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Abstract

This paper introduces a Distributed Unknown Input Observer (D-UIO) design methodology that uses a technique called node-
wise detectability decomposition to estimate the state of a discrete-time linear time-invariant (LTI) system in a distributed
way, even when there are noisy measurements and unknown inputs. In the considered scenario, sensors are associated to nodes
of an underlying communication graph. Each node has a limited scope as it can only access local measurements and share
data with its neighbors. The problem of designing the observer gains is divided into two separate sub-problems: (i) design
local output injection gains to mitigate the impact of measurement noise, and (ii) design diffusive gains to compensate for the
lack of information through a consensus protocol. A direct and computationally efficient synthesis strategy is formulated by
linear matrix inequalities (LMIs) and solved via semidefinite programming. Finally, two simulative scenarios are presented to
illustrate the effectiveness of the distributed observer when two different node-wise decompositions are adopted.
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1 Introduction

The growing prevalence of large-scale complex systems,
including power grids and transportation networks,
alongside multi-agent and networked systems, has ren-
dered distributed state estimation a prominent and
challenging area of research (Rego et al., 2019). In a gen-
eral distributed estimation setup (Mitra and Sundaram,
2016), a central plant is monitored by a network of sen-
sor nodes, each equipped with computational and data
exchange capabilities. The objective of each node is to
asymptotically estimate the state of the dynamical sys-
tem despite: (i) having only limited knowledge of the
state, and (i) communication being restricted to im-
mediate neighboring nodes. In this context, centralized
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solutions are not feasible (Olfati-Saber, 2005), mak-
ing cooperation among nodes essential for successfully
reconstructing the system state.

Considering that each agent’s measurement of the
plant’s state may suffer from a lack of detectability in re-
lation to the plant dynamics, the authors in (Kim et al.,
2016) propose to address this issue through the intu-
ition of node-wise detectability decomposition. This key
idea contributed to a unique design of the distributed
observer, where the local output injection gain and the
neighboring coupling gain were distinctly associated
with two separate components of the distributed ob-
server. In the subsequent work (Kim et al., 2019), the
concept of decoupling the detectable part from the unde-
tectable part led to a fully decentralized observer design
strategy, which resulted into a plug-and-play distributed
observer with adaptive coupling gains. Building on the
methodology of node-wise decomposition, authors in
(Han et al., 2018) developed an algorithmic procedure
to design a suitable distributed observer, leveraging lin-
ear matrix inequalities (LMIs) to ensure computational
efficiency. More recently, in (Cao and Wang, 2023b),
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the same idea was applied to the design of a distributed
Unknown Input Observer (UIO), where a closed-form
solution was derived for the computation of the cou-
pling gains. The problem of distributed state estimation
in the presence of unknown inputs at some nodes was
also addressed in (Yang et al., 2022) using a network of
distributed observers. An additional interesting aspect
discussed in (Yang et al., 2022) is the use of the UIO to
overcome a common practical limitation: when a system
is distributed and driven by external inputs, it may not
be possible for each node to access all control signals.
In this context, the unavailable local input data can be
regarded as an additional unknown input.

A key advantage of the UIO is its ability to decou-
ple error evolution from the unknown input without
requiring specific assumptions on the behavior of the
input, ensuring the observer’s resilience to abrupt
changes and extreme variations in the exogenous signal
(Cao and Wang, 2023a). All the previously mentioned
solutions apply to the continuous-time domain, while
limited results exist in the literature that exploit the
node-wise detectability intuition for the discrete-time
domain. Some of the challenges in adapting continuous-
time solutions to discrete-time state estimation were
explored in (Wang et al., 2019), where a distributed
observer was successfully developed for communication
networks with time-varying topology. Specifically, a
major challenge arises from the fact that existing de-
sign techniques proposed in continuous-time rely on the
concept of “high gain”, which has no direct equivalent
in discrete-time, presenting a significant obstacle.

Moving from this considerations, this work leverages
node-wise detectability decomposition to elaborate a
simple strategy for designing a Distributed Unknown
Input Observer for discrete LTI systems. The proposed
approach, based on linear matrix inequalities (LMIs)
conditions, effectively handles unknown inputs and
measurement errors while eliminating the need for a
connected communication topology—an assumption
that, although common, might be restrictive. More in
detail, the observer design problem is divided into two
subproblems to address separately the boundedness of
the error dynamics in the detectable and undetectable
subspaces. Eventually, LMI conditions are derived to
keep the errors bounded and minimize the impact of
measurement noise on its evolution.

The paper is organized as follows: Section 3 outlines the
distributed estimation problem and the distributed un-
known input observer design problem. Section 4 presents
the algorithm underlying the distributed observer. Sec-
tion 5 describes the design process and provides for-
mal guarantees for the observer’s stability. Section 6
demonstrates the performance of the proposed strategy
through two illustrative examples. Finally, Section 7 of-
fers concluding remarks and suggests directions for fu-
ture research.

