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We compare model solutions of a forced Kadomtsev–Petviashvili (fKP) equation with experi-
mental observations of dust acoustic precursor solitons excited by a supersonically moving charged
cylindrical object in a dusty plasma medium. The fKP equation is derived from a three-fluid-Poisson
model of the dusty plasma using the reductive perturbation technique and numerically solved for
parameters close to the experimental investigations of cylindrical precursor solitons. The fKP model
solutions show excellent agreement with the experimental results in reproducing the prominent geo-
metric features of the two-dimensional solitons and closely matching the quantitative values of their
velocities, amplitudes, and temporal evolutions. Our findings suggest that the fKP equation can
serve as a very realistic model to investigate the dynamics of precursor solitons and can be usefully
employed in practical applications such as space debris detection and tracking techniques that are
based on observing/predicting nonlinear plasma excitations induced by the debris in the ionosphere.

I. INTRODUCTION

The topic of precursor and pinned solitons excited
by a fast-moving charged object in a plasma has received
much attention lately after it was first suggested in [1]
that such solitons could potentially prove useful in the
detection and tracking of small-sized space debris ob-
jects orbiting the Earth in the Low Earth Orbital (LEO)
and Geosynchronous Earth Orbital (GEO) regions [2–
8]. These objects, which are difficult to detect optically
and possess enormous kinetic energy, can cause serious
damage to active space assets through their collisional
impacts. Their detection and tracking are therefore of
paramount importance and continue to be a major area
of research in the Space Situational Awareness program.
One characteristic feature of space debris objects is that
they get highly charged through the collection of elec-
trons and ions from the surrounding plasma and a va-
riety of other processes like the production of photo-
electrons due to ultraviolet and x-rays from the sun and
the emission of secondary electrons and ions from the
surface [1, 9, 10]. As charged objects, they can then in-
teract electromagnetically with the plasma to create a
variety of linear and nonlinear waves. Under certain con-
ditions, dependent on the speed and amount of charge on
the object, they can give rise to coherent nonlinear struc-
tures like precursor solitons. Precursor solitons are non-
linear localized wave structures that travel faster than
the source exciting them and propagate for a long dis-
tance. They satisfy the mathematical condition of the
constancy of the quantity AW 2, where A is the amplitude
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and W is the width of the structure. Precursor solitons
have been extensively studied in the context of the one-
dimensional forced Korteweg-de Vries (fKdV) equation
to model such excitations in hydrodynamics as well as in
plasmas [1, 2, 11–13]. The precursor solitons of the forced
Kadomtsev-Petviashvili (fKP) equation, discussed in the
present work, are the two-dimensional generalization of
the fKdV solitons that possess a transverse structure that
gives them a cylindrical or spherical shell shape. The de-
tection and tracking of such nonlinear plasma signatures,
which can have a larger footprint than the size of the ob-
ject, formed the basis for the technique suggested in [1].
It was further shown that a simple one-dimensional (1D)
model equation in the form of the fKdV equation was
capable of capturing the basic features of the excitation
and propagation of precursor solitons in the plasma and
could be usefully employed to develop this scheme fur-
ther. Subsequently, the fKdV equation was extensively
investigated by Truitt et al. [2, 3] to explore the feasibility
of the scheme for ionospheric conditions. To account for
higher dimensional effects a two-dimensional (2D) gen-
eralization of the fKdV equation in the form of the fKP
equation was also numerically investigated by Truitt et
al. [4] in different parameter regimes.

