initial total energy when the
adiabatic exponent «y is sufficiently close to 1. Cai and Li [3] investigated the global existence of classical
solutions in general 3D bounded domains with Navier-slip boundary conditions provided the initial energy
is properly small. Let us mention that in the last two decades there were also some interesting results
concerning the global well-posedness of compressible isentropic Navier—Stokes equations in Besov spaces,
see for instance [4-6,9, 13,14, 37], to cite but a few.

It is also of great interest to study the global stability and large-time behavior of solutions to the
compressible Navier—Stokes system. The readers can refer to [7,8,23,24,27,28] for large-time behavior of
global solutions with the initial data being a small perturbation of constant equilibrium states, while long-
time behavior of Hoff’s intermediate weak solutions with discontinuous and small initial data can be found
in [19,33]. Naturally, one may wonder how about the large-time behavior of solutions with large initial
data. Under the assumptions that the density is essentially bounded and has uniform-in-time positive
lower bound, Padula [31] proved that weak solutions of (1.1) decay exponentially to the equilibrium state
in L?-norm provided the density is essentially bounded from above and below. Such the assumption was
later removed in [32] by means of the Bogovskii operator and a suitable Lyapunov functional. Under
the hypothesis that the density p(x,t) verifies inf, crs po(z) > co > 0 and sup,sg ||p(t)][ce < M with
arbitrarily small , He Huang Wang [14] established the convergence of the large strong solution (p,u)
to its associated equilibrium state (1,0) with an explicit decay rate being the same as that of the heat
equation, more precisely, they obtained

o= U + lullgn < CA+1)~1G7Y,

where (po — 1,up) € LP(R3) N H*(R3) with p € [1,2). Shortly thereafter, Gao-Wei-Yao [12] shown

that the upper decay rate of the first order spatial derivative converges to zero in H'-norm at the rate
1

1+ t)fg(%fé)fﬁ. More recently, Wu and Zhong [36] weakened the assumption sup;sq||p(t)][ce < M
in [14] to the bounded density by employing some new ideas. Meanwhile, Wu-Yao-Zhang [35] investigated
the global stability of large strong solutions for (1.1) in the torus T? and proved exponential convergence
(for large time) in various norms to the reference constant solution. It should be noted that all the
results [12, 14,35, 36] are devoted to the Cauchy problem in R? or T3, and harmonic analysis techniques
play key roles more or less. Then a natural question, but of importance and interest, is that can we show
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the global stability and large-time behavior of global large solutions to the system (1.1) in 3D general

bounded domains? The main goal of the present paper is to give an affirmative response to this problem.
Before stating our main result precisely, we describe the notation throughout. The symbol O denotes

the end of a proof and A £ B means A = B by definition. We denote by f £ f, +u - Vf the material

derivative of f and
- 1
/fdxé/fdx, fé—/fd:c.
Q 9 Ja

For 1 <p < oo and k > 1, the standard Sobolev spaces are defined as follows

LP = LP(Q), WhP =Wwkr(Q), HF = Wwk?2
o' 2 {ve H(Q)v-n=0and curlv =0 on 90} .

Finally, we denote the initial total energy of (1.1) by

2 / (%p()]uo‘Q +Glpo) ) d, (1.4)
with
G(p) & p/p wc@. (1.5)
p

Definition 1.1 (Strong solutions). For T' > 0, (p,u) is called a strong solution to the problem (1.1)—(1.3)
on Q x [0,T] if for some q € (3,6],

0<peC(0,T];Wha), p, € C([0,T]; L* N LI),
w e C([0,T]; H2) N L2(0, T; W24), (1.6)
VPur, € L=(0,T; L?), u, € L*(0,T; H'),

and (p,u) satisfies (1.1) a.e. in Q x [0,T].
Our first main result can be stated as follows.

Theorem 1.1. Assume that the initial data (pg > 0,ug) satisfies

K = |lpo = poll 2 + lv/pouoll 2 + [[Vuol g < oo (L.7)

Let (p,u) be a global strong solution to the problem (1.1)—(1.3) wverifying that
sup [|p(+,1)[| L~ < p, (1.8)
>0

for some positive constants p. Then there exist some positive constants C1, 11, and ns, which are dependent
on p and K, but independent of t, such that

I(p = po. /B Vi, /5 (-, 8) | 2 < Cre™. (L9)

If additionally im?2 po(x) > p« > 0, then there exist some positive constants Co, 11, and 12, which are
Te

dependent on ps, p, and K, but independent of t, such that
Ip = Polliee < Cae™. (1.10)

Remark 1.1. Theorem 1.1 gives the first global stability result for large strong solutions of compressible
Navier—Stokes equations with vacuum in 3D general bounded domains.



Remark 1.2. [t should be noted that Cai and Li [3] established the global existence and uniqueness of
classical solutions to the problem (1.1)—(1.3) provided the initial energy is small. One of the key ingredients
in [3] is to derive a time-independent upper bound of the density. Hence, using similar arguments as those
in [3], one can show that a strong solution (p,u) satisfying (1.8) indeed exists as long as the initial energy
1s properly small.

