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A NEW APPROACH FOR THE UNITARY DYSON BROWNIAN
MOTION THROUGH THE THEORY OF VISCOSITY SOLUTIONS

CHARLES BERTUCCI AND VALENTIN PESCE

ABSTRACT. In this paper, we study the unitary Dyson Brownian motion through a
partial differential equation approach recently introduced for the real Dyson case. The
main difference with the real Dyson case is that the spectrum is now on the circle
and not on the real line, which leads to particular attention to comparison principles.
First we recall why the system of particles which are the eigenvalues of unitary Dyson
Brownian motion is well posed thanks to a containment function. Then we proved that
the primitive of the limit spectral measure of the unitary Dyson Brownian motion is
the unique solution to a viscosity equation obtained by primitive the Dyson equation
on the circle. Finally, we study some properties of solutions of Dyson’s equation on the
circle. We prove a L™ regularization. We also look at the long time behaviour in law
of a solution through a study of the so-called free entropy of the system. We conclude
by discussing the uniform convergence towards the uniform measure on the circle of a
solution of the Dyson equation.
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In this paper we study the so-called unitary Dyson Brownian motion. In [22], Dyson
derived a system of stochastic differential equations satisfied by the angles of the eigen-
values of the unitary Dyson Brownian motion. We prove that this system of particles in
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interaction is well defined as stated in [I1] by using the usual method to study systems of
particles with a singular potential interaction as in [9} [I1].

Then we look at the the limit equation, when the size of the matrix N goes to +o0,
of the spectral measure of the unitary Dyson Brownian motion, which is called Dyson’s
equation on the circle. In the literature, the convergence of this spectral measure is ob-
tained by showing that this sequence is relatively compact for a certain topology and then
by showing uniqueness to Dyson’s equation on the circle by looking at the moments or
the Stieltjes transform of a solution to Dyson’s equation in a certain sense that we do not
define here [I1]. As noticed in [6], for the real Dyson case we can have a more general
approach by looking at the partial differential equation satisfied by the cumulative distri-
bution function of a solution to Dyson’s equation. Thanks to this approach we can deal
with more general drifts for which the computation of the exact solution would not be
possible a priori [6]. We follow the same idea for Dyson’s equation on the circle. We first
integrate this equation to obtain what we shall call the primitive of the Dyson equation.
We pay attention to the fact that in the case of measures on the circle there is no canonical
cumulative distribution function associated to a measure on the circle as in the real case.
The resulting equation is an integro-differential partial differential equation. This equation
involves the half Laplacian on the circle which satisfies a maximum principle which leads
us to define a notion of viscosity solution for the primitive equation as for the real case.
We obtain a comparison principle and uniqueness of viscosity solution for the primitive
equation by using classical techniques for viscosity equations ([I8] for second order fully
non-linear partial differential equation and [5] 2, 3] for integro-differential partial differen-
tial equation for instance).

Later we go back to the system of particles associated to the unitary Dyson Brownian
motion to prove a result of convergence of this systems of particles. As in [6], a main
argument in the proof is a discrete comparison result of two system of particles on the
circle. However there is no "good" order on the circle. This creates a difficulty to state
a comparison principle. To overcome this difficulty, we consider a periodized system of
particles associated to the initial system of particles. Thanks to this, we can state properly
a discrete comparison principle. In the same spirit as in [6], we prove the convergence of
the primitive of the spectral measure of the unitary Dyson Brownian motion to the unique
viscosity solution to the primitive Dyson equation. The proof mostly uses the discrete
comparison principle and the maximum property of the half Laplacian. However, the
main difference with the real case is that in the proof we have to use the local formulation
of viscosity solutions. Indeed, locally an arc of the circle is like an interval of R and so
there is a natural order on it which allows us to use the discrete comparison principle.

Finally, we study properties of the Dyson equation on the circle. We prove a L™ reg-
ularization of the Dyson flow by proving an a priori estimate for a smooth solution to
Dyson’s equation on the circle and then using the vanishing method for viscosity solutions
of the primitive of the Dyson equation as in [7] for the real Dyson case. We give some
other properties as the decay of the LP norms and the fact that the so-called free entropy
associated to Dyson’s flow is monotone and continuous along Dyson’s flow. Thanks to
these properties we give a new proof of the convergence in law of a solution to Dyson’s
equation towards the uniform measure on the circle as stated in [11]. We also study the
convergence to the equilibrium of the solution to Dyson’s equation. We shall prove that
for all p € [1,400) the solution converges towards the uniform measure on the circle in L?
and if the solution is positive it also converges in L.

2. THE DYSON MODEL: FROM RANDOM MATRICES TO PARTICLES IN INTERACTION

2.1. The Dyson model. In 1962 [22], Dyson introduced continuous models that defined
new types of Coulomb gases through the spectrum of random matrices. This approach
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gives another point of view for well known theorems in random matrix theory as the
Wigner theorem [I], 25 28]. It makes a connection between random matrices and systems
of particles in interaction and opened many links between random matrices and Coulomb
gases, see for instance [9, [I3] 14, 26]. Here we focus on the so-called unitary Dyson
Brownian motion. Let us recall that for an integer N > 1, we say that a matrix M is
sampled from the Gaussian unitary ensemble of size N (GUEy) if M is an hermitian
matrix of size N x N such that (M, ;)i<i<j<n are independent complex normal law of
mean 0 and variance 1 and (M;;)1<;<ny are independent (and independent of M; ; for
1 <i < j < N) real normal law of mean 0 and variance 1. The law of a matrix sampled
from it is invariant by unitary change of basis.

For all integer N > 1, let Un(C) be the set of complex unitary matrices. For N > 1,
we define the unitary Dyson Brownian motion as a stochastic process starting from a
deterministic unitary matrix Dy (0) € Uy (C) and generated by:

Dn(t+ h) = Dn(t) exp <Z\/£%M> € Un(C) (2.1)

where M is sampled from the Gaussian unitary ensemble of size N (re sampled at each
step). This definition gives us an algorithm to simulate the unitary Dyson Brownian
motion [10].

Remark 2.1. This definition generalizes in dimension N the fact that if (Bi)i>o s a real
Brownian motion we have:

exp(iByyp) = exp(iB;) exp(iVhN),
aw

with N a normal law of parameter (0,1) independent from By thanks to the fact that

(Bt+n — Bi)h>0 has the law of a Brownian motion independent of By.

Let (1f)1<j<n = (exp(if))1<j<n be the N eigenvalues of Dy(t) for ¢ > 0. Using
the perturbation theory (or Hadamard’s variational formula (]28],section 1.3.4)), Dyson
explained that the family (67); <<y are weak solutions of a system of stochastic differential
equations (SDE).

From now until the end, for N > 1, we say that a system of N particles; (\});<;< N,t>0
satisfies the unitary Dyson Brownian system of size N (sometimes we just call it IV particles
Dyson case) if it satisfies the following system of SDE:
_ 1 o 2
V1<i<N,d\ = NZcotan((A; —M)/2)dt + \/—NdBf, (2.2)
J#i

with (B})1<i<n a family of N independent Brownian motions (defined on the same prob-
ability space and a same filtration).

This system contains a diffusive part through the Brownian motion term in competition
with a repulsive mean field interaction through the first sum (each particle is repulsed by
all the other particles). Hence the existence of solutions in a weak or strong sense of the
previous system is not clear a priori.

Even though results for existence and uniqueness of a weak and strong solution for this
system are already known in the literature [I, O, 1], 12], complete proofs are missing
and we shall give in the following sections a detailed proof of these points for the sake of
completeness.

2.2. Notation and well-posedness of the model.
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2.2.1. Notation. The open subset of RY on which we work is:
D =RY —Uizi{(21,...,xn) € RN : 2; = 2; modulo 27}
and its boundary in the compactification of R:
0D = {+00} Uizj {(x1,....,zn) € RY : 2; = x; modulo 27}.

Let us define Rg by: {(z1,...,an) ERN 12y <29 < ... <2y < 1 + 27}
Furthermore, we shall write © = (z1, ..., ) for an element of RV,
If x € D, let us define its energy by

N
E(x) = %; Vi(z;) + %ISZ;QVW(% —xzj) =:&v(z) + Ew(x)

where V is an external confinement potential which is in our case V (t) := 2 as the kinetic
energy that help us to check that our system doesn’t explode spatially in finite time and
for x € R, z # 0 modulo 27, W (z) := — In((sin(z/2)?) > 0 which is the potential energy
associated to our system since —W'(z) = cotan(z/2).

Let oy and B be two non negative real numbers. We are interested in the following SDE
system satisfied by a system of particles (A?)1<;<n:

V1<i<N,d\ =—— Afys A m——yH
ST S ) t 2 ({91'1 ( to e N ) + /BN t
an i . 2any
=— = W\ = M)dt+ ﬂ—dBt (2.3)
J#i N
) . 2 )
:a—]\;Zcotan(()\i —X)/2)dt + ﬂdB;
N? BN

with (B{)1<i<y a family of independent Brownian motions.
The unitary Dyson Brownian system corresponds to the case: ay = N and By = N2/2.

2.2.2. Formulas. The goal of this section is to compute how the generator of the system
of particles (23] acts on &. ‘
Firstly the generator associated to the system (\})1<;<n solution to (Z3) is:

Lf = Yar - Py, vy,
BN 2

for f a smooth function from D to R. Hence for a smooth function f from D to R, by
[t6’s formula:

) t
E(f(M, AN = f( 6,...,)\év)+E</0 Lf(A%,...,AiV)dt).

Let z€e Dand 1 <4,5 < N.
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We have the following immediate formulas:

85\/ Qxi
= — 2.4
o) = = (2.4
0w
oz, (x) = NQZcotan —xj)/2) (2.5)
J#
V2Ey (z) = 2 (2.6)
vir) = N N .
325W
2.7
Ox? (z) NQZsm —xj)/Q) 27)
Hence, we can now compute L&y and LEy to compute finally LE.
Remark that
aN — 4x; 2y 2an
Léy(z) = —x2—— Z Wcotan((xi—xj)/Q) = —+W Z x; cotan((x;—x;)/2).
ﬂN 2 \<ig<n By 1<i#j<N

To express the last sum we can notice that:
Z x; cotan((x; — x4)/2) = Z xjcotan((x; — x;)/2)
1<iA <N 1<iA <N
So we get:
2 Z xjcotan((z; — x5)/2) = Z (i — ;) cotan((x; — x5)/2).
1<iA <N 1<iAj<N
Hence, we have the formula:

2c 2c
Lgv(x) = —N + N—;V Z ¢($Z — xj),

B 1<iAj<N

where ¢(z) = gcotan(x/Q). Let us remark that this function is such that ¢ (z) <1 for all

€ (—2m, 2m).
Now we compute L&y (x). Start with:

LEw (z ZNQZ E TR 2N|V5W(x)|2. (2.8)

We can express ]VSW(QU)\Q:

|\VEW (z — > > cotan((w; — 1) /2) cotan((z; — x;)/2)
1<z<N ki, j#1
% Z cotan((z; — xy)/2) cotan((x; — z;)/2) + Z(cotan((wi —x;)/2))?
:j?éivk“#ivj#k i#]
::% SN —l—Z(cotan((xi —uvj)/Q))2
I i

by separating the second sum when j = k or j # k. Now to compute Sy we need to use
an algebraic identity. This computation is based on the fact that if a + b + ¢ = 0 then:

cotan(a) cotan(b) + cotan(b) cotan(c) + cotan(a) cotan(c) = 1 (2.9)
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Thanks to this remark,

SN = Z cotan((z; — xy)/2) cotan((x; — x;)/2)
ik i,k
=— Z cotan((z; — xy)/2) cotan((x; — x;)/2)
ik i,k
(EQD — Z (1 — cotan((z; — xy)/2) cotan((xy — x;)/2) — cotan((z; — x;)/2) cotan((zy, — z;)/2))
i#k,i#],57k
=—N(N-1)(N -2)
— Z (cotan((xy — x;)/2) cotan((zy — x;)/2) — cotan((x; — x;)/2) cotan((z; — x)/2))
ik i,k
— ~ N(N - 1)(N —2) — 25y.

Hence we have:

Sv= Y cotan((x; — xx)/2) cotan((x; — x;)/2) = —=N(N — 1)(N — 2)/3. (2.10)
J# kiR
Moreover by using that cotan? = —1 4 1/sin? we get:
cotan((x; — ; 2 = L — —1).
So we get:
4 N(N —-1)(N —-2) 4 1
IVEW (2)2 = i <_ ; — N(N — 1)) + W; (=2

This can be summarized into:

an 200N ol 1
Léw (z) = [NQ/D’N W} ;j#i (sin((z; — x5)/2))? + Cn,

2any [ N(N = 1)(N — 2)
N* 3
So we can now compute:

where C'y 1=

200y 2apn N 20
LE(x) = ——+—5 (i —wj)+ - ] s+Cn.