While the fKdV and fKP serve as excellent math-
ematical models for a qualitative understanding of the
basic features of precursor soliton excitation and prop-
agation characteristics, it is necessary to validate their
applicability in practical situations by comparing their
solutions with experimental results. This is the primary
motivation of the present paper, where we test the va-
lidity of the fKP equation in quantitatively modeling the
experimental results of cylindrical precursor solitons ob-
tained in a controlled laboratory setting. These exper-
iments were carried out in a dusty plasma medium. A
dusty plasma is a mixture of electrons, positively charged
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ions, neutral particles, and heavily charged (primarily
negative) [14] dust grains. They serve as a convenient
test bed for studying low-frequency linear and nonlinear
wave phenomena in plasmas due to the convenience of
visually capturing the slow motion of the massive dust
particles and the concomitant wave motion using video
recordings [15]. In fact, the first experimental demonstra-
tion of precursor solitons was obtained in a dusty plasma
in which the dust fluid was made to flow supersonically
over a charged wire [11]. The electrostatic potential hill
arising from the sheath formed around the wire served as
a charged obstacle, and when the dust flow exceeded a
certain value, precursor solitons were observed to be ex-
cited. The nature of the excited solitary structures was
confirmed to be solitons by establishing that the quan-
tity AW 2 remained a constant, where A represents the
amplitude and W the width of the structure. It should
be mentioned that the process of precursor excitation is
Galilean invariant. In other words, it is independent of
whether the charged source is made to move through a
fluid or the fluid is made to move over a stationary object.
Experimentally, it is easier to make the fluid flow in a con-
trolled manner and has become the preferred approach in
experiments. Subsequent experiments were able to suc-
cessfully reproduce the early results and also extend the
investigations to examine the effects of the size and shape
of the 1D source and look at other nonlinear structures
like pinned solitons [16, 17].

More recent experiments have explored the nature
of the precursor solitons when the source is of a two-
dimensional (cylindrical) shape or a three-dimensional
(spherical) shape. The fKdV equation, being of a
one-dimensional nature, is inadequate to describe such
higher-dimensional excitations. We, therefore, consider
the two-dimensional fKP equation and test its validity
in both qualitatively and quantitatively interpreting the
dust acoustic (DA) precursor soliton results obtained by
Kumar et al. [18] for cylindrical solitons. For this, we first
derive an appropriate fKP equation for a dusty plasma
from a three-fluid-Poisson model by means of the reduc-
tive perturbation method. The equation is then numeri-
cally solved using parameters taken from the experimen-
tal conditions, and the numerical results are compared
to the experimental ones. It is found that the fKP re-
sults agree remarkably well with the experimental ones,
both in their qualitative features and in their quantita-
tive measures. Our findings indicate that within the con-
straints of the fluid description, the fKP model provides
a very realistic model for characterizing the phenomenon
of excitation of precursor solitons in plasma and may be
usefully employed in practical applications such as in the
context of small debris detection and tracking.

The manuscript is organized as follows. The fluid
model adopted to explain the electrostatic excitations in
a dusty plasma medium is described in section II. This
section also contains a derivation of the fKP equation
using the reductive perturbation technique. Section III
provides a detailed comparison of the fKP numerical re-

sults with those of experimental observations. Section IV
contains a summary of our results, their implications for
practical applications of the fKP model, and a discus-
sion of the limitations of the model and possible future
improvements.

II. DERIVATION OF THE FORCED
KADOMTSEV-PETVIASHVILI EVOLUTION

EQUATION FOR A DUSTY PLASMA

We consider the standard fluid model for a dusty
plasma that assumes the ions and electrons to be inertial-
less compared to the heavy dust particles and can be
described by Maxwell-Boltzmann distributions [19–21]

ne,i = ne0,i0 exp(±eϕ/kBTe,i). (1)

The subscripts e and i refer to electron and ion species,
‘0’ refers to the equilibrium quantity, and the + sign
in the exponential is for the electrons and the − for
the ions. The equilibrium densities satisfy the quasi-
neutrality condition ni0 = Zdn0 + ne0, where Zd is the
dust charge number, and n0 is the equilibrium dust den-
sity. The equations describing the dynamics of the dust
fluid consist of the continuity equation and the momen-
tum equation. The continuity equation in normalized
form is given by

∂n

∂t
+

∂(nux)

∂x
+

∂(nuy)

∂y
= 0. (2)

where x and y are the normalized spatial coordinates
along the direction of propagation of the source and in
the transverse direction, respectively. The x and y com-
ponents of the dust momentum equation in normalized
form are given by

∂ux

∂t
+ ux

∂ux

∂x
+ uy

∂ux

∂y
=

∂ϕ

∂x
, (3)

∂uy

∂t
+ ux

∂uy

∂x
+ uy

∂uy

∂y
=

∂ϕ

∂y
. (4)

The electrostatic fluctuations of the above governing
equations are closed by Poisson’s equation in normalized
form given by

∂2ϕ

∂x2
+

∂2ϕ

∂y2
= n+ µee

σiϕ − µie
−ϕ

+ S(x− vdxt, y − vdyt)

≈ n− 1 + c1ϕ+ c2ϕ
2 + ... (5)