Next, we shall prove that the vacuum states will not vanish for any time provided vacuum appears
initially.

Theorem 1.2. Assume that all conditions of Theorem 1.1 are satisfied. If additionally inf,cq po(x) = 0,
then it holds that

inf = 1.11
inf p(z,1) =0, (1.11)

for any t > 0.

Now we sketch the main ideas used in the proof of Theorems 1.1 and 1.2. Compared with the previous
results [35,36] in which the authors dealt with the Cauchy problem, the Navier-slip boundary condition
(1.3) develops additional difficulties in deriving a priori estimates for solutions of the compressible Navier—
Stokes equations. Hence we need some new observations to overcome these obstacles. First, we prove the
exponential decay estimate of [[(p — po, /pu)|| 2. On one hand, by making the basic energy estimate and
the Bogovskii operator (see Lemma 2.2), one can derive an energy-dissipation inequality of the form

d - .
%E(t) +D(t) <0, (1.12)
where £(t) is equivalent to ||(p— po, Vpu)ll3 . and D(t) is equivalent to ||(p— o, V)| 2. On the other hand,
by making full use of the momentum equation, Poincaré’s inequality, and the LP theory of the div-curl
system, one has that

IVullr < Ol divulle + | curlul|zr),  [|Vpullr2 < ClIVull 2,

which implies that D(t) > CE(t). This combined with (1.12) immediately yields the exponential decay rate
of ||[(p — po,/pu)| 2. Next, we show the exponential decay estimate of |[Vu(-,)||z2. To this end, taking
good properties of the effective viscous flux F and the vorticity curl u, we can obtain an important energy
inequality (3.20). Note that ||[Vu(-,t)||z2 is sufficiently small for large enough ¢, which together with (3.8)
gives a crucial Lyapunov-type energy inequality (3.27). This along with Gronwall’s inequality implies the
desired exponential decay rate of ||Vu(:,t)| ;2. Next, in order to obtain the exponential decay estimate of
l\/pu(-,t)| 2, we need to improve the uniform-in-time bounds of ||\/pt(-, )|z 2. In this process, we have to
deal with the integrals on the boundary €2, such as |, o0 Fi(1-n)dS and so on. To overcome this difficulty,
inspired by [3], one infers from u - n|pg = 0 that

u-Vu-n=—-u-Vn-u, on df, (1.13)

which implies
(4 (u-Vn) xut)-n=0, on dQ,

with u £ —uxn, and the key point is to control the term [y, (u-Vn-u)FdS (see (3.36)). Combining these
key facts with lower-order energy estimates, we obtain a Lyapunov-type energy inequality (3.39). This will
lead to the exponential decay rate of ||\/pu(-,t)|| 2 immediately. To prove (1.10), the key ingredient is to
get a time-independent positive lower bound of the density p. This is the case by modifying the method
used in [36]. Then we can prove that ||p — pgl/r~ decays exponentially as well by the damping mechanism
of density (see Lemma 3.4). As a by-product, we finally show that the vacuum states will not vanish for
any time provided vacuum appears initially.

The rest of this paper is organized as follows. Some important inequalities and auxiliary lemmas will
be given in Section 2. Section 3 is devoted to proving Theorems 1.1 and 1.2.
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2 Preliminaries

In this section, we recall some known facts and elementary inequalities which will be used later.
First of all, the following well-known Gagliardo—Nirenberg inequality (see [30]) will be used frequently.

Lemma 2.1. Assume that 0 is a bounded Lipschitz domain in R3. For p € [2,6], ¢ € (1,00), and
€ (3,00), there exist two positive constants C1 and Cy depending only on p, q, r, and Q such that, for
any f € H' and g € LYN DY,

6

£l < CUAILE IVA1LE +Callllze 21)
gl < Callallgs ™ wgl T 4 Collg] (2:2)
Moreover, if either f-nlsgq =0 or g-nlgg =0, then Cy = 0.
Next, for the problem

dive=f, x€Q, (2.3)
v =0, x € 010,

one has the following conclusion.

Lemma 2.2. [11, Theorem II1.3.1] There exists a linear operator B = [By, B2, B3] enjoying the properties:
1) The operator

B:{felP:f=0}—( 0)3
18 a bounded linear one, that is,

1BIfllwpr < COISfllLe,  for any p € (1,00).

2) The function v = B[f] solves the problem (2.3).
3) If, moreover, f = divg with a certain g € L, g-nlag = 0, then for any r € (1,00),

IBUf]llr < C(r)llgllLr

Next, since our solution u does not vanish on the boundary, we need to use the following generalized
Poincaré inequality (see [2, Lemma 8§]).

Lemma 2.3. Let Q C R? be bounded with Lipschitz boundary. Then, for 1 < p < oo, there exists a positive
constant C depending only on p and Q) such that

Ifllze < CIV £, (2.4)
for each vector field f € WHP(Q) satisfying either (f -n)|ag =0 or (f x n)|aq = 0.
The following two lemmas are given in Theorem 3.2 in [34] and Propositions 2.6-2.9 in [1].

