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A NEW APPROACH FOR THE UNITARY DYSON BROWNIAN

MOTION THROUGH THE THEORY OF VISCOSITY SOLUTIONS

CHARLES BERTUCCI AND VALENTIN PESCE

Abstract. In this paper, we study the unitary Dyson Brownian motion through a
partial differential equation approach recently introduced for the real Dyson case. The
main difference with the real Dyson case is that the spectrum is now on the circle
and not on the real line, which leads to particular attention to comparison principles.
First we recall why the system of particles which are the eigenvalues of unitary Dyson
Brownian motion is well posed thanks to a containment function. Then we proved that
the primitive of the limit spectral measure of the unitary Dyson Brownian motion is
the unique solution to a viscosity equation obtained by primitive the Dyson equation
on the circle. Finally, we study some properties of solutions of Dyson’s equation on the
circle. We prove a L

∞ regularization. We also look at the long time behaviour in law
of a solution through a study of the so-called free entropy of the system. We conclude
by discussing the uniform convergence towards the uniform measure on the circle of a
solution of the Dyson equation.
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1. Introduction

In this paper we study the so-called unitary Dyson Brownian motion. In [22], Dyson
derived a system of stochastic differential equations satisfied by the angles of the eigen-
values of the unitary Dyson Brownian motion. We prove that this system of particles in
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interaction is well defined as stated in [11] by using the usual method to study systems of
particles with a singular potential interaction as in [9, 11].

Then we look at the the limit equation, when the size of the matrix N goes to +∞,
of the spectral measure of the unitary Dyson Brownian motion, which is called Dyson’s
equation on the circle. In the literature, the convergence of this spectral measure is ob-
tained by showing that this sequence is relatively compact for a certain topology and then
by showing uniqueness to Dyson’s equation on the circle by looking at the moments or
the Stieltjes transform of a solution to Dyson’s equation in a certain sense that we do not
define here [11]. As noticed in [6], for the real Dyson case we can have a more general
approach by looking at the partial differential equation satisfied by the cumulative distri-
bution function of a solution to Dyson’s equation. Thanks to this approach we can deal
with more general drifts for which the computation of the exact solution would not be
possible a priori [6]. We follow the same idea for Dyson’s equation on the circle. We first
integrate this equation to obtain what we shall call the primitive of the Dyson equation.
We pay attention to the fact that in the case of measures on the circle there is no canonical
cumulative distribution function associated to a measure on the circle as in the real case.
The resulting equation is an integro-differential partial differential equation. This equation
involves the half Laplacian on the circle which satisfies a maximum principle which leads
us to define a notion of viscosity solution for the primitive equation as for the real case.
We obtain a comparison principle and uniqueness of viscosity solution for the primitive
equation by using classical techniques for viscosity equations ([18] for second order fully
non-linear partial differential equation and [5, 2, 3] for integro-differential partial differen-
tial equation for instance).

Later we go back to the system of particles associated to the unitary Dyson Brownian
motion to prove a result of convergence of this systems of particles. As in [6], a main
argument in the proof is a discrete comparison result of two system of particles on the
circle. However there is no "good" order on the circle. This creates a difficulty to state
a comparison principle. To overcome this difficulty, we consider a periodized system of
particles associated to the initial system of particles. Thanks to this, we can state properly
a discrete comparison principle. In the same spirit as in [6], we prove the convergence of
the primitive of the spectral measure of the unitary Dyson Brownian motion to the unique
viscosity solution to the primitive Dyson equation. The proof mostly uses the discrete
comparison principle and the maximum property of the half Laplacian. However, the
main difference with the real case is that in the proof we have to use the local formulation
of viscosity solutions. Indeed, locally an arc of the circle is like an interval of R and so
there is a natural order on it which allows us to use the discrete comparison principle.

Finally, we study properties of the Dyson equation on the circle. We prove a L∞ reg-
ularization of the Dyson flow by proving an a priori estimate for a smooth solution to
Dyson’s equation on the circle and then using the vanishing method for viscosity solutions
of the primitive of the Dyson equation as in [7] for the real Dyson case. We give some
other properties as the decay of the Lp norms and the fact that the so-called free entropy
associated to Dyson’s flow is monotone and continuous along Dyson’s flow. Thanks to
these properties we give a new proof of the convergence in law of a solution to Dyson’s
equation towards the uniform measure on the circle as stated in [11]. We also study the
convergence to the equilibrium of the solution to Dyson’s equation. We shall prove that
for all p ∈ [1,+∞) the solution converges towards the uniform measure on the circle in Lp

and if the solution is positive it also converges in L∞.

2. The Dyson model: from random matrices to particles in interaction

2.1. The Dyson model. In 1962 [22], Dyson introduced continuous models that defined
new types of Coulomb gases through the spectrum of random matrices. This approach
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gives another point of view for well known theorems in random matrix theory as the
Wigner theorem [1, 25, 28]. It makes a connection between random matrices and systems
of particles in interaction and opened many links between random matrices and Coulomb
gases, see for instance [9, 13, 14, 26]. Here we focus on the so-called unitary Dyson
Brownian motion. Let us recall that for an integer N ≥ 1, we say that a matrix M is
sampled from the Gaussian unitary ensemble of size N (GUEN ) if M is an hermitian
matrix of size N × N such that (Mi,j)1≤i<j≤N are independent complex normal law of
mean 0 and variance 1 and (Mi,i)1≤i≤N are independent (and independent of Mi,j for
1 ≤ i < j ≤ N) real normal law of mean 0 and variance 1. The law of a matrix sampled
from it is invariant by unitary change of basis.
For all integer N ≥ 1, let UN (C) be the set of complex unitary matrices. For N ≥ 1,
we define the unitary Dyson Brownian motion as a stochastic process starting from a
deterministic unitary matrix DN (0) ∈ UN (C) and generated by:

DN (t + h) = DN (t) exp

(

i

√
h√
N
M

)

∈ UN (C) (2.1)

where M is sampled from the Gaussian unitary ensemble of size N (re sampled at each
step). This definition gives us an algorithm to simulate the unitary Dyson Brownian
motion [10].

Remark 2.1. This definition generalizes in dimension N the fact that if (Bt)t≥0 is a real
Brownian motion we have:

exp(iBt+h) =
law

exp(iBt) exp(i
√
hN ),

with N a normal law of parameter (0,1) independent from Bt thanks to the fact that
(Bt+h −Bt)h≥0 has the law of a Brownian motion independent of Bt.