Ay N3 1<Z;:<N N23y z;%: (sin((x; —CC])/Q))

9 an 2an . .
If By > N?/2 then |——— —+| < 0. Using that ¢(z) <1 if |z| < 27 we deduce that

N23y N4
for all z € RY:
2a 2ayN(N —1
sup LE(x) < NN ( ) + Cy. (2.11)

zeRY ~ B N?

Let us notice that the Dyson case (ay = N, By = N?/2) corresponds to the case

an 20
——F =0.
N2By N4

Remark 2.2. We notice that a key point in the proof is the relation (29)) satisfied by
cotan. Actually coth satisfies the same relation with -1 instead of 1, and the inverse
function satisfies it with 0 instead of 1 (which is used in the existence in real Dyson case
where the interaction is the inverse function instead of cotan [I, [9] ).
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2.2.3. Condition for well-posedness of the model. We introduce the following stopping
times: for all € > 0,

T, =inf{t >0: A > et in [N — M| <

e=mf{t >0 max [A| >e  or min A —Xpf <}
and

Top = supls,
e>0

which are the exit time of compact set of D.
One can show that for a good choice of parameters ay and Sy there is no explosion in
finite time.

Theorem 2.3 (Criterion for absence of explosion). For N > 1, if By > N?2/2, then for
any initial data \g € RY, there exists a unique strong solution to ([2.3) defined on [0, +00)
and Typ = +00 almost surely.

This result is known in the literature and the condition on S8y is necessary to be sure
that there is no explosion [II]. The proof uses the fact that £ is a good function of
containment for the system (i.e £(x) goes to co when x goes to 9D and L& is bounded
uniformly on Rév ) and the arguments are classical for such system of particles as the real
Dyson case or Coulomb gases [II, 9].

Proof. First we state a lemma about the function £.

Lemma 2.4. We have the following properties for &£:
(1) £>0
2) li =
2 Lgpfe) = o

Proof. & and Ew are non negative since V and W are. Hence £ is non negative on D.
Moreover we see that if 2 converges to 9D there is two cases. First if ||z|| converges to co
then &y (x) converges to +o0o and as Ey is non negative, £(x) converges to +o0o. Secondly
if x converges to a y such that there exists ¢ # j such that y; = y; modulo 27 we clearly
get that &y (z) converges to +oo since — In((sin(z/2))?) converges to +oo if z converges
to a real of 27Z and as y is non negative we also have that H(x) converges to +oco. [

We now prove the theorem. This proof is quite standard and uses a smooth approxi-
mation of the potential and uniqueness and existence for this smooth approximation.
In the following, if (A\%)1<;<n is defined by (Z3]) we set for all ¢ until this system exists,
)\i\/ = A+ 27
Let Ao € RY an initial data and ¢ > 0 smaller than minj<;zj<n+1(|JA) — A)|) and such
that e~! > max; )\6.
We consider a smooth 27 periodic approximation W, of W which coincides with W on
(e,2m — €) and we define as before & = &y + Ew.. By existence and uniqueness of the
solution to the SDE we can consider (Aj):>o starting from Ao solution to the following

problem:
dx =2,/ NaB, — Mgy (1),
BN 2
For ¢/ < ¢, let

Too—infls >0 _min [05) = ()] < or max|()] > 71)
be a stopping time such that by definition we have that the processes A\* and A¢ coincide
up to this time. Hence, this allows us to define for all € as in the beginning of the proof,
a stopping time 7. := T, ./ for £’ < & and (\)o<i<t. := (A )o<s<r. for & < e. We clearly
have that if ¢/ < e, T, > T. almost surely, and so that we can uniquely defined X\ until the
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stopping time Typ. Moreover by definition of W,, we have that A satisfies the SDE with
W until the time Typ since it satisfies it for all £ on [0,7.]. So it remains to prove that
Typ = +oo almost surely to conclude.

Let us define for all R > 0 the stopping times:

Tp =inf{t >0 : £(\) > R}

and
T' = lim TJ'Q.

R—o0

By the previous lemma: T = +o0o C Typ = 400 because if \; converges to dD in a finite
time, £(A¢) would explode in finite time by Lemma [2.4]

Let R > 0, thanks to Lemma [2.4] we can find ¢ (that depends on R) such that T, > T},
and so on [0,Tg], € = €..

Hence, we can use Itd’s formula to have for all ¢ > 0:

tATp,
E(&( ’f/\Tzlz)) - &(\5) =E (/0 Lgs()‘i)d*S) :

Since T, > T}, it gives:

E(E(Anry)) — EQo) = E ( / i st)ds) . (2.12)

Now, by (ZIT) obtained in the Section 222, L€ is bounded on RY by a constant (which
depends on N) that we will denote K.
So we have the following upper bound for every t > 0,

IATY,
IE/ LEM)ds | < Knt.
0

As a consequence of the 1t6’s formula (2.12]), for every ¢ > 0,

sup E(€(Aiary,)) < +o0.
R>0

Thanks to that we can use a kind of Markov estimate. For every ¢t > 0 since £ is non
negative we have:

Rlr < < E(Aipty,)-

By taking the expectation for every t > 0 we get:

sup E(E (e, )
P(T) < t) < £20 = :
Hence, let R — +o0 to have that for all £ > 0,
P(T' <t)=0.
So T" = +o0 almost surely which concludes the proof. O

We can reformulate Theorem [2.3].

Theorem 2.5 (Non explosion of the Dyson model). For any initial data Ay € Rg , let
(AD)1<i<n, 10 be the solution to (Z2) which starts from Ao € RY.

For all1 < k < N, for allt > 0 we define ZF = exp(i\}) and T = inf{t > 0 : Z} =
th for1<i#j < N}. Then T =400 almost surely.
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Remark 2.6. Let us briefly explain how to give a sense to a solution to ([Z2l) when Ao
is in RN and not necessarily in ]Rév. The following argument is used in Theorem 4.3.2
in [1]. It is known that for all t > 0, almost surely the spectrum of Dy(t) is simple.
This is a consequence of the fact that the spectrum of a matriz is simple if and only
if the discriminant of the characteristic polynomial of this matriz is equal to 0 and the
coefficients of the characteristic polynomial of a matriz are polynomials in the entries of
this matriz. Let us recall that for allt > 0, we denoted (exp(iX]))i1<j<n the spectrum of

Dn(t). For all t we ordered the eigenvalues such that (X )1<j<n € RY.

Let (tp)n>0 € (RY)N be a sequence that goes to 0 when n goes to co. Almost surely for
all n, (Agn)lgz‘SN € Rg. By Theorem [2.8, for all n we can consider the unique strong
solution to [Z2) starting from (A )i<i<n, (M)i>t, whose law coincides with the law of
the eigenvalues of (D (t))¢>t, by the Dyson theorem [22]. By uniqueness of the trajectory
obtained in Theorem [Z3, we can construct a solution (\)i>o of the Dyson equation ([22)
whose law coincides with the law of the eigenvalues of (D (t))i=0 and which is in RY for
all t > 0. Moreover the Hoffman-Wielandt inequality for normal matrices implies that A
converges to Ay when t goes to 0 by continuity in 0 of (Dn(t))i>0. This proves existence
and uniqueness in law of solutions of (Z2)) starting from X.

3. STUDY OF THE DYSON PARTIAL DIFFERENTIAL EQUATION ON THE CIRCLE

Formally, thanks to It6’s formula, if (A})1<;<n is a solution to (ZZ), every limit point
m € C([0,400),P(T)) for the weak topology of the empirical measure of the system of
particles:

() = 30y € C([0,+00), P(D))

is solution to the following equation:
oym + Jg(mH[m]) =0 in (0,00) x T, (3.1)

where T = R/277Z, P(T) is the set of probability measures on T and H[m] is the Hilbert
transform on the torus of the measure m € P(T). We shall detail more precisely in the
next part what this equation means. We call (3I]) the Dyson equation on the circle.

The goal of this section is to study this equation and the primitive equation associated to
it as in [6]. Then, in the next section we shall detail in which sense the system of particles
converges to the solution to the Dyson equation on the circle.

3.1. Notation. A function f: R — R is an element of C*(T) for k € [0, 00] (resp. LP(T)
for p € [1,00]) if f is a 27 periodic function of class C* (resp. if f is a 27 periodic function
in LP([0,27])). We write F(T) for the space of functions on the circle that means the
functions from R to R that are 27 periodic.

Let Fo, (resp. Fiar) be the space of functions F' defined on R (resp. Rt x R) for which
there exists a € R such that for all x € R: F(z 4 27) = F(z) 4+ a (resp. for all ¢ > 0, for
all € R, we have F(t,z + 2m) = F(t,x) + a). Far (resp. Fiar) is a R vector space.

We say that F' € Fo, (resp. Fiox) is bounded if there exists exists C' > 0 such that F' is
bounded by C on [0, 27] (resp. for all ¢ > 0, F(¢,.) is bounded by C on [0, 27]).

Let CLYH(RT x R) be the space of functions f(¢, ) defined from R* x R with values in R
such that f is a C! function and 0, f is Lipschitz.

Let 0217}1 be the space of functions F' € C'(R,R) such that F’ is a Lipschitz function and
for which there exists a € R such that for all z € R, we have F(z + 27) = F(x) + a. 0217}1
is a R vector space.

Let Ctl,’;w be the space of functions of F' € CL1(R* x R) , for which there exists a € R such

that for all ¢ > 0, for all z € R, we have F(t,z+2m) = F(t,z)+a. C'tl7’217r is a R vector space.
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A priori, the Dyson equation (3.]) has to be understood in the sense of distributions.
Let us recall that for an element p € P(T), we define H|[u| as the following distribution:

Hlu] = P.V.(cotan(0/2)) * p,
where P.V. denotes the principal value. More precisely we have that for all ¢ € C>°(T),

(Hipl. ) = [ [ 6(0") cotan((®' = 0)/2) )’

where integrals on T are understood in the sense of the principal value. When the measure
w1 has a smooth density with respect to Lebesgue measure we can explicitly write that:

Hul(0) = / cotan((6 — 6')/2)u(df’) := lim cotan((0 — 6')/2)u(d6").
T e—=0 /|07 6>

Note that the term mH[m] in the Dyson equation does not make sense as the product of

two distributions but rather as the distribution defined by:

mHlm],¢) = [ [ (6(0') ~ 6(0)) cotan((6' ~ 6)/2ym(d0)m(at).

for all ¢ € C°(T). For instance with this definition we have that doH|[do] = 24}.
Hence, p is a solution to (B)) if for all ¢ > 0, m(t,.) € P(T) and for all ¢ € C*°(T), it
holds that for ¢ > 0:

(m(t,.),) = (m(0,.),6) + [ (s, Hlm(s, )} ')ds,

where (v, f) = [ fdv for v € P(T) and f € L' (). We can obviously restrict ourselves to
¢ € C%(T) in the previous formulation.

Let us recall an usual way to define the principal value as a real integral. By antisymmetric
property of cotan(f) we have that [ cotan(f/2)df = 0. Hence for a suitable f we have:

H[f](0) = glir(l] Tm‘6/_6|>€f(6?') cotan (0 —6')df’ = %/Tcotan(ﬁ’ﬂ)(f(é?—é?')—f(@—i—@’))de/,
(3.2)

where the last integral is well defined if for instance f € C2(T).

3.2. Primitive equation. Following [6], we want to look for a primitive equation of
(B1). What we mean by primitive equation, is an equation such that if F' is smooth and
a solution to this primitive equation then 9y F'(t, ) shall be a solution to (BI).

However, there is no canonical way to consider a primitive of u € P(T), as the cumulative
distribution is for a real measure, since there is no "good" order on T. For pu € P(T), let
us define F'(6) = p([0,0]) if 6 > 0 and F(0) = —u((0,0)) if # < 0. F' is non decreasing,
right continuous and satisfies that F'(x + 27) = F(z) + 1 since p is a probability measure
on T. Formally the primitive equation that we want to consider by integrating (B3] is:

OuF + (0pF)H[9pF) = 0 (3.3)

We define the operator Ag(F) = H(F') for F € 0217’3. By integration by part one can show
that for a smooth F"

2F(0)— F(0—0")—F(O+6")do ™ F(0)— F(0—6")do’
AlF1(0) = | =/ w1
T sin“(0'/2) 4 —x  sin®(0'/2) 2
Remark 3.1. The second expression above for Ag is less practical because we cannot re-

place the integral on [—m, 7] by an integral on T since the integrated term is not 27 periodic.
Moreover at first sight this integral seems to be ill-defined and it shall be understood as:

aolr0) = [~ HO= Ffz;f/;)_ ERULS
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Hence, the primitive equation of (22]) we shall consider is:
OF (1,0) + (9 F (£,0)) Ao[F (¢, )](6) = 0 in (0, +00) X R, (3.4)
where Ag[F(t,.)] is:
2F(t,0) — F(t,0 —0") — F(t,0 + 0")do’ T F(t,0) — F(t,0 —0")d¢’
AlF(2,)0) = [ ki T=/ ! .
T sin“(0'/2) 4 —x sin“(0'/2) 2

The equation (B.4]) shall be called the primitive Dyson equation.

