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The ringdown phase of a binary black-hole merger encodes key information about the remnant
properties and provides a direct probe of the strong-field regime of General Relativity. While quasi-
normal mode frequencies and damping times are well understood within black-hole perturbation
theory, their excitation amplitudes remain challenging to model, as they depend on the merger
phase. The complexity increases for precessing black-hole binaries, where multiple emission modes

can contribute comparably to the ringdown.

In this paper, we investigate the phenomenology

of precessing binary black hole ringdowns using the SXS numerical relativity simulations catalog.
Precession significantly impacts the ringdown excitation amplitudes and the related mode hierarchy.
Using Gaussian process regression, we construct the first fits for the ringdown amplitudes of the

most relevant modes in precessing systems.

I. INTRODUCTION

Ringdown is the final phase of a black hole (BH) merger,
during which the newly formed, distorted remnant emits
gravitational waves (GWs) as it settles into a stable Kerr
BH [1, 2]. Within the context of BH perturbation theory,
ringdown can be modeled as a linear superposition of a
countably infinite set of damped sinusoids, known as the
quasi-normal mode (QNM) spectrum [3, 4]. According
to the uniqueness theorems [5-8], the frequencies and
damping times of QNMs are fully determined by the mass
and spin of the BH [9-11|. Testing this prediction forms
the foundation of the the “BH spectroscopy” research
program [12-16].

The amplitudes and phases of the modes carry infor-
mation that is complementary to that contained in the
frequencies and damping times. As in any perturbation
theory, the (quasi-)normal mode frequencies are intrinsic
properties of the perturbed system, whereas the specific
modes that are excited, along with their amplitudes, de-
pend on the nature of the initial perturbation. For a BH
ringdown, excitation amplitudes are predominantly de-
termined by the dynamics during the plunge and merger
phases [17]. This is the most complex stage of binary BH
evolution, dominated by strong-field, nonlinear dynam-
ics, making it a promising target for probing potential
deviations from General Relativity (GR). While tests of
GR based on mode amplitudes have historically received
less attention than spectroscopy-based approaches, new
frameworks have recently been proposed and are now
under active development [18, 19]. Crucially, testing GR
using excitation amplitudes requires accurate predictions
across the parameter space of binary BH signals.
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Ringdown amplitude predictions have broader applica-
tions in gravitational waveform modeling. For instance,
for several state-of-the-art approximants (e.g., the Phe-
nom and EOB families), the ringdown phase needs to
be seamlessly attached to the earlier inspiral (modeled
semi-analytically) and merger (calibrated to numerical
simulations) phases, ensuring that the resulting signal is
sufficiently smooth.

Several numerical-relativity (NR) fits are now available
for predicting mode amplitudes in a specific subset of
binary BH systems, namely those where the pre-merger
BH spins are aligned with the orbital angular momen-
tum of the binary [18, 20-27]. Notably, in Ref. [27], we
recently presented a Gaussian Process Regression (GPR)
model for predicting QNM amplitudes and phases in the
spin-aligned scenario. In this paper, we present a compre-
hensive investigation of the phenomenology of ringdown
amplitudes for BH binaries with misaligned spins and
introduce the first NR-calibrated approximant capable of
capturing such systems.

When the BH spins are misaligned, both the orbital
angular momentum and the spins precess, altering their
orientation as the binary evolves. This significantly mod-
ifies the perturbation conditions for the final remnant
BH, leading to substantial changes in the ringdown am-
plitudes [28, 29]. As shown in this paper, the variation
induced by precessing spins can be as large as 100%! Con-
sidering an expansion in spherical harmonics, we provide
fits for the modes (I,m,n) = (2,+2,0), (2,+1,0),(2,0,0),
and (3,+£3,0). Specifically, we provide two sets of GPR
regression fits. First, we consider a physically motivated
6-dimensional parameter space, which considers suitable
combinations of the BH masses and spins, along with the
directions of the remnant spin and proper velocity (or
“kick”) [29]. Additionally, since most parameter estima-
tion and waveform modeling pipelines are currently set
up to take inputs in terms of mass ratio and BH spins,
we also provide regression results for the 7-dimensional
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parameter space consisting of the mass ratio and the
two BH spin vectors. Our models are released as part
of the POSTMERGER open-source package for the python
programming language [30].

Our paper is structured as follows. In Sec. II, we
introduce the NR dataset used and the necessary pre-
processing steps. In Sec. ITI, we explore the phenomenol-
ogy of precessing ringdown amplitudes. In Sec. IV, we
illustrate and benchmark our GPR fits. Concluding re-
marks are presented in Sec. V. Hereafter, we indicate
the BH masses with m; 2 and their dimensionless spin
parameters vectors x1 2.

II. MODE AMPLITUDE EXTRACTION
A. Numerical-relativity catalog

We extract ringdown amplitudes from NR simulations,
specifically using the simulations SXS:BBH:0001-2265
from the SXS public catalog [31]. We select simulations
as follows:

e We restrict our analysis to quasi-circular mergers,
excluding simulations with eccentricity e > 1073,
In the SXS catalog, the eccentricity after relaxation
time is provided using a linear-order Newtonian ap-
proximation; in some cases, only an upper limit is
available, which we conservatively adopt as the ec-
centricity value. We observe that mild to moderate
eccentric simulations do not exhibit significant devi-
ations in QNM amplitude trends compared to quasi-
circular simulations with similar parameters [18].
Reference [32] shows that noticeable deviations from
the quasi-circular case occur only for eccentricities
eo 2 0.5, and currently, the SXS catalog does not
include such high eccentricities. We have explicitly
verified that including these eccentric simulations
in the GPR training set does not notably impact
model performance.

e We exclude seven other simulations due to techni-
cal issues, such as differences in their conventions
or the presence of numerical artifacts. Specifically,
simulations SXS:BBH:0171, SXS:BBH:1134, and
SXS:BBH:0170 have remnant masses larger than
the total initial mass; SXS:BBH:1131 has inconsis-
tencies in the reported mass ratio; SXS:BBH:1110
exhibits strong numerical artifacts in the (2,2) mode
waveform; and SXS:BBH:1111 lacks a waveform ex-
tracted at the outermost radius.

e Lastly, we exclude 17 simulations in which the rem-
nant spin flips to align opposite to the orbital an-
gular momentum, i.e., 6f ~ 7 (see below for our pa-
rameter conventions). This is a known phenomenon
in BH binary dynamics [33-36], but it is difficult to
model due to the limited number of such simulations
available.

Following these cuts, our training set consists of 1866
NR simulations of which 61 are non-spinning, 423 have
aligned spins, and 1382 have precessing spins. Throughout
this paper, we use the following classification criteria:

(i) non-spinning systems, where all spin components
are below 107%;

(ii) spin-aligned systems, where all in-plane spin com-
ponents (X1, X2z,y) are < 1074

(iii) precessing systems, where at least one in-plane spin
component exceeds 10~

Non-spinning systems are a subset of spin-aligned systems,
and unless specified, we treat them as part of the spin-
aligned group.