Lemma 2.4. Let k > 0 be a integer, 1 < q < +00, and assume that € is a simply connected bounded
domain in R3 with C**11 boundary 0. Then for v e WFHLa with v-n =0 on 99, it holds that

lollrsre < C(||divo|yyrge + || curlv||yyeg)- (2.5)

In particular, for k=0, we have

|IVollre < C(||divo|| e + || curl v q). (2.6)



Lemma 2.5. Let k > 0 be a integer, 1 < q < 4+00. Suppose that Q is a bounded domain in R and its
CHLL boundary O only has a finite number of 2-dimensional connected components. Then forv € W+
with v X n =0 on OS2, we have

lollwesre < C(|divollyre + || curlv|lyee + ||v]|2a)-

In particular, if Q has no holes, then

[vllwrsre < C(||divollprrg + || curlv|lyeg)-

Motivated by [15,16], we set
F2@2u+Ndivu—(P—P), w=Vxu, (2.7)

where F' and w denote the effective viscous flux and the vorticity, respectively. For F', w, and Vu, we have
the following key a priori estimates.

Lemma 2.6. Let (p,u) be a classical solution of (1.1)—(1.3) on Q x (0,T]. Then, for any p € [2,6] and
1 < g < +o00, there exists a positive constant C' depending only on p, q, i, A, and £ such that

IVullze < C([| divullze + [|lwl|za), (2.8)
IVE|le + [Vwllze < C(llptllee + [|Vullz2), (2.9)

3p—6 _ 6—p -~
IF]lLe < Cllpall 2" (IIVullze + ([P — P||L2) 7 +C(|Vullgz + [P = P r2), (2.10)

3p—6
lwl|Le < Cllpul| 27 IIVUHL” + CIVul 2. (2.11)
Moreover, one has that

.= _ 6—p _

IVulle < Cllpal 2" (IVullzz + 1P = Plig2) # + C([IVullgz + [P = Pllrr). (2.12)

Proof. Owing to u-n =0 on 02, we get (2.8) from Lemma 2.4.
Taking (1.1), and the slip boundary condition (1.3), one finds that the effective viscous flux F satisfies

o 239
It follows from Lemma 4.27 in [29] that
IVF|La < Cllpit] e (2.14)
On the other hand, we can rewrite (1.1), as
uV x w=VF — pi,
which along with w x n =0 on 0f2, divw = 0, and Lemma 2.5 leads to
IVwl[r < C(IV X wllze + [|wlze) < C(llpillza + [[w]|za)- (2.15)
One deduces from (2.1), (2.7), and (2.14) that, for p € [2,6],
1F e < C||F||Lp ||VF||L 2 + Ol
< Cllpill & (IVullz + 1P = Plla) & +C(Vullz + 1P~ Plla). (216)

By (2.1) and (2.15), we get that

3p—6

lwllzr < CHwIIL" IVwll 27+ Cllwll 2
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3p—6 6=p
< C(lptllpz + IVullpz) 2 [Vull 7+ ClIVull2
3p—6 6-—p
< Cllpul 2" IIVullz + ClIVullpe, (2.17)
which together with (2.16) leads to
1) e + llwllze < C(lpill e + 1P = Pllzz + ||Vl 2). (2.18)

By (2.15), (2.17), Young’s inequality, and Holder’s inequality, we derive that, for p € [2, 6],

IVwllze < C(llpillze + lwllze)
< C(llpilize + llpitl e + llwllz2)
< C(llpillcr + I Vull2), (2.19)

which implies (2.9). Moreover, we infer from (2.8), (2.7), (2.16), and (2.17) that

I9ullis < C(ldivulze + w]lz)
< O(IF e + 1P = Pllzs + w]e)

3p—6

2P—D _ 6—p _
< Cllpall 2 (IVullzz + 1P = Pl2)  + C([Vullzz + [P = Pll»),
as the desired (2.12). O

Lemma 2.7. Under the assumption of Lemma 2.3, there exists a positive constant C depending only on

Q such that
il rs < C(IVallzz + [[Vullze), (2.20)
IVl < C(ldivil e + [l eurlal 2 + [ Vul2,). (2:21)
Proof. Setting u £ —u x n. Since u-n = 0 on IO and
a-(bxec)=(axb)-¢, (axb)xc=bla-c)—alb-c),
one gets that
utxn=—(uxn)xn=un-n)—nu-n)=u,
which implies that
w-n=u-Vu-n=—u-Vn-u=—u-Vn-(utxn)=—(u-Vn)xut-n ondQ.
Hence, we deduce that
(4 (u-Vn)xut)-n=0 on 99, (2.22)
which along with Poincaré’s inequality yields that
|t + (u-Vn) x uJ‘||L% < C|V(a+ (u-Vn) x ul)||L;,
that is
lall 5 < C(IVall s +IVule)- (2:23)
Then, by Sobolev’s embedding theorem, one has that
lalps < C(IVall, 5 + il 5) < C(IVallzz + [Vullz:),
lill e < C(IVall L2 + llallzs) < C (Vg2 + [Vul72),

which gives (2.20).
Moreover, it follows from (2.22), (2.5), and Lemma 2.3 that

V]| g2 < O(||divi]| g2 + || curlal gz + [|[V((u- V) x ub)][z2)
< C(lldival g + || curla]| 2 + [Vl 74),
as the desired (2.21). O



3 The proofs of Theorems 1.1 and 1.2

This section is devoted to proving Theorems 1.1 and 1.2.