The important property of the operator Ag is that it satisfies a maximum principle: if
F e 0217}1 has a maximum in 6y, then Ag[F](fp) > 0 (by linearity of Ag we also have that
it ¢ € C'Ql;rl and F € C’zl;rl are such that F' — ¢ has a maximum in 6y then Ag[F](6p) >
Ap[9](0p)) which motivates the approach by viscosity solution in [6 [7].

Remark 3.2. The operator Ag appears in many problems as quasi-geostrophic equations,
dislocation, porous media (see e.g. [16], 24, 21, 17, [8]) and is linked with the fractional
Laplacian [19]. Indeed, F € C*(T) we can prove (|c,(Ao[F])|)nez is proportional to
(|n)|cn (F))nez, where c,(F) is the n' Fourier coefficient of F. Thanks to this prop-
erty the operator Ag is defined as the square root of the Laplacian:

d2 1/2
Ag=|-——] .
dn?

Since we look at non decreasing in space variable solutions of ([3.4]) we can formally
change the equation (3.4)) in:

O (t,6) + (39F(t,0)) A[F (£, )](6) = 0 in (0, 400) x R, (3.5)
This equation shall be treated with the theory of viscosity solutions [18].

Definition 3.3. e An upper semi continuous (usc) function F € Fion is said to be a
viscosity subsolution of ([BA) if for any function ¢ € C;’Qlﬂ, (to,00) € (0,00) X R point of
local mazimum of F — ¢ the following holds:

99(to,bo) + (Fpd(to, 00))+Aolo(to, -)](60) <0 (3.6)

o A lower semi continuous (Isc) function F' € Fyor is said to be a viscosity supersolution
of (B3 if for any function ¢ € C’;’Qlﬂ, (to,00) € (0,00) X R point of local minimum of
F — ¢ the following holds:

99(to,bo) + (Fpd(to, 00))+Aolo(to, -)](60) > 0 (3.7)

o A wiscosity solution F of (B3) is an usc subsolution such that Fy is a supersolution
where Fy(t,0) = liminfocs s yse F(s,7).

e A function F is a viscosity solution to [B.0]) with initial data Fy € Faor if it is a viscosily
solution of &R and F*(0,.) < F§ and (Fy), < F.(0,.).

e A function F such that for all t > 0, F(t,.) is non decreasing, is a viscosity solution of

B4) if it is a viscosity solution of (B.5]).

Remark 3.4. Since we are interested in non decreasing solutions F' in space variable,
one can replace in the definition of sub and supersolution the positive part of Op¢p(to, o) by
Opd(to, bo) itself. Indeed, for any to,h > 0, if Oy is a point of maximum of F(tog,.) — ¢(to,.)
then:

F(to,00) — ¢(to, 00 + h) < F(to, 00 + h) — ¢(to, 00 + h) < F(to, 00) — ¢(to, 0o)

where we first used that F(ty,.) is non decreasing and then the fact that 6y is a point of
mazimum of F(tg,.) — ¢(to,.). Hence, we deduce that Ogp(tg,b0y) > 0.
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As usual in the theory of viscosity solution for integro -differential equations, it is more
convenient to work with a more local reformulation. We introduce local and non local
operator associated to Ay as in [2], B, 6]. For § > 0 we define the operators on Czl;rl, I s
and I 5 with:

20(0) = $(0 —0') — 40+ 0')d

natlo)= [ (0/2) 4
20(0) = $(0 —0') — $(0 + 0/ d

CIOEY 7 (0/2) 4

Proposition 3.5. Let F' be a subsolution (resp. supersolution) of ([B.5)). Then for all ¢ €
Ctl;lw, d > 0 and (tg,6p) € (0,400) x R such that (F — ¢)(tg,0p) = 0 and (F — ¢)(t,0) <0
(resp. > 0) for any (t,0) € B((to,00),9), the following holds:

09 (to, 00) + (Opd(to, 00))+ (11,5[¢(to, )](00) + I2,5[F (to,.)](00)) <0 (resp. > 0).

We can state a comparison principle for ([8.4]) as it is expected from viscosity theory
with partial integro-differential term [2, [5]. We prove this functional comparison principle
in our setting.

Theorem 3.6. Assume that v € Fior and v € Fian are respectively bounded viscosity
subsolution and supersolution to BX). If u(0,.) < v(0,.), then for all time t, u(t,.) <
v(t,.).

Proof. Let v > 0, instead of considering v we could consider u.(t,0) = u(t, 0
is a v strict subsolution in the sense that if ¢ € Ctl,’;w, d > 0 and (to,6o) €

are such that (uy —¢)(to,00) = 0 and (uy — ¢)(t,60) < 0 then for any (t,x) €
the following holds:

A (to, o) + (Ded(to, 00))+ (I1,5[9(to,-)](60) + I2,6[uy (to, )] (fo)) < = < 0.
Hence if we prove that for all ¢, 6, u,(t,0) < v(t,0) for all v > 0, then by taking the limit
v — 0 we shall recover u < v. Hence, we can assume wu is a « strict subsolution in the
proof and not just a subsolution.
We argue by contradiction and suppose that there exists tg > 0, 8p € R such that
u(to, Bo) > v(to,00). Let T > tog and let use the classical technique of doubling variables.
Thanks to the hypothesis, there exists « > 0 such that for all € > 0:

) — ~t which
(0,+00) x R
B((to, o), 0),

1
sup{u(t,6) — v(s,0") 0—0)* - 2_€(t — )% t,s€10,T], 0,0 € R’} > a.

1
2
We shall justify that this supremum is actually a maximum by an usual localisation argu-
ment. Indeed, for a bounded F' € F; 2, we have a € R such that F(t,6 4+27) = F(t,0) +a
for all ¢,6 and so we can deduce that there exists K > 0 such that for all t > 0, 8 € R,
F(t,0)] < K(1+ |6]).

So for u and v in F; 2, and bounded there exists L > 0 such that for all (¢,s) € R, for
all (0,0') € R?, u(t,0) —v(s,0') < L(1+|0] + |¢|) (this fact shall be called sublinearity).
Now we can consider for 8 > 0, € > 0 the following supremum:

sup{u(t, 0) — v(s,0') — (0 — 0)* - %(t —5)* = BUOP +10'[*), t.5 € [0,T), 0,6" € R?}.

1

2e
For 8 > 0 small enough this supremum is greater than «/2 > 0. Moreover thanks to the
sublinearity and the fact that « is usc and v is lIsc, this supremum is a maximum.
Let t*,s*,0%,0™ € [0, T])? x R? be a point of maximum. We can classically assume that for
¢ small enough, t* and s* are positive thanks to the fact that o > 0.
We want to use as tests functions:

61(0,0) = (5", 0°) + 5o{0 — 0 + (6 — )+ B0 + 10,

e
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for u and:

Ga(s.0) = ult*,0) = (0 — 0 — (1" — 52 = B0 + 10,

2e 2e

for v.
The matter is of course that these functions are not in C; ’217T.
Take a small § > 0 that will be specified later on. We can find a function ¢; such
that ¢; is equal to ¢; in B((t*,0*),0) and which is in Ct{’;w. Indeed for § < 7/2, by
localisation we can construct ¢; such that ¢; is equal to ¢1 in B((t*,0*),0) and impose
that ¢y (t, 0% +7) = ¢1(t,0* — m) + 1 for all ¢ to define ¢;(¢,.) on [* — 7, 6* + 7] and then
extend periodically ¢, (t,.) for all t > 0. We can do the same for ¢o. We still call ¢; and
¢2 these modifications of ¢ and ¢y that are in Ct1’217r.
Moreover to lighten the computations that shall follow we can forget the factor in £ since
for instance if we look at v5(6) = B(|0]>+]0*|?) we have that 73 is uniformly bounded in 6
by 2/ and so we have that I 5[v3](6™) converges uniformly in ¢ to 0 when 5 converges to
0. So if we let 8 converges to 0 first in the sub viscosity formulation this part disappears
and same for the super viscosity formulation [5]. We still write ¢; and ¢ these functions
without the term B(|0]2 + |6'|?).
By using ¢; and ¢9 as test functions in the definition of subsolution and supersolution we
have that:

1

S 57 0~ 07 (Dglon (6, )0°) + aglu(t’, ](0%) <

and:
20— 7)o 20— 07 (Dalon(s”, () + Dalu(s, ](0") > 0.

We subtract the first inequality to the second and we have:

2(9*—9/*% (Tsle2(s™, )107) = Tislen (7, )1(07) + T2[v(s", )I(0") — Ias[u(t”, .)](67)) > .
(3.8)
Firstly, we look at the I s part:
Iy slv(s™, )I(0") — Ipslu(t”, .))(67) =
/ v(s*,0™) —v(s*,0™ + 2) —v(s*, 0™ — 2) — (2u(t*,0%) — u(t*,0* + 2) — u(t*,0* — 2))dz
TN|z|>0

sin?(z/2) 4°

But using that (¢*,s*,0*,60™) is a point of maximum we have that for all z € R:
w(t*,0%) —v(s*,0™) > u(t*, 0" + 2) — v(s*,0™ + 2)
w(t*,0%) —v(s*,0™) > u(t*, 0" — 2) —v(s*,0™ — 2).

By adding these two inequalities we see that the previous numerator is actually non neg-
ative. Hence we have:

I sv(s*, )](0™) — Iy s[u(t*,.)](6%) < 0.
Then for the terms in [ 5 we notice that since ¢y (t*,.) (resp. ¢a(s*,.)) is bounded in C?
by e~!in B(0",0) (resp. B(0*,9)), we have:
L s[d2(s7, )I07) — L glon (£, ))(07) < —.
Hence, using these two results in (B.8]) we have that for d,e small enough:
25 (6% — 6"
£ €

>
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We chose § = £%/2 and since we know from classical viscosity solution [I8] that (8* —
0*)2 /e —. 0 0, we deduce that:

25 (0% — 0"),
S82 Jf

We obtain that 0 > v which is a contradiction. O

—e—0 0.

3.3. Uniqueness of viscosity solution. Thanks to comparison principle we can clas-
sically obtain uniqueness of viscosity solution for (B.4]). The proofs are similar with the
real Dyson case [6] [7].

Corollary 3.7. Let F' be a bounded wviscosity solution to (B35l with initial condition
Fy € For. We suppose that Fy is non decreasing, usc and bounded. Then F(t,.) is non
decreasing for all time.

Proof. By monotonicity of Fp, since the initial condition of F' is F we get that for all
e>0,¢ >0, for all z € R:

F(0,7) < Fy(x) < (Fo(z+€))e +e < F (0,2 + &) + e

Using Theorem with w = F as a subsolution and v(t,z) = Fi(t,z + &)+ ¢ as a
supersolution we get that for all e > 0, &/ > 0, Vt > 0, Vo € R:

F(t,z) < Fi(t,z +&)+e < F(t,x+¢) +e. (3.9)
For y > x, we choose ¢/ =y — xz in (8.9)). Let € goes to 0 to obtain that for all ¢ > 0, for
all x <y, F(t,z) < F(t,y). O

Theorem 3.8. Given a non-decreasing usc and bounded function Fy € For, there exists
at most one bounded viscosity solution F of (B.4]) with initial condition Fy.

Proof. Assume that there exists F' and G which are viscosity solutions of (3.5]) with initial
condition Fj. Let € > 0. Since F and G have the same initial condition Fy we get that
for all z € R:

F(0,2) < Fo(z) < (Fo(x +€))sx +e < G(0,2 +¢) +¢.
Using Theorem with u = F' as a viscosity subsolution and v.(¢,z) = G4 (t,x +¢) + ¢
as a supersolution, we get that for all ¢ > 0, for all x € R:
F(t,z) < Gi(t,x +¢)+e.
Letting € goes to 0 yields that for all ¢ > 0, for all x € R,
F(t,z) < G(t,x).
By symmetry of F' and G we get that F' = G. 0

Remark 3.9. Let us notice that in the previous comparison principle we do not have an
hypothesis like Lipschitz for one of the two functions we compare. Hence, we do not have
to prove existence of a solution to B4l starting from a smooth initial data as it was done

4. CONVERGENCE OF THE SYSTEM OF PARTICLES

4.1. Periodic system of N particles. In Section [2] we proved the existence of the
system of N particles of the unitary Dyson case. To state a discrete comparison principle,
we shall introduce a periodic system of N particles obtained by periodizing the system of
N particles. Indeed, stating a comparison principle for two systems of particles is not clear
due to the fact that there is no global order on T. We will define a periodization of the
system to state that we will be able to compare two systems of particles on T, solutions
of (23] for a suitable angle of reference.
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From now on, for an integer ¢ € Z we write i[N] the unique integer in [0, N') such that N
divides ¢ — i[N].