For each SXS simulation, binary parameters such as
BH masses and spins are measured at a reference time
after the system reaches quasi-equilibrium. In the cat-
alog, all quantities are provided in a coordinate frame
where the z-axis is aligned with the instantaneous orbital
angular momentum at the start of the simulation. In
spin-aligned binary BHs, the orbital angular momentum
direction remains constant (this is not true for binaries in
the so-called up-down instability [37, 38], which however
develops on much longer timescales compared to those
considered here). On the other hand, in precessing sys-
tems, the orbital angular momentum precesses around
the total angular momentum, and the BH spins evolve
due to spin-spin and spin-orbit couplings. For consistency,
we define time-dependent parameters at the prograde in-
nermost stable circular orbit (ISCO), which serves as our
reference point throughout the paper. The BH spin and
linear momentum vectors are extracted from the apparent
horizon metadata files in the SXS catalog.

QNM calculations, which determine frequencies and
damping times, are performed within perturbation the-
ory. In this framework, the natural choice is to work
in a coordinate system whose z-axis is aligned with the
spin direction of the remnant BH, x¢, a.k.a the ringdown
frame. We apply a Wigner rotation to the waveform and
associated quantities, transforming them from the initial
frame—where the z-axis is aligned with the orbital an-
gular momentum at the start of the simulation—to the
ringdown frame using the publicly available SXS code
package [31]. Consequently, all amplitude fits and surro-
gate models are provided in the ringdown frame.

B. Parametrizations

When performing regression from binary BH parame-
ters to mode amplitudes, identifying the optimal com-
bination of parameters that effectively and efficiently
captures amplitude features is non-trivial and may vary
across different modes. However, identifying a suitable
parametrization is crucial for accurate ringdown mod-
eling. By experimenting with various combinations of
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FIG. 1. Distribution of SXS simulations in the (d, xs, 0¢) parameter space. Each panel refers to a different mass ratio intervals;
numbers and colors indicate the number of simulations in each bin.

physically motivated parameters of the binary BH sys-
tem, we find that the (2,m) and (3, £3) mode amplitudes
are well described, and thus fit more effectively, when
using the following six parameters: the asymmetric mass
ratio § = (¢ — 1)/(qg + 1), with ¢ = my/mo > 1; the
symmetric and antisymmetric combinations of the spin
components parallel to the orbital angular momentum
Xs = (qx1z + x2:)/(1+ q) and xa = (gx12 — x2:)/(1 +q)
(these are often referred to as yes and dx in the GW
literature), the angle 0y between the orbital angular mo-
mentum at ISCO and the spin of the remnant x¢, the
angle ¢y between xf and the direction of the recoil, and
the magnitude of recoil velocity vy.

Our guiding principle behind the parameter choices
to capture the effect of precession is that the final spin
encodes details on the precession dynamics before the
merger [39, 40], while the remnant kick is a good predictor
of the asymmetry between m > 0 and m < 0 modes [41-
43]. Further, our choices are also inspired by insights of the
effects of precession studied in Ref. [44, 45] in the context

of waveform modeling. Finally, a very similar choice of
parameterization to ours was also recently explored for
ringdown amplitudes in [29].

Figure 1 shows the distribution of SXS simulations in
the (9, xs, 0f) parameter sub-space. Most simulations fall
within the range 0.05 < § < 0.6, while only a few extend
to higher mass ratio. Additionally, the vast majority
of systems with 6 2 0.2 exhibit positive values of ys.
Notably, all simulations with 6 2 0.7 correspond to large
mass ratios 0 > 0.4. We also observed that the dataset
lacks precessing simulations in the region where 6; 2 0.1
and |xs| 2 0.7.

Overall, for the modes we focus on in this study, we
observe smooth variations in the ringdown amplitudes
across this 6-dimensional (6D) parameter space. Each
mode amplitude predominantly depends on two or three
parameters, while the remaining ones have a subdominant
effect. Although this parameter space is better suited for
fitting and interpreting amplitude trends, it is not directly
applicable to downstream GW applications — particularly



current data analysis pipelines typically require input in
terms of Cartesian spin components. For this reason, we
also develop a GPR fit in the 7-dimensional (7D) param-
eter space defined by §, x1, and x% in addition to our
6-dimensional fits. Note that this parameterization is less
suitable for capturing amplitude features across the pa-
rameter space because of the lack of smooth variation in
these parameters. While our regression may be less accu-
rate for some modes in these parameters, we provide it for
more practical and readily applicable predictions. Finally,
possible alternative parameterizations are discussed in
Appendix A.

C. Ringdown fitting

Extracting QNMs from NR simulations involves iden-
tifying the onset of the ringdown phase, which is still a
challenging problem due to its ill-defined nature [46, 47].
For spin-aligned systems, a common choice is to define
the start of ringdown as ty = tpeak + At, where tpeak is
the peak of the (2,2) strain mode. Conservative choices
like At ~ 20M ensure that the system is well within the
perturbative regime and are favored choice for ringdown
modeling [20, 21, 23, 27, 48], whereas smaller values
are sometimes chosen to maximize the signal-to-noise
ratio (SNR), albeit at the risk of introducing modeling
biases [18, 19, 49, 50]. Alternative approaches based
on physical intuition or fit stability have also been pro-
posed [17, 51-53]. For systems with misaligned spins, us-
ing the peak of the (2,2) mode as a reference is unreliable,
as this mode may not be dominant and precession intro-
duces long-timescale amplitude modulations. Instead, we
adopt a slight variation of the traditional tgyop—the
time of maximum energy-maximized orthogonal projec-
tion (EMOP) across all (2,m) modes [22, 54]—as our
reference time. A detailed discussion and a GPR-based
fit for estimating this reference time are provided in Ap-
pendix B. Note that while we use EMOP to select the
reference time for aligning our simulations, other options,
such as those in Refs. [28, 29, 44|, exist, and the impact of
reference time prescription on precessing ringdown mod-
els has not yet been studied. Moreover, note that tgnvop
does not reduce to tpeax in the non-precessing limit, as
clearly visible from Fig. 15 in Appendix B. Adopting a
conservative approach, we define the ringdown starting
time as tg = tgmop + 20M. Although this choice remains
somewhat arbitrary, we find that the fit error e} (see
below) typically plateaus around this time, providing an
empirical validation for this choice.

After isolating the ringdown, we fit the (2,m) and
(3,£3) modes independently for each SXS simulation.
Additionally, the real and imaginary components of the
(2,0) mode are treated as independent modes, since m = 0
modes are not circularly polarized (see Sec. IIID). Each
mode is fitted using a least-squares algorithm implemented

via SCIPY.MINIMIZE [55], with the following ansatz:
Rim (t) = Apm e~ (t=t0)/Tim o —iwim (t—to)+Pim (1)

The amplitudes A;,, and phases ¢;,,, are the free parame-
ters of out fits. The QNM frequencies wy,,, and damping
times 7;,,, are fixed using the tables' of Ref. [13], which we
interpolated. We truncate all waveforms at t = ¢+ 100M
to exclude spurious effects due to numerical noise.