Lemma 3.1. Under the assumptions of Theorem 1.1, there exist two positive constants Cs and ns, which
are dependent on K, but independent of t, such that for any t > 0,

lo(.8) = poll e + [IVpu(-, 1)l 2 < Cze ™. (3.1)

Proof. Multiplying (1.1); and (1.1), by G'(p) and u, respectively, and integration by parts, one gets that

d

1
- <§p|u|2 + G(p))d:ﬂ + 2+ M) /(divu)zdx + ,u/ | curl u|?dx

—/div(pu)G'(p)dm - /u V(P — P)dz

= /pu VG (p)dx — /u -VPdx =0, (3.2)
due to
p= o [ pwtin =g [ ovda=p (3.3)
= TAT ) = 1o 0 = PO, .
jl it
—Au = -V divu + curl curlu. (3.4)

By (1.5) and (3.3), there exists a positive constant C' < 1 depending only on =, po, and j such that, for
any p € [0,27),

G(p— po)? < CG(p) < (P — P(p0)) (0 — o), (3.5)
1P~ Pl < € [ Glolda. (3.6)

Multiplying (1.1), by Blp — po], we deduce from (1.6) and Lemma 2.1 that

=P myds = 5 [ ou-Blo-polds [ pu-VBlp— ] ud — [ puBlpids

+,u/Vu-VB[p—,50]d:U+(,u+)\)/(p—ﬁo)divud:c

= | pu-Blo— poldz + C|ly/pullFallp — poll 2 + Cllpull72
+Cllp = poll 2 [Vl 2

< & [ ou-Blp— pold + Cll/pul ol s lo — pollz2
+Cllo = poll 2 IVull 2 + ClIVull2:

C?
< o | pu-Blo = poldr + —lp - poll72 + ClIVull72,

which along with (3.5) and (3.6) leads to

Clp=poll3e < C [ Gloyda < [ (P = P~ o)
6‘12
< = [ pu-Blo = poldz + =-llp = Aol + ClIVulza.
Thus, by (2.8), we arrive at
6‘12
[ - Blo— olda + Lo = s < Cldivals +Clcurlu. (37)
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Now we choose a positive constant D4 suitably large and define the temporal energy functional
1
M (t) = Dy / <§p\u!2 + G(p))dw = /pu - Blp — pold.
It follows from (3.5) that

< Ca(5lvAulks + [ Glpa).

‘/PU - Blp — poldzx

Hence, M(t) is equivalent to |[(p — po,/pu)||7. provided we choose Dy large enough. Taking a lincar
combination of (3.2) and (3.7), we deduce that, for any ¢ > 0,

M (t) N | divul|3, + || curlul|3,

<0. 3.8

d
EMl(t) +

Integrating (3.8) with respect to the time over [0, ¢] gives (3.1). O

Next, we establish the time-decay rate of ||Vu/ 2.

Lemma 3.2. Under the assumptions of Theorem 1.1, there exist two positive constant Cy and ny, which
are dependent on K, but independent of t, such that for any t > 0,

V(- t)| 2 < Cye ™ (3.9)
Proof. By the definition of the material derivative and (3.4), we can rewrite (1.1), as
ptt+ V(P — P) = (2u+ \)Vdivu — pcurl curl u. (3.10)

Multiplying (3.10) by @ and integration by parts, one gets that

3
/p\zl]de = — /iL V(P — P)dz + (2u+ \) /Vdivu - udr — ,u/curlcurlu udr £ Zli' (3.11)

i=1
By (1.1); and P = p”, we have
P, + div(Pu) + (y — 1)Pdivu = 0, (3.12)
which together with (3.12) gives that

(P—P)y+u-V(P—P)+~yPdivu — (y—1)Pdivu = 0. (3.13)
Owing to
—_ 1
Pdivu = 9] /p“’ divuddz < C(p,~,Q) [|divul 2,
then it follows from (3.13) that

11:—/ut-V(P—P)dm—/u-Vu-V(P—P)dx

:% (P—P)divudx—/divu(P—P)tdx_/u.vu.V(p_P)dx

:% (P - P) divudx—v/P(divu)ng;_/u.v(p_p) div udz
—i—(’y—1)/divummv—/u-Vu-Vde

:% (P—P) divudw—'y/P(divu)de+/(P_P)vu - Vudz

9



+ (v — 1)/divumdaz— /aQPu-Vu-ndS
< i/(P_P) div uda + C|| Va2, (3.14)
where we have used