Definition 4.1. A system of real particles (\');cz satisfies the N periodic Dyson system
if it satisfies the following system:

' 1 N-1 A ' 5 ‘
Vi € Z, dX; = 7 Y cotan((Af — AR 12) dt + \/—NdBZ[N],
k=1

VieZ vt >0 =M 4o {NJ T,
with (BY)o<i<n—1 a family of independent Brownian motions.

Let us remark that thanks to the fact that we impose to our particles to have a 2w
periodic dynamic we can write:

VieZ, d\i =~ 3 cotan((\ — Ait*)/2) dt + ——d B

NS VN

1 - - 2 N
=¥ TZ cotan((A\} — M) /2) dt + \/—NdBZ[ I

JAIEL/NTZ

For this system we have existence and uniqueness of a solution given a N periodic initial
data thanks to the existence and uniqueness of the unitary Dyson case of Theorem 2.3
Proposition 4.2. Let 0 < \J < \j < ... < )\évfl < 2w be N initial particles. We define
fori € 7 the i initial particle Ny = AB[N]'—i— 2|i/N|m.
There exists a unique solution to (1)), (\!)iez, defined for all time t > 0 and which starts
from (Xy)iez- ‘
Moreover, for all k € Z, for all t > 0 we define ZF = exp(iXf) and T = inf{t > 0: Z} =
Z] for i # j}. It satisfies T = +oo almost surely.
Proof. Thanks to existence and uniqueness of the system of IV particles studied in Section
2 we know that we can define a solution to (Z2) starting from (A, ..., A\’ ') € RY. This
solution is defined for every time and is in Rév for every time. We define for every time
t > 0 and for every i € Z, \i = )\i[N} +2[i/N] 7. We have that (A\?);cz, is solution to (&)
The uniqueness is also clear since by the previous part the dynamic of (A")o<ij<n—1 which
starts from (A, ..., )\év_l) € Rév is unique and since for every time t > 0 for every ¢ € Z,
N = )\i[m +2|i/N| 7 we have a unique solution to (E.I]).
Finally about the last point we notice that for all k € Z, for all t > 0 ZF = exp(i\}) =
exp(i)\f[m).‘ Since the trajectories of the particles are continuous we have that 7' = inf{t >
0: 27} =27/ for0 <i#j<N—1} and so by Theorem [Z5] we have T" = +o0o almost
surely. ]

We give another definition for a system of N particles without imposing the 27 peri-
odicity in the previous definition but to obtain it as a consequence of the study of the N
particles Dyson case. This new definition shall be consistent with Definition [£11

For i € Z we write kn; € Z the unique integer such that i € [kn;N, (ky; + 1)N — 1) and
we denote by Zn; = Z N [kniN, (kn; +1)N —1).

Definition 4.3. A system of particles (\");ez satisfies the N periodic Dyson system if it
satisfies the following system of SDE:

. 1 ) 2 ;
VieZ dN= > cotan((Aj —A)/2)dt + \/—NdBZ[N}, (4.2)
kELN i, ki
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with (BY)o<i<n—1 a family of independent Brownian motions.

Remark 4.4. We insist upon the fact that since a priori the i doesn’t satisfy the periodic
equality modulo 2m we can not write as before the sum on any N — 1 class of disjoints
particles.

Thanks to existence and uniqueness of the NV particles Dyson case of Theorem 2.3] there
exists a unique solution to the previous system given a periodic initial data. Moreover
this solution is the same as the unique solution to the first definition.

Proposition 4.5. Let 0 < \J < \j < ... < )\év_l < 2w be N initial particles. We define
fori € 7 the i*" initial particle Ny = )\E)[N] +2|i/N|m.
Then there exists a unique solution to ([A2), (\'")icz, defined for all time t > 0 which starts
from (\})icz.
Furthermore almost surely this solution satisfies:

i[N]

Vi€ Z, Yt >0, Al = \! +2&Jw.

Hence, the unique solution to ({A.I)) starting from (X)icz is the same unique solution to
(&2) starting from (Xy)iez almost surely.

Proof. For the existence, we can look individually at the packs of N particles {0, ..., N —1},
{N,..2N — 1}, {—N, ... — 1} ... since we chose that the interactions of the i particles only
depend on the particles of Zy ;. Hence, using the existence part of the system of IV particles
we can individually justify the existence for all time of these systems of IV particles. The
problem is that maybe a particle from a pack collides with another particle. However that
is not the case. Indeed we have that almost surely:

. i \i[N] i
VieZ, V>0, N =\ +2{NJW.

For instance, if we look at the pack (A");c(n, on—1} we notice that (A" — 2m);c(n,  an—1}
is of course solution to the system of N particles but now starting from the exact same
initial data as (\%),c {0,....N—1}- Hence by uniqueness of the trajectories of the system of N
particles previously studied, we deduce that almost surely for every i € {0,..., N — 1}, for
every time ¢ > 0 we have: )\i"'N = M +27. We can do this for every packs of N particles
and since there is only a countable number of packs of particles, we conclude that almost
surely

. i i[N] i
VieZ, V>0, N =\ +2{NJ7T.

Now since we know that the trajectories of every packs of N particles are in Rév for every
time by the previous study we have that for every time ¢ > 0:

M= AT o e W M < AV T e M) o = AN < ANV

and so the system of infinite particles exists for every time and there is no collision.

For the uniqueness of a solution to (ZL2) starting from (\}));cz we can notice, by exactly
the same argument as in the existence part, that a solution (A\%);cz of (ZZ) which starts
from an initial condition (Aé)iez which satisfies an hypothesis of periodic equality modulo
2m as in the statement, shall satisfy that almost surely:

, i ©ilN] i
VieZ, V20, N =N" 12| m

Hence the uniqueness is clear since the uniqueness of the system of the N particles
{0,...,N — 1} is clear by the uniqueness of the trajectory of a solution to the system



A NEW APPROACH FOR THE UNITARY DYSON BROWNIAN MOTION 17

of N particles previously studied. '
Finally the fact that the unique solution to (£2)) starting from (\{));cz satisfies that almost
surely:

VieZ, vt >0, Xl = XV 4 {ﬂ i

proves that is also the unique solution to (&Il which starts from (A\});cz. The reverse is
obvious. O

4.2. Discrete comparison principle. We can state a discrete comparison principle for
the N periodic Dyson equation that shall have a key impact in the proof of the convergence
of the system of particles as in [6].

Theorem 4.6. Let a be a real number. Let a < \J < A} < .. < N7 <a+2m be N
initial particles. We define for i € 7, the it initial particle N = )\B[N] +2|i/N|=x
Leta<pd <ud<..< ,uév_l < a+2m be N initial particles. We define for i € 7. the it"
initial particle pb = Z[N 2|i/N]| .

Let (\)iez (resp. ( )zeZ) be the unique strong solution to (&I)) (or equivalently ([A.2]))
which starts from ()\o)zeZ (resp. (,Uo)zeZ) with the same Brownian motions (BYo<i<N-1-
Assume that for all i € Z we have: N < . ' '

Then for all time t > 0, for all i € Z, we have: \; < pj.

The proof is similar to the proof in the real Dyson case [}, [6] 27].

Proof. We know that almost surely the trajectories of the particles (\);cz and (u%)icz
doesn’t collide and so are well defined for every time.
Let € > 0 and let us define the stopping time
7. = inf{t,Ji € Z,\i — pi > e},

We shall prove that for all T > 0 we have P(7. < T) = 0.
We define for every ¢t > 0 and every i € Z

=\ —pp — 0t
with § = 2¢/T (remark that by the periodic equality modulo 27 of the two systems of

particles, there are actually only N w!). By using the fact that (A\);cz and (u');cz are
solutions of ([AIl), we have that:

1 N-1

dwf = 3" (cotan((X; = Xi™)/2) — cotan(( — pi**)/2)) dt —
k=1

Let w € Q such that 7.(w) < T, we can find an index iy € Z (which of course depends on
w) and a times 7 > 0 (which also depends on w too) such that:

Vi€ Z,Vt € [0,7] wi <0
310, ZO_O
dw? >0,

since for all i € Z we have: A < p} and the trajectories of w' are continuous.
If we evaluate the previous formula for dwy at t = 7 and @ = iy, we get:

1 N-1 )\z _ >\Z+k i+k
= — Z [cotan ( 5 — cotan % dt — 9.

Now for all 1 <k < N — 1, let ap = A0 — X% and b, = pi0 — piot* We remark that
by definition for all, for all 1 <k < N —1 we have =27 < a; < 0, =27 < b < 0 and
by —ap = —OT — pfoTF 4 Niotk — otk < (. Since cotan(./2) is non increasing on (—2m,0)
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we deduce that for all 1 < k < N — 1 cotan(ag/2) < cotan(bg/2) and so we have that for

all 1 <k <N -—1:
A )\i—l—k i+k
cotan (%) — cotan (% <0

So we have: dw?® < —§ < 0 which is a contradiction.

Hence, we get that for all € > 0 and for all T' > 0, almost surely for all ¢t < T, for all ¢ € Z,
X < pi+e

By using a countable sequences of € > 0 and T" > 0 we deduce that almost surely for all
e>0forallt>0,foralli€Z N\ <pi+e.

Hence, by letting ¢ — 0 we conclude that almost surely for all ¢ > 0, for all ¢ € Z,
N <k O

Remark 4.7. This result is also true for periodized solutions of (Z3)). This comparison
principle can be used to prove existence and uniqueness of solution to [23]) with the hy-
pothesis By > N2/2 starting from an initial data in RN as in Proposition 4.8.5 in [1] for
the real case.

4.3. Convergence of the system of particles. Thanks to the discrete and the func-
tional comparison principle, we can have a similar approach as in the real Dyson case [6].
In this Section we call (2, F,P) the probability space on which all the random variables
are defined.

Let us recall that for e 73( ), we let F,(6) = p([0,0]) if > 0 and F,,(6) = —pu((6,0))
if @ < 0. Formally F, fO (d’) if for instance p has a density with respect to Lebesgue
measure. F' is non decreasmg, rlght continuous and satisfies that F,(x + 27) = Fj,(x) + 1
since p is a probability measure on T.

For (A1,..,Ax) € TV we introduce the empirical measure uy € P(T) associated to

(}\1, ceey )\N) by:

1N
:—E Oy, -
N N2~ Ai

This definition shall be also used if we consider a N periodic system of particles (\;);ez €
TZ (i.e. for all i € Z, \; = Aijv] modulo 271) by defining:

5 T
zEZ/NZ
Fora € R, Let a < A\ < \} < ... < )\N ' < a+ 27 be N initial particles. We define
for i € 7 the i'" initial particle )\0 = )\O[N] +2|i/N| 7. We consider (A\i);cz the unique
solution to (£I]) which starts from (Aj)iez. We define for all ¢ > 0, for all § € R,
En(t,0) = Fly(9),

where pn(t) is the empirical measure associated to (Al);ez.
We also define the upper semi continuous function:
F*(t,(g) = limsup FN(tN,HN).
N—oo,ty—t—,0n—0
Let us remark that F™* is a random variable since the Iy are.
Now we can state the main convergence result.

Theorem 4.8 (Convergence of the system of particles). Assume that the empirical mea-
sure ,u?v of initial conditions defined by:

N
= 3 0y
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converges almost surely for the weak convergence toward a measure g € P(T).

Then almost surely, F* is the unique viscosity solution of [B.4]) which satisfies F(0,0) =
F,,(0) almost everywhere.

As explained in introduction the proof uses the same approach as for the real Dyson
case in [6]. The main difference is that we have to use the local formulation of viscosity
solutions because locally we can see an arc of the circle as an interval of R. Thanks to
that formulation we shall construct system of particles associated to test functions that
are "below" the initial system of particles and then we shall use the discrete comparison
principle. Moreover, we need to clarify some details of the proof of Theorem 3 of [6] which
were missing.

Proof. We follow the idea of [6]. The main idea of the proof is given a test function ¢
such that F™* — ¢ has a maximum in a point as in the viscosity subsolution formulation in
Definition B3] for all N > 0 we shall construct a periodic system of N particles associate
to ¢. Formally, since ¢ is above F™* this periodic system of N particles will be ordered
in a way to apply the discrete comparison principle with the original system of particles
(A)1<i<n. This shall give an information about the evolution of the test function ¢ along
this flow of particles. On the other hand, we can express the evolution of ¢ along this flow
thanks to the It6 formula using the explicit dynamic of the particles. Taking the limit
when N goes to infinity shall give the relation (3.6]).

Let (sy)nen be the set of positive rational numbers.