Note that there are several simplifying assumptions
inherent to this ansatz.

(i) First, it does not account for spherical-spheroidal
mode mixing. This effect is typically small for the
modes we consider, especially when the spin of the
remnant is moderate [21, 56]. For detailed modeling
of mixing coefficients see Ref. [56-59]; we leave their
implementation to future exploration.

(ii) Second, we assume that all overtones have suffi-
ciently decayed by tg, which is reasonable given
that overtone half-lives are typically shorter than
half a wave cycle [52, 60]. For example, in a near-
equal mass system, the damping time of the first
overtone (n = 1) is about a quarter of that of the
dominant mode (n = 0).

(iii) Third, we do not include the excitation of nonlinear
modes; while these can be important for higher-
[ modes such as (4,4), they remain negligible for
(2,m) and (3,£3) as first studied in Ref. [21] and
more recently in Refs. [51, 61].

(iv) Finally, we choose to neglect the excitation of retro-
grade modes. We explicitly checked the amplitudes
of retrograde modes in our simulation set and verify
that it is a good approximation for the parameter
space of our simulations. Retrograde modes are
significantly excited in cases where the system’s
angular momentum reverses during evolution [33—
36], a phenomenon we do not capture due to the
sparsity of our training set (see Sec. ITA). Further
investigations on retrograde modes are presented in
Appendix C.

The SXS code developers recommend a threshold of
h = 1075 beyond which numerical errors dominate [31].
In our fitting process, we adopt a more cautious threshold
of h = 1074, below which we treat all amplitudes as zero.

We evaluate the quality of our least-square waveform
fits using the relative error

S |PiR = hi [ dt

T R

where Aflt is the QNM model of Eq. (1) with amplitude
and phase determined by the fitting procedure and h%\i}}
is the NR simulation.

NR __

(2)

I See Ref. [27] for clarifications regarding the different notation
conventions adopted in Ref. [13].
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FIG. 2. Distribution of ringdown amplitudes for the dominant
and first two subdominant modes. The nominal threshold
Ay = 0.03 helps identify modes expected to play a significant
role.

D. Mode amplitude distribution

Figure 2 shows the distributions of the fitted ampli-
tude values of the dominant and first two subdominant
modes across the dataset. Here we do not identify specific
modes but rather rank them by amplitude and compare
the corresponding excitation levels; this is useful to gain
insight into the overall amplitude scale and the relative
excitation patterns across the parameter space. Addition-
ally, for this plot, we do not differentiate between m > 0
and m < 0 modes, as their amplitudes produce nearly
identical distributions. Instead, we focus on identifying
the modes with different frequency.

Across the parameter space, the amplitude of the dom-
inant mode typically falls within 0.05 < A, < 0.2,
while the first two subdominant modes generally satisfy
Apm < 0.1. A few simulations exhibit comparable exci-
tation levels between dominant and subdominant modes.
We explore mode hierarchy in more detail in Sec. III E.
Based on Fig. 2, we set a heuristic threshold at A;,,, > 0.03.
This value is close to the peak of the amplitude distri-
bution for the first subdominant mode and ensures that
at least ~ 100 simulations are included in this subsam-
ple for the (3,3), Re(2,0), and Im(2,0) modes. We tag
these simulations as “significantly excited” and use this
classification to interpret our results.

Results from our ringdown-extraction procedure are
illustrated in Fig. 3, where we show the distributions of
the fitted amplitude values A;,,, fit errors )%, and fit
errors for simulations with A;,, > 0.03. We observe that
eNt for the (2,£2), (2,£1), and (3, £3) modes generally
falls within the range 10~* to 10~2. However, errors for
the (2,0) mode can be significantly higher. Notably, when
considering only systems where Asg > 0.03, the fit error
for the (2,0) mode falls within the same range as the
other modes.

III. PHENOMENOLOGY

In this section, we examine the variations in QNM
amplitudes for all systems in our dataset across the 6D
parameter space (9, Xs, Xa, 0f, Ok, vx). Identifying clear
patterns is challenging since amplitude variations do not
follow a simple hierarchical dependence on parameters.
Some modes are more sensitive to specific parameters,
while others have a weaker, subdominant influence on
their overall variation.

The most significant correlations are summarized in
Table I. In the following subsections, we present figures
showcasing the amplitude variations along selected key
parameters on the z- and y-axes, with amplitude values
represented on the color scale. Since we are projecting
6D parameter dependencies onto 2D plots, the resulting
patterns may appear less smooth, reflecting the need for
a nuanced, multidimensional parameterization to capture
the behavior of amplitudes. For simplicity, in some of
the plots below, we only show positive-m modes, but the
qualitative behavior we highlight also applies to negative-
m modes, with a few differences, which are listed in
Table 1.

A. Amplitudes of the (2,+2) modes

A large 0r angle is typically associated with systems
that have a large value of §. The amplitudes of the (2, £2)
modes decrease as both § and 6; decrease, as shown in
the top-left panel of Fig. 4.

The top-right panel of Fig. 4 shows the relationship
between the (2, 2) mode amplitude and the kick-spin angle
¢k. Both ¢y and vy strongly influence the amplitude of the
(2,£2) modes, and these parameters primarily determine
the breaking of equatorial symmetry between the (2,2)
and (2, —2) mode amplitudes [41-43]. Notably, higher
vk values typically occur near ¢ ~ 0 or ¢, ~ 7 [62].
Unlike the amplitude variations seen with respect to
and 6¢, where both modes exhibit similar responses, their
behavior with respect to changes in ¢ and vy is opposite.
For the (2,2) mode, as ¢ — 7w and vy increases, the
amplitude increases. In contrast, when ¢ ~ 0, a higher
value of vy leads to a decrease in amplitude. The (2, —2)
mode amplitude shows the opposite behavior to that seen
for (2,2) : as ¢ — 7 and vy increases, the amplitude
decreases; when ¢y ~ 0, a higher value of vy leads to an
increase in amplitude.

Additionally, we note that the amplitude variations
of the (2,£2) modes with respect to the aligned spin
parameters xs and X, are minimal.

B. Amplitudes of the (2,+1) modes

In the bottom row of Fig. 4, we show notable correla-
tions of the (2,1) mode amplitude with respect to d, xa,
and 0. The amplitudes of the (2,+1) modes are only
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TABLE I. Correlations between mode amplitude and binary parameters, using the 6D parametrization described in Sec. II B.
We distinguish between positive and negative correlations, as well as strong and weak ones (this is judged qualitatively by
eye). Hyphens indicate parameters for which we do not observe a clear correlation in any direction. For ease of reading, strong
negative correlations are highlighted in peach-pink, while strong positive correlations are shown in sky-blue.

weakly affected by the § mass-ratio parameter, with a
very slight increase as § increases. The most significant
influences on the amplitude values of (2, +1) modes come
from the opening angle ¢, and the aligned spin parameter
Xa. As 0f increases, the amplitudes also increase. The
two aligned spin parameters show similar patterns, but
Xa is characterized by a smoother trend: the amplitudes
decrease as ), increases, with the largest amplitude values
occurring at large and negative values of y,. There is no
clear correlation with ¢y in general, but near ¢y ~ /2
and large vy, we observe a mild increase in the ringdown
amplitude.