/u-V(P—P)divudm—/u-Vu-V(P—P)dx

= /ui@-(P — P)oju!dx — /ui(?iujaj(P — P)dx

=— /@ui@juj(P — P)dz — /(P — P)9;0;uu'dx — /uiaiuj(?j(P — P)dz

=— /BQ(P — P)u'opuinidsS + /(P — P)Oiu! 0ju'dr + /(P — P)0l 0ju'dx

= —/ (P — P)u'd;(u/n’)dS + Pu'v? 9 dS + /(P — P)0j? 0jutdr — /&ui@juj(P — P)dx
o0

o0
— —Pwu-Vn-u — P)Vu : Vudz — — P)(divu)?dx
_/aQ(P Pyu-v dS+/(P P)Vu : Vud /(P P)(divu)d

<C lu|?dS + /(P — P)|Vul*dz < C||Vul)3,,
o2

due to (1.3), (1.13), the trace theorem, (2.4), and (1.8).
By virtue of (1.3) and (1.13), we infer from integration by parts that

In = (2u+ )\)/ divu(i - n)dS — (2u + ) /div udiv adx
o0
=(2u+ )\)/ divu(u - Vu -n)dS — QM;_ A% (divu)®de — (2p + N) /div udiv (u - Vu)dz
o0

2 S
=— ,u2+ )\% (divu)?de — (2u + )\)/ divu(u - Vn-uw)dS — (2u+ N) / divud;(u'ou’ )dx
[2/9]
2u+Xd
__krac (divu)?dz — (2u + )\)/ divu(u - Vn - u)dS
2 dt o0
—(2u+A) /div uVu : Vudr — (2p + N) /div wu? 0;0pu’ da
2
__ZntAd (divu)?dr — (2 + \) / divu(u - Vn - u)dS

2
—(2u+A) /div uVu : Vudz + ,u2+ A /(div u)?dx

<_2,u+)\i
- 2

. 1 .
(diva)de + Vil + C(IVullds + 9l + [Vulds), (3.15)
where we have used
/divuujajaiuidx = —/Gj(akukuj)aiuidx = —/8j3kukuj3iuidx— /divuajujaiuidx,

and

‘ - (2u+)\)/ divu(u-Vn-u)dS‘

0N
= ‘ —/ (F—i—(P—P))(u-Vn-u)dS‘
(29

§‘ aQF(u-Vn-u)dS‘—{—‘/aQ(P—P)(u-Vn-u)dS
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< c/ |F||u|2dS+C/ lu|2dS

o0 o0
< C(IVF2llullza + IFl o lull s Vull 2 + 1 Fll 2wl F4) + ClIVullZ2
< C|F g llullf + ClIVul?z + C[|Vullz2

1 .
< 1IVpillz: + C(IVulzz + [1VullZz), (3.16)

due to the trace theorem, (2.4), (2.8), and (2.9).
Noting that

/curlu - (uidscurl u)de = —/curlu - (ufdzcurl u)dx — / |curl u|?div udz,
we have
/curlu- (u'dscurl u)dr = —% / |curl u)|?div udz.
This implies that
/curlu ~curl (u - Vu)der = /curlu - curl (u'Ou)dx = /curlu - (u'curl Qpu + Vu' x dyu)dax
= —/&(curl uu)curl udz + /(Vu’ x Oju) - curl udx
= —% / |curl u|2div udz + /(Vul X Oju) - curl udz,
which combined with (1.3) and integration by parts leads to
Is = —,u/curlu - curl udx
__pd / |curl u|*dx — u/curlu curl (u - Vu)dz

2dt

d .
= _ga / |curlu|?dz — ,u/(VuZ x Oju) - curl udx + g / |curl u|*div udzx

d
< —ga/|curlu|2dx+C||VuH?ig. (3.17)

Substituting (3.14), (3.15), and (3.17) into (3.11) yields that

d S
Z O + 7 IVpilL: < C(I1Vulis + [ Vulgs + [VulZz + [ Vul:), (3.18)

where
1 _
U(t) & / [5((2,u + A\)(divu)? + p|curlul?) — (P — P) divu} dx.
By (2.12), one has that

3 _ 3 _
IVullzs < Cllvpal 2. (IVullpz + 1P = Pllg2)® + C(IVullz. + 1P — Pli7:)
3 3
< Cllvpal 7> (IVullz + o = poll2) ® + C(IVullzz + llp = poll72)
1, . _
< 1IVpillLe + C(IVulzz + IVulle + [ Vullz2) + Cllo = oz, (3.19)

due to
1 3 2
_ _ 1 _ 3 2
1P = Plls < CIP = Pl ([ 1P PPde)” < Colo -
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Plugging (3.19) into (3.18), we arrive at

d 1 . _
T YO + 5 IVpulL: < C(IVulps + 1Vuli: + [Vulf: + llp = Aol Z2)- (3.20)
In view of (1.6), (1.8), (3.1), and (3.2), it is clear that