+ S(x− vdxt, y − vdyt),

where S represents the charge density of the exter-
nal source (the charged debris object) that is moving
with respect to the plasma with a velocity (vdx, vdy).
Other quantities are defined as µe = ne0/(Zdnd0);
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µi = ni0/(Zdnd0); and σi = Ti/Te. Also, c1 = µeσi+µi

and c2 = (µeσ
2
i −µi)/2. The dependent variables n(x, y),

ux(x, y), uy(x, y), ϕ(x, y) and the independent variables
x, y, t are normalized as follows. The space, time, ve-
locity, density, and electrostatic potential are normal-
ized as x = x/λD, t = tωpd, ux = ux/λDωpd, uy =
uy/λDωpd, n = nd/nd0; ni = ni/ni0; ne = ne/ne0 and
ϕ = eϕ/kBTi, respectively. The dust plasma frequency

is defined as ωpd =
√

nd0(Zde)2/ϵ0md. The dust De-

bye length λD =
√

ϵ0kBTi/nd0Zde2 makes the coeffi-
cient of the ∂ϕ/∂x term in (3) and ∂ϕ/∂y (4) unity. The
normalized velocity of the source vdx = vdx/λDωpd and
vdy = vdx/λDωpd.

To derive the nonlinear evolution equation, we em-
ploy the standard reductive perturbation technique [1, 5]
and expand the dynamical quantities in a power series
based on the small dimensionless expansion parameter ϵ,
which quantifies the system’s nonlinearity strength.

n = 1 + ϵn1 + ϵ2n2 + ϵ3n3 +O(ϵ4) (6)

ux = ϵux1
+ ϵ2ux2

+ ϵ3ux3
+O(ϵ4) (7)

uy = ϵ3/2uy1
+ ϵ5/2uy2

+ ϵ7/2uy3
+O(ϵ9/2) (8)

ϕ = ϵϕ1 + ϵ2ϕ2 + ϵ3ϕ3 +O(ϵ4). (9)

We consider a weak, localized, two-dimensional space-
time dependent charge density source function vanishing
at infinity that is given by

S(x, y, t) = ϵ2S2(x, y, t). (10)

The forcing term in the fKP equation physically repre-
sents the charged object in the experiment. It is a mov-
ing source in the frame of the flowing dust fluid and is
responsible for the excitation of various perturbations in
the plasma in the form of wakes and solitons. In math-
ematically deriving the fKP equation within the frame-
work of the reductive perturbation method, the forcing
term is introduced at the appropriate order of ϵ to ensure
that it balances with the nonlinear and dispersive terms
in the equation. Such an ordering is in keeping with the
weakly nonlinear and weakly dispersive approximation
for the system. The external source (forcing) is taken
to be small enough to match the scales of nonlinearity
and dispersion, and strong enough to generate coherent
excitations (e.g., solitary or wake structures).

Mathematically, the power of the expansion param-
eter ϵ defines the order of approximation adopted to de-
scribe the dynamics of the system. In deriving the KP
equation, it is chosen such that there is a balance of the
nonlinearity and dispersion in the system that can lead
to the formation of nonlinear structures like solitons. In
physical terms, the parameter ϵ is a measure of the small-
ness of the perturbed amplitude of a physical variable
to its corresponding equilibrium value (i.e., n1/n0 ≪ 1,

where n1 is the perturbed density and n0 is the equi-
librium density). It also quantifies the smallness of the
dispersion contribution (i.e., kλD ≪ 1, where k is the
wave number).

We next introduce a set of stretched coordinates de-
fined as follows:

ξ = ϵ1/2(x− vpht); η = ϵy; τ = ϵ3/2t (11)

where vph is the phase velocity of the wave. The differ-
ential operators used in the above governing equations in
terms of these stretched variables are then given by,

∂

∂x
= ϵ1/2

∂

∂ξ
;

∂

∂y
= ϵ

∂

∂η
; (12)

∂

∂t
= −vphϵ

1/2 ∂

∂ξ
+ ϵ3/2

∂

∂τ
.

The two time scales distinguish between the dynamics of
the fast (or lowest limit of ϵ) and the slow (or the next
higher limit of ϵ) time scales. Physically, the perturbation
follows the linear wave equation at a fast dynamical time
scale and propagates with the dust acoustic speed. In
contrast, at a slow dynamical time scale, the waveform
is influenced collectively by weak nonlinear steepening
and dispersive broadening. Due to the balance between
these two effects, the perturbation forms a solitary wave
structure.