C. Amplitudes of the (3,+3) modes

The amplitudes of the (3, £3) modes exhibit less smooth
variations, indicating that their values depend dominantly
on more than two parameters, as shown in Fig. 5. As §
increases, the amplitude of the (3,+3) modes decreases.
Additionally, when 6y ~ 0, the amplitude is primarily
determined by 6. We also observe that when both §
and 0 are moderately small, the amplitudes tend to be
larger. Figure 5 shows that there is no strong correlation
with the spin-aligned parameters s .. We do not observe
significant dependencies in ¢ and vk, but equatorial
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FIG. 4. Amplitudes of the (2,2) and (2,1) modes across
some 2D sections of our 6D parameter space. Each circle
indicates a NR simulation, with the remaining four parameters
marginalized over.

symmetry breaking appears in the amplitudes of the (3, 3)
and (3, —3) modes (see Sec. IITF).

D. Amplitudes of the (2,0) mode

The m = 0 modes are not circularly polarized, so we
model the real and imaginary parts of the waveforms inde-
pendently, extracting two separate amplitude values: A§§
and Al In Fig. 6, we show the dominant correlations in
the parameter space, separating precessing and aligned
systems. The primary parameters influencing the ampli-
tude of the (2,0) mode are the aligned spin component
Xa,s and the angle 6;. Both the real and imaginary parts
exhibit similar correlations: the ringdown amplitudes
increase with 6; and when x5, are both negative.

E. Mode hierarchy

For non-spinning systems, the excitation amplitudes
follow a well-defined hierarchy: Asyo > Az4z > Asqq >
Ayq, and Ay = 0. This can be observed from the ampli-
tude fits for the nonspinning systems presented in this
work or in previous studies in the literature [18, 21, 23,
27, 51, 63].

Similarly, from the fits for spin-aligned systems, we
know that the (2,42) modes remain dominant, but the
first subdominant mode can be either Az43 or As4q, de-
pending on the spin magnitudes and directions In near-
equal-mass systems with aligned spins, both BHs influence
the amplitudes. The amplitude of the (2,+2) modes de-

creases with increasing xs, while the amplitudes of the
(2,£1) and (3, +3) modes increase with increasing |xa|-.
Among the subdominant modes, the (2, 41) mode is typ-
ically the most significant, with its amplitude reaching
about 20% of the dominant (2,+2) mode. Additionally,
a significant excitation of the Re(2,0) mode is observed
as Xa,s becomes more negative, while the Im(2,0) mode
remains unexcited. In contrast, in the limit of high mass
asymmetry for spin-aligned systems, where the spin of the
larger black hole dominates, both the (2,+1) and (3, +3)
modes can become significant. In this regime, the loudest
subdominant mode typically has an amplitude between
30% and 50% of the (2,+2) mode. The amplitude of
the (2,£2) mode decreases with increasing mass ratio
d. Similarly, the amplitudes of the (2,41) modes and
the real part of (2,0) decrease with increasing ys, while
the amplitude of the (3, £3) modes decreases with ¢ but
increases with xs.

In precessing systems, the mode hierarchy is more com-
plex and less predictable. While one of the (2, m) modes
generally remains dominant, the specific order can vary
significantly depending on the parameters. In the case of
equal masses, the (2, +2) mode remains consistently dom-
inant. The first subdominant mode is typically (2,41)
(observed in 95% of the sources in this subset), though
Re(2,0) can occasionally become more prominent. The
amplitude of the first subdominant mode generally falls
between 5% and 30% of the dominant mode. In par-
ticular, the amplitudes of (2,+1), (3,+3), and Re(2,0)
modes tend to increase with 6¢, although this variation is
somewhat irregular. Additionally, the (3,3) and (3,—3)
modes show a slight increase as ¢ — 7.

Systems with large ¢ angles, indicating strong preces-
sion, present an interesting phenomenology. In such cases,
the mode hierarchy becomes even more unpredictable,
partly due to the limited number of simulations available.
Depending on the parameters, any of the (2,m) modes
can dominate, though the (2, £2) mode still retains dom-
inance most often. Among the 375 simulations in the
SXS catalog with an 6 > 0.5 radians (approximately
30°), the (2,42) mode is dominant in 370 cases. In 9
simulations, the dominant mode is Re(2,0), and in 1 case,
the dominant mode is (2,1). The amplitude of the first
subdominant mode can range from a few percent to nearly
100% of that of the dominant mode. In particular, 121
simulations exhibit at least one subdominant mode with a
ringdown amplitude that is at least 50% of the dominant-
mode amplitude. Of these, 73 simulations feature only
the (2, 41) mode surpassing the threshold, while 43 sim-
ulations show both (2,+1) and Re(2,0) above it. In 5
cases, the (2,+1), Re(2,0), and Im(2,0) modes all exceed
the 50% threshold.

F. Mode asymmetry

In spin-aligned systems, the m > 0 and m < 0 modes
for a given [ are equally excited. However, in precessing
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FIG. 6. Amplitude of the real and imaginary part of the (2,0)
mode across some 2D sections of our 6D parameter space.
Each circle indicates a NR simulation, with the remaining
four parameters marginalized over. The top panels include
both spin-aligned and precessing systems, while the bottom
panel focuses exclusively on spin-aligned systems. Notably, we
observe a significant increase in the (2,0) mode amplitude for
negative values of xs and ., even in the absence of precession.

systems, this symmetry is broken, in a way that strongly
correlates with the remnant kick [41-43]. In Fig. 7, we
illustrate this point in the context of ringdown amplitudes,
focusing on the (2, £2), (2, £1), and (3, £3) modes. When
¢k ~ m, all modes with m = [ exhibit significantly higher
excitation in the m > 0 mode compared to the m < 0
mode. In contrast, for modes where m # [, this trend is
reversed. Typically, the difference in excitation between

m > 0 and m < 0 modes is about an order of magnitude
smaller than the overall mode amplitudes.

G. 7-dimensional parameter space

Most of the mode amplitudes we analyzed do not ex-
hibit significant variations across the 7D parameter space
defined by 6, x1, and x2. However, two notable correla-
tions emerge when examining specific mode amplitudes
against these parameters. In line with the phenomenol-
ogy discussed earlier, we note that high in-plane spins are
associated with larger opening and kick angles.

First, the amplitude of the (2, +£1) modes strongly de-
pends on the in-plane spin of the larger BH, increasing
as the in-plane spin grows. This is illustrated in the left
panel of Fig. 8, where a significant rise in amplitude is
observed with increasing radius. Another clear correla-
tion involves the amplitude of the (3,+3) modes, which
primarily increases with §. Additionally, at high values
of §, the amplitude exhibits a notable increase with the
z-component of the spin of the larger BH.