2 Notation

The symbols N and R denote the set of Natural and
Real numbers, respectively. The matrix I,, denotes the
identity matrix of dimension R™*™  while 0,,x,, repre-
sents the zero matrix of dimension R™*". The operators
blkdiag(-) and diag(-) are used to construct a block di-
agonal matrix and a diagonal matrix, respectively. Sim-
ilarly, the operator col(+) is used to construct a column
vector. The operators rank(-), im(-), and ker(-) represent
the rank, image, and kernel of a matrix, respectively.
Given a subspace § € R” with dimension dim § it’s or-
thogonal complement is S*+. The symbol ® represents
the Kronecker product, while || - |2 denotes the Euclidean
(or spectral) norm.

3 Problem Formulation

Consider the discrete-time linear time-invariant system
z(k + 1) = Az(k) + Bu(k) + Byw(k) (1)

where k € N is the discrete time, (k) € R" is the
system state, u(k) € R™ is the system input and
w(k) € R™ is an unknown disturbance. The matrices
A € R'=xn= B ¢ R"*" and B, € R"*" are the
state transition matrix, the system input matrix and
the disturbance gain matrix respectively. A network of
m sensors in monitoring system (1) where the output of
each sensor is

yi(k) = Ciz(k) +vi(k), Vi=1,...,m (2)
where y; € R"v C; € R™v*"= ig the output matrix and
v;(k) € R™v is measurement noise for sensor i. Sensors
are associated to nodes where local computation and
data exchange take place. Nodes can communicate only
with their immediate neighbors according to an underly-
ing communication topology modeled as an undirected
graph G .= (N, &, Ay) where N := {1,...,m} is a finite
nonempty node set, £ C N x A is the set of edges and
Ay = [ay;] is the adjacency matrix. For each node 1 its
neighboring set N is defined as the set of all agents j
such that (i,7) € €, i.e. N; = {j]| (i,7) € E}.

The Laplacian matrix of G is £, = Dy — Ay = [l;]
where D, = diag([d1, da, . . ., d,]T) is the degree matrix
defined as the diagonal matrix in which each diagonal
term d; for ¢ = 1,...,m identifies the number of edges
connected to node 7. Sensor outputs y; (k) can be stacked
into the following aggregated output

y(k) = Ca(k) + v(k) (3)

The aggregated output matrix and measurement error
are

C = [clT ...cﬂT,v(k) - [vl(k)T



To clearly differentiate locally available signals, we par-
tition the system inputs into two distinct components:
a component u;, known at node ¢, and a component v,
which is unknown to ¢ and can instead be seen as an
exogenous disturbance, i.e.

Bu(k) = Byui(k) + Bl (k) (5)

where u; € R%u B; € R%*mu g € RMu, BY €
R X" and ny, = niy + n,. As a consequence, the aug-
mented local unknown disturbance vector is defined as
wi (k) = [(u¥ k)T, w(k)"]" while the augmented local
unknown input matrix is denoted with B;,, := [BY, By).
A graphical representation of the described setup is given
in Figure 1.
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Fig. 1. Distributed Observer Scheme: Each node N; collects
locally available data, including the sensor output y; from
its corresponding sensor S; and the local input w;.

Throughout this work, we assume that the following con-
ditions hold:

Assumption 1 rank(B;,) = n, +n¥, and rank(C;) =
ngy for alli € N.

Assumption 2 rank(C;B;y,) = n,+nY, foralli € N.

Assumption 3 The measurement noise wv;(k) s

bounded for all k > 0 and Vi € N

Remark 1 There is no loss of generality in assuming
that the local matriz By, and the local output matriz
C; have full column rank and full row rank, respectively
(Chen et al., 1996). In addition, the rank condition about
their product is commonly used for the classic centralized

UIO design (Yang et al., 2022; Trinh et al., 2008).

The problem addressed in this work can be stated as
follows:

Problem 1 (Distributed UIO Design) Given the
system (1) under Assumptions 1, 2, and 3, design a
distributed unknown input observer (D-UIO) that, for
each node i = 1,...,m, reconstructs a complete esti-
mate ; (k) of the internal state x(k) using only local and
neighboring data, even in the presence of the unknown
disturbance w;(k) and the measurement error v;(k).

4 Structure of the Distributed Unknown Input
Observer

Solving Problem 1 requires achieving two objectives: (i)
establishing rules for the distributed estimation of the
state z(k), and (ii) devising a strategy to locally miti-
gate the effects of both disturbances w; (k) and measure-
ment noise v; (k). To address both objectives simulta-
neously, we propose a distributed Unknown Input Ob-
server. The design of the UIO is based on decomposing
the state space into locally detectable and undetectable
components and leveraging some algebraic properties of
invariant subspaces. The following sections outline the
rank conditions required for the UIO design and detail
the detectability decomposition that is at the base of the
proposed design process.