Substituting the expansions for n, ux, uy, and ϕ in
Eqns. (2)-(5) and expressing the space-time differential
operators in terms of the stretched variables, we get,(

−vphϵ
1/2 ∂

∂ξ + ϵ3/2 ∂
∂τ

)
(1 + ϵn1 + ϵ2n2 + ...)

+ϵ1/2 ∂
∂ξ (1 + ϵn1 + ϵ2n2 + ...)(ϵux1 + ϵ2ux2 + ...)

+ϵ ∂
∂η (1 + ϵn1 + ϵ2n2 + ...)(ϵ3/2uy1

+ ϵ5/2uy2
+ ...)

= 0


(13)(

−vphϵ
1/2 ∂

∂ξ + ϵ3/2 ∂
∂τ

)
(ϵux1 + ϵ2ux2 + ...)

+(ϵux1
+ ϵ2ux2

+ ...)ϵ1/2 ∂
∂ξ (ϵux1

+ ϵ2ux2
+ ...)

+(ϵ3/2uy1 + ϵ5/2uy2 + ...)ϵ ∂
∂η (ϵux1 + ϵ2ux2 + ...)

−ϵ1/2 ∂
∂ξ (ϵϕ1 + ϵ2ϕ2 + ...) = 0


(14)

(
−vphϵ

1/2 ∂
∂ξ + ϵ3/2 ∂

∂τ

)
(ϵ3/2uy1

+ ϵ5/2uy2
+ ...)

+(ϵux1 + ϵ2ux2 + ...)ϵ1/2 ∂
∂ξ (ϵ

3/2uy1 + ϵ5/2uy2 + ...)

+(ϵ3/2uy1
+ ϵ5/2uy2

+ ...)ϵ ∂
∂η (ϵ

3/2uy1
+ ϵ5/2uy2

+ ...)

−ϵ ∂
∂η (ϵϕ1 + ϵ2ϕ2 + ...) = 0


(15)

ϵ ∂2

∂ξ2 (ϵϕ1 + ϵ2ϕ2 + ...) + ϵ2 ∂2

∂η2 (ϵϕ1 + ϵ2ϕ2 + ...)

−(1 + ϵn1 + ϵ2n2 + ...)

+1− c1(ϵϕ1 + ϵ2ϕ2 + ...)− c2(ϵϕ1 + ϵ2ϕ2 + ...)2

= ϵ2S2(ξ + (vph − vd)τ, η + (vph − vd)τ)

 (16)
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Equating the same order terms in ϵ from (13), we get

ϵ3/2 : −vph
∂n1

∂ξ
+

∂ux1

∂ξ
= 0 (17)

ϵ5/2 : −vph
∂n2

∂ξ
+
∂n1

∂τ
+
∂n1ux1

∂ξ
+
∂ux2

∂ξ
+
∂uy1

∂η
= 0 (18)

Equating the same order terms in ϵ from (14), we get

ϵ3/2 : −vph
∂ux1

∂ξ
− ∂ϕ1

∂ξ
= 0 (19)

ϵ5/2 : −vph
∂ux2

∂ξ
+

∂ux1

∂τ
+ ux1

∂ux1

∂ξ
− ∂ϕ2

∂ξ
= 0 (20)

Equating the same order terms in ϵ from (15), we get

ϵ2 : −vph
∂uy1

∂ξ
− ∂ϕ1

∂η
= 0 (21)

Equating the same order terms in ϵ from (16), we get

ϵ1 : −c1ϕ1 − n1 = 0 ⇒ n1 = −c1ϕ1 (22)

ϵ2 :
∂2ϕ1

∂ξ2
− n2 − c1ϕ2 − c2ϕ

2
1 = S2 (23)

From (17), (19), and (22), we get

n1 = ux1/vph; ux1 = −ϕ1/vph; vph = ±1/
√
c1 (24)

From (21), we get

∂uy1

∂ξ
= − 1

vph

∂ϕ1

∂η
(25)

Multiplying (18) by vph, and substituting for n1, and
vx1 in terms of ϕ1 in (18) and (20) and adding the two
equations, we get