Vi € L. (0,00, L%),  W(t) € C[0, 00), (3.21)

which along with (3.1) and (3.2) implies that
[e.9] 1 —
/ / b (21 + N)(div u)? + pl curlu|2) — (P —P)divu+ Dsalp — ,60|2} dxdt < oo. (3.22)
0

Next, for t > 0, we choose a positive constant D3 suitably large and define the temporal energy
functional

Ms(t) = DsM;(t) + / E (4 N (divu)® + p|Vul?) = (P — P)divu+ Da|p — ﬁoﬂ (t)dz. (3.23)

Noticing that M(t) is equivalent to ||(p— po, v/pu, Vu)(t)||3, provided we choose Dy and Dj large enough.
Fix a positive constant d; that may be small. In light of (3.1) and (3.23), we conclude that, for any d; > 0,
there exists a positive constant 77 > 0 such that

MQ(Tl) < 51. (3.24)
Now we claim that, for any ¢ > T,
U(t) + Dall(p — po) (- )l[72 < 261 (3.25)
This implies that, for any ¢t > 17,
/ (1] Vul? + (e + N)(div u)?] (t)da < 46;. (3.26)

Let 0; be small enough, then one deduces from (3.8) and (3.25) that, for any ¢ > 71,

d Ma(t) | Ilvpull7
dtMQ(t)-i- D + D <0. (3.27)

Integrating (3.27) with respect to t over [T7,00) implies (3.9).
It remains to prove (3.25). If (3.25) were false, taking advantage of (3.21), there exists a time Ty > T}
such that

U(Ty) + Dall(p — po) (- To)[I72 = 261 (3.28)

Taking a minimal value of T satisfying (3.28), then (3.25) holds for any 77 < ¢t < T5. Integrating (3.27)
from T3 to Tb implies that

MQ(TQ) < MQ(Tl) < 51,
which contradicts to (3.28). Hence, (3.25) holds for any t > T7. O

Lemma 3.3. Under the assumptions of Theorem 1.1, there exist two positive constant Cs and ns, which
are dependent on K, but independent of t, such that for any t > 0,

o0
sup [VpulRs + [ [VilRadt < C, (3.20)
t>0 0
and
sup ||\/pt||72 < Cse 1. (3.30)
t>0

12



Proof. Taking (2.7), we rewrite (1.1), as
pi = VF — pcurlcurlu. (3.31)

Applying @/[0/0t + div(u-)] to the jth-component of (3.31), and then integrating the resulting equality
over 2, one gets that

1d A , A
T plu|?de = / (@ VF, + 4/ div (ud; F))dz — ,u/ (- curl curluy + 4 div ((curl curl w)’w))da
S (3.32)

We denote by h = u - (Vn + (Vn)?) and ut £ —u x n, then it deduces from Lemma 2.3 that

- / Fi(u-Vn-u)dS
o0

:_i (u-Vn-u)FdS—i—/ Fh-udS — Fh-(u-Vu)dS
dt o0 o0 0Q

__d (u-Vn-u)FdS + / Fh-udS — | FhY(Vu' x ut) - ndS
dt o0 o0 o0

__4d (u-Vn - u)pd5+/ Fh-udS + /Fhiv X ut - Vulde — /vui x ut - V(Fh')dz
dt a0 o0

d
< —— | (u-Vn-u)FdS+ C|VF| 2|l sl s

+ C (1Pl sl s IVl e + 11F | s lull zollil 2 + [ Fll sl [Vl 2 1] o)
+ C(IVull g2 [ull76 IV Fll e + [Vl Fallul o | 7]l s)

<=4 | w90 wPas+ Cllpille + 1P = Pluz + Va2 + [ Valie)

AVl (193l 2 + 90l + IVuls) + CITulaI VP

<-4 [ (- In WS + CIVul| T F s + Vil

+ OBl IVl + Vullfs + [ 9ulds + IVulls + [Vulla), (3.33)

due to

div(Vu' x ut) = ut - curl Vo' — V' - curlut = =V - curlut,
il s < C(IVallz2 + [Vul72),
IVpillrz < Cllallrz < Ol Vi gz,
IV s < Cllpillze < Cllillzs < CIVll g2 + [[Vull?2).