4.1  Rank condition for UIO existence

To decouple the UIO dynamics from the unknown input
w; (k) at each node i € N, the following conditions must
hold -

PBi, =0, VieN (6)
where P; € R"™=*"= ig a matrix defined as follows

and E; € R™*™wv is matrix to be designed. It can be
proved that E; solving (6) exists if and only if Assump-
tion 2 holds (Chen and Patton, 2012). The general solu-
tion of (6) can be expressed as

E; = =By (C;Biy)" + Hi(I — Ci By (CiBiy)')  (8)

where (C;B;,,)' denotes the left inverse of C; B;,,, given
by

(CiBia)! = ((CiBiw) " (CiBi)) ™ (CiBi)™  (9)

and H; is an arbitrary matrix of appropriate dimensions.
A well-chosen E; maximizes the rank of P;, ensuring that

ker(P;) = im(DB;,,) which leads to the condition

P;
rank lT 1 = Ny. (10)

In general, the most common choice for E; to satisfy the
rank condition (10) is E; = — By, (C; Biw)'.



4.2 Detectability decomposition

The key idea behind the design of the distributed un-
known input observer is to identify a similarity transfor-
mation that, when applied to the matrix P;A, induces
a triangular structure. To this end, the detectability de-
composition theory (Callier and Desoer, 2012) is used
to determine the detectable and undetectable subspaces
of the pair of matrices (P;A,C;) at node i denoted as
D, and U;, respectively. Let x p, 4(z) denote the minimal
polynomial of P; A, defined as the monic polynomial of
the lowest degree satisfying x p, 4 (P;A) = 0. The coprime
factorization xp,(z) = Xp, 4(2)X}, 4(2) corresponds to
a decomposition of the space R"*, where ker(x p, 4(P;A))
contains the states with strictly stable dynamics and
ker(XJISi 4(P;A)) contains states with marginally stable
or unstable dynamics. Consequently, the undetectable
and detectable subspaces of (P; A, C;) are defined as:

U, = () Ker (C(PAY) NKer (x5 4(P.A) (1)
=1
Di = UZJ' (12)

where diml/; = v; and dimD; = n, — v;. To con-
struct the similarity transformation, we introduce two
isometries, D; € R"%*(==vi) and U; € R™*¥ | satisfy-
ing DZ-TDZ- =1, v, UZ-TUZ- = I,,, where the column
spaces of D; and U; are D; and U;, respectively. Noting
also that

Ci
C;PA
Im D; =Im (13)
C; (PA)™
L XJI%A(PiA) ]

D, can be obtained using the Gram—Schmidt procedure,
while U; is chosen such that [D;  U;] forms an orthonor-
mal matrix. As a result, the detectability decomposition
for matrices P;A and C; of system (1) is given by

U:: PA [Di Uz} = jfd Aq (14)
C; [Dl UZ} = {Cid 0} (15)

where Aiy == DI'PAD; € RMe—vi)x(na—vi) A, =
DI PAU; € Rvx(n==vi) | Ay, = UI'PAU; € RV
and Cjq = C;D; € R™w*(==v:) Similarly to a Kalman
canonical representation, the pair (A4;q, C;q) is observ-
able while, because of the detectability decomposition,
the matrix A;, is unstable.

4.8 Distributed Unknown Input Observer Algorithm

The UIO is characterized by the following update rules
at each node i:

— G Yy (k) — (k) (16)
j=1
2i(k) =&i(k) — Eiyi(k) (17)

where & (k) € R™ represents the internal state of node
i, and Z;(k) is the estimate of the system state x(k)
computed at node 7 at time step k. To eliminate the
dependence of the observer evolution on the unknown
input, the matrix F; is computed as in (8), setting H; =
O, xng, - The matrix L; is then defined as

L; = K;,(I +C,E;) — (I + E;C;)AE; (18)
while gains K; and G; are defined as follows:

K;=D!Kiy, G;:=qgUU" (19)

where K;y € R"*"iv and g; € R are design parameters.
As is going to be clarified later, this particular structure
for the gains K; and G; enable to decouple the design
of the two gains. The Distributed Unknown Input Ob-
server strategy is summarized in the following Algorithm
where the initialization values are &(0) = 0,,_, for all
1=1,....,m.

Algorithm 1 Distributed Unknown Input Observer

1. Collect state estimates &;(k) Vj € N; from neigh-
boring nodes
2: Reconstruct local estimate as

Ti(k) = &(k) — Eiyi(k)
3: Update the internal node state as
Gi(k+1) = (PA - KiCi)&(k) + Liyi(k)

+ P,Biui(k) — Gi > aij (#(k) — &;(k))
=1

4: Transmit the reconstructed state Z; (k) to neighbors

Remark 2 When B, = 0 i.e., the system is not affected
by unknown inputs, and all nodes have full access to input
data the trivial solution E; = 0, Vi € N, can be adopted,
reducing the proposed D-UIO to the discrete-time coun-
terpart of the distributed Luenberger observer proposed
in (Kim et al., 2016).



5 Design of the D-UIO parameters

This section details the procedure to calculate the design
parameters K;q and g; fori=1,...,m.