IV. FITS

We interpolate the ringdown amplitudes extracted from
NR simulations using GPR [64]. GPR allows for smooth,
continuous mappings across complex, high-dimensional
parameter spaces without relying on an analytical ansatz
while also providing uncertainty estimates for the pre-
dicted values. Specifically, we present GPR fits to predict
nine quantities: the amplitudes Agto, Aoy, AR Al
As1s expressed in the ringdown frame, and Atgpmop (see
Appendix B for details on the latter). For each quantity,
two models are trained using either the 6D or 7D param-
eter spaces described in Sec. II B, resulting in a total of
18 models. For a conservative estimate of the uncertainty
in our predictions, we train additional GPR models on
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the Leave-One-Out (LOO) absolute error. Further details
about the treatment of uncertainty on GPR prediction
are discussed in Appendix D. We use the homoscedastic
GPR implementation of SCIKIT-LEARN [65].

A. GPR setup

Gaussian processes are distributions over functions,
based on the assumption that any finite subset of points
X = xy,x9,...,x, in the data domain is characterized
by a multivariate normal joint probability distribution,
F(X) ~ N [u(X), k(X, X)], where the covariance matrix
is defined by the selected kernel function. We use a
commonly adopted combination of a radial basis function
kernel and a white noise kernel. The former computes
the covariance between two points as a function of their
Euclidean distance, assigning higher similarity to closer
points, while the latter adds a constant variance to the

diagonal of the covariance matrix. Our kernel function is
D
k(x;, z;|a, €, No) = a® H exp

e

+ (NO + alm) 6;7

(i, — xj.a)?
E—T

(3)

where D is the number of input features (i.e., either 6 or
7 binary BH parameters, depending on the specific case
considered), and 6;- denotes the Kronecker delta.

It is important to remember that the ringdown ampli-
tudes we are fitting here are, in turn, the results of fits
to NR simulations, the quality of which varies across the
dataset (see Sec. II C). To address this, we introduce an ad-
ditional threshold on the waveform fit error for each mode
and only consider systems with % < 0.08. Note that
this results in models for different modes being trained
on slightly different datasets; the number of excluded
systems ranges from 0 to 190 depending on the mode. We
also incorporate a Tikhonov regularization term into the
covariance matrix by adding o, = —1/logel™ to the
diagonal.

As is standard practice in machine learning, we pre-
process the input data by normalizing it to have zero
mean and unit variance. The training process for GPR
involves optimizing the kernel parameters a, £, and Nj.

We assess the performance of our GPR model using
a LOO cross-validation scheme [66]. This method is
particularly suited to our scenario, given the limitations
of our sparse dataset. Traditional data partitioning into
test, training, and validation sets would yield an unreliable
performance estimate, as results would heavily depend
on how sample points are assigned to each subset. In the
following, LOO is used solely to quantify errors, the fit
expectation value is obtained with GPR trained on the
full dataset.

For our dataset of size N, we perform N training iter-
ations, each time leaving out one data point. For each
excluded data point, we compute the corresponding GPR
prediction, Al(;’fR. We evaluate the performance of our
GPR model using three metrics: the absolute error, the



All sources Ay, > 0.03
1071;(?5 T T T T é;(g\j T T "j T .;
2 < / A0 N 4 4 g
—o| = LT . i
ez 10 , \* \ >
% » it T i
1073k A 1
a ] / i i ]
© . 1t 3 ~ ]
1074 S 13 -
1075“ 1 1 L 3E 1 1 1 13
T T T ] (I T T T T
1071 El i i = E
QA ATD- 4%
oL 1L ]
s B e
% - it
3L = 1L ]
ianaainae
I~ [ T
107 B3 3
1()_5;‘ i | 1 1 | ’;;‘ | | | 1 | ';
NS N D NN D
o o @7 & W 0T T T W
- Alm - |Alm - Ang

FIG. 9. We compare the distributions of the amplitude values
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GPR
lm

relative error, and €SF®, which are defined as follows:

EI‘I'apbs = |Alm — AS}LDR ) (4)
A, _AGPR
Errye = WTZW , (5)
100M 2
hNR _ hGPR dt
€GPR _ fto ‘ Im Im | (6)

Im
ftlﬂ()OM ’hﬁ}fﬁdt
Here, hﬁ’fR is the damped sinusoid defined in Eq.(1),
where the amplitude A, is predicted with GPR, and the
phase ¢, is fixed to the value extracted from the NR
waveforms.The Err,,s and Err, metrics are useful for
evaluating the model’s performance in estimating ampli-
tude values, while e2”® measures the impact of amplitude
uncertainty in the context of a QNM damped sinusoid.
This can be compared to e]*, as defined in Eq.(2).

lm?

B. Model performance

In Table IT, we summarize the performance of our mod-
els using the LOO framework. For each mode, we report
the median, 5**, and 95" percentiles of the absolute error,

10

relative error, and the error statistics e2"™ and €)'F. These
performance metrics are computed for the entire dataset
as well as specific subsets. For significantly excited modes
(Apm > 0.03), accurate predictions are particularly impor-
tant, as less excited modes are inherently more challenging
to detect.

In Fig. 9, we show a comparison between distributions
of amplitude values extracted from waveforms A;,,, and
LOO absolute error from Eq.(4) for the 6D and 7D GPR
models. The performance of our 6D and 7D models is
comparable between m > 0 and m < 0 modes. The 6D
models perform better for the (2,£2) modes across the
entire dataset, achieving a median relative error of 3%.
This is followed by the (3,£3) modes at 7%, and finally
(2,£1) and Re(2,0) modes at ~ 13%. For all modes,
the subset with A;, > 0.03 exhibits lower amplitude
relative error and €;'™, indicating improved performance
for significantly excited modes. For instance, the median
relative error improves from 7% to 3% for (3,+£3) and
from 11 — 13% to 10 — 11% for (2, +1).

The performance of the 6D models is generally better
than or comparable to that of the 7D models, reflecting
the advantage of selecting parameters along which the
amplitudes vary more smoothly. This performance differ-
ence is particularly evident in the precessing subset for
the (2, £2) mode, where the median relative error for the
7D model is approximately three times worse than that
of the 6D model (5% to 15%), and in the (3,+3) modes,
where the error is roughly twice as large (8% to 15%).
Interestingly, for (2,+1) and Re(2,0) modes—where the
amplitudes vary smoothly with the in-plane spin compo-
nents X1, and x1,—both the 6D and 7D models perform
comparably. This is also the case for the spin-aligned
subset of sources, where the ringdown amplitudes vary
smoothly with the z-component of the spins.

Our findings highlight the importance of selecting ap-
propriate parameter combinations that optimize predic-
tion accuracy. Exploring such optimal parametrizations
is an important avenue for future work and could lead to
significant improvements in model performance.

C. Comparison with other models

In Fig. 10, we compare the results of our 6D GPR
models with previous results from both our own work
(“Pacilio+” [27]) and other authors (“Cheung+” [51], “Lon-
don” [23]). The former is a GPR model while the latter
are polynomial fits. These were all constructed for spin-
aligned systems and did not attempt to capture precession
effects.