Let (µj
t )1≤j≤N = (exp(iθj

t ))1≤j≤N be the N eigenvalues of DN (t) for t ≥ 0. Using
the perturbation theory (or Hadamard’s variational formula ([28],section 1.3.4)), Dyson
explained that the family (θj

. )1≤j≤N are weak solutions of a system of stochastic differential
equations (SDE).
From now until the end, for N ≥ 1, we say that a system of N particles; (λi

t)1≤i≤N,t≥0

satisfies the unitary Dyson Brownian system of size N (sometimes we just call itN particles
Dyson case) if it satisfies the following system of SDE:

∀1 ≤ i ≤ N, dλi
t =

1

N

∑

j 6=i

cotan((λi
t − λj

t )/2) dt +
2√
N
dBi

t, (2.2)

with (Bi
t)1≤i≤N a family of N independent Brownian motions (defined on the same prob-

ability space and a same filtration).
This system contains a diffusive part through the Brownian motion term in competition
with a repulsive mean field interaction through the first sum (each particle is repulsed by
all the other particles). Hence the existence of solutions in a weak or strong sense of the
previous system is not clear a priori.
Even though results for existence and uniqueness of a weak and strong solution for this
system are already known in the literature [1, 9, 11, 12], complete proofs are missing
and we shall give in the following sections a detailed proof of these points for the sake of
completeness.

2.2. Notation and well-posedness of the model.
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2.2.1. Notation. The open subset of RN on which we work is:

D = R
N − ∪i6=j{(x1, ..., xN ) ∈ R

N : xi = xj modulo 2π}

and its boundary in the compactification of RN :

∂D = {+∞} ∪i6=j {(x1, ..., xN ) ∈ R
N : xi = xj modulo 2π}.

Let us define R
N
> by: {(x1, ..., xN ) ∈ R

N : x1 < x2 < ... < xN < x1 + 2π}.

Furthermore, we shall write x = (x1, ..., xN ) for an element of RN .
If x ∈ D, let us define its energy by

E(x) :=
1

N

N
∑

i=1

V (xi) +
1

N2

∑

1≤i6=j≤N

W (xi − xj) =: EV (x) + EW (x)

where V is an external confinement potential which is in our case V (t) := t2 as the kinetic
energy that help us to check that our system doesn’t explode spatially in finite time and
for x ∈ R, x 6= 0 modulo 2π, W (x) := − ln((sin(x/2)2) ≥ 0 which is the potential energy
associated to our system since −W ′(x) = cotan(x/2).
Let αN and βN be two non negative real numbers. We are interested in the following SDE
system satisfied by a system of particles (λi

.)1≤i≤N :

∀1 ≤ i ≤ N, dλi
t = − αN

2

∂EW

∂xi
(λ1

t , ..., λ
N
t ) +

√

2αN

βN
dBi

t

= − αN

N2

∑

j 6=i

W ′(λi
t − λj

t) dt +

√

2αN

βN
dBi

t

=
αN

N2

∑

j 6=i

cotan((λi
t − λj

t )/2) dt +

√

2αN

βN
dBi

t

(2.3)

with (Bi
t)1≤i≤N a family of independent Brownian motions.

The unitary Dyson Brownian system corresponds to the case: αN = N and βN = N2/2.

2.2.2. Formulas. The goal of this section is to compute how the generator of the system
of particles (2.3) acts on E .
Firstly the generator associated to the system (λi

t)1≤i≤N solution to (2.3) is:

Lf =
αN

βN
∆f − αN

2
∇EW .∇f,

for f a smooth function from D to R. Hence for a smooth function f from D to R, by
Itô’s formula:

E(f(λ1
t , .., λ

N
t )) = f(λi

0, ..., λ
N
0 ) + E

(∫ t

0
Lf(λ1

t , ..., λ
N
t )dt

)

.

Let x ∈ D and 1 ≤ i, j ≤ N .



A NEW APPROACH FOR THE UNITARY DYSON BROWNIAN MOTION 5

We have the following immediate formulas:

∂EV

∂xi
(x) =

2xi

N
(2.4)

∂EW

∂xi
(x) = − 2

N2

∑

j 6=i

cotan((xi − xj)/2) (2.5)

∇2EV (x) =
2

N
IN (2.6)

∂2EW

∂x2
i

(x) =
1

N2

∑

j 6=i

1

sin((xi − xj)/2)2
(2.7)

Hence, we can now compute LEV and LEW to compute finally LE .
Remark that

LEV (x) =
αN

βN
×2−αN

2

∑

1≤i6=j≤N

− 4xi

N3
cotan((xi−xj)/2) =

2αN

βN
+

2αN

N3

∑

1≤i6=j≤N

xi cotan((xi−xj)/2).

To express the last sum we can notice that:
∑

1≤i6=j≤N

xi cotan((xi − xj)/2) =
∑

1≤i6=j≤N

xj cotan((xj − xi)/2)

So we get:

2
∑

1≤i6=j≤N

xi cotan((xi − xj)/2) =
∑

1≤i6=j≤N

(xi − xj) cotan((xi − xj)/2).

Hence, we have the formula:

LEV (x) =
2αN

βN
+

2αN

N3

∑

1≤i6=j≤N

ψ(xi − xj),

where ψ(x) =
x

2
cotan(x/2). Let us remark that this function is such that ψ(x) ≤ 1 for all

x ∈ (−2π, 2π).
Now we compute LEW (x). Start with:

LEW (x) =
αN

βN

N
∑

i=1

1

N2

∑

j 6=i

1

(sin((xi − xj)/2)2
− αN

2
|∇EW (x)|2. (2.8)

We can express |∇EW (x)|2:

|∇EW (x)|2 =
4

N4

∑

1≤i≤N

∑

k 6=i, j 6=i

cotan((xi − xk)/2) cotan((xi − xj)/2)

=
4

N4





∑

j 6=i,k 6=i,j 6=k

cotan((xi − xk)/2) cotan((xi − xj)/2) +
∑

i6=j

(cotan((xi − xj)/2))2





=:
4

N4



SN +
∑

i6=j

(cotan((xi − xj)/2))2





by separating the second sum when j = k or j 6= k. Now to compute SN we need to use
an algebraic identity. This computation is based on the fact that if a+ b+ c = 0 then:

cotan(a) cotan(b) + cotan(b) cotan(c) + cotan(a) cotan(c) = 1 (2.9)
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Thanks to this remark,

SN =
∑

i6=k,i6=j,j 6=k

cotan((xi − xk)/2) cotan((xi − xj)/2)

= −
∑

i6=k,i6=j,j 6=k

cotan((xi − xk)/2) cotan((xj − xi)/2)

=
(2.9)

−
∑

i6=k,i6=j,j 6=k

(1 − cotan((xi − xk)/2) cotan((xk − xj)/2) − cotan((xj − xi)/2) cotan((xk − xj)/2))

= −N(N − 1)(N − 2)

−
∑

i6=k,i6=j,j 6=k

(cotan((xk − xi)/2) cotan((xk − xj)/2) − cotan((xj − xi)/2) cotan((xj − xk)/2))

= −N(N − 1)(N − 2) − 2SN .