4.3.1. Construction of adapted systems of particles associated to a test function and Ité’s
formula. Fix N € N,§ > 0,tg € R, 0y € Rand ¢ € C;’Qlﬂ. We consider I5 := (6p—0, 0p+0)

and an interval I such that Is C I. We suppose that ¢(sy, .) is strictly increasing on I5 and
we let J5(t) := ¢(t, Is) We change the numbering of the \;, with respect to the interval I
which means that if I is [a,a + 27) for an a € R, we write:

agASN <)\;N <...<)\é\]f\71 <a-+2m,

the inequalities are strict since the particles doesn’t collide for any ¢ > 0 almost surely.

For all 1, )\’;N mod 27 is associated to a unique class i/N mod 1.

For the i mod N such that i/N mod 1 is in J5(sn) mod 1, we consider % = mod 2m which

is equal to (¢(sy))~'(i/N) mod 2r (this definition makes sense since ¢(sy,6 + 27) =

d(sn,0) + 1 for all € and ¢(sy,.) is strictly increasing on I5 by hypothesis.) By abuse of

notations we write 7§N the unique real in I which represents the previous class modulo

2. More exactly ! v is in Is by definition of Js.

We fix oy € &5 where &y is the group of permutations of cardinal N!. We define a new

system of particles associated to on. (47N )o<i<ny_1 by the initial data given by:
{ui’;N = AL if i/N mod 1 isn’t in Jy(sy) mod 1 (43)

b = min(~y} AL, ) if i/N mod 1 is in Js(sy) mod 1

As before, we define for all i € Z,

ey = plihon 42 {NJ .
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Then let us define (,ui’oN)iez;, t>sy as the unique strong solution to:

1 2 ;
d 1L,0N t ,UN i+k,on 2) dt dBUN(z[N])
Vi € Z, djiy =N E cotan ((u — Ly )/2) +—\/N f ,

Vi€ Z,Vt > sy, ubo = iV 4o {NJ T,

4.4
which starts from (,ui,’;N )iez, where the N Brownian motions are the same Brow(niar)l
motions for the evolution of the system of N particles of the (A\');cz. Applying the Itd
formula gives that almost surely, for all ¢ € C't{ ’217” for all N € N, for all oy € &y, for all
1 € Z, for all tg > sy:

A . 1=
P(to, ) — PN gy ) = Beqﬁt i NZ cotan ((uy — ™) /2)dt’

SN

to .
+ [ Ot up)dt’
Siv (4.5)
+ Nae gt py)dt’

SN
/ Bpp(t', i) dBIN VIND,
We call Q' C Q this set of full probability on which this formula holds.

4.3.2. Set up. Fix w € . We only prove that F*(w) is a subsolution since the proof that
it is a supersolution can be done in a same way.

To lighten notations we will most of the time just write F™* in what follows but we will
insist when some quantities depend on w.

First, F* is upper semi continuous and is in F; ar.

Let

A(w) = {(¢,t0,00,0) € Cypr x RT x R x RT|
(F*(w) — ¢)(to,00) = 0 and (F™(w) — ¢)(¢,0) < 0 for any (¢,0) € B((to,60),d) — (to,60)}-

From now on, fix (¢,%0,6p,0) € A(w). Remark that although A(w) depends on w, the
quantities ¢, tg, 6y and § does not depend on w and so are deterministic. We want to prove
that:

9 (to,0o) + (9o (to,00))+ (11,6[¢(t0,-)](6o) + I2,5[F™ (to,-)](60)) < 0
In spite of ¢ we can consider a function ¢; such that ¢ is equal to ¢ in B((to, 6p),9), is in
Ctl,’;w, is non decreasing and satisfies that ¢(¢,0 +27) = ¢(t,0) + 1 for all t > 0 and 0 € R.
If we prove the last inequality with ¢, instead of ¢ it will imply the result for ¢ because
¢ and ¢ are equal around (tg, 6p). We shall now use ¢ in spite of ¢ but we still call it ¢.
We focus on the case 9p¢(to,00) > 0. The general case could be deduce from this case by
classical viscosity methods that are detailed at the end of the proof of the convergence of
the system of particles in the real Dyson case in [6].
We consider Iy = (6p — 9,60+ ). We can choose d small enough such that ¢(¢, .) is strictly
increasing on Iy for ¢ near of tg since dp¢(tp,6p) > 0. In what follows we choose such §. We
write Js(t) = ¢(t,Is) which is an open interval of positive length that contains ¢(tg, 6p)
again since dgo(to, ) > 0 for t near tg.
From now on, we consider an increasing subsequence of (sy)nyen that goes to tg when N
goes to +o0o. To lighten notation we still call sy this subsequence.
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e]
We also consider as in Section L3 T]an interval I of length 27 such that I5 C I. For every

N >0 and o € G, we construct systems of particles (Mi’UN)tzsN,ieZ as in Section £.3.11

4.3.3. Consequence of the discrete comparison principle. By definition of F*, for all N we
consider an index ig(N) (which depends on w) which satisfies:

lim sup )\i(}\(,N ) < 6y
N

io(INV)
N

(4.6)

— F*(to,(go) = ¢(t0, 90)

We consider oy € G as the permutation that exchanges 1 and io(/N) (this permutation
depends also on w.) We shall see in the passage to the limit in Section [£3.5] why this
choice is important.

(¢}
Since Is C I we have that for all i € Z, ué’;N <\ ~+ We would like to apply the discrete
comparison principle but we can not since the particles are not associated with the same
Brownian motions due to the permutation oy that exchanges the first Brownian motion
and the ig(N)™ one.
To apply the discrete comparison principle we define an auxiliary periodic system of N
particles (A7 )i>sy,icz:
Vi€ Z, Ag7N =Xg
1 N1 . A 2 . (4.7)

Vi€ Z, d\ =— 3 cotan((APTN — NitRoNy 9y g = qpgNUIND|
t ngl (( t t )/ ) \/N t

By the discrete comparison principle we deduce that for all ¢ > sy, for all ¢ € Z, we have:
ON < )\Z O'N
1y
So for N large enough we have:
io(IV)
N

by‘ definition of uiN and since ¢ is non decreasing. By continuity of the trajectories of
(AN );cz we get:

B, 9NN = ko, gy TN = 2ot = blto, M),

thlnf o(sn, ,u“’(N) IN) — ¢(to, ,uZO(N) Ny > F*(to, 00) — ¢(to,0p) = 0.

Up to changing the sequence (sy)nen by another increasing sequence of rational numbers
(which depends on w) that converges to ¢y but slow enough, we obtain:

S, ™) = ol iy ™)
to — SN

lim inf > 0. (4.8)
N

4.3.4. Interaction between particles. In this section only, we write (,Uf,;)tzsN,ieZ instead of
("™ )e>sy . icz to lighten notations since the Brownian motions will not appear.

First we assume that pl  =~. = (¢(sny)) "' (i/N) if i/N mod 1 is in Js5(sy) mod 1.
We separate the sum in two parts:

1 N
N Z cotan((pi™ — oM+ /2) = N > cotan( (o) — o)+ /9)
k=1 1<i<N,i/N mod 1 ¢.Js mod 1
1 A
+ N Z Cotan((u’,;}\gN) ZO(N +4)/2)

1<i<N,i/N mod 1 €J5 mod 1
=:Uny + Vn.
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First we deal with the second term: Vi which is similar with the real Dyson case in [6].
Let us notice that for N large enough there are particles in Js since the Lebesgue measure
of Js is positive and so there will be some i/N in Js. Using the fact that cotan is non
increasing on (0, 7) we have:

1 | |
Viv = (cotan((uis™ = pis ™) /2) + cotan((uis™ — ™) /2))

1 , A A
N 2 cotan((uo™ — " ™) /2)
i¢{io,io+1,i0—1},i/N mod 1 €J5 mod 1
1
> 7 (cotan((uist™ — ™ *1)/2) + cotan(ui™ — g™ 1) /2))
+ ) cotan((u™) = (6(sn) ) ()/2)dy
J(;—[Z()(N)—Z;L()(N)-i-l}
1
> 7 (cotan (g™ — w1 /2) + cotan((us™ — w™7)/2)

+ s sy B = 0)/2)006 s, 010,

where we used for the first inequality that:

= > cotan (9 — io™)+1)/2)
1¢{i0,i0+1,50—1},i/N mod 1 €J5 mod 1
i/N
- > [ cotan((us® — o0+ 2
(i—1)/N

1¢{i0,i0+1,i0—1},7/N mod 1 €Js5 mod 1

= / - ' cotan (19" — (¢(sn)) ") (y)/2)dy,
Js—[i0(N)—2,i0(N)+1]

by monotonicity of (¢(sy))~! in the space variable near .
Then by regularity of ¢, we deduce that:

1 . A ,
- (cotan (st — o)1) 72) + cotan (o) — o)1) /2))

converges to 0 by a Taylor expansion of ¢! near ¢(tg, ) when N goes to +oc.
When N goes to 400, we also have that:

.. B N
thlIlf Is—[pio(N)=2 1ig(N)+1] COtaD(('us 9)/2)89¢(5N’ )d9 =

lim cotan((0o — 0)/2)0y¢(to,0)d0 := Hy 5[0p9(to,-)](00).
€20 J15—[00—¢,00+¢]

Hence, we have that:

limnf 5 cotan((u™) — NH) 12) > H, 51856(to, )](60).
1<i<N,i/N mod 1 €Js mod 1
(4.9)
Thus, integrating by part yields:

HL(;[@@(?(Z?Q, )](00) = — cotan(5/2)(q§(t0, Oy + 5) + ¢(t0, Oy — 5)) + 1175[¢(t0, )](00)

For the first term Uy, we shall approximate Fy (sy,.) by a regular cumulative distribution
function. We fix N > 0. For all ¢ > 0, we can find a sequence of smooth, strictly non
decreasing functions F; such that (F;).s¢ is a non increasing sequence of functions that
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converges pointwise to Fi (s, .) and such that F.(A\¥ —e) = F(sy, Ak ) for all k € Z.
Since F; > F and since cotan is non increasing on (—7r, 0) and on (0, 7r) we have that:

1 A . A .
N 2. cotian (1) — b+ 2) = — > cotan((ufy ™) = XM /2)
i;4/N mod 1 ¢Js mod 1 ;4/N mod 1 ¢Js mod 1
1
> = > cotan( (o) — (s — ))/2)
1<i<N,i/N mod 1 ¢.Js mod 1
> [ Cotan((ui“N(N) ~ (R (9)/2)dy
[071]_‘]6
> / cotan((p0™) — 0)/2)dp F. (6)d0
I-Is
Hence, for all ¢ > 0:
1 A
~ > cotan((pig{"") — p9M*) /2) >

4;4/N mod 1 ¢Js mod 1

/ cotan((ui™ — 0)/2)0p F(0)d0 = Ha 5(9p F2) (5.
I—I;

Thus integrating by part yields:
Ho (09 Fe) (™)) = cotan(8/2)(Fe (™ + 8) + Fe(ui™) — 8)) + T 6 (Fe) (™).

N

By monotone convergence theorem we have that for all N large enough:

1 :
N D cotan((uis™) — o) /2) >

4;4/N mod 1 ¢.Js mod 1

cotan(§/2)(Fv (s, siy™ +0) + F (sx, p™) = 8)) + Lo s [Fv (v, D) (™).
So by definition of F* we deduce that:

1
lim sup — Z COtaD((,U/w(N) ZO(N +Z)/2)

N ii/N mod 1 ¢J5 mod 1 (4.10)
cotan(6/2)(F” (to, 0o + 6) + F*(to, 6o — 6)) + 2,6 [F"(to, )] (6o).

Hence, if we add (£9) and (ZI0) we get that:

N-1
lim sup — Z cotan ( (,u o(N) _ MQVN)‘H)/Q) >
Mo (4.11)

- cotan(5/2)(¢(t0, 90 + 5) + ¢(t05 90 - 6)_
F*(to, 60 + 0) — F*(to, 60 — 0)) + I1.6[¢(to, -)](00) + I2,s[F™ (to, )] (6o)-
Now let us explain why we can assume that p’ =~ = (¢(sy))"*(i/N) if i/N mod 1 is

in Js(sy) mod 1. Since (tg,6p) is a strict local maximum of F* — ¢ on B((tp,6p),d), for
all € > 0 small enough there exists v > 0 such that:

ot —e,00+0)> F*(t —e,00+6) +~, forall |6] <o.