When comparing with our previous work [27], we use
both models to predict amplitudes for both the precess-
ing and spin-aligned subsets of data, even though the
former model was only calibrated on spin-aligned systems.
Considering precessing sources, we observe that our 6D
model trained on generic spins yields a substantial im-
provement in amplitude prediction accuracy for all modes.
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TABLE II. Performance metrics of our GPR fits. We list median values, along with their distance from 5*® and 95" percentiles

for amplitude absolute error, relative error, eZE™, and enr.

R

have AJ» = 0. We exclude simulations with A;,, = 0 when evaluating relative errors.

Specifically, the median relative error for Asy reduces
from approximately 18% to 5%, for As; from 70% to 15%,

and for Ass from 47% to 9%.

More details on this comparison are provided in Ta-
ble III. Specifically, we test our aligned spin fit from

Some values are missing because for spin-aligned systems all points

6D GPR model offers greater predictive accuracy. This
is particularly relevant because a common simplifying

assumption is to ignore non-aligned spin components and
treat ringdowns as if they were generated from mergers

Ref. [27] outside its intended scope to assess whether our

of binaries with aligned spins. Table III quantifies the
potential improvement in prediction accuracy that can
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TABLE III. Comparison between our previous ringdown fit
from Ref. [27], which was calibrated on spin aligned sources,
and the precessing 6D fit presented in this paper. The columns
in this table indicate which GPR model is used (aligned or
precessing), while the rows specify the target source for ampli-
tude prediction. We present both absolute and relative errors
and list median values along with the distances to the 5" and
95" percentiles.

be obtained when using our precessing 6D GPR model
instead of this conventional assumption.

Restricting to spin-aligned systems, Fig. 10 compares
the absolute error distributions of our 6D model against
those of Refs. [23, 27, 51]. The absolute error values for
all models are one or two orders of magnitude smaller
than the related amplitude value range. The differences
between the models are not significant, and most likely
stem from different waveform fitting techniques employed
to extract amplitude values from NR simulations. From
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FIG. 11. Distributions of the strain relative errors (top panels)
and mismatches (bottom panels), computed for both the GPR
fit and the waveform extracted from NR simulations, are pre-
sented. We report results where we either average or minimize
over the angle ¢ entering the spherical harmonics. Solid ticks
indicate the median values, while dotted ticks mark the 5%
and 95% percentiles. The left and right panels correspond to
GPR fits in our 6D and 7D parameter spaces, respectively.
Complementary results are reported in Table IV.

this comparison, we conclude that GPR models are robust
when applied to spin-aligned systems, with performances
similar to current state-of-the-art methods. Crucially, we
now capture precessing spins.

D. Mismatches

We evaluate the impact of our prediction on GW data
analysis by computing mismatches. The GW strain is
given by

h(t;e, ) = Z P (1) —2Yim (1, @), (7)
lm

where _2Y},,, (¢, ¢) are the spin-weighted spherical harmon-
ics. For ease of reading, we will drop the dependencies of
h(t; ¢, ) from now on. We use two performance metrics
to quantify the difference between the analytical ringdown
waveform obtained using our predicted amplitudes and
the NR waveform, namely the relative error e°* and the

tot
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. 7
0.002319:0057

0.001619:000%
0.001713:0088

0.002179:00%%

(MEE (W)

w/2

0.001713:000%
0.002179-0072

0.003115059%

0.0017+3-950%
0.002179-9572

0.003110 5595

0.00173:050%
0.002319:5603

0.004013:5553

0.00175 5006
0.002319:6603

0.0040135593

0.001673-9503
0.0017+50005

0.001979-0957

0.001673-9503
0.0017+5 0005

0.001979-095¢
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TABLE IV. Performance of our GPR models in terms of the all-mode relative error and the mismatch. We present results for

GPR

representative inclination angles. Specifically, we report (eqo,

and (MEE™), to highlight the accuracy of the GPR models.
® @

The metrics (etor ) and (Mioe ), serve as baselines for interpreting GPR performance.

mismatch MEPR:

tot
flOO]VI ‘hNR o hGPR’2 dt
Eroe (1) = to 100M 2
fto |PNR|” dt
<hNR|hGPR>

\/<hNR|hNR> <hGPR|hGPR> ’

(8)

M (1, 0) =1—

tot

9)

The inner product is computed in the time domain as-
suming flat power-spectral density:

(alb) = Re/a(t)b*(t) dt. (10)
Here, KR refers to the NR waveform, while h6PR is the
waveform obtained for each system using QNM amplitudes
predicted by our GPR models, with QNM phases fixed
to values extracted from fitting the NR waveforms as de-
scribed in Sec. IT C. As in previous analyses (e.g. Ref. [67]),
we average over the spherical harmonics angle ¢; the re-
sulting metrics are denoted (MZF™ (1)), (€27 (¢)),. Sim-

tot tot
ilarly, we compute (M>%(0)),, (eni(t)),, using Egs. (8)-
(9), replacing hGPR with At ie. the waveform obtained
for each system by setting both QNM amplitudes and
phases to values extracted from fitting the NR waveforms
as described in Sec. IIC.

Results are presented in Table IV and Fig. 11, where
we also include a comparison with error statistics min-
imized over ¢. We find that (¢]"(¢)),, remains mostly
between 1073 and 10~!, consistent with the range of eNF
reported in Table II and Fig. 3. We observe a reduction
in performance across all listed metrics at higher inclina-
tion angles. This is expected: for « = 0 or ¢ = 7, only
the (2,+2) modes contribute, whereas at intermediate

inclinations, additional modes become active, increasing
waveform complexity. Note also how the distributions
of p-averaged metrics differ more significantly from the
(p-minimized ones: this indicates increased variability in
the error as more modes contribute to the signal. The
distributions of the error metrics span the same orders of
magnitude for both the 6D and 7D models, although the
former consistently outperforms the latter. Even though
the distributions of eF® and MSZP® extend to higher val-
ues, the bulk of the distribution remains within the same
range as e, and MY®. This indicates that both models

can provide reliable predictions for data analysis.

Figure 12 illustrates the correlations between (MEF®),,
and the parameters 0y and x; for both 6D and 7D models
at inclination angles ¢ = 0,7/4,7/2. Our analysis reveals
that systems with higher values of (¢Z™), and (MIP%),
in both models tend to have larger values of 6;. Addi-
tionally, in the ¢« = 0 case, we report that the mismatch

increases as Xs Srows.