5.1  Analyses of the error evolution

Let us define the state reconstruction error for the i-th
observer as e;(k) = Z;(k) — x(k), and its concatenated
form as e(k) = col(e;)ien. To facilitate the analysis of
the error dynamics let us first analyze the term L;v; (k).
In particular, its contribution in the detectable subspace
is given by

DI Liyv;(k) =DF [K;(I + C;E;)

+ DI K;Ci(D;DF + U,UT)E;v; (k)

— DI PA(D:D] + UUT) Ewi(k)  (20)
where we have used the orthogonality of the matrix
[D; U], inparticular the identity D;Df +U,UT = I, ,
as well as the definitions of the matrices P; and L; pro-

vided in (7) and (18). Substituting (19) and (14)-(15)
into (20), we obtain

D?Livi(k) —Kidvi(k) + KidcidE'Ui( ) —

- - (Azd -

szzUz( )

ldczd)D El’l}l(k) + Kldvl( )
(21)

Following the same methodology, in the undetectable
subspace we have

Ul Livi(k) = UL [Ki(I + CiE;) — (I + E;C;)AE;] v; (k)
= -U!P,A(D;D} + U;U}")E;v; (k)
= — Ay DI Ewi(k) — A U Evi (k) (22)

where, in the second equation, we have used the identity
UK; = Ul-DZ-TKl-d = 0, which follows from the orthog-
onality condition Ul D; = 0. Before proceeding to the
error analysis, let us also examine the term L;y; (k). In
particular, within the detectable subspace, we have

D Liyi(k) =D] Li(Ciz(k) + vi(k))
=D!I'L;Ciz(k) + DI Lyv;(k)
1aCix(k) + KigCiE; — DY AE;Cia(k)
— D! E;C;AE;C;x(k) + DI Liv; (k)
=K;aCi(D; D + U;U + E;Cy)x(k)—
DI (I + E;C;)A(D; D} + U, U E;Cix(k)
+ D;L;v;(k)
= — (Aia — KiaCi) D] Ey; (k)
+ K;qCia DT (k) + K;qui (k) (23)

On the other hand, in the undetectable subspace, we
obtain

Ui Liyi(k) =U]" Li(Ciax(k) + vi(k))
=UT'L;Cix(k) + UL Liv; (k)
=Ul(K;(I + CE;)
— (I + E;C;)AE;)Cix(k)
+ UL Livi (k)
=UlLyv(k) — U (I + E;C;)A(D; DY
+ U, UNE;Cix(k)
— (A DY + A U Eiy(k) (24)

We can now proceed with the analysis of the error evo-

lution. For node 4, let us define the error evolution in the

detectable subspace as ef;, := DTe;(k). Consequently,

we have

ety ' =Df (@i(k+1) — x(k +1))
=D[(&(k+1) = Biyi(k +1) — z(k + 1))

+ D] P;Biui(k) — D] G; Y _ aij (2:(k) — &, (k))
j=1
— DI'Eyi(k+1) — D x(k +1)
=D (P;A — K;C;)& (k) + D Liyi(k)
— DI Evi(k + 1) + DY PiBu,(k)
— D' Pa(k + 1) (25)

where we have used the update rules given in (17) and
the identity D] G; = 0, which follows directly from the
orthogonality condition DY U; = 0. Substituting (1) into
(25) and performing some algebraic manipulations, we
obtain

el =Dl (P,A — K;Cy)&(k) + D} Liyi(k)
+ DI P,B;u;(k) — D} P;Ax(k) — D] P, B;u;(k)
- DiTPiBiwﬁ)i(k) — DZ-TEivi(k +1)
=DT(P,A — K;C;)(D;DF + U,UI)¢&i (k)
— DI'P,A(D; DY + U; Uz (k)

+ DI Liy;(k) — DI Ejvi(k + 1)
=A;4D] & (k) — D] DiK;qCiaD} &(k)
— AjgDIz(k) + DI Liy; (k) — DI Bjvi(k + 1)

=(Aia — KiaCia) D] &(k) — Aia D] z(k)
+ DF Lyy; (k) — DT Byvg(k + 1)
=(Aia — KiaCia) D} (&i(k) — Eiy(k) — z(k))
+ Kqvi(k) — DI Byvi(k + 1) (26)

where the second equality leverages the selection of FE;
satisfying condition (6), effectively decoupling the error



evolution from the unknown input w(k). Similarly, let
us define e, == UTe(k). Following the same steps as in
(25)-(26), the error dynamics in the undetectable sub-
space can be expressed as

eﬁfl :UiT(ﬁji(k +1)—=2(k+1))
=UF(&(k+1) - Biyi(k +1) — x(k + 1))
=U(PA - K;C;)&(k) + Ul Liyi(k)

+ U PiBiui(k) — g:UL > aij (ei(k) — (k)
j=1

- UZTE'Lyz(k +1) - Uszzr(k +1)
=U" (P, A — K;C;)&(k) + U] Liyi (k)

+ U PBjui(k) — ;U] Zlijej(k)
7j=1

— U P Az(k) — UF PiBu(k) — UL P, B;w; (k)
— Ul Evi(k+1) (27)