Since (Fy)n is an increasing function that converges toward F* we can replace F* with
Fy and « by v/2 when N is large enough. This implies that for § small enough for N
large enough for all ¢ such that i/N mod 1 is in Js(tg — sy) mod 1,

(é(sn))"H(i/N) < (Fn(sw)) ' (i/N) =
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4.3.5. Use of Ité’s formula and passage to the limit. Now we use Ito’s Formula (3] to
obtain:

o(to, ups™) — ¢ (s, po™) / Bp(t!, 2 ™) = Zcotan (™ — i) /2

[ Bt o™ ar

SN
to
Z() (V)
+ o N599¢( g )t

/ Do (t, Mt/ N))dBUN(ZO[N}
(4.12)

By the choice of o, By GoIN]) B} for all N. Now we take sy that converges sufficiently

slow enough toward to to be sure that almost surely the two last terms are o(tg — sn).
Let us mention that if we did not use oy so that the particle ig(V) is associated to the
first Brownian for every NV, it would not have been clear that the term with the stochastic
integral goes to 0 since the index of the Brownian changes also.

We divide by tp — sy the previous expression and we take the lim sup,y to have that:

019 (to, 00)+(Fpd(to, 00))+ (11,6[p(to, )] (0o) + I2,5[F (to, -)](00)—

cotan <g> (¢(t0, Oy + 5) + ¢(t0, 0y — (5) — F*(to, 0y + 5) — F*(to, 0y — 5))) <0
(4.13)

thanks to the inequality (£8) and (ZII)).

4.3.6. Conclusion of the proof. We nearly have the result we wanted. We shall use an ap-
proximation of ¢ to conclude. Indeed thanks to Arisawa’s lemma ([3], Lemma 2.1) we can
find a sequence of smooth function (¢ )xen such that for all & we have ¢ (tg, 0) = ¢(to, o),
Orpr(to, o) = 9o(to,00) and Fyoy(to, 00) = Jp(to,bh), for all (t,0) € B((to,00),0), we
have F*(t,0) < ¢i(t,0) < ¢(t,0) and ¢g(to,.) is monotone and decreased to F™*(to,.).
Hence we can apply the inequality (£I3]) to ¢y instead of ¢. We get that for all k£ € N:

O dr(to, o) + (Dgdr(to, 00))+ 11,50k (Lo, )] (Bo) + I2,6[F™ (Lo, )] (6o)—

0 4.14
cotan ( ) (¢k(t0,90 + 5) + ¢k(t0, 0y — (5) — F*(to, Oo + 5) — F*(to, 0y — 5))) <0. ( )

So by the construction of the ¢; we have that for all k£ € N:
d(to, 0o) + (Fpd(to, 00))+ (11,50 (Lo, -)](00) + L2,6[F™ (o, -)](60)—

cotan <6> (¢ (to, 00 + 6) + ¢x(to, 00 — &) — F*(to, 00 + &) — F*(to, 00 — 9))) < 0.
(4.15)

Then we notice that ¢ (to,.) — ¢(to,.) has a maximum in 6y and so by the maximum
principle for I 5 we deduce that:

I 5[p(to, )] (00) < I 5[pr(to, -)](6o).
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So thanks to the previous inequality we get that for all £ € N:
O (to, 00) + (God(to, 00))+ (11,6[¢(to, -)](00) + L2,5[F™ (to, )] (6o)—

cotan <6> (or(to, 00 + 0) + dx(to, 00 — §) — F*(to,0p + 0) — F*(to,00 — 9))) <0
(4.16)

Now we pass to the limit in & and use the fact that (¢ (to,.) converges pointwise to F™*(ty, .)
to have:

9 (to, o) + (Opd(to,00))+ (I1,5l¢(to,-)](00) + L2,5[F™ (to,-)](6o)) < 0. (4.17)

Hence F™* is a viscosity subsolution. O

5. PROPERTIES OF THE DYSON EQUATION ON THE CIRCLE
Let us recall that the Dyson equation on the circle ([BJ) is:
Oep+ Op(pH [p]) = 0 in (0,00) x T,

where H|[u] = P.V.(cotan(./2)) % u is the Hilbert transform of the measure u. We can
rewrite this equation:

Oupt + OuptH (1) + rAolp] = 0 in (0,00) X T, (5.1)
where
Aolul(z) = 5. [ Slffz(ﬁ)x “y(f’) =2PV. / o W=y,

is called the half Laplacian.

From now on, we say that p is a viscosity solution to ([B.) if its cumulative distribution
function is a viscosity solution to the primitive Dyson equation (B4]). For p a solution
to (B1)), let us denote m(t) and M (t) as the minimum and the maximal values of u(¢,.)
when they exist:

m(t) = min (¢, x) and M(¢) = max u(t, z).

Note that if p is a solution to (B.J]) we have a conservation of the mass:

/Tu(t,x)dx:/jr,u(o,x)dx,

jt/ ult, z)de _/ C‘llt( (t, 2))da _/a £, )V H{u(t, )](x))dz = 0.

We shall look at solution p such that for all time ¢ > 0, u(t,.) € P(T). In the following,
we say that a solution to (BI) u is smooth if for all ¢ > 0, u(¢,.) has a density p with
respect to Lebesgue measure and if y is smooth on R x T.

since

5.1. Monotone principle. Given a solution p of (B.I]), m and M are monotonic. This
result is usual when we deal with equations that involved an operator like Ag that satisfies
a maximum principle [16] 24 [17].

Proposition 5.1. Let u be a smooth solution to [B.1l). Then t — m(t) is non decreasing
and t — M(t) is non increasing.

Proof. For all t > 0, let z(t) € T such that M(t) = u(t, z(t)). We evaluate (o.1)) in (¢, z(¢))
and we get that:

M(t) < =M () Ao[u(t)](2())- (5.2)
By the maximum principle of Ay we get that M'(t) < 0 for all t. Hence, M is non
increasing. By the same argument m is non decreasing. ]
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5.2. L regularization. We show a L regularization of the Dyson flow. The approach
is similar with the real Dyson case [7]. We first state an a priori estimate for a smooth
solution to ([BI]). Then, by a regularization argument we prove that this estimate is still
true for a viscosity solution to (3.4]).

Proposition 5.2. Suppose that p is a smooth solution to (B1l). Then, for allt > 0:

1
[t oo < m-

Proof. For all t > 0, let z(t) € T such that M (t) = u(t, z(t)). We evaluate (5.1)) in (¢, z(¢))
and we get that:

M'(t) < =M (t) Ao[u(t)](x(t)). (5-3)
To prove Proposition 5.2l we shall obtain a more precise lower bound for the term Ag[pu(t)](x(¢))
than just its sign as for the comparison principle. For 7 > § > 0 we have:

M(t) — p(t,y)
MO = [

dy

1 _mlty)
=M(®) /|$(t)_y2(s 25 (@ 0) -~ 9)/2) /|x<t>—y26 (572"

) 1
> 2M (t) cotan <§> " 25202

We optimize this inequality in §. We find that the optimal bound is obtained for § such

that
J
2M (t) = cotan <§> .

‘We notice that for the choice of this delta we have that:

cos(0/2)
sn(o/2) MW
which yields:
o _1- sin?(6/2) 1

AM (t) = 4M(t)* + 1.

sin?(6/2) 7 sin?(6/2)
Hence we deduce that a lower bound for Ag[u(t)](x(t)) is:
1
Aolp(D)( (1)) > 2M (t)? = 3.

Hence we have that:

M'(t) < —2M(¢) <M(t)2 - i) < —2M(t) (M(t) - %) (M(t) + l) :

Let t* = inf < ¢; M(t) < } which is possibly infinite. For ¢t > ¢*, by Proposition [B.1] we

N

deduce:
1 1
M(t) < =< .
27 2y/1 —exp(—t)
So, it remains to prove the result for ¢ < t*. Let ¢ < t*, we have that:

M(#)
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Thus, integrating this relation between 0 and ¢ yields:

1 1
41 M) 21 MO~ 2 21 M+ 2 < =2t
2

Taking the exponential we get:

1\ 2
1 2 (M(t)2_1> o
<1 - 4M(t)2> - M(t)2 < exp(—%)% < exp(—2t).
We conclude that:
M(t) < !

= 2y/1 —exp(—t)

Finally if t* > 0 we have that for all ¢t < ¢*:

1
Mt)<M(t) < ———o
() < ()_2 1 —exp(—t)
by taking the limit with ¢ converges to t* we get that:

1
M(t") <

= 2y/1 —exp(—t*)

O

We shall prove a regularization lemma to justify that this estimate is actually true for
non smooth solution to (B.1)).

Lemma 5.3. Let € > 0 and pg € C*°(T) be a probability density. Then there exists a
(unique) smooth solution to:

Oppt — €0pz it + Op (uH[u)) = 0 € (0,00) x T, (5.4)
which satisfies the initial condition 1(0,.) = ug.

Proof. Fix a time horizon T' > 0. We start by assuming that a smooth solution exists and
we shall obtain an a priori estimate. In what follows C' will denote a constant depending
only on g, mg and T'. First, since the term in € does not perturb the proof of the L*° a priori
estimate above, for all t > 0 ||u(t,.)||co < ||1t(0.)||co- It implies that for all p € [1,+o0],
w € L°(LP). Multiplying (5.4]) by p and integrating over space and time we get:

/Tu(t, )? +6/0t/T(azu)2dS = /OtA(axM)MH[u] +/TM(0,-)2-

Using Cauchy-Schwarz inequality, the fact that u € L{°(L2) and the isometry property of
the Hilbert transform, we deduce that pH[u] € L$(LL). Moreover let us notice that for
all 0 < o < 1 there exists a constant C,, > 0 such that for all € C%, H[u] < Col|p||ce. If
a < 1/2, by using Sobolev’s embedding we can bound the previous inequality by |||z -
We can bound:

[ [t <5 [ [@?+ 5 [ [ wrluy
<[ [z v [l
< gAtA<amM>2+CTiT [ [@m2+c.
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where we used the Cauchy—Schwarz inequality for the last bound. So there exists C > 0

such that:
t C t
[t +5 [ [ @wias - [ [ @ <c.
T 2Jo Jr 2e\ Jo Jr

From this bound we deduce that p € L?(H}).
Further regularity can be obtained by looking at the equation satisfied by w = J,pu.
Multiplying this relation by w and integrating yields

/Tw(t, )2 +g/0t/T(amw)2 _ —/Ot/TwQH[w] —/Ot/Tamw[wH[,u] — uH[w)] +/Tw(0, )2

Arguing as in the previous case to bound, we deduce that w € L{°(L?) and w € LZ(H}).
Further regularity can then be obtained in a similar fashion by boot strapping techniques.
Once regularity is obtained, the existence of a solution to (.4]) with this regularity is
classical and we do not detail it here. Furthermore, in this situation, the uniqueness of
such a solution is immediate. 0

Let us notice that for all € > 0, the unique solution to (5.4) satisfies the same a priori
estimate obtained in Proposition

Once such a priori estimates which are independent of € > 0 and of the initial data
have been obtained, it is standard to pass to the the limit and propagate it to the unique
viscosity solution to the limiting equation when & goes to 0 (see for instance [I8] [7, [§]).

Proposition 5.4. Let pg € P(T) and p be the unique solution to [BI) with initial data
to- Then for all t > 0, u(t) has a density with respect to the Lebesque measure bounded

by:

1
[t oo < M_—W-

We directly obtain a regularization of the I” norm of a solution to the Dyson equation.

Corollary 5.5. Let 19 € P(T) and p be the unique solution to (B1)) with initial data po.
Then for all t > 0, u(t) has a density with respect to the Lebesgue measure which is in
LP(T):

™
t,. p S T
e lerm) < s

5.3. Decay of LP norms. We prove the following statement.

Proposition 5.6. For p(0) € P(T), the unique solution to [B1)) with initial condition
1(0) is such that for any 0 <t <s, 1 <p <400

[t Iy = [11Cs, llp-

Proof. The cases p = 1 and p = 400 have already be treated in previous sections. Let
1 < p < +00. We only prove the statement for smooth solutions, the general result can
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be obtained by approximation as in the previous section. We compute:

S0l =p [ ute,07 un(r, 000
= —p [ (e, 007 0y yuF 1)) (1, 6) 0
T
= [ Dala(t, 07 ) () (8, 6)do
= (0= 1) [ O0(ult. O Hlp(t. ))(0) o

= ~(r=1) [ lt, 0/ Aofut, ) ()
p—1 (7 » [T u(t,0) — u(t,0)
= T . u(t, ‘9) . Sin2((9 — 9/)/2)

o p—- 1 i (M(t7 ‘9) - M(t7 9/))(ﬂ(t7 Q)p - M(t7 9/)p)
- _T/_7r /_ﬂ sin?((6 — 6)/2)

do'do

dg'ds.