Figure 13 presents two example waveforms recon-
structed from our fits. In particular, SXS:BBH:0260 is
a spin-aligned system with 6 = 0, ¢ = 3.0, xs = —0.85,
Xa = —0.42, ¢y = 7/2, vy = 0.0009 and SXS:BBH:1670
is a precessing system with 6; = 0.77, ¢ = 3.2, xs = 0.39,
Xa = 0.27, ¢ = 0.28, vy = 0.004. To reconstruct the
signals, we estimate the mode amplitude values using
6D fits that were trained using a dataset without these
two waveforms. We observe that each mode amplitude
is accurately predicted. When combining the modes
assuming veiwing angles (¢ = 7/4,¢p = 7/2), we find
MEPR = 0.00166, 57" = 0.00333 for the spin-aligned
system, and MJ® = 0.00168,e7"® = 0.00565 for the
precessing one.
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), 6D

FIG. 12. Variations of the mismatch (M;¥), for the 6D (top panels) and 7D (bottom panels) models as functions of the
symmetric aligned-spin xs and the direction of the remnant spin 6;. Left, middle, and right panels refer to different inclination

angles .

V. CONCLUSIONS

In this work, we investigated the phenomenology of
BH ringdown from precessing, quasi-circular binaries and
presented a first ever fit for their ringdown amplitudes. We
focused on the (2,42), (2,£1), (3,£3), and (2,0) modes,
training our models on numerical relativity simulations
from SXS catalog [31].

We find that the ringdown amplitudes of precessing
binaries exhibit a relatively smooth behavior in the 6D
parameter space defined by (6, xs, Xa, 0f, Pk, vk). Our key
results on the phenomenological trends in the amplitudes
of the ringdown modes are summarized in Table I. No-
tably, the (2,+£1), (3,£3), and (2,0) modes can become
comparable to the dominant modes for higher values of
the misalignment angle 6.

Our GPR models trained in this 6D subspace
outperform those trained in the full 7D space de-
fined by mass ratio and component spin magnitudes
(0, X12,1y,127 X22,2y,22)- That said, the latter space is un-
doubtedly more familiar and closer to what is needed in
current GW data-analysis pipelines. As a by-product,
we also provide a GPR model for the quantity Atgmop,
which predicts the reference time used to extract ampli-
tude values from NR waveforms. All trained models are
available in the POSTMERGER package [30].

Both amplitude models produce mismatches < 0.02.
Mismatches help evaluate the suitability of our results for
gravitational-wave data analysis. Specifically, for a signal
with a given signal-to-noise ratio (SNR), the impact of
mismodeling between two waveform approximants with

mismatch M becomes significant if [68, 69]
> D
~ 2SNR?

where D is the number of parameters entering the wave-
form. When mismodeling errors surpass measurement
uncertainty, addressing the systematic bias introduced
by modeling limitations becomes essential, necessitating
more precise models in data analysis. Equation (11) pro-
vides a useful guideline for determining whether our fits
achieve the required accuracy for a given data quality.
With current detectors, ringdown signals have been mea-
sured at a SNRs < 10 [19, 49, 50, 70-72]. However, next-
generation detectors are expected to observe a few events
each year with SNRs around 100 [73-75|. Furthermore,
rough estimates using the Fisher matrix formalism [74]
suggest that a detector network consisting of Einstein
Telescope and Cosmic Explorer could measure Asy with
sub-percent accuracy from approximately 8-10 events per
year. Measurements of subdominant modes, however,
would still retain a few percent uncertainty. Given these
projections, while our current model may be sufficient
for the present data quality, further refinements will be
necessary to maintain accuracy as detector sensitivity
improves and next-generation data becomes available.
This is our first attempt to produce ringdown amplitude
fits for precessing binaries, and there is certainly room for
improvement. We find that with our procedure, the key
limiting factor is the size and parameter-space coverage
of the NR training dataset. In the short term, we plan to
improve our models by considering other NR catalogs in

(11)
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FIG. 13. Examples of ringdown waveforms reconstructed using
our GPR fit. We consider two cases: a spin-aligned source
(SXS:BBH:0260) in the left column, and a precessing source
(SXS:BBH:1670) in the rigth one. The top row shows the
strain obtained by combining the modes with Eq. (7) fixing
(¢ =m/4,¢ = w/2), while the middle and bottom rows present
the contribution of each individual mode. Solid curves indicate
the waveforms extracted from SXS simulations, whereas dotted
lines show our reconstruction using damped sinusoids. In this
example, the mode amplitudes A;,, are predicted by our 6D
GPR model (leaving out the selected source from training),
and the mode phases ¢;,, are set to the values obtained from
the waveform fitting procedure described in Sec. I1C.

addition to SXS, including those from the Rochester Insti-
tute of Technology group [76] and the MAYA catalog [77].
Exploring regression methods other than GPR that could
make more efficient use of sparse datasets is also an im-
portant avenue for future work. Additional modes need
to be incorporated, including spherical-spheroidal mixing
modes, quadratic modes, mirror modes, and overtones.
Finally, while in this work, we have focused on predicting
ringdown mode amplitudes, we aim to extended them to
predict their phases in a follow up work.
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DATA AVAILABILITY
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released as part of the POSTMERGER open-source package
for the python programming language, see Ref. [30].

Appendix A: Alternative parametrizations

We explored various combinations of physical parame-
ters to identify smooth variations in the QNM amplitudes.
In this appendix, we detail some of the attempts that led
to the definition of our 6D parameter space.

The mass ratio ¢ is a key parameter in describing QNM
phenomenology. However, rather than using ¢ directly, we
opted for the variable § = (¢—1)/(g+1). This transforma-
tion provides a more uniform distribution for systems in
the SXS catalog, improving both the visualization of am-
plitude variations and the performance of GPR training,
as highlighted in Ref. [27].

We also examine different physical quantities that en-
code information about the precession state of the systems.
Specifically, we tested two alternative parametrizations
proposed in the recent literature: the “averaged” defini-
tion of the x;, parameter introduced in Ref. [78] and the
norm of the two-dimensional x| parameter introduced
in Ref. [79]. Some results are presented in Fig. 14, which
shows that neither of these parameters yields a smooth
behavior for the ringdown amplitudes.

Motivated by Ref. [29], we instead opted for the mis-
alignment angle 6y between the remnant spin and the
orbital angular momentum at ISCO, which provides a
smoother behavior, as illustrated in Fig. 14.
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FIG. 14. QNM amplitude values for the (2,1) and Re(2,0) modes are shown for both spin-aligned and precessing sources as
a function of different spin-precession parameters. This comparison highlights how the final spin angle ¢ leads to smoother
variations in the QNM amplitudes, in contrast to both the x, parameter from Ref. [78] and the |x. | parameter from Ref. [79].

Appendix B: Definition and phenomenology of tgnop

As described in Sec. 11 C, in our fitting procedure, we
choose tgvop +20M as the reference time for the start of
the ringdown phase. We define tgpop following Refs.[22,
54], but instead of using only one mode, we combine the
effects of all (2, m) modes. Specifically, for each of the
(2,m) modes,” we compute the parallel energy on a grid
of integral start times ¢;:

‘ft hNR lthNM lmdt‘

EH,lm(ti) (Bl)

8 ft hQNM lthNM lmdt

The total parallel energy is given by the quadrature sum

Ejj =2 /ZEHzm

and can be interpreted as the energy content in the ring-
down portion of the waveform. Now, tgnmop is the time
at which this energy is maximized:

(B2)

(B3)
(B4)

Epnvop = Ejj =2 (tevor) = I%aXEH,z:z(ti),

temop = arg max By =2 (ts) .