Noting that the summation in (27) can be rewritten as
Z;‘nzl Q4 (ez(k) —€j (k)) = E;nzl lijej(k), after some al-

gebraic rearrangements we obtain
et =Ul (BA - KiCy)(DiDf + UiU] )&i(k)

= Uy (D D] + U U e; (k)
j=1
— U/ P,A(D; D} + UU ] )a(k)
+ Ul Liyi(k) — UL Bjvi(k +1)
=Ai DI &i(k) + AU & (k) + Ul Liyi (k)

— U ;DD (k)

j=1
— giU" Y LU e5(k)
j=1

— Ay DY (k) — Ap U x(k) — UL Byvi(k 4 1)

=AyDf ei(k) — iUy 15D, D e;(k)
j=1
+ AUl ei(k) — iU 1UU ej(k)
j=1

~UlEjv;(k+1) (28)

To facilitate the analysis of the overall error dynamics,
it is convenient to express the error evolution in the de-
tectable and undetectable subspaces in aggregated form.
The aggregated form of the error dynamics in the de-
tectable subspace is given by

DTe(k+1) = (Aq — KqCa)D"e(k)
+ Kqv(k) — DTEv(k+1) (29)

where D = blkdiag(D,)icn, Aq = blkdiag(Aiq)ien s
Cy = blkdiag(Ciq)ien, E = blkdiag(F;)ien and, Ky =
blkdiag(K;q)icar- On the other hand, the concatenated
error dynamics in the undetectable subspace can be ex-
pressed as

Ule(k+1) = (Au — gUT (Ly ® I,,)U) UTe(k)
+ (A, — gU"(Ly ® 1,,,)D) D" e(k)
~UTEv(k+1)

(30)
where A, = blkdiag(A;u)ien, Ar = blkdiag(A;r)ien
and, g = diag(g:I,,)ica. Combining (29) and (30), the
overall closed-loop error dynamics can be expressed as

DT
UT

Py 0

ek +1)=[D U] o o

e(k)

(31)
+[D U]

I;d] v(k) — Ev(k +1)

where &4 = Ay — K4C4, &, == A, — gU” (Ly®1n,)D,
and @, == A, —gU”T (L, ® I,,) U. It is important to un-
derline that, due to the concealed lower-triangular struc-
ture of (31), the design of the D-UIO can be decoupled
into two independent problems:

(i) The design of the gains K;q for i = 1,...,m that
guarantee boundedness of the error dynamics in the
locally detectable subspace;

(ii) The design of the gains g; for i = 1,...,m that guar-

antee boundedness of the error dynamics in the locally
undetectable subspace.

In the following, the above two problems are addressed
separately and the corresponding solutions are provided.

5.2 Design of the stabilizing gain for the detectable sub-
space

Given Assumption 3, the error evolution (29) (equiva-
lently (26) for all : € N) remains bounded if and only if
the closed-loop matrices (A;q — K;qCiq) are asymptoti-
cally stable for ¢ = 1, ..., m. Consequently, K;; can be
chosen such that the eigenvalues of (A;q — K;qCiq) lie
within the unit circle. Notably, such a K;; always exists
because the pair (A;q, Ciq) is Observable.

In this work, we exploit this degree of freedom by de-
signing K4 in such a way to mitigate the impact of the
local measurement error v; (k). Specifically, we introduce
the following performance variable



and decide to design K;y by minimizing the following
H . performance index

l|i(F) |2 (33)

where V; is the set of all possible realization of the overall
bounded local disturbance ; (k) = [v; (k)T v; (k+1)T]7.

Proposition 1 Let Assumption 3 hold true. Given the
closed-loop error dynamics (26) and the H, performance
index (33), if matrices P* = (P*)T >0, Y} and a scalar

* exist that solve the following semidefinite program-
ming (SDP) optimization problem:

P*Y¥ B*] = 1 i

[ s 4d )/B’Ld] arg Pyr}%t{%id ﬂ d
P PAy—Y,Cig —[Yq PDTE;] 0
* P 0 I

s. t. >0 (34)
* * Bial 0
* * * Bial
P>0

then the gain K;q = (P*)™'Y} ensures that the closed-
loop error dynamics (26) remains bounded, with a per-
formance guarantee J; < BF,.

Proof. Given the following generic closed-loop system

s(k+1) = (A, — K,C1.)s(k) + (By — K. Dy,)ii (k)
Zs(k) = Cgss(k) + Dgsﬁi(k),
(35)
where 0;(k) is a disturbance signal, the optimal H
gain K, with performance guarantee ;4 can be com-

puted by solving the following optimization problem
(Duan and Yu, 2013):

[P*, Y], Biyl =arg min  Big

P,Yq4,Bia
P PA, - Y;Cis PBs—YyD1s O
P 0 ci.
st | 25| S0 (36)
* * Bial Dg;
* * * Bial

P>0
where the optimal gain is given by K, = (P*)_lyd*.