Hence we have:

SN =
∑

j 6=i,k 6=i,j 6=k

cotan((xi − xk)/2) cotan((xi − xj)/2) = −N(N − 1)(N − 2)/3. (2.10)

Moreover by using that cotan2 = −1 + 1/ sin2 we get:

∑

i6=j

(cotan((xi − xj)/2))2 =
∑

i6=j

1

(sin((xi − xj)/2))2
−N(N − 1).

So we get:

|∇EW (x)|2 =
4

N4

(

−N(N − 1)(N − 2)

3
−N(N − 1)

)

+
4

N4

∑

i6=j

1

(sin((xi − xj)/2))2
.

This can be summarized into:

LEW (x) =

[

αN

N2βN
− 2αN

N4

]

N
∑

i=1

∑

j 6=i

1

(sin((xi − xj)/2))2
+ CN ,

where CN :=
2αN

N4

(

N(N − 1)(N − 2)

3
+N(N − 1)

)

.

So we can now compute:

LE(x) =
2αN

βN
+

2αN

N3

∑

1≤i6=j≤N

ψ(xi −xj)+

[

αN

N2βN
− 2αN

N4

]

N
∑

i=1

∑

j 6=i

1

(sin((xi − xj)/2))2
+CN .

If βN ≥ N2/2 then

[

αN

N2βN
− 2αN

N4

]

≤ 0. Using that ψ(x) ≤ 1 if |x| < 2π we deduce that

for all x ∈ R
N
> :

sup
x∈RN

>

LE(x) ≤ 2αN

βN
+

2αNN(N − 1)

N3
+ CN . (2.11)

Let us notice that the Dyson case (αN = N , βN = N2/2) corresponds to the case
[

αN

N2βN
− 2αN

N4

]

= 0.

Remark 2.2. We notice that a key point in the proof is the relation (2.9) satisfied by
cotan. Actually coth satisfies the same relation with -1 instead of 1, and the inverse
function satisfies it with 0 instead of 1 (which is used in the existence in real Dyson case
where the interaction is the inverse function instead of cotan [1, 9]).
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2.2.3. Condition for well-posedness of the model. We introduce the following stopping
times: for all ε > 0,

Tε = inf{t ≥ 0 : max
1≤i≤N

|λi
t| ≥ ε−1 or min

1≤i,j≤N+1
|λi

t − λj
t | ≤ ε}

and

T∂D = sup
ε>0

Tε,

which are the exit time of compact set of D.
One can show that for a good choice of parameters αN and βN there is no explosion in
finite time.

Theorem 2.3 (Criterion for absence of explosion). For N ≥ 1, if βN ≥ N2/2, then for
any initial data λ0 ∈ R

N
> , there exists a unique strong solution to (2.3) defined on [0,+∞)

and T∂D = +∞ almost surely.

This result is known in the literature and the condition on βN is necessary to be sure
that there is no explosion [11]. The proof uses the fact that E is a good function of
containment for the system (i.e E(x) goes to ∞ when x goes to ∂D and LE is bounded
uniformly on R

N
> ) and the arguments are classical for such system of particles as the real

Dyson case or Coulomb gases [1, 9].

Proof. First we state a lemma about the function E .

Lemma 2.4. We have the following properties for E:

(1) E ≥ 0
(2) lim

x→∂D
E(x) = +∞

Proof. EV and EW are non negative since V and W are. Hence E is non negative on D.
Moreover we see that if x converges to ∂D there is two cases. First if ||x|| converges to ∞
then EV (x) converges to +∞ and as EW is non negative, E(x) converges to +∞. Secondly
if x converges to a y such that there exists i 6= j such that yi = yj modulo 2π we clearly
get that EW (x) converges to +∞ since − ln((sin(z/2))2) converges to +∞ if z converges
to a real of 2πZ and as EV is non negative we also have that H(x) converges to +∞. �

We now prove the theorem. This proof is quite standard and uses a smooth approxi-
mation of the potential and uniqueness and existence for this smooth approximation.
In the following, if (λi

.)1≤i≤N is defined by (2.3) we set for all t until this system exists,

λN+1
t = λ1

t + 2π.

Let λ0 ∈ R
N
> an initial data and ε > 0 smaller than min1≤i6=j≤N+1(|λi

0 − λj
0|) and such

that ε−1 > maxi λ
i
0.

We consider a smooth 2π periodic approximation Wε of W which coincides with W on
(ε, 2π − ε) and we define as before Eε = EV + EWε . By existence and uniqueness of the
solution to the SDE we can consider (λε

t )t≥0 starting from λ0 solution to the following
problem:

dλε
t = 2

√

αN

βN
dBt − αN

2
∇EWε(λε

t )dt.

For ε′ < ε, let

Tε,ε′ = inf{s > 0 : min
1≤i6=j≤N+1

|(λε′

s )i − (λε′

s )j | ≤ ε or max
i

|(λε′

s )i| ≥ ε−1}

be a stopping time such that by definition we have that the processes λε and λε′

coincide
up to this time. Hence, this allows us to define for all ε as in the beginning of the proof,
a stopping time Tε := Tε,ε′ for ε′ < ε and (λt)0≤t≤Tε := (λε′

t )0≤t≤Tε for ε′ < ε. We clearly
have that if ε′ < ε, Tε′ ≥ Tε almost surely, and so that we can uniquely defined λ until the
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stopping time T∂D. Moreover by definition of Wε, we have that λ satisfies the SDE with
W until the time T∂D since it satisfies it for all ε on [0, Tε]. So it remains to prove that
T∂D = +∞ almost surely to conclude.
Let us define for all R > 0 the stopping times:

T ′
R = inf{t ≥ 0 : E(λt) > R}

and

T ′ = lim
R→∞

T ′
R.

By the previous lemma: T ′ = +∞ ⊂ T∂D = +∞ because if λt converges to ∂D in a finite
time, E(λt) would explode in finite time by Lemma 2.4.
Let R > 0, thanks to Lemma 2.4 we can find ε (that depends on R) such that Tε ≥ T ′

R
and so on [0, T ′

R], E = Eε.
Hence, we can use Itô’s formula to have for all t > 0:

E(Eε(λε
t∧T ′

R
)) − Eε(λε

0) = E

(

∫ t∧T ′

R

0
LEε(λ

ε
s)ds

)

.