2 Since the (2,0) mode is not circularly polarized, we compute
E)| 20(to) separately for the real and imaginary parts.

To study how tgmop changes as a function of the bi-
nary parameters, we introduce a second reference time,

tpeak norm = max /2o m |, m| , which corresponds to

the peak of the L2 norm of the waveforms, considering
all modes present in the simulations. We then define

AtgmoP = tEMOP — tpeak norm-

For our dataset, we have —2.3M < Atgpyop < 14.8M
and 1.2 x 1073M < Ernvop < 2.97 X 1072M. We ob-
serve that ys and 0 are the most dominant parameters
along which Atgmop and Egyvop vary smoothly. This
is shown in Fig. 15, for both precessing and spin-aligned
systems. Both Atgmop and Egpyvop decrease for systems
with larger mass ratios and negative xs. Along with the
GPR models for mode amplitudes, we also trained 6D
and 7D models for Atgyop, providing handy tools to
estimate tgvop from binary parameters. Performance
metrics computed using the LOO framework for these
models are reported in Table V.

Appendix C: Retrograde modes

In our fits, we have neglected the effects of retrograde
modes. In this appendix, we quantify to what extent this
assumption holds.

We define retrograde modes following the same conven-
tion as in Refs. [27, 51], and we repeat the waveform fitting
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TABLE V. Performance of our GPR fit for Atgmop considering
different subset of systems. Time is expressed in units of total
mass M.
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FIG. 15. Values of Atgmop (represented by marker color) and
Ernmor (represented by marker size) as a function of xs and
d for precessing (left) and spin-aligned (right) systems in our
dataset. Both Atgmop and Egmop decrease for systems with
higher mass ratios and negative xs.

process described in Sec. II C with a different ansatz:

hign() = AP ¢~ (t=t0)/Fy =i (1=t0) 0,

+ A e~ (E=t0) /Tl g =il (t=t0) + 1, (C1)
Results are presented in Fig. 16, where we restrict to
systems with A;,, > 0.03.

In the top panel of Fig. 16, we report the distributions
of the ratio Aj, /A}  for the (2,2),(2,1),(3,3) modes
(results are similar for the m < 0 modes). For (2,£2)
and (3,£3), the bulk of the distribution remains below
1072, with very small tails extending up to 10~!: for
these modes, retrograde amplitudes remain significantly
subdominant. The relative retrograde excitation can be
slightly more pronounced for the (2, +1) modes, reaching
a few percent of the prograde amplitude in around 25%
of the simulations. In a few cases, the ratio can be as
high as 50%.

In the middle panel of Fig. 16, we examine the difference
in fitting error when switching from a prograde-only fit
(Emp—ﬁt) to a prograde-retrograde fit (sﬁ}zpr_ﬁt). We
set a significance threshold of 1074, which corresponds
to the lower limit for eN? as discussed in Sec. II C. When
moving to the prograde+tretrograde fit, we observe no
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FIG. 16. Properties of the retrograde-mode ringdown am-
plitude for A;, > 0.03. Results for the (2,1), (2,2), and
(3,3) modes are reported in blue, orange, and green, respec-
tively. The top panels show the ratio between prograde and
retrograde mode amplitudes. The middle panel shows the
difference in the fitting error between prograde-only fitting
and prograde+retrograde waveform fitting; red dashed lines
mark the threshold eN® = 107*. The bottom panel shows
the relative difference in prograde amplitude values between
prograde-only and prograde-+tretrograde waveform fitting.

significant decrease in the fitting error. For the (2,+2)
and (3,43) modes, only about 5% of the simulations
show a difference AeN® > 107%, meaning that, for these
modes, the improvement from adding retrograde fitting is
negligible. However, for the (2, +1) modes, around 26% of
the simulations show AeNF > 10~* and the improvement
can reach up to AelNR ~ 1071,

In the bottom panel of Fig. 16, we investigate the rela-
tive variation in the extracted amplitude of the prograde
mode when transitioning from the prograde-only fitting
(A}, p_g¢) to the progradefretrograde fitting (A}, | g,)-
This variation is negligible for (2,42) and (3,+3) modes,
with the relative change always below 1%. For the (2,+1)
modes, the variation in prograde amplitude can range
from 1% to 10%.

Appendix D: GPR uncertainties

Given a target point in the parameter space, a GPR
model outputs a Gaussian distribution characterized by a
mean value yPR and a standard deviation c“PR. While
oCPR provides an estimate of the uncertainty associated

with ySPR properly interpreting this estimate requires



E T T T T T % T T T T T %
AUV D m
[ORS E \ 3 D = E|
g 1005 1 - = D B_ E;)’
2 : ava

E10-1 .
107"k =l E
< F )
1072 IF 3
< 10-3} 1L ]
— 107 l: A > 0.03]

10—4 1 1 1 1 1 1 | | |

ARG NS BRI ARG NS BN RN
RS S N RSO A\

AN A

6D GPR — 7D GPR

FIG. 17. Ratio of absolute prediction errors via LOO and
GPR uncertainties o2r® for each mode. We report results for
both our 6D (blue) and 7D (orange) parameter spaces. The
left panel includes all training sources, while in the right panel

we restrict to cases with A;,,, > 0.3.

understanding the distinct sources of uncertainty.
Uncertainty in our models can be categorized into two
types [80, 81]: aleatoric uncertainty, which arises from
intrinsic variability in the target quantity (amplitude
values, in our case), and epistemic uncertainty, which is
linked to the distribution of data points in the parameter
space. Gaussian processes inherently model epistemic
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uncertainty through their kernel functions, which depend
on the geometrical distance between data points. As a
result, epistemic uncertainty is low near data points and
high in sparse regions.

The simplest model for aleatoric uncertainty is additive
white noise with a constant magnitude throughout the
domain. In our implementation, we attempt to account
for this by including a white noise kernel in the covari-
ance function. However, our homoscedastic model fails to
capture regions with varying amplitude variance, such as
those distinguishing precessing and spin-aligned systems.
The constant white noise kernel is ineffective in modeling
noise in our dataset and is effectively "turned off" dur-
ing training [i.e., the marginalized likelihood reaches its
minimum when the Ny parameter in Eq.(3) is at its lower
boundary]|.?

As a result, 0CFR reflects only epistemic uncertainty
and does not provide a reliable estimate of the total
prediction error. To quantify this limitation, in Fig. 17,
we analyze the ratio between the LOO absolute prediction
error (cf. Section IV A) and 0“FR. We find that this ratio
spans two orders of magnitude around 1, indicating that
the nominal GPR error can both significantly under- and
overestimate the more reliable LOO error.

More accurate treatment of uncertainty requires het-
eroscedastic GPRs, which can model aleatoric uncertainty
varying across the parameter space (82, 83]. We leave this
for future work.
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