Observe also that the error dynamics for the detectable
subspace in (26) can be rewritten as
eia(k +1) = (Aia — KiaCia)eia(k)+

([o -7 B] - Kia [-1 0] ) 5:th) (37)

where e;q4(k) = DXe(k), 0;(k) = [v;(k)T,v;(k + 1)T]T.
Then, by selecting Ay = A4, Bs = [0 — DI'E;], Ch5 =
Cia, Cos = I, and D14 = [—1 0] and Dog = 0, the sys-
tems (35) and (37) become equivalent, leading to opti-
mization problem (34), thereby concluding the proof. B

5.8 Design of the stabilizing gain for the undetectable
subspace

The evolution of the derived error in the detectable (26)
and undetectable (28) subspaces indicates that local
measurement primarily steers the observer node within
the detectable subspace. To operate in the undetectable
subspace, a consensus protocol is introduced, governed
by the diffusive coupling gains g¢;. This approach uti-
lizes neighboring data to compensate for the limited
knowledge of the internal system state. Specifically, the
consensus strategy ensures that each node updates its
estimate based on neighboring information until con-
sensus is reached in the undetectable subspace.

Proposition 2 Given system (1) under Assumptions 1,
2 and 3 if there exist scalars gf fori = 1,...,m solu-
tions of the following semi-definite programming (SDP)
optimization problem:

g7, 8] = arg znin Bu (38)

st My < Bul (39)

Bu<0 (40)
where

T
v [[ATAL = (ATe() - (476(9)" ~ 1] ()"
=
* —1I

(41)

O(g) = (U" (diag(9)Ly ® I,,) U) (42)

with g = [g1,...,9m|%, then the error dynamic in the

undetectable subspace (30) is bounded Vk > 0 with error
decay rate B, .

Proof. Due to the lower-triangular structure in (31) and
the boundedness condition in Assumption 3, it suffices
to establish the stability of the following subsystem (cap-
tured in (30))

Ule(k+1) = [Ay —gUT (L, @ DU UTe(k)  (43)

which in turn guarantees the boundedness of the error
dynamics in the undetectable subspace. We consider the
candidate Lyapunov function

m

Vi = Z(UiTei(k))T(UiTei(k)) (44)
=1



which is a positive definite function of the estimation
errors. For simplicity of exposition, we have used Vj =
V (k). Then, at time k + 1, we have

Vigr=  Ulei(k+1)" (U] ei(k + 1))
=1
T

=3 | AUl ei(k) — gUF > " 1i;U;U ] e;(k)

i=1 j=1

A U'ei(k) = iU LU U e (k)

j=1

_ i(UiTei(k))TA;ﬂAiu(UiT ei(k))
T

> |9 Y 10U e (k) Av (U i)
i—1 j=1

—(Ulei(k)" AL, giUz'TZlijUjUjTej(k)

j=1
T
+ || U U U e (k)
i=1 j=1
—giUL Y 1 U;U e;(k) (45)

j=1

where the second equality was obtain leveraging the
identity derived in (28). By introducing notation O(g) :=
(UT (diag(g)Ly ® I,,) U), the expression for V(k + 1
can be compactly rewritten as

Virr =(UTe(k)TAT A, (U e(k))

— (UTe(k))" (AZO(g) + O(g)" Ay) (UTe(k))
+ (UTe(k))" ©(9)TO(g) (U e(k)) (46)

For Vj; to be a valid Lyapunov function, we require that
Vigr < Vi (47)

along then system trajectories that leads to the following
inequality to be satisfied

Vir1r = Vi < Bu (48)

with 8, € R being a non-positive scalar. Substituting

(44) and (46) into (48) leads to

(U e(k)" [4T A, — ((4T60(9)) + (4T6(9))")
+®(g)T®(g)} (UTe(k))
— (UTe(k))" (UTe(k)) < Ba (49)

That is equivalent to the following matrix inequality

ATa, - ((aTe(9) + (aTe(g)") ~ 1

Miq

T —1

Mz M,," Max

and, by applying Shur’s complements, we derive

lMll Mo

] < Bul (50)
M1 Moo

that is equivalent to the LMI condition (39). Minimiz-
ing 3, in this formulation (subject to non-positivity con-
straint) yields the optimization problem in (38)-(40) con-
cluding the proof. |

It is important to note that by minimizing the parameter
By, we select, among all feasible diffusive gains G;, those
that maximize the decay rate of the Lyapunov function
V (k) and thus enhance the convergence properties of the
consensus protocol.

Remark 3 Problem (38)-(40) requires no specific con-
straints on the graph topology G; in particular, the com-
munication graph does not need to be connected. Numer-
ical tests suggest that the feasibility seems to be solely re-
lated to the Mahler measure (Chesi, 2013; Mahler, 1960)
of A (that is the absolute product of unstable eigenvalues
of A) and the detectability of the pair (A, C).

6 Numerical Example

The node-wise decomposition relies on the triangular
structure derived in equations (14)-(15). Specifically,
this triangular structure arises from the orthogonal-
ity condition between subspaces D; and U;, namely
DIU; = 0 for i = 1,...,m. In fact, D; is directly
determined as the the orthogonal complement of ;.
Moreover, U; is an invariant subspace for the matrix
P;A and is contained within ker(C;). Consequently,
any decomposition that decompose the space R™* into
two orthogonal subspaces in which one of the two is a



P; A-invariant subspace contained within ker(C;) can be
utilized.