Since Tε ≥ T ′
R it gives:

E(E(λt∧T ′

R
)) − E(λ0) = E

(

∫ t∧T ′

R

0
LE(λs)ds

)

. (2.12)

Now, by (2.11) obtained in the Section 2.2.2, LE is bounded on R
N
> by a constant (which

depends on N) that we will denote KN .
So we have the following upper bound for every t > 0,

E

(

∫ t∧T ′

R

0
LE(λs)ds

)

≤ KN t.

As a consequence of the Itô’s formula (2.12), for every t > 0,

sup
R>0

E(E(λt∧T ′

R
)) < +∞.

Thanks to that we can use a kind of Markov estimate. For every t > 0 since E is non
negative we have:

R1T ′

R
≤t ≤ E(λt∧T ′

R
).

By taking the expectation for every t > 0 we get:

P(T ′
R ≤ t) ≤

sup
R>0

E(E(λt∧T ′

R
))

R
.

Hence, let R → +∞ to have that for all t > 0,

P(T ′ ≤ t) = 0.

So T ′ = +∞ almost surely which concludes the proof. �

We can reformulate Theorem 2.3.

Theorem 2.5 (Non explosion of the Dyson model). For any initial data λ0 ∈ R
N
> , let

(λi
t)1≤i≤N, t≥0 be the solution to (2.2) which starts from λ0 ∈ R

N
> .

For all 1 ≤ k ≤ N , for all t ≥ 0 we define Zk
t = exp(iλk

t ) and T = inf{t ≥ 0 : Zi
t =

Zj
t for 1 ≤ i 6= j ≤ N}. Then T = +∞ almost surely.
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Remark 2.6. Let us briefly explain how to give a sense to a solution to (2.2) when λ0

is in R
N and not necessarily in R

N
> . The following argument is used in Theorem 4.3.2

in [1]. It is known that for all t > 0, almost surely the spectrum of DN (t) is simple.
This is a consequence of the fact that the spectrum of a matrix is simple if and only
if the discriminant of the characteristic polynomial of this matrix is equal to 0 and the
coefficients of the characteristic polynomial of a matrix are polynomials in the entries of

this matrix. Let us recall that for all t ≥ 0, we denoted (exp(iλj
t ))1≤j≤N the spectrum of

DN (t). For all t we ordered the eigenvalues such that (λj
t )1≤j≤N ∈ RN

> .

Let (tn)n≥0 ∈ (R+)N be a sequence that goes to 0 when n goes to ∞. Almost surely for
all n, (λi

tn
)1≤i≤N ∈ R

N
> . By Theorem 2.5, for all n we can consider the unique strong

solution to (2.2) starting from (λi
tn

)1≤i≤N , (λ̃t)t≥tn whose law coincides with the law of
the eigenvalues of (DN (t))t≥tn by the Dyson theorem [22]. By uniqueness of the trajectory

obtained in Theorem 2.5, we can construct a solution (λ̃t)t>0 of the Dyson equation (2.2)
whose law coincides with the law of the eigenvalues of (DN (t))t>0 and which is in R

N
> for

all t > 0. Moreover the Hoffman-Wielandt inequality for normal matrices implies that λt

converges to λ0 when t goes to 0 by continuity in 0 of (DN (t))t≥0. This proves existence
and uniqueness in law of solutions of (2.2) starting from λ0.

3. Study of the Dyson partial differential equation on the circle

Formally, thanks to Itô’s formula, if (λi
t)1≤i≤N is a solution to (2.2), every limit point

m ∈ C([0,+∞),P(T)) for the weak topology of the empirical measure of the system of
particles:

µN (.) =
1

N

N
∑

i=1

δλi
.

∈ C([0,+∞),P(T))

is solution to the following equation:

∂tm+ ∂θ(mH[m]) = 0 in (0,∞) × T, (3.1)

where T = R/2πZ, P(T) is the set of probability measures on T and H[m] is the Hilbert
transform on the torus of the measure m ∈ P(T). We shall detail more precisely in the
next part what this equation means. We call (3.1) the Dyson equation on the circle.
The goal of this section is to study this equation and the primitive equation associated to
it as in [6]. Then, in the next section we shall detail in which sense the system of particles
converges to the solution to the Dyson equation on the circle.

3.1. Notation. A function f : R → R is an element of Ck(T) for k ∈ [0,∞] (resp. Lp(T)
for p ∈ [1,∞]) if f is a 2π periodic function of class Ck (resp. if f is a 2π periodic function
in Lp([0, 2π])). We write F(T) for the space of functions on the circle that means the
functions from R to R that are 2π periodic.
Let F2π (resp. Ft,2π) be the space of functions F defined on R (resp. R

+ × R) for which
there exists a ∈ R such that for all x ∈ R: F (x+ 2π) = F (x) + a (resp. for all t ≥ 0, for
all x ∈ R, we have F (t, x+ 2π) = F (t, x) + a). F2π (resp. Ft,2π) is a R vector space.
We say that F ∈ F2π (resp. Ft,2π) is bounded if there exists exists C > 0 such that F is
bounded by C on [0, 2π] (resp. for all t ≥ 0, F (t, .) is bounded by C on [0, 2π]).
Let C1,1

x (R+ × R) be the space of functions f(t, x) defined from R
+ × R with values in R

such that f is a C1 function and ∂xf is Lipschitz.
Let C1,1

2π be the space of functions F ∈ C1(R,R) such that F ′ is a Lipschitz function and

for which there exists a ∈ R such that for all x ∈ R, we have F (x+ 2π) = F (x) + a. C1,1
2π

is a R vector space.
Let C1,1

t,2π be the space of functions of F ∈ C1,1
x (R+ ×R) , for which there exists a ∈ R such

that for all t ≥ 0, for all x ∈ R, we have F (t, x+2π) = F (t, x)+a. C1,1
t,2π is a R vector space.
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A priori, the Dyson equation (3.1) has to be understood in the sense of distributions.
Let us recall that for an element µ ∈ P(T), we define H[µ] as the following distribution:

H[µ] = P.V.(cotan(θ/2)) ∗ µ,
where P.V. denotes the principal value. More precisely we have that for all φ ∈ C∞(T),

〈H[µ], φ〉 =

∫

T

∫

T

φ(θ′) cotan((θ′ − θ)/2)µ(dθ)dθ′,

where integrals on T are understood in the sense of the principal value. When the measure
µ has a smooth density with respect to Lebesgue measure we can explicitly write that:

H[µ](θ) =

∫

T

cotan((θ − θ′)/2)µ(dθ′) := lim
ε→0

∫

T∩|θ′−θ|>ε
cotan((θ − θ′)/2)µ(dθ′).