Thus, it follows from integration by parts, Holder’s inequality, Gagliardo—Nirenberg inequality, (1.13),
(2.9), and (2.4) that

Ji :/(u-VFt+uj6i(8jFui))d:c
= /a X Fyii-ndS — / F, div adx — / u; 0y’ 0; F dx
=— - Fi(u-Vn-u)dS — 2u+ \) /(div w)2dx + (21 + N) /div uVu : Vudz
—W/Pdivudivudx—i—/divuu-VFda:—/ui(?mjadex

</ Fy(u-Vn-u)dS — (2u+ N)||div a2, + 6| Va2, + C||Vul[2,
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+ CllullZsIVFIZs + ClIVullZ

< — | F(u-Vn-u)dS — (2u+ N dival2, + 6||Val2: + C||Vullt
o0

+ OVl 22 [VF (| 2 [VF s + C[[Vul 7.
<— | F(u-Vn-u)dS — (2u+ N[ dival2, 4+ 6|| Va2,
o0
+ C|IVull7a + Cl[Vul 2V F[| 2|V F s + C[|Vull72

d
<—— [ (u Vn-u)FdS — (2u+ )| div a7, + 5| Va3
o0

+ C(IVpullz: [Vulze + [Vulge + IVulgs + [VulZe + [Vulz.)
+ O (IVullze + IVull 2 [V E )V F |l o

d
<—— [ (u-Vnow)FdS — (2u+ )| div |72 + 8[| Va3
o0

+ C(Ivpull =l Vull7s + [Vuls + [Vl fa + IVull7s + [ Vull12) + ClIVull lVpilli.,  (3.34)
where we have used
IVull 32V F| s < [Vull32 (V]| g2 + [ Vull72)
< 8||\Val2s + C|VullS, + C|Vull1s
IVull 22l VF|| 2 IV Fll s < CIVullia Vel 2 (V]| 2 + [ Vull72)
< 6| Vi3> + ClIVull a2 llvpil72 + ClIVullfs + C|[Vull72,

and
Fi+u-VF=2u+ N divyy — P+ 2u+Nu-Vdivu —u - VP
=2u+AN)divae— 2u+ AN div(u- Vu) + 2u+ ANu - Vdive — (P +u- VP)
= 2u+ AN diva — (2p + A)0;(u;05u;) + (2 + AN)u;0;0;u; +vPdivu
= 2u+ N diva — (2u + A)@Zujajul + vP divu.

By direct calculations, we have
Jy = —,u/zl- (curl curluy)dzr — ,u/zl- (curl curl w)div udz — ,u/uiu - curl(9;curl u)dx
= —,u/ |curl 4|2 da + u/curlu -curl (u - Vu)dz + u/(curlu X @) - Vdivudz
— / divu(curlw - curlu)dz — ,u/uidiv (O;curlu x u)dx — M/ui(?icurlu - curl udz
= —,u/ |curl o2 dz + ,u/curlzl@iu x Vu'dr + ,u/(curlu x ) - Vdivudz
—p / divu(curlw - curl @t)dx — u/uidiv (Ojcurlu x u)dx
= —,u/ |curl o2 dz + ,u/curlzl@iu x Vu'dr + ,u/(curlu x ) - Vdivudzx
— ,u/div u(curlwu - curlv)dz — u/u - Vdiv (curlu x @)dx + ,u/uidiv (curlu x 0;u)dx
= —,u/ |curl a2 dz + ,u/curlzlviu x Vu'dzs

- ,u/div u(curlw - curl4)dz — ,u/Vui - (curlu x Oju)dx

< 8|Vill3 + OVt — pllcurl 3., (3.35)
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due to

curl(udivu) = divucurl @ + Vdivu x 4,

div (9;curlu x 4) = 4 - curl(d;curlu) — d;curlw - curl,

/Curlu (Vdivu x u)der = — /(curlu x @) - Vdivudz,
/curlu -curl (u - Vu)dr = /curlu - curl (u'Ou)da
= /curlu(uicurl Oiu + O;u - Vui)dx
= /ui(?icurlu -curl udz + /Curl wo;u X Vuidx,
and
/u - Vdiv (curlu x a)dz = /ui(?idiv (curlu x u)dx
= /ulal(u -curlcurlu — curl4 - curl w)dx
= /uz(u - 0; curl curlu — curl - 9;curlu)dx

+ /ul(alu - curl curludz — d;curl 4 - curlu)dx

= /uidiv (Ojcurlu x u)dx + /uidiv (curlu x gju)dz.

Plugging (3.34) and (3.35) into (3.32), we obtain after choosing  suitably small that

d . .
@(Muuiz + / <u-Vn-u>Fds) + Va2,
o0

< O(IVullgellvpilz: + VealZ: 1 Vullz: + I Vullz: + I Vullza + [ Vullz: + [ Vullz.)

< C(lIvpill7s + IVull72) Vel 7z + C(IVullZ2 + llp = poll72),
due to

. = = 4
IVulzs < Cllpallz: (1Vullz + 1P = Pllz2) + C([Vullz + [P = Plle)
< C(lIlvpullzz + IVullzz + llp = poll72).

It follows from the trace theorem, (2.4), and (3.9) that
|| (w0 wras| < Clluf il < CITulia Pl
< VBl + O(IVult + |Vul2)
< VBl + Ol Vulls
This along with (3.36) indicates that
LBl +1Vils < OBl +IVuls + o~ pols).