For instance, an alternative viable decomposition is the
observability decomposition, where the state space is
decomposed into observable and unobservable compo-
nents. Indeed, it is well-known that for a given matrix
pair (P; A, C;), the largest P; A-invariant subspace con-
tained within ker(C;) is the unobservable subspace as-
sociated with the pair (P;A4,C;) (note that the unde-
tectable subspace is always a subset of the unobservable
subspace). Thus, the matrix D; can be computed as fol-

lows:
T

Ci
CiPA
Im D; = Im . (51)

C; (PA)™ 1

where the matrix on the right hand part of the equal-
ity is the observability matrix at node i. The matrix U;
is than determined in such a way the matrix [D; Uj]
is an orthonormal matrix. In this section, we examine
two examples based on either the detectability or the
observability decompositions in order to assess the effec-
tiveness of the proposed distributed D-UIO observer.

6.1 Exzample based on the detectability decomposition

In the following, the effectiveness of the proposed strat-
egy is analyzed when a node-wise detectability decompo-
sition is adopted. In particular, the LTT system presented
in (Cao and Wang, 2023b) is used as testbed. The model
has been discretized using a Zero-Order Hold technique
with a sampling time of ¢, = 0.1s. The system matrices
are given below

A=10°x
(1039 0 0 0 1
031 10.36 0 0

1.59 0.67 11.06 0

0 0
0 0
0 0
025 0 0 1058 0 0

001 0 0 048 11.26 —0.02
1000 0 0 005 246 11.05
) 0  0.1019 | 0]
0.1018 0  0.0015 0
5 000330 00078 . 0 (52)
0  0.1029 0.0012 0
0 0.1085 —0.0001 0
| 0 00120 0.1052 | 0.1]

Consider a scenario where a network of five observers,
connected in a ring topology is monitoring the evolution
of the system. The observers can receive data of the
manipulable control input but node 1 and node 3 have no
access to the third component of the control action. More
in detail, by representing the manipulable input matrix
as B = [B', B?, B3], where B® for i = 1,...,n,, are the
columns of B, then the input matrices of the available
data input at node 1 and 3 are B; = B3 = [B', B?].
Each observer is associated with the following sensing
capabilities

100001 101001
C = Cy =
110000 010101

Cy =

000001

100000
000001

0001001

Cs = (53)

000011
000001

Furthermore, a zero-mean measurement noise v(k) with
covariance matrix Q, = 1_3Iny and an unknown input
w(k) = 2sin (35 kt.), where T = 60s is the simulation
time, are considered. It is important to notice that each
sensor is not able to simultaneously isolate the unknown
input and reconstruct the entire state alone, indeed the
pairs (P; A, C;) are not detectable Vi € N. To stabilize
the system evolution, a control strategy of the form

u(k) = Fa(k) (54)

where ' € R"*"« ig the feedback control gain com-
puted by solving a linear quadratic regulator problem,
is adopted. The evolution of the states is shown in Fig.
2. The control action drives the state evolution towards

5

) T3 5
) x4 6 |

o |

Evolution of the state
EN o
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Fig. 2. Evolution of the system’s state affected by the dis-
turbance w(k).

the origin. However, the unknown input induces persis-



tent oscillations throughout the entire simulation. Fig.
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Fig. 3. Error evolution for each node of the Hs optimal
distributed unknown input observer.

3 illustrates the error evolution recorded by all the ob-
servers. The gains computed by solving the optimization
problem (38)-(40) are given by

T
g= {0.4962 0.4992 0.4976 0.4894 0.4702 (55)

Notably, all nodes are able to fully reconstruct the inter-
nal state despite the presence of both unknown inputs
and measurement errors.
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Fig. 4. Error evolution for each node recorded when K4 are
determined with a non-optimal pole-placement strategy.

Figure 4 illustrates the error evolution observed when
the stabilizing gains K;4 for the detectable subspace are
determined using a non-optimal pole-placement strat-
egy. While the error remains bounded, the influence of
measurement noise is more noticeable.
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(a) Scenario 1. (b) Scenario 2.

Fig. 5. Observers configuration considered in the two scenar-
ios. (a) a connected topology (b) a partitioned topology.

6.2 Example based on the observability decomposition

In the following, the effectiveness of the proposed strat-
egy is analyzed when a node-wise observability decom-
position is adopted. Specifically, a simplified LTI sys-
tem derived from the heat exchange model in multi-
zone buildings as presented in (Yang et al., 2022) is con-
sidered. The model has been discretized using a Zero-
Order Hold technique with a sampling time of ¢, = 60s.
The systems models a building floor divided into nine
zones (rooms) by walls with varying heat exchange rates.
Heating, ventilation, and air conditioning (HVAC) is in-
stalled in three zones (Rooms 2, 5, and 6), while one
room (Room 9) is subject to an unpredictable temper-
ature disturbance w(k). Four observers are deployed at
different locations on the floor, with the objective that
each observer estimates the temperature of all rooms.