Note that the term mH[m] in the Dyson equation does not make sense as the product of
two distributions but rather as the distribution defined by:

〈mH[m], φ〉 =

∫

T

∫

T

(φ(θ′) − φ(θ)) cotan((θ′ − θ)/2)m(dθ)m(dθ′),

for all φ ∈ C∞(T). For instance with this definition we have that δ0H[δ0] = 2δ′
0.

Hence, µ is a solution to (3.1) if for all t ≥ 0, m(t, .) ∈ P(T) and for all φ ∈ C∞(T), it
holds that for t ≥ 0:

〈m(t, .), φ〉 = 〈m(0, .), φ〉 +

∫ t

0
〈m(s, .)H[m(s, .)], φ′〉ds,

where 〈ν, f〉 =
∫

T
fdν for ν ∈ P(T) and f ∈ L1(µ). We can obviously restrict ourselves to

φ ∈ C2(T) in the previous formulation.
Let us recall an usual way to define the principal value as a real integral. By antisymmetric
property of cotan(θ) we have that

∫

T
cotan(θ/2)dθ = 0. Hence for a suitable f we have:

H[f ](θ) = lim
ε→0

∫

T∩|θ′−θ|>ε
f(θ′) cotan(θ−θ′)dθ′ =

1

2

∫

T

cotan(θ′/2)(f(θ−θ′)−f(θ+θ′))dθ′,

(3.2)
where the last integral is well defined if for instance f ∈ C2(T).

3.2. Primitive equation. Following [6], we want to look for a primitive equation of
(3.1). What we mean by primitive equation, is an equation such that if F is smooth and
a solution to this primitive equation then ∂θF (t, θ) shall be a solution to (3.1).
However, there is no canonical way to consider a primitive of µ ∈ P(T), as the cumulative
distribution is for a real measure, since there is no "good" order on T. For µ ∈ P(T), let
us define F (θ) = µ([0, θ]) if θ ≥ 0 and F (θ) = −µ((θ, 0)) if θ < 0. F is non decreasing,
right continuous and satisfies that F (x+ 2π) = F (x) + 1 since µ is a probability measure
on T. Formally the primitive equation that we want to consider by integrating (3.1) is:

∂tF + (∂θF )H[∂θF ] = 0 (3.3)

We define the operator A0(F ) = H(F ′) for F ∈ C1,1
2π . By integration by part one can show

that for a smooth F :

A0[F ](θ) =

∫

T

2F (θ) − F (θ − θ′) − F (θ + θ′)

sin2(θ′/2)

dθ′

4
=

∫ π

−π

F (θ) − F (θ − θ′)

sin2(θ′/2)

dθ′

2
.

Remark 3.1. The second expression above for A0 is less practical because we cannot re-
place the integral on [−π, π] by an integral on T since the integrated term is not 2π periodic.
Moreover at first sight this integral seems to be ill-defined and it shall be understood as:

A0[F ](θ) =

∫ π

−π

F (θ) − F (θ − θ′) − θ′F ′(θ)

sin2(θ′/2)

dθ′

2
.
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Hence, the primitive equation of (2.2) we shall consider is:

∂tF (t, θ) + (∂θF (t, θ))A0[F (t, .)](θ) = 0 in (0,+∞) × R, (3.4)

where A0[F (t, .)] is:

A0[F (t, .)](θ) =

∫

T

2F (t, θ) − F (t, θ − θ′) − F (t, θ + θ′)

sin2(θ′/2)

dθ′

4
=

∫ π

−π

F (t, θ) − F (t, θ − θ′)

sin2(θ′/2)

dθ′

2
.

The equation (3.4) shall be called the primitive Dyson equation.
The important property of the operator A0 is that it satisfies a maximum principle: if
F ∈ C1,1

2π has a maximum in θ0, then A0[F ](θ0) ≥ 0 (by linearity of A0 we also have that

if φ ∈ C1,1
2π and F ∈ C1,1

2π are such that F − φ has a maximum in θ0 then A0[F ](θ0) ≥
A0[φ](θ0)) which motivates the approach by viscosity solution in [6, 7].

Remark 3.2. The operator A0 appears in many problems as quasi-geostrophic equations,
dislocation, porous media (see e.g. [16, 24, 21, 17, 8]) and is linked with the fractional
Laplacian [19]. Indeed, F ∈ C2(T) we can prove (|cn(A0[F ])|)n∈Z is proportional to
(|n||cn(F )|)n∈Z, where cn(F ) is the nth Fourier coefficient of F . Thanks to this prop-
erty the operator A0 is defined as the square root of the Laplacian:

A0 =

(

− d2

dθ2

)1/2

.

Since we look at non decreasing in space variable solutions of (3.4) we can formally
change the equation (3.4) in:

∂tF (t, θ) + (∂θF (t, θ))+A0[F (t, .)](θ) = 0 in (0,+∞) × R, (3.5)

This equation shall be treated with the theory of viscosity solutions [18].

Definition 3.3. • An upper semi continuous (usc) function F ∈ Ft,2π is said to be a

viscosity subsolution of (3.5) if for any function φ ∈ C1,1
t,2π, (t0, θ0) ∈ (0,∞) × R point of

local maximum of F − φ the following holds:

∂tφ(t0, θ0) + (∂θφ(t0, θ0))+A0[φ(t0, .)](θ0) ≤ 0 (3.6)

• A lower semi continuous (lsc) function F ∈ Ft,2π is said to be a viscosity supersolution

of (3.5) if for any function φ ∈ C1,1
t,2π, (t0, θ0) ∈ (0,∞) × R point of local minimum of

F − φ the following holds:

∂tφ(t0, θ0) + (∂θφ(t0, θ0))+A0[φ(t0, .)](θ0) ≥ 0 (3.7)

• A viscosity solution F of (3.5) is an usc subsolution such that F∗ is a supersolution
where F∗(t, θ) = lim inf0≤s→t,y→x F (s, y).
• A function F is a viscosity solution to (3.5) with initial data F0 ∈ F2π if it is a viscosity
solution of (3.5) and F ∗(0, .) ≤ F ∗

0 and (F0)∗ ≤ F∗(0, .).
• A function F such that for all t ≥ 0, F (t, .) is non decreasing, is a viscosity solution of
(3.4) if it is a viscosity solution of (3.5).