−
(
c1vph +

1

vph

)
∂ϕ1

∂τ
+

(
2c1 +

1

v2ph

)
ϕ1

∂ϕ1

∂ξ
(26)

+
∂vy1

∂η
= v2ph

∂n2

∂ξ
+

∂ϕ2

∂ξ

Taking the derivative of (23) w.r.t. ξ, we get

v2ph
∂n2

∂ξ
+
∂ϕ2

∂ξ
= v2ph

∂3ϕ1

∂ξ3
−2c2v

2
phϕ1

∂ϕ1

∂ξ
−v2ph

∂S2

∂ξ
(27)

Substituting (27) in (26), we get(
c1vph +

1

vph

)
∂ϕ1

∂τ
(28)

−

(
2c1 +

1

v2ph
+ 2c2v

2
ph

)
ϕ1

∂ϕ1

∂ξ

+v2ph
∂3ϕ1

∂ξ3
− vph

∂vy1

∂η
= v2ph

∂S2

∂ξ

Taking the derivative of (28) w.r.t. ξ, we get

∂

∂ξ

[(
2

vph

)
∂ϕ1

∂τ
−

(
3 + 2c2v

4
ph

v2ph

)
ϕ1

∂ϕ1

∂ξ
+ v2ph

∂3ϕ1

∂ξ3

]

− vph
∂

∂ξ

(
∂uy1

∂η

)
= v2ph

∂2S2

∂ξ2
(29)

After using (25) in (29), one gets the following two-
dimensional nonlinear evolution equation

∂

∂ξ

[
∂ϕ1

∂τ
− A1ϕ1

∂ϕ1

∂ξ
+ A2

∂3ϕ1

∂ξ3

]
(30)

+ A3
∂2ϕ1

∂η2
= A2

∂2S2

∂ξ2

where A1 = (3 + 2c2v
4
ph)/2vph; A2 = v3ph/2; A3 = vph/2.

In the absence of the source term, the L.H.S. of
Eq. (30) is the well-known Kadomtsev–Petviashvili (KP)
equation, a two-dimensional prototype nonlinear evolu-
tion equation which governs the dynamics of weakly non-
linear waves in the long-wavelength regime in various dis-
persive systems. The KP equation was first introduced
by Kadomtsev and Petviashvili [22] to study the stability
of a Korteweg-de Vries soliton under transverse pertur-
bations in a two-dimensional domain. The KP equation
has been extensively employed in the past in a variety of
situations e.g., to describe the nonlinear evolution of 2D
solitons in hydrodynamics [23], in plasmas [24–26] and
diverse other nonlinear media [27, 28]. The KP equation
can be viewed as a 2D extension of the KdV equation,
which takes into account the effect of weak transverse
perturbations on the KdV-type solitary waves. Versions
of the KP equation have been used in the past to model
the propagation of nonlinear DA solitary waves in dusty
plasmas in the presence of variable dust charge and two-
temperature ions, as well as super-thermal electrons and
ions [29–31]. Therefore, one can expect the fKP equa-
tion i.e., Eq. (30) to be an appropriate model to describe
the excitation and propagation of precursor solitons in a
driven dusty plasma medium.

III. APPLICATION OF THE FKP MODEL TO A
DUSTY PLASMA EXPERIMENT

We now test the capability of the fKP equation to
model and reproduce actual experimental results in order
to assess its practical utility. For this, we compare nu-
merical solutions of Eq. (30) obtained using parameters
taken from a recent dusty plasma experiment [18] with
the observed experimental results. In this experiment, a
charged dust fluid was made to flow supersonically (i.e.,
with a velocity faster than the dust acoustic speed in the
medium) over a stationary object. This gave rise to the
excitation of regularly spaced crescent-shaped precursor
solitons traveling in the fore-wake region with a velocity
faster than the speed of the dust fluid. Several important
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FIG. 1. The normalized perturbed dust density n1(x, y, t) obtained from the solution of the fKP equation (i.e., Eq. (31)) at
different time intervals showing the excitation and evolution of precursor solitons and trailing wakes. The equation coefficients
have been evaluated using the experimental parameters listed in Table I. The driving source profile (shown in the inset of
subplot (A)) is given by (32) with values of wx = wy = 4.0, vdx = 1.10, vdy = 0.0 and As = 30 that are taken from the
experimental measurements. All the parameters used in the figure are in normalized units.