Choose a positive constant Dy and define a temporal energy functional

Ms(t) & DsMa(t) + [lv/pul, |72 + Dall(p = po) (-, 1)]122-
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Noting that M3(t) is equivalent to ||(p — po, Vu, \/p)||2. provided Dy and Ds are chosen large enough. In
light of (3.27) and (3.38), we get that, for any ¢ > 0,

d Ms(t) M||Vu||Lz

— t <0. 3.39

M) + Ds Ds (3.39)
Integrating (3.39) with respect to t over [0,00) leads to (3.30). O

Lemma 3.4. Under the assumptions of Theorem 1.1, if additionally imsf2 po(x) > px > 0, then there exist
BAS
two positive constants Cg and ng, which are dependent on K, but independent of t, such that for anyt > 0,

1o = Po) (-, )| < Cge™™". (3.40)
Proof. Denote by o = p — po, then it follows from (2.2), Lemmas 2.6, 2.7, (3.30), (3.1), and (3.9) that
1F 7 < C(||F||L6||VF||L6 +[|F][72)
(HVUHL2 + el + llellz2) (IVall g2 + IVullz2) + C(IVul72 + llell72)
C(

C(IIVull 2 + /el 2 + lloll 2) IVl 2 + C(IVullze + |Vpul7e + [[Vull72 + [lel72)
L+ ||V g2)e™™, (3.41)

which along with (3.29) implies that, for any § > 0, there exists a positive constant 7} such that

/ |F||pdt < 6. (3.42)
T

Let X(t,y) be the particle path given by

{%X(t,y) = u(t, X(t,9)), (3.43)

X(0,y) =v,

then we rewrite the mass conservation equation (1.1); as

o(lit Inp=—divu. (3.44)

By the definition of F' in (2.7), (1.8), and (3.41), we have
p(t,z) > poe~ Jolldiv | poodr > pee” JiC||(P—P,F)||pocdr > p*efC(tJrl)‘
Now we claim that there exists a positive constant ¢y such that

p(t,x) > co. (3.45)

-~
wl:?b

If (3.45) were false, there exists a time T5 > T3 such that 0 < ¢y = p(z(T),Ts) <
minimal value of T3 > T, such that p(x(T3),73) = . Thus, p(z(t),t) € [, co] for t

1
)7, then choose a
5 € [T

rewrite (1.1); as

,T3]. one can

(p(p” = p§)) (t, X (t,y)) = —

ig(t, X(t,y) + pF(t, X (t,v)). (3.46)

dt 2+ A 20+ A

Integrating (3.46) along particle trajectories from 75 to T3, abbreviating p(t, X (¢,)) by p(t) for convenience,
we get that

T T3 T3
2p+A)(p = po)|, + / p(p" = py)dr = —/ pF(t, X (7, y))d. (3.47)

2 To T
We deal with the terms on the left-hand side of (3.47) as follows

T3 T3 20+ A By pl
+/ ﬂ(ﬂV—P)dT<—¥+/ 5 (5 —pd)dr
T2 Ty 1o

(2 + A)(p — po)
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_c2u+A) oy

T3 —T5). 3.48
5 1 (5= 1) (3.48)
By (3.42), we estimate the term on the right-hand side of (3.47) as follows
T3
—/ pF(t, X (1,y))dT > —cod. (3.49)
Ty

Substituting (3.48) and (3.49) into (3.47), we obtain that

au+A)  ap)
- ~ AP0 () >~y
5 1 I3 =T2) 2 —cod,

which is impossible if § is small enough. The proof of (3.45) is finished.
Multiplying (3.46) by o and using (3.45) and (3.5), we obtain that there exist two positive constants
n7 and C' such that

S0, X (1)) + At X (1) < O F |, (3.50)

which together with (3.41) implies that

priy Ot X (t,y)) +mro®(t, X (t,y)) < C(L+ ||V g2)e™". (3.51)

Integrating (3.51) along particle trajectories from 0 to ¢, we derive from Hélder’s inequality and (3.29) that

t
lp = pol|Fe < Ce™ M + C/O e~ (| Va2 + 1)e M dr

t t
<Cemt 40 |7 e (V| 4+ 1)e T dr + / e (V| 12 + 1)e M dr
0

< Ce_mt—l‘ce_%?t(/ HquLng> (/ _2771Td7') _nTﬂ /2 e MTdr
0
¢ 1
+Cen%t/ 67777(t77)d7'+06 / ||VUHL2dT> (/ e it T)dT)
t

2

N[+

nt

< C<efn77t + 677),
from which, the conclusion (3.40) follows. O
Now we are ready to prove Theorems 1.1 and 1.2.
Proof of Theorem 1.1. (1.9) follows from (3.1), (3.9), and (3.30), while (1.10) follows from (3.40). O

Proof of Theorem 1.2. Thanks to (1.8), (3.1), (3.9), (3.29), (3.30), and (3.41), one gets from (3.44) and
inf,eq po(x) = 0 that

inf pla.t) < inf po(x)els IAvulzmdr < i o€ JUFlzeHIP-Plis)ir < inf oo (2)eC0H) — g
TEQ T ze €N zEQ

as the desired (1.11). O
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