The last term being clearly non-positive since p > 0, the result follows. ([l

5.4. Free entropy. Let us introduce the free entropy of the physical system associated
to the Dyson flow on the circle originally introduced by Voiculescu in the real case [29]
Z:P(T) - RU {400} defined by

I(p) = —/T2 In(]sin((z—y)/2) ) p(dx)p(dy)—In(2) = —/T(ln(lSin(-/2)I)*M)(y)ﬂ(dy)—ln@),

where In(|sin(./2)|) * p is understood as the convolution between the distributions
P.V.(In(]sin(./2)|)) and p. The terminology of free entropy makes sense with the fact that
in the language of large deviations theory Z is the good rate function for the empirical
mean of eigenvalues of matrices distributed in the circular unitary ensemble [23] (and
[4] for the gaussian unitary ensemble) as the usual entropy is the good rate function for
large deviation of the empirical mean of independent and identically distributed random
variables in Sanov’s theorem.

From now on let us write puypnif(dz) = dz/(27) for the uniform measure on the circle.

We shall mention some basic properties of Z and prove later on that it is decreasing and
continuous along the Dyson flow.

Lemma 5.7. We have the following properties for T.

(1) Z is lower semi continuous for the narrow topology, bounded from below and so
admits a minimum on P(T). Moreover for all M € R, {Z < M} is a compact
subset of P(T).

(2) Z(pumip) =0

(3) For all € P(T),

2

v [l 55

I(p) =
nezZ—{0} 7]

N =

where c, (1) is the n' Fourier coefficient of p defined by c, (1) = [ exp(—int)u(dt).
(4) Take p € P(T), then Z(u) < +oo if and only p € H~/%(T).
(5) T is non negative and admits a unique minimiser which is (i ymf.
(6) Let p,v € P(T), then Z(pu—v) > 0 with strict inequality if p # v. As a consequence
T is strictly convex on P(T)
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Proof. (1) We use the usual method in large deviation to show that a such function is
a good rate function [4, 20| 23]. Let K > 0 and let us define Zx : P(T) — R by

Tic(p) = [ min(~tn(|sin((x — 4)/2))). K)u(do)u(dy) ~ (2.

Since (x,y) — min(—In(|sin(x — y)/2)|), K) is continuous and bounded for all
K > 0, we that for all K > 0 Zg is continuous. Since supy~oZx = Z, Z is lower
semi continuous as a supremum of lower semi continuous function. Moreover we
have that Z > —1In(2). Let us remark that P(T) is compact since T is compact.
Hence, since Z is lower semi continuous, it admits a minimum of P(T) and for all
M € R {Z < M} is a closed subset of P(T) and so is compact.

(2) In order to compute Z(punit), we first compute In(]sin(./2)|) * punis

Lemma 5.8. We have the following relation:
(In(|sin(./2)|) * pmi)(0) = —In(2), VO € T.
Proof. First we notice that in the sense of distributions
1
(In(] sin(./2)]) * punit)’ = §cotan(./2) * [Unif-
But for all 0 € T,

<%cotan(./2) * /,LUnif> 0) = % P.V/Tcotan((ﬁ —0)/2)df =0,

by antisymmetry of the cotangent function. Hence there exists a constant C' € R
such that for all 8 € T

(In(|sin(./2)]) * pumi) (0) = C.
We evaluate this identity in 0 to get that

1 . 9 (2
o= [ m(sin(@/2))d0 = = /O In(sin(9))d6 = C.

Let I = f(;r/Q In(sin(6))df. We compute this integral:
w/2 w/2
or — / In(sin(6))d6 + / In(cos(6))d6

0 0
w/2

= / In(sin(26)/2)d6
0
/2 T

_ / In(sin(6))d6 — Z1n(2)
0

:I—ng)
We get that for all 0 € T,
(In(]sin(./2)|) * punie) (0) = — In(2)

Since
Z(uvmi) = = [ (in([sin(/2)]) + 1) (y)n(dy) — In(2),

we get that Z(pynir) = 0.
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(3) Let us notice that:

/T(ln(l sin(./2)[) * ) (Y)u(dy) = Y ea(ln(] sin(./2)[) * p)ca ()

nez

_ch (In(] sin(./2)]))|cn (1 )|

nez

It remains to compute for all n € Z ¢,(In(|sin(./2)])). Let us remark that by
Lemma [5.8] ¢o(In(]sin(./2)])) = —1In(2). Moreover, for n # 0 we have:

Cn <%c0tan(./2)>
(./2)])) = :

L (In(|sin(. ,

¢ (In(] sin P
For n # 0,

1 . cotan(t/2) dt

Cn <§cotan(./2)> = P.V./Texp(—mt)f%

1 dt

= P.V. —1 -

v /TGXP( " e

keZ
(k17 exp(—int) dt

_ZPV/ ot o

exp(—int) dt i .
—py [ 222
V. /]R " o 281gn(n)7

where we used the Euler’s identity for cotangent and the fact that the Fourier
transform of the distribution P.V.(1/x) is —imsign(&).
Hence, we get that

/T(ln(l sin./2)|) * ) (Y)u(dy) = Y ea(ln(]sin(./2)]))]en ()

nez

1 e (p))?
=~ m@eo(p)? - .
oWl =3 2 T

Since for p € P(T) we have co(p) = 1, for p € P(T),
1 c 2
=} 5
kez—{0}

(4) The relation (B5) directly implies the result by definition of H~/2(T).

(5) Thanks to (B.5]) we see that Z is non negative and moreover if p € P(T) is such
that Z(u) = 0 we get that for all n # 0 ¢,(p) = 0. By uniqueness of the Fourier
coefficient, = p = punir.

(6) Actually, the formula (B.5]) is true for p — v since p and v have the same mass
(co(p) = co(v)). Hence, we directly have that Z(y — v) > 0. By using the same
argument that shows that the unique minimizer is pynir, we get that Z(u—v) = 0 if
and only if p —v = 0. The strict convexity is a direct consequence of this property
and that Z is a quadratic form.

g

Proposition 5.9. Let (u)i>0 be a solution to (BI)) such that Z(pg) < +oo. Then for any
0<t <t:

Z(u) = Z(ur) ~ | ' [ @) (do)ds. (5.6)
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Proof. First let us suppose that p; is a smooth solution to (BI]). We compute:

ST = =2 [ In(sin((e — 0)/2) D)

dt
= —2/T(ln(| sin(./2)|) * pe)(x) e (dx)
= +2/1r(1n(| sin(./2)[) * p1e) O (H [p1e] pit)
_ —QATam(ln(|sin(./2)|) s ) () H 1) () e (d)

= — [ (@) ps(de)
We deduce that: .
T(u) = Z(uw) = [ [ (Hlpe)(@) P da)is.

To prove that the identity (5.6) is still true for non smooth solution we can do the same
approach as in [7] in the real Dyson case by first proving this identity if 1(0,.) is bounded
by regularisation of the kernel — In(sin(./2) by convolution and using the continuity of the
Hilbert transform in all the LP for 1 < p < 4+o00. For the general case, thanks to the L*>°
regularisation result we have that for all ¢ > 0, u(¢,.) is bounded. So we can apply the
result for 0 < ¢’ <t and pass to the limit paying attention to the fact that Z is just lower
semi continuous and not continuous. O

Corollary 5.10. Let uy € P(T) be such that Z(po) < co. Then (Z(pt))e>o0 is a continuous
non increasing function.

As an application we use this property to prove the convergence towards the uniform
measure on the circle of a solution to the Dyson equation. Let us mention that it is already
known in the literature using a more computational approach. Indeed in [II] it has been
proved that if 4 is a solution to the Dyson equation then p(t,.) converges in law towards
Uit when ¢ goes to oo. The proof is based on the computation of the Fourier coefficients
of a solution to (3I]) and finding a recursive equation satisfied by these coefficients and
then finding a unique solution at the limit of this recursive equation.

Proposition 5.11. Let (u)>0 be a solution to BI) such that ug € P(T). Then p =2
- o0
punif for the narrow topology.
Proof. First, since we are interested in the long time behaviour of the solution (y)¢>0, we
can suppose without loss of generality that Z(up) < +oo. Indeed, by Proposition 5.4 for
t >0, pg is in L°(T) and so Z(ut) < +00.
Let us recall that since P(T) is compact for the narrow topology, (ut)i>0 is tight.

So, it remains to prove that the only accumulative point of (pt)i>0 is prumir. To lighten
the notations let us assume that pu; oK € P(T) for the narrow topology instead of
— 00

considering an extraction.
By Proposition B.9] for all t > 0,

L) = Tlpo) 2 [ (Flpel0)P1a(d)
Let us recall the Cotlar’s identity on the circle. For u € L?(T), if we define H[u](0) :=
P.V. [pcotan((0 — 6")/2)u(0")d0’ /(27) and co(u) := [ u(6)d/(27) we have
H[u]? = u® — co(u)? + 2H [uH [u]].
Evaluation this identity in 2mu(t,.) for ¢ > 0 we get that:
Am? H ) = 4?2 — 1+ 8w H [y H [114]). (5.7)
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Multiplying by p: and integrating in space yields:

am® [ H{lpn(d0) = 47 [ jo(0)°d0 1+ 8% [ HlpoH e lnn(0).

Using the usual antisymmetric property of the Hilbert transform, for f and g real valued
and in L*(T) we have:

[ #ir1ga8 =~ [ sHiglas.
Using this identity in (5.71]), we get that for all ¢ > 0:

[ HlPretaey = 5 ( [ ptoyan - ﬁ) .

Hence for all t > 0, we get:

T(pe) = Z(po) — ; </Ot [/Tut(@)?’de - %} dt) :

Since (I(ut))e>0 is non negative we deduce that

+o0 1
349 — ——
/0 l/ﬁl‘ e (0)°do 4712] dt < +oo.

By Proposition for p = 3 the integrand in time is non increasing in time. This implies
that
1

/T 1 (0)3d6 Py (5.8)

Let us notice that for v a probability density on T, Holder’s inequality implies

1= /Ty(a)da < (/T u3(0)d9>1/3 (2m)?/3.

So, for v a probability density on T,

1

3
>
/TV(H)dH_4 5

7

with equality if and only if v = 1/(27). We shall use this property to prove that p is the
uniform measure on T since the lower bound is exactly the limit we get in (G.8]).

Since (ut)i>1 is bounded in L3(T) by Proposition 5.5, we can consider up to extraction
a weak limit in o(L3(T), (L3(T))" = L3?(T)) where the (L3(T))’ is the topological dual
of L3(T). Let us write fi this limit and forget the extraction to lighten notations again.
More exactly we have that for for all ¢ € L3/%(T),

/ $(0)u(0)d0 —> / $(0)1(0)dob.
T —oo JT

If we take ¢ = 1 € L3/?(T) and ¢ = 10 € L3/2(T) we get that fi is a probability density
on T since for all ¢, y; is. Moreover since C(T) C L3/?(T), we get that (u);>1 converges
for the narrow topology to ji(#)df. By uniqueness of this limit we get p = j1(6)df. Finally
let us recall that since (j);>1 converges weakly in L3(T) to fi, we have:

~113 o 3
||All7s < hrl{lzllanMtHLs =

by (58)). By the Holder equality case we get that () = 1/(27). Hence, we get that
[t = fUnif is the unique limit for the narrow topology to (f¢)¢>1 which gives the result. O
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5.5. Quantitative convergence to the equilibrium. As explained, it is known that
if 11 is a solution to the Dyson equation then u(t,.) converges in law towards pypn;s when
t goes to oo [II]. Since we know by Section that u(t,.) has a density for ¢ > 0, it is
quite natural to look at the convergence in LP(T) norm for p € [1,+0o0] of these densities
towards the uniform density on the circle (which implies the convergence in law). We use
an approach based on the properties of the operator Aj inspired by the work in [24] which
can be used for more general equations which involves the operator Ag [16] [15]. We first
prove an exponentially fast convergence towards the uniform measure if m(0) > 0.

Proposition 5.12. Let pu be a smooth solution to (3.1]), then
V() 1= M(t) — mi(t) < (M(0) — m(0)) exp(—aot),
where oy = 4m(0).
Proof. First we state a lemma based on the properties of the operator Ay used in [24].

Lemma 5.13. Let f € C(T) such that f(xo) = M is the mazimum of f and f(Zo) = m
is the minimum of f and let

- 1

f= g/qrf(x)dx

Then we have the following bounds:

2(M —m)

Ao f(xg) >2(M — m) cotan ( T = m) )

Aof(z9) < —2(M — m) cotan <7T(M — f)> ,

2(M —m)
with strict inequality if f is not constant.

Proof. We just prove the first inequality, the second one can be obtained by changing f
in —f. Moreover we suppose that f is not constant, otherwise the result is obvious.

For d € (0,27), we introduce the function f; defined on T defined by fy(xz) = M if
|z — zo| < d and fy(x) = m otherwise. We want to minimize the quantity Ao f(zo)
on the periodic continuous functions that have the same maximum, minimum and mean
value than f. Intuitively, since 1/sin?(x/2) become infinite in 0, we have to minimize the
numerator in Ag.

So, we look at:

dz.