features were noted that were distinct from earlier one-
dimensional precursor solitons excited by a planar source
[11]. The precursor solitons now were crescent-shaped
as viewed from the top and represented half-cylindrical
structures - a distinct geometrical signature of the shape
of the source. Unlike the one-dimensional KdV solitons
the amplitude of these curved solitons did not remain
constant in time but decayed as an algebraic function of
time with a scaling of t−1/2 while their width increased
as t1/4 thus ensuring that the soliton parameter defined
as the product of the amplitude with the square of the
width remained a constant. It was further observed that
the speed of the precursors increased with an increase in
the velocity of the dust fluid. We now examine whether
all the above-mentioned experimentally observed features
can be reproduced by the fKP model both qualitatively
and quantitatively.

For this, we next present numerical solutions of the
model fKP equation for the various experimental condi-
tions. It is convenient to integrate Eq. (30) with respect
to ξ and employ the Fourier multiplier, ∂−1

ξ = (i/kξ) [32]

to express the fKP equation in the form [4, 33]

∂n1

∂τ
+ αn1

∂n1

∂ξ
+ β

∂3n1

∂ξ3
+ γ∂−1

ξ

∂2n1

∂η2
= δ

∂S

∂ξ
, (31)

where the coefficients α = A1c1, β = A2 determine
the strength of the nonlinearity and dispersion of the
medium, respectively, and γ = A3 quantifies the effect
of the transverse dimension. These quantities depend on
the dusty plasma properties. δ = −A2/c1 quantifies the

contribution of the driving charged source object and de-
pends on the charge density of the object.

For our numerical solution of the fKP equation
Eq. (31), we have employed the pseudo-spectral method
with a fourth-order Runge-Kutta (RK-4) scheme for time
evolution [33] using periodic boundary conditions in both
directions. We have also employed the Richardson ex-
trapolation to improve the rate of convergence of the nu-
merical solution. The code has been validated by repro-
ducing earlier published work based on the KP and fKP
equations [4, 5, 33]. To make explicit the forced excita-
tion origin of the solitons, we set the initial perturbation
of the density variable n1(x, y, t = 0) = 0 and launch
the solutions with only a finite time-dependent source
term. The values of the coefficients α, β, γ, and δ are de-
termined from the experimental plasma parameters [18]
listed in Table I.

The potential associated with the moving charged
density source can be realistically modeled using a lo-
calized Gaussian-like functional form that propagates in
space at a constant speed and is given by

S = As exp

{
−
(
x− x0 + Fxt

wx

)2

−
(
y − y0 + Fyt

wy

)2
}
,

(32)
where Fx = 1 − vdx and Fy = 0. This parameterization
captures the essential features of the experimental forcing
mechanism described in Ref. [18], where the charged ob-
ject interacts with the plasma through its Debye shielded
floating potential that physically has a Gaussian form.
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TABLE I. Plasma parameters used in this investigation to
derive the coefficients of the fKP equation [15, 18, 34].

Plasma parameter Parameter value

ni0 2.0× 1014 m−3

ne0 1.0× 1014 m−3

nd0 1.0× 1010 m−3

Zd 104

kBTe 4.000 eV

kBTi 0.030 eV

kBTd 0.030 eV

md 1.0 × 10−13 kg

λD 128.76 µm

ωpd 170.27 rad/s

VDAW = λDωpd 2.19 cm/s

fKP coefficient Numerical value

α +3.56

β +0.18

γ +0.35

δ −0.09

Floating potential ϕf = 300 V

Plasma potential ϕp = 320 V

ϕp − ϕf 20 V

(ϕp − ϕf )/Ti 666.667

Effective potential ϕs {(ϕp − ϕf )/Ti} exp(−d/λD)

Thus, our parametrization conforms to the boundary
conditions of the experiment, both close to the source and
far away from it. The charge distribution on the source
remains localized in the frame of the dust fluid medium,
consistent with the finite size of the experimental driver.
Finally, the velocity of the source, a key parameter for
the generation of precursor solitons, is taken to exactly
match the experimental value of the flow velocity given
to the dusty plasma medium.