Furthermore, it is assumed that at most only one HVAC
input signal is accessible by each node or observer, while
the fourth node or observer is not able to access any of the
inputs. Specifically, by representing with B!, B2, ..., B*
the columns of the known input matrix B (here n,, = m),
the local known input at node i is u; (k) = B*u(k). Notice
that B* is equal to the zero column vector. The state
transition matrix, the manipulable input unknown input

matrices and output matrices are reported in Appendix
A.

It is important to notice that each sensor is not able
to simultaneously isolate the unknown input and recon-
struct the entire state alone, indeed rank(0;) < n, for
i =1,...,m. We consider two distinct scenarios that dif-
fer primarily in the topology of the communication net-
work. In the first scenario, nodes are arranged in a ring
topology while the network is not connected and can be
partitioned into two sub-graphs in the second. A graph-
ical representation of these setups is provided in Fig. 5.

In both scenarios, a zero-mean measurement noise v (k)
with covariance matrix @, = 0.21,, and an unknown
input w(k) = 2sin (25kt.), where T = 6000s is the
simulation time, are considered.



A control strategy of the form

u(k) = F (2(k) — Zrof) (56)
is considered to steer and maintain the temperature to a
reference value, where ' € R™=*"= ig the feedback con-
trol gain computed by solving a linear quadratic regula-
tor problem, and z.f is the reference temperature, set to
18°. The evolution of the temperature in all nine rooms
is shown in Fig. 6. The HVAC system steers the temper-
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Fig. 6. Evolution of the temperature in each of the nine
rooms. Room nine is affected by the disturbance w(k).

ature in each room towards the reference temperature
of 18°. However, the unknown input causes the temper-
ature in room 9 to oscillate between ~ 19° and ~ 17°,
indirectly affecting the temperatures in all the other
rooms. Fig. 7 illustrates the error evolution recorded by
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Fig. 7. First scenario. Error evolution for each node of the
distributed unknown input observer.

all the observers in the first scenario. For the connected

11

topology, the gains computed by solving the optimiza-
tion problem (38)-(40) are given by

T
g= [0.3335 0.3348 0.3315 0.3330} (57)
Notably, all nodes are able to fully reconstruct the inter-
nal state despite the presence of both an unknown input
and measurement error.
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Fig. 8. Second scenario. Error evolution for each node of the
distributed unknown input observer.

In the second scenario, the communication network is
not connected. It is interesting to note that each sub-
network enjoys the joint observability property; indeed,
both pairs (A, [CT CT1T) and (4, [CT CT]T) are observ-
able. The diffusive gains computed by solving problem
(38)-(40) are

T
g= [0.6690 0.6685 0.1434 0.1428} (58)
In this case as well, all the observers are able to fully
reconstruct the internal state relying solely on local and
neighboring data.

7 Conclusions

This work proposed a novel strategy for designing a D-
UIO for discrete LTI systems based on node-wise de-
tectability decomposition. The design process was di-
vided into two separate problems: the design of local
output injection gains to stabilize the estimation error
in the detectable subspace and mitigate the effect of the
local measurement error and the design of diffusive gains
to stabilize the error in the undetectable subspace. Both
problems were addressed through an SDP optimization
approach. The proposed strategy did not require any
assumptions on the connectivity of the communication
topology. Future research may include the application of
the UIO to more realistic scenarios.
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8 Appendix A

This section provides the matrices of the discretized heat
exchange model used in the observability decomposition
example. In particular, the overall known manipulable
input matrix and the known input matrix of the un-
known input are

T
0.4 5.0 0.4 0.0 0.2 0.0 0.0 0.0 0.0
0.0 0.20.00.24.90.10.00.50.0
B = (59)
0.0 0.0 0.6 0.0 0.1 5.0 0.0 0.0 0.3
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0
B, = 8x1 (60)
0.1
The state transition matrix is
A=10"%x
_844.4 114.0 83 234 59 08 28 0.5 0.0 |
114.0 695.7 103.6 4.4 60.5 14.0 0.5 6.4 0.8
83 103.6 704.2 0.4 9.4 162.8 0.0 1.0 10.4

234 44 04 7214 617 19 1747 11.7 04
59 605 9.4 61.7 658.8 404 11.9 142.1 9.3
0.8 14.0 1628 1.9 404 6826 0.3 82 89.1
28 05 0.0 1747 119 0.3 763.2 445 2.1
05 64 1.0 11.7 1421 8.2 445 7170 68.7
i 0.0 0.8 104 04 9.3 891 21 687 819.2_
(61)

The output matrices associated to the 4 nodes are

[(000010000] (010000000]
Ci=1000001000[Co=1000001000
00000000 1] 00000000 1]
i - [(010000000]
010000000
000010000
Cs=1000010000|Cs=
000001000
000000001
. - 000000001
(62)
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