Remark 3.4. Since we are interested in non decreasing solutions F in space variable,
one can replace in the definition of sub and supersolution the positive part of ∂θφ(t0, θ0) by
∂θφ(t0, θ0) itself. Indeed, for any t0, h ≥ 0, if θ0 is a point of maximum of F (t0, .)−φ(t0, .)
then:

F (t0, θ0) − φ(t0, θ0 + h) ≤ F (t0, θ0 + h) − φ(t0, θ0 + h) ≤ F (t0, θ0) − φ(t0, θ0)

where we first used that F (t0, .) is non decreasing and then the fact that θ0 is a point of
maximum of F (t0, .) − φ(t0, .). Hence, we deduce that ∂θφ(t0, θ0) ≥ 0.
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As usual in the theory of viscosity solution for integro -differential equations, it is more
convenient to work with a more local reformulation. We introduce local and non local
operator associated to A0 as in [2, 5, 6]. For δ > 0 we define the operators on C1,1

2π , I1,δ

and I2,δ with:

I1,δ[φ](θ) =

∫

T∩|θ′|≤δ

2φ(θ) − φ(θ − θ′) − φ(θ + θ′)

sin2(θ′/2)

dθ′

4

I2,δ[φ](θ) =

∫

T∩|θ′|>δ

2φ(θ) − φ(θ − θ′) − φ(θ + θ′)

sin2(θ′/2)

dθ′

4
.

Proposition 3.5. Let F be a subsolution (resp. supersolution) of (3.5). Then for all φ ∈
C1,1

t,2π, δ > 0 and (t0, θ0) ∈ (0,+∞) ×R such that (F − φ)(t0, θ0) = 0 and (F − φ)(t, θ) ≤ 0

(resp. ≥ 0) for any (t, θ) ∈ B((t0, θ0), δ), the following holds:

∂tφ(t0, θ0) + (∂θφ(t0, θ0))+ (I1,δ[φ(t0, .)](θ0) + I2,δ[F (t0, .)](θ0)) ≤ 0 (resp. ≥ 0).

We can state a comparison principle for (3.4) as it is expected from viscosity theory
with partial integro-differential term [2, 5]. We prove this functional comparison principle
in our setting.

Theorem 3.6. Assume that u ∈ Ft,2π and v ∈ Ft,2π are respectively bounded viscosity
subsolution and supersolution to (3.5). If u(0, .) ≤ v(0, .), then for all time t, u(t, .) ≤
v(t, .).

Proof. Let γ > 0, instead of considering u we could consider uγ(t, θ) = u(t, θ) − γt which

is a γ strict subsolution in the sense that if φ ∈ C1,1
t,2π, δ > 0 and (t0, θ0) ∈ (0,+∞) × R

are such that (uγ −φ)(t0, θ0) = 0 and (uγ −φ)(t, θ) ≤ 0 then for any (t, x) ∈ B((t0, x0), δ),
the following holds:

∂tφ(t0, θ0) + (∂θφ(t0, θ0))+ (I1,δ[φ(t0, .)](θ0) + I2,δ[uγ(t0, .)](θ0)) ≤ −γ < 0.

Hence if we prove that for all t, θ, uγ(t, θ) ≤ v(t, θ) for all γ > 0 , then by taking the limit
γ → 0 we shall recover u ≤ v. Hence, we can assume u is a γ strict subsolution in the
proof and not just a subsolution.
We argue by contradiction and suppose that there exists t0 > 0, θ0 ∈ R such that
u(t0, θ0) > v(t0, θ0). Let T > t0 and let use the classical technique of doubling variables.
Thanks to the hypothesis, there exists α > 0 such that for all ε > 0:

sup{u(t, θ) − v(s, θ′) − 1

2ε
(θ − θ′)2 − 1

2ε
(t− s)2, t, s ∈ [0, T ], θ, θ′ ∈ R

2} > α.

We shall justify that this supremum is actually a maximum by an usual localisation argu-
ment. Indeed, for a bounded F ∈ Ft,2π we have a ∈ R such that F (t, θ+ 2π) = F (t, θ) + a
for all t, θ and so we can deduce that there exists K > 0 such that for all t ≥ 0, θ ∈ R,
|F (t, θ)| ≤ K(1 + |θ|).
So for u and v in Ft,2π and bounded there exists L > 0 such that for all (t, s) ∈ R

+, for
all (θ, θ′) ∈ R

2, u(t, θ) − v(s, θ′) ≤ L(1 + |θ| + |θ′|) (this fact shall be called sublinearity).
Now we can consider for β > 0, ε > 0 the following supremum:

sup{u(t, θ) − v(s, θ′) − 1

2ε
(θ − θ′)2 − 1

2ε
(t − s)2 − β(|θ|2 + |θ′|2), t, s ∈ [0, T ], θ, θ′ ∈ R

2}.

For β > 0 small enough this supremum is greater than α/2 > 0. Moreover thanks to the
sublinearity and the fact that u is usc and v is lsc, this supremum is a maximum.
Let t∗, s∗, θ∗, θ′∗ ∈ [0, T ]2 ×R

2 be a point of maximum. We can classically assume that for
ε small enough, t∗ and s∗ are positive thanks to the fact that α > 0.
We want to use as tests functions:

φ1(t, θ) = v(s∗, θ′∗) +
1

2ε
(θ − θ′∗)2 +

1

2ε
(t− s∗)2 + β(|θ|2 + |θ′∗|2),
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for u and:

φ2(s, θ′) = u(t∗, θ∗) − 1

2ε
(θ∗ − θ′)2 − 1

2ε
(t∗ − s)2 − β(|θ∗|2 + |θ′|2),

for v.
The matter is of course that these functions are not in C1,1

t,2π.

Take a small δ > 0 that will be specified later on. We can find a function φ̃1 such
that φ̃1 is equal to φ1 in B((t∗, θ∗), δ) and which is in C1,1

t,2π. Indeed for δ < π/2, by

localisation we can construct φ̃1 such that φ̃1 is equal to φ1 in B((t∗, θ∗), δ) and impose
that φ̃1(t, θ∗ + π) = φ̃1(t, θ∗ − π) + 1 for all t to define φ̃1(t, .) on [θ∗ − π, θ∗ + π] and then
extend periodically φ̃1(t, .) for all t > 0. We can do the same for φ2. We still call φ1 and

φ2 these modifications of φ1 and φ2 that are in C1,1
t,2π.

Moreover to lighten the computations that shall follow we can forget the factor in β since
for instance if we look at γβ(θ) = β(|θ|2 + |θ′∗|2) we have that γ′′

β is uniformly bounded in θ

by 2β and so we have that I1,δ[γβ ](θ′∗) converges uniformly in δ to 0 when β converges to
0. So if we let β converges to 0 first in the sub viscosity formulation this part disappears
and same for the super viscosity formulation [5]. We still write φ1 and φ2 these functions
without the term β(|θ|2 + |θ′|2).
By using φ1 and φ2 as test functions in the definition of subsolution and supersolution we
have that:

1

ε
(t∗ − s∗) +

1

ε
(θ∗ − θ′∗)+ (I1,δ[φ1(t∗, .)](θ∗) + I2,δ[u(t∗, .)](θ∗)) ≤ −γ

and:
1

ε
(t∗ − s∗) +

1

ε
(θ∗ − θ′∗)+

(

I1,δ[φ2(s∗, .)](θ′∗) + I2,δ[v(s∗, .)](θ′∗)
) ≥ 0.