We consider one of the experimental runs where the
source is taken to move in the positive x-direction with
a velocity 2.40 cm/s, which in normalized units gives
vdx = 1.10 and its y-component of velocity vdy = 0.
To determine the value of the amplitude As we consider
the experimentally estimated value of the source poten-
tial, given by the difference of the floating potential and
the plasma potential, as ϕ = 20.0 V . In the normal-
ized units employed in the model equation, this would
be eϕ/Ti, which for an ion temperature of 0.03 eV gives
ϕ = 666.667. This is reduced to ϕe−d/λD at a distance
d from the source surface - the region where the precur-
sors originate. For a stationary source (or a non-flowing
plasma), d would be of the order of the Debye shielding
distance, typically a few times the Debye length. For a
flowing plasma, this distance gets reduced as the plasma
particles are able to penetrate deeper into the Debye
sphere and get closer to the source surface. For the ex-

FIG. 2. Space-Time evolution plot of the precursor solitons
and wakes shown in Fig. 1. The slope of the black dashed
line provides the velocity of the precursor. All the parameters
used in the figures are in normalized units.

perimental velocity of 2.40 cm/s, taking d ∼ 2.45λD gives
us a value of As = 30. We further choose the values of
wx = wy = 4 to remain close to the experimental values.

The numerical solution of the fKP equation
(i.e., Eq. (31)), for the above-mentioned parameters,
is shown in Fig. 1. It can be seen that the moving
source produces a succession of crescent-shaped precur-
sors, thus faithfully reproducing the geometric feature of
the cylindrical solitons observed in the experiment [18].
Figure 1 represents the spatio-temporal evolution of

the normalized 2D perturbed density n1(x, y, t) of the
dusty plasma medium propagating over the charged ob-
ject, which is modeled by the fKP equation. The den-
sity perturbations are excited by the localized, 2D space-
time-dependent charge source, propagating in the posi-
tive x-direction. The subplot (A) represents the initial
perturbed density of the dusty plasma medium. The
inset in subplot (A) depicts the localized, space-time-
dependent Gaussian source (i.e., source charge density).
The subplots (C)-(F) show the evolution of precursor
solitons (density-enhanced structures), which are prop-
agating ahead of the supersonically streaming charged
source. These crescent-like structures resemble qualita-
tively the nonlinear structures that were observed in the
dusty plasma medium [18]. The structures that are trav-
eling behind the source are the wakes. The location of
the source in each subplot is shown by the vertical black
dashed line.

Figure 2, displays the temporal evolution of normal-
ized perturbed density n1(x, y, t), obtained by collecting
time-series data at one arbitrary spatial location, from
the numerical solution of the fKP equation. With the ad-
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FIG. 3. (A) The nature of the decay of the amplitude Ap of the two-dimensional precursor soliton and (B) the broadening

of its width Wp as a function of time with characteristic scaling of t−1/2 and t1/4, respectively. The subplot (C) shows the
constancy of the soliton parameter ApW

2
p .

FIG. 4. A comparison of the experimental [18] and fKP model
solution values of the velocity (Vp), amplitude (Ap), and width
(Wp) of the precursor solitons as a function of the source
velocity vdx.

vancement of time, the charged source excites more and
more precursor solitons ahead of it, which move faster
than the source. These precursor structures with en-
hanced dust densities (yellow color) travel along x at a
constant pace with a supersonic velocity of Vp = 3.75.
The velocity of these nonlinear structures can be de-
duced from the straight line fit (black dashed slant line)
of x = 3.75t + 2.20 to the trajectory of the precursor.
Figure 2 also shows that with time, the density-depleted
region keeps on expanding. This is because the source
generates more and more density-enhanced structures
(precursor solitons) ahead of it, and mass is transferred
from the region behind the source to conserve the mass.
The dispersive structures, which are trailing behind the

density-depleted region, are the wake structures. In this
particular case, the velocity of the precursor soliton is
Vp = 3.75, which is quite close to the experimental value.
The numerically measured values of the amplitude and
width (full width at half maximum) of the precursor are
found to be Ap = 1.54 and Wp = 1.10, respectively,
again closely matching the experimental results. We have
next examined the temporal evolution of the amplitude
(Fig. 3(A)) and width (Fig. 3(B)) of a given precursor so-
lution and found them to decay and grow, respectively,
with scaling of t−1/2 and t1/4. However, the precursor
solitons obey the constancy of ApW

2
p (Fig. 3(C)), the

hallmark of solitons, during their evolution in time.