_ f = fa(zo) = (f = fa)(zo + 2) f = fa(zo) = (f = fa)(wo + 2)
Ao(f—fa)(zo) = /[—d#ﬂ 2sin?(z/2) dz+ T—[—d,d] 2sin?(z/2)
By definition of f; we have:
B M — f(xo+ 2) m — f(zo + 2)
Ao(f = fa)(wo) = /[d7d] 2sin?(2/2) dz+ T—[-da 2sin?(z/2) dz.

By using the monotonicity of sin?(z/2) on [, 7], we deduce that:

1
Aolf = Ja)(w0) 2 s leM - /[d,d] f(@)dz + 2(x — dym — /T[M f(:v)dm] .

Hence it remains to chose the unique d such that the right term is equal to 0. It leads to

f—m
d—ﬂM_m.

Hence we obtain for this d:

Ao(/)() > Aol fu)(z0) = 2(M —m) cotan (%) |



A NEW APPROACH FOR THE UNITARY DYSON BROWNIAN MOTION 35

We observe that since f is not constant the previous inequality is actually strict. O

Now we prove Proposition[5.12l We evaluate the equation (o.1]) in (¢, z(t)) where M (t) =
wu(t,z(t)). It gives that:

M(t) < —p(t, 2(t)) Ao[u(t, )](x(t)) < —m(0)Ao[u(t, )] (x(t)). (5.9)

Then we use the estimate of Lemma 5. 13t

M'(t) < —2m(0)(M(t) — m(t)) cotan (;T(wM(z)) :m(t))> .

3
—

~~
N~—
S~—

By the same argument we get that:

! () > 2m(0)(M (t) — m(t)) cotan <2<M<t> —m(?))

So, we have that:

V(1) < — 2m(0)(M(t) — m(t)) [cotan (”“‘(0) - mf?) + cotan <”<M (t) - ﬂ<(0;>>]

< —4m(0)V(¢).

because of the fact:

and

tan(z) + cotan(~ — ) = cotan(z) + > 9
cotan(x CO an2 1’)—(30 anlx Cotan(x)_ .

Hence by Gronwall’s lemma we get the result. O

We directly obtain from this result the convergence towards the equilibrium measure in
the case m(0) > 0.

Proposition 5.14. Let p be a smooth solution to (5.1), then there exists a finite constant
Cy that only depends on p(0,.) such that for all time t > 0:

1
t,)——I <G —oot),
p(t,.) 27T||oo_ 0 exp(—oot)

with g = 4m(0).

We can actually improve this theorem by proving that we can find a oy that doesn’t
depend on 1(0) by bootstrapping the result we get.

Proposition 5.15. Let p be a smooth solution to (B.1)), then there exists a universal
constant o > 0 and a constant Cy € [0, +o0] which is finite if and only if m(0) > 0 such
that for all time t > 0:

< Cyexp(—oat).

:U'(tv ) - %

[e.9]

Proof. To improve our bound we start from (5.9]), and now instead of lower bounding
w(t,z(t)) from by m(0) we can bound it from below by

p(t,x(t)) > m(t) > % — Cpexp(—opt),
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thanks to Proposition 5.121 Using this bound and doing the same computations we get:

/ 1 7((0) — m(t)) m(M(t) — p(0))
V/(t) < - <§ —Co exp(—oot)> 2(M(t) —m(t)) [COta“ <2(M(t) - m(t))) - cotan <2(M(t) - m(t)))]

IN

—4 (% - Cp exp(—aot)> V(t).

Hence, by Gronwall lemma we have the following bound:

V(t) < V(0)exp <—% + 4@(1 — exp(—aot)> < V(0) exp (4%) exp <_%> )

™ (o)
This bound concludes the proof. ]

We now prove that M (t) converges towards 1/(2m) exponentially fast without any as-
sumptions.

Proposition 5.16. Let 1 be a smooth solution to B.1)). There exists a finite constant K
that depends on 1(0,.) and a universal constant k > 0 such that for all time t > 0,

M(t) - -

5 < K exp(—~t).

Proof. First, if there exits a time ¢* such that M (t*) = 1/(2n), then (M (t))>0 is stationary
by Proposition [5.1] and the result is immediate. Then, if there exists a time ¢* such that
m(t*) > 0, we get the result by applying Proposition for time ¢ > ¢*.
Now let us focus on the case when for all time ¢ > 0, m(t) =0 and M(t) > 1/(27). As in
the proof of Proposition 5.14] we get:

M'(t) < =M (t)Aolu(t, )](z(t)),

where z(t) is a point where pu(t,.) reaches is maximum on T. By using Lemma B.I3] and
the fact that m(t) = 0 for all ¢ > 0, it yields:

M'(t) < —2M (t)? cotan (ﬁ@)

Since for all t > 0, M (t) > 1/(27), we can divide and integrate:

t M,(S) tan
0 M(s)?

tM(s) AP LR TS
o M(s)2 "\ 4M(s) S‘/M(O) w2 M\ g )

1/(4M(t))
=—4 / tan (u) du
1/(4M(0))

4M(s)> ds < —2¢t.

We compute:

We deduce that:

cos (4]\/}(75)) < cos (%) exp(—t/2) < exp(—t/2)
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Hence it yields that for all ¢ > 0:
L < M(t) < ! .
2 — ~ 4arcos(exp(—t/2))

By using the Taylor expansion of arcos in 0 it gives
1 1

4 arcos(exp(—t/2)) b—too 27

1
+ Fexp(—t/2) + o(exp(—t/2)).
This proves the result. O

The previous proposition implies without hypothesis on 1(0,.) a convergence in LP(T)
for p € [1,400). In particular, it gives a new proof of the convergence in law towards

HUnif-

Proposition 5.17. Let p be a smooth solution to 1) and p € [1,400). Then we have
the following convergence:

1
- = — 0.
2 t—00

LP(T)

p(t, )

Proof. Since M (t) goes to 1/(2m) exponentially fast and p(t,.) is a probability density,
formally we get that u(t,.) will converge towards 1/(27).
For 0 <e <1/(2m) and ¢t > 0, let

I(t,e) = {ye'ﬂ‘; wu(t,y) < %—6}.

By using that for all ¢ > 0, u(t,.) is a probability measure, we get:

0:1—/Tp(t,9)d9:/T (%—,u(t,@)) do

1 1
- = u(t,0) ) do + ~ u(t,0) | 9
I(te) 27 T—1(te) 27

> eLeb(I(t,e)) + <% — M(t)) (2 — Leb(I(t,¢))) .

It yields that:

M 1
27 ( (t) - %>
> Leb(I(t,2)). (5.10)
e+ M(t) - o

Thanks to this bound on Leb(I(t,¢)), we can look at the convergence in LP norms for
€ [1,400). Indeed:

1 p 1 p 1 p
(0 d@:/ (0 d6+/ ~ o)) o (511
| 5= nit.0 o | 09) oy 2 00 (5.11)
1 p
< - — .
< (27T)pLeb(I(t,6))—i—27TmaX (6,M(t) 277) (5.12)

We take ¢ depending on the time also. We choose £(t)? = M(t) — 1/(27) which goes to 0
exponentially fast by Proposition [5.161 This choice of (¢) implies that

Leb(I(t,e(t))) e 0

by (BI0). By using (5.12]), we get the result. O
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To summarize the results about the convergence towards equilibrium we obtain in this

part: we proved that if there exists a time t* > 0 such that m(¢*) > 0 then a solution to
the Dyson equation p(t,.) converges in L>°(T) to 1/(27) exponentially fast and if for all
time ¢ > 0, m(t) = 0 then we have at least that pu(¢,.) converges to 1/(2m) exponentially
fast in LP(T) for all p € [1,+00).
We expect that p(t,.) always converges in L>(T) to 1/(27) (and so we are always in the
first previous case actually). We did not succeed to prove this result. We think that we lack
information to obtain this result. If we could get a similar bound as obtain Proposition
but for C*(T) with o > 0 instead of L>°(T) we would have the result.

5.6. Regularity inside the support. To conclude this section, let us mention how to
obtain bounds about the derivative of a solution to the Dyson equation that can be used
to prove regularity of a solution of the Dyson equation inside its support. Indeed, as in
[24] we shall prove the exponentially fast convergence to 0 of the uniform norm of the
derivative of a solution to the Dyson equation when ¢ goes to co if m(0) > 0. We give
the proof of this result to point out some bounds on the Hilbert transform and the half
Laplacian that can be used in the study of equations of this type even though these lemmas
are known in the literature [15] 24].

Proposition 5.18. Let p be a smooth solution to (BI]) such that m(0) > 0. Then

10z pu(t, oo < Crexp(—01t),
where o1 = m(0) and Cy is a finite constant that depends on (0, .).

Proof. First, we state two lemmas about the operator Ag and the Hilbert transform used
in [15] 24].

Lemma 5.19 (Enhanced maximum principle). Let f € C1(T) be a function with ampli-
tude ¥V = maxt f — minr f and g = f'. Let xg be a point where maxr g is attained. Then
we have:

4V Ao[g](z0) >g(z0)?
Aolg)(o) >max(g(zo) — V,0)

Proof. If V = 0, then f is constant and g = 0. The two results are obvious. So we now
deal with the case V > 0 which implies g(z¢) > 0 (indeed otherwise g < 0 and so u would
be a non increasing periodic function which is only possible if f is constant).

We integrate by part to link Ag[g] with f. To do this properly, we introduce a smooth
increasing function defined in R* such that x(r) = 0if r <1 and x(r) =1 if r > 2 and
X'(y) < 2. We also define yg(z) = x(z/R). Now, we can lower bound properly Ag[g].

Aolg](0) >/ N g(zo) — g(zo + y)dy
—JR

(5.13)

2 y?
saton) [y [ alll) 270
[y Sl Y= e
G [ s = s, (50)
e [ o o= o, (M42)
Zg(aco) 2V
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because of the fact that:

| ) = fo ~ )2, (ﬁi”) tz-y [ )2,

- _y 2R 2 +/+<><>2d_2v
= " \Jr Ry TR

We conclude by choosing R = 4V /g(xg) (obtained by optimizing in R the previous bound)
and R = 2.

0

Lemma 5.20. With same assumptions of Lemma [BI9 we have:
H{g)(x0)* < 32V Ao[g](wo)-
Proof. We cut H[g](x¢) in two parts to do an integration by part far from the singularity.

R _ o _ _
9(z0) — g(xo +y) oo g(@o +y) — g(zo — y)
Hlgl(wo) =2 [ dy+2 [ dy.
-R Y R Y
The first term can be compared with the half Laplacian directly:
9(zo +y) B g(xzo) — g(zo +y)
2/ ’y‘ 2/R yz ’y‘ dy < RAO[Q]('%'O)'

For the second, integrating by part yields:

2f (wo) = fl@o+y) = Flwo+ )] /oo 2f(w0) = flwo+y) ~ fle+y) | 2V 2V 4V
Yy R R y? ~ R R R

So we get that:

|Hg](x0)] < RAo[v](z0) + %

We finally choose the optimal R to have the smallest bound which leads to the result. [

Thanks to these lemmas we can now prove Proposition B.18
We look at the equation satisfies by v := 9, by differentiating (B.I]). v is solution to:

Ow + OpvH ] + vH[V] + vAg[p] + pAolv] =0

By using that: Aglu] = 0,H[u] = H[0,u| = H[v] we have that v satisfies the following
equation:

Ow + 0, vH[pu] + 2vH[v] 4+ nAplv] = 0. (5.14)
We introduce M (t) = maxrt d,u(t,.). By compactness and regularity of p we can find
x(t) such that M;(t) = Oyu(t,z(t)). We evaluate (5.I4) in (¢,x(t)) to obtain that

Mi(t) < =2v(t,x(t) H[v(t, )](2(t) — u(t, z(t) Ao[v (¢, )] (x(t)).
Then, it yields that:
—2v(t, 2 () Hv(t, )](x(t) < v(t,a(t)* + (H[(t,.)](2(?)))”
S AV(t) Aolv(t, )](x(t)) + 32 V(1) Ao[w (¢, )](x (1)),
by Lemma [5.19 and Lemma Hence, we deduce that:
Mi(t) < (=m(0) + 36V(t)) Ao[v(t, ))(z(t)).

Using Lemma [5.19 and the fact that V(t) converges exponentially fast to 0 by Theorem
[B.14], we can say that for ¢ large enough:

Mi(t) < (—=m(0) + 36V(t)) max(Mi(t) — V(t),0)
< (=m(0) +36V(t)) (M (t) — V(1))
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Let K7 := max(36V(0),m(0)V(0)) and o1 = m(0) < 0. Thanks to Proposition we
get:

M{(t) < (=01 + Ky exp(—oot))Mi(t) + K1 exp(—oot).
By Gronwall’s lemma we conclude that there exists C; > 0 such that

M (t) < Crexp(—o1t).

We can do the same proof to lower bound minT 0, (t, .) and obtain the result. 0
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