We subtract the first inequality to the second and we have:

1

ε
(θ∗−θ′∗)+

(

I1,δ[φ2(s∗, .)](θ′∗) − I1,δ[φ1(t∗, .)](θ∗) + I2,δ[v(s∗, .)](θ′∗) − I2,δ[u(t∗, .)](θ∗)
) ≥ γ.

(3.8)
Firstly, we look at the I2,δ part:

I2,δ[v(s∗, .)](θ′∗) − I2,δ[u(t∗, .)](θ∗) =
∫

T∩|z|>δ

v(s∗, θ′∗) − v(s∗, θ′∗ + z) − v(s∗, θ′∗ − z) − (2u(t∗, θ∗) − u(t∗, θ∗ + z) − u(t∗, θ∗ − z))

sin2(z/2)

dz

4
.

But using that (t∗, s∗, θ∗, θ′∗) is a point of maximum we have that for all z ∈ R:

u(t∗, θ∗) − v(s∗, θ′∗) ≥ u(t∗, θ∗ + z) − v(s∗, θ′∗ + z)

u(t∗, θ∗) − v(s∗, θ′∗) ≥ u(t∗, θ∗ − z) − v(s∗, θ′∗ − z).

By adding these two inequalities we see that the previous numerator is actually non neg-
ative. Hence we have:

I2,δ[v(s∗, .)](θ′∗) − I2,δ[u(t∗, .)](θ∗) ≤ 0.

Then for the terms in I1,δ we notice that since φ1(t∗, .) (resp. φ2(s∗, .)) is bounded in C2

by ε−1 in B(θ′∗, δ) (resp. B(θ∗, δ)), we have:

I1,δ[φ2(s∗, .)](θ′∗) − I1,δ[φ1(t∗, .)](θ∗) ≤ 2δ

ε
.

Hence, using these two results in (3.8) we have that for δ, ε small enough:

2δ

ε

(θ∗ − θ′∗)+

ε
≥ γ.
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We chose δ = ε3/2 and since we know from classical viscosity solution [18] that (θ∗ −
θ′∗)2/ε −→ε→0 0, we deduce that:

2δ

ε3/2

(θ∗ − θ′∗)+√
ε

−→ε→0 0.

We obtain that 0 ≥ γ which is a contradiction. �

3.3. Uniqueness of viscosity solution. Thanks to comparison principle we can clas-
sically obtain uniqueness of viscosity solution for (3.4). The proofs are similar with the
real Dyson case [6, 7].

Corollary 3.7. Let F be a bounded viscosity solution to (3.5) with initial condition
F0 ∈ F2π. We suppose that F0 is non decreasing, usc and bounded. Then F (t, .) is non
decreasing for all time.

Proof. By monotonicity of F0, since the initial condition of F is F0 we get that for all
ε > 0, ε′ > 0, for all x ∈ R:

F (0, x) ≤ F0(x) ≤ (F0(x+ ε′))∗ + ε ≤ F∗(0, x+ ε′) + ε.

Using Theorem 3.6 with u = F as a subsolution and v(t, x) = F∗(t, x + ε′) + ε as a
supersolution we get that for all ε > 0, ε′ > 0, ∀t ≥ 0, ∀x ∈ R:

F (t, x) ≤ F∗(t, x+ ε′) + ε ≤ F (t, x+ ε′) + ε. (3.9)

For y > x, we choose ε′ = y − x in (3.9). Let ε goes to 0 to obtain that for all t ≥ 0, for
all x < y, F (t, x) ≤ F (t, y). �

Theorem 3.8. Given a non-decreasing usc and bounded function F0 ∈ F2π, there exists
at most one bounded viscosity solution F of (3.4) with initial condition F0.

Proof. Assume that there exists F and G which are viscosity solutions of (3.5) with initial
condition F0. Let ε > 0. Since F and G have the same initial condition F0 we get that
for all x ∈ R:

F (0, x) ≤ F0(x) ≤ (F0(x+ ε))∗ + ε ≤ G∗(0, x + ε) + ε.

Using Theorem 3.6 with u = F as a viscosity subsolution and vε(t, x) = G∗(t, x + ε) + ε
as a supersolution, we get that for all t ≥ 0, for all x ∈ R:

F (t, x) ≤ G∗(t, x+ ε) + ε.

Letting ε goes to 0 yields that for all t ≥ 0, for all x ∈ R,

F (t, x) ≤ G(t, x).

By symmetry of F and G we get that F = G. �

Remark 3.9. Let us notice that in the previous comparison principle we do not have an
hypothesis like Lipschitz for one of the two functions we compare. Hence, we do not have
to prove existence of a solution to (3.4) starting from a smooth initial data as it was done
in [6].

4. Convergence of the system of particles

4.1. Periodic system of N particles. In Section 2 we proved the existence of the
system of N particles of the unitary Dyson case. To state a discrete comparison principle,
we shall introduce a periodic system of N particles obtained by periodizing the system of
N particles. Indeed, stating a comparison principle for two systems of particles is not clear
due to the fact that there is no global order on T. We will define a periodization of the
system to state that we will be able to compare two systems of particles on T, solutions
of (2.3) for a suitable angle of reference.
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From now on, for an integer i ∈ Z we write i[N ] the unique integer in [0, N) such that N
divides i− i[N ].

Definition 4.1. A system of real particles (λi
.)i∈Z satisfies the N periodic Dyson system

if it satisfies the following system:


























∀i ∈ Z, dλi
t =

1

N

N−1
∑

k=1

cotan((λi
t − λi+k

t )/2) dt +
2√
N
dB

i[N ]
t ,

∀i ∈ Z, ∀t ≥ 0, λi
t = λ

i[N ]
t + 2

⌊

i

N

⌋

π,

(4.1)

with (Bi
. )0≤i≤N−1 a family of independent Brownian motions.

Let us remark that thanks to the fact that we impose to our particles to have a 2π
periodic dynamic we can write:

∀i ∈ Z, dλi
t =

1

N

N−1
∑

k=1

cotan((λi
t − λi+k

t )/2) dt +
2√
N
dB

i[N ]
t

=
1

N

∑

j 6=i∈Z/NZ

cotan((λi
t − λj

t )/2) dt +
2√
N
dB

i[N ]
t .