FIG. 5. Variation of effective potential (ϕs) and (d/λD) as a
function of the source velocity vdx.

The above procedure is repeated for all the other
experimental values by keeping the same coefficients of
the fKP equation but varying the values of the source
velocity and the effective amplitude of source potential
As (see Fig. 4). Figure 4, captures the velocity, ampli-
tude, and width of the precursor solitons obtained from
the fKP model, as a function of the velocity of the source
charge density. Figures 4(A) and 4(B) show the increase
in the velocity and amplitude of the precursor solitons,
with an increase in the velocity of the propagating source
charge density in the dusty plasma medium. However, in
Fig. 4(C), there is a decrease in width with an increase
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in the velocity of the source charge density in the dusty
plasma medium. We have also plotted the values of the
corresponding physical quantities of the precursor soli-
tons obtained from the laboratory-based dusty plasma
experiment [18] for a one-to-one comparison. Further-
more, As is varied by decreasing the value of d in a nearly
linear fashion as a function of the source velocity to ac-
count for the fact that at higher flow velocities the region
of interaction becomes closer to the source surface (see
Fig. 5). Using such a scaling, we have found an excellent
agreement between the amplitudes of the fKP precur-
sors and the observed experimental results (which have
an error bar range of 10− 20%) for the various values of
the source velocity, as shown in Fig. 4. Thus, the fKP
model reproduces all the experimental characteristics of
the dusty plasma experiment [18] with a close quantita-
tive agreement with the measured experimental quanti-
ties. The velocity of the precursor solitons obtained from
the fKP model and the dusty plasma experiment [18] are
tabulated in Table II.

TABLE II. Comparison of precursor soliton velocity for the
dusty plasma experiment [18] and the fKP simulation.

Source velocity (cm/s) Soliton velocity (cm/s)

Experiment [18] fKP model

2.40 4.30± 0.45 3.74

2.70 4.60± 0.47 4.13

3.00 5.03± 0.54 4.49

3.30 5.28± 0.42 4.84

3.60 5.65± 0.48 5.17

3.80 5.89± 0.49 5.38

IV. SUMMARY AND CONCLUSION

To summarise, in our present work, we have examined
the validity and applicability of the forced Kadomtsev-
Petviashvili equation to realistically model the excita-
tion and dynamical evolution of precursor solitons in a
plasma. This has been done by comparing the numeri-
cal solutions of the equation with experimental findings
of a dusty plasma experiment, where such solitons were
excited by making a dusty plasma flow over a charged
cylindrical object. For this, the model fKP equation ap-
propriate for a dusty plasma medium has been derived,
and its coefficient values have been appropriately fixed

from the experimental parameters. Our numerical solu-
tions obtained for the various values of the source ve-
locities used in the experiment are then compared with
the experimental findings. It is seen that the numerical
solutions reproduce quite well the geometrical features
of the experimental solitons. They also closely match
the values of their velocities, amplitudes, and widths to
within the range of experimental errors. The residual dif-
ferences can arise from several factors, such as the lack of
damping effects in the model equation and the errors as-
sociated with determining the various coefficients of the
model equation. It should be mentioned that the numer-
ical results are quite sensitive to the value of the effective
source potential that drives the fluctuations to grow and
evolve into a precursor soliton. The distance d from the
source surface at which this happens is not a constant
but varies with the source velocity (or the plasma flow
velocity in the frame of the source). We find that a near-
linear decrease of d with the source velocity, as shown in
Fig. 5, provides an excellent match to the experimental
results. The decrease in d can be physically understood
from the fact that for a higher flow velocity, there is a
larger accumulation of plasma closer to the surface that
can support the fluctuations. An experimental verifica-
tion of such scaling can be easily carried out by fluctua-
tion measurements close to the source surface for differ-
ent plasma flow velocities and would help provide useful
insights into the birth mechanism of precursor solitons.

To conclude, our present findings based on the first
detailed comparison of the fKP model against experi-
mental results provide a useful benchmark of the valid-
ity and utility of the model for describing precursor soli-
tonic emissions that may help promote its use in practi-
cal applications like debris detection. It can serve as a
basis for further refinements and generalizations of the
model to include effects like collisional damping, back-
ground viscosity, etc. [35, 36] that have been ignored in
our present work. It can also inspire new lines of experi-
mental work to explore the dynamics of the plasma close
to the charged source.
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