For this system we have existence and uniqueness of a solution given a N periodic initial
data thanks to the existence and uniqueness of the unitary Dyson case of Theorem 2.3.

Proposition 4.2. Let 0 ≤ λ0
0 < λ1

0 < ... < λN−1
0 < 2π be N initial particles. We define

for i ∈ Z the ith initial particle λi
0 = λ

i[N ]
0 + 2 ⌊i/N⌋ π.

There exists a unique solution to (4.1), (λi
.)i∈Z, defined for all time t ≥ 0 and which starts

from (λi
0)i∈Z.

Moreover, for all k ∈ Z, for all t ≥ 0 we define Zk
t = exp(iλk

t ) and T = inf{t ≥ 0 : Zi
t =

Zj
t for i 6= j}. It satisfies T = +∞ almost surely.

Proof. Thanks to existence and uniqueness of the system of N particles studied in Section
2, we know that we can define a solution to (2.2) starting from (λ0

0, ..., λ
N−1
0 ) ∈ R

N
> . This

solution is defined for every time and is in R
N
> for every time. We define for every time

t ≥ 0 and for every i ∈ Z, λi
t = λ

i[N ]
t + 2 ⌊i/N⌋ π. We have that (λi

.)i∈Z is solution to (4.1).
The uniqueness is also clear since by the previous part the dynamic of (λi

.)0≤i≤N−1 which

starts from (λ0
0, ..., λ

N−1
0 ) ∈ R

N
> is unique and since for every time t ≥ 0 for every i ∈ Z,

λi
t = λ

i[N ]
t + 2 ⌊i/N⌋ π we have a unique solution to (4.1).

Finally about the last point we notice that for all k ∈ Z, for all t ≥ 0 Zk
t = exp(iλk

t ) =

exp(iλ
k[N ]
t ). Since the trajectories of the particles are continuous we have that T = inf{t ≥

0 : Zi
t = Zj

t for 0 ≤ i 6= j ≤ N − 1} and so by Theorem 2.5 we have T = +∞ almost
surely. �

We give another definition for a system of N particles without imposing the 2π peri-
odicity in the previous definition but to obtain it as a consequence of the study of the N
particles Dyson case. This new definition shall be consistent with Definition 4.1.

For i ∈ Z we write kN,i ∈ Z the unique integer such that i ∈ [kN,iN, (kN,i + 1)N − 1) and
we denote by ZN,i = Z ∩ [kN,iN, (kN,i + 1)N − 1).

Definition 4.3. A system of particles (λi
.)i∈Z satisfies the N periodic Dyson system if it

satisfies the following system of SDE:

∀i ∈ Z, dλi
t =

1

N

∑

k∈ZN,i, k 6=i

cotan((λi
t − λk

t )/2) dt +
2√
N
dB

i[N ]
t , (4.2)
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with (Bi
. )0≤i≤N−1 a family of independent Brownian motions.

Remark 4.4. We insist upon the fact that since a priori the λi
t doesn’t satisfy the periodic

equality modulo 2π we can not write as before the sum on any N − 1 class of disjoints
particles.

Thanks to existence and uniqueness of the N particles Dyson case of Theorem 2.3, there
exists a unique solution to the previous system given a periodic initial data. Moreover
this solution is the same as the unique solution to the first definition.

Proposition 4.5. Let 0 ≤ λ0
0 < λ1

0 < ... < λN−1
0 < 2π be N initial particles. We define

for i ∈ Z the ith initial particle λi
0 = λ

i[N ]
0 + 2 ⌊i/N⌋ π.

Then there exists a unique solution to (4.2), (λi
.)i∈Z, defined for all time t ≥ 0 which starts

from (λi
0)i∈Z.

Furthermore almost surely this solution satisfies:

∀i ∈ Z, ∀t ≥ 0, λi
t = λ

i[N ]
t + 2

⌊

i

N

⌋

π.

Hence, the unique solution to (4.1) starting from (λi
0)i∈Z is the same unique solution to

(4.2) starting from (λi
0)i∈Z almost surely.

Proof. For the existence, we can look individually at the packs of N particles {0, ..., N−1},
{N, ...2N − 1}, {−N, ...− 1} ... since we chose that the interactions of the i particles only
depend on the particles of ZN,i. Hence, using the existence part of the system of N particles
we can individually justify the existence for all time of these systems of N particles. The
problem is that maybe a particle from a pack collides with another particle. However that
is not the case. Indeed we have that almost surely:

∀i ∈ Z, ∀t ≥ 0, λi
t = λ

i[N ]
t + 2

⌊

i

N

⌋

π.

For instance, if we look at the pack (λi
.)i∈{N,...,2N−1} we notice that (λi

. − 2π)i∈{N,...,2N−1}

is of course solution to the system of N particles but now starting from the exact same
initial data as (λi

.)i∈{0,...,N−1}. Hence by uniqueness of the trajectories of the system of N
particles previously studied, we deduce that almost surely for every i ∈ {0, ..., N − 1}, for

every time t ≥ 0 we have: λi+N
t = λi

t + 2π. We can do this for every packs of N particles
and since there is only a countable number of packs of particles, we conclude that almost
surely

∀i ∈ Z, ∀t ≥ 0, λi
t = λ

i[N ]
t + 2

⌊

i

N

⌋

π.

Now since we know that the trajectories of every packs of N particles are in R
N
> for every

time by the previous study we have that for every time t ≥ 0:

... < λ−1
t = λN−1

t − 2π < λ0
t < λ1

t < ... < λN−1
t < λ0

t + 2π = λN
t < λN+1

t < ...

and so the system of infinite particles exists for every time and there is no collision.
For the uniqueness of a solution to (4.2) starting from (λi

0)i∈Z we can notice, by exactly
the same argument as in the existence part, that a solution (λi

.)i∈Z of (4.2) which starts
from an initial condition (λi

0)i∈Z which satisfies an hypothesis of periodic equality modulo
2π as in the statement, shall satisfy that almost surely:

∀i ∈ Z, ∀t ≥ 0, λi
t = λ

i[N ]
t + 2

⌊

i

N

⌋

π.

Hence the uniqueness is clear since the uniqueness of the system of the N particles
{0, ..., N − 1} is clear by the uniqueness of the trajectory of a solution to the system
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of N particles previously studied.
Finally the fact that the unique solution to (4.2) starting from (λi

0)i∈Z satisfies that almost
surely:

∀i ∈ Z, ∀t ≥ 0, λi
t = λ

i[N ]
t + 2

⌊

i

N

⌋

π,

proves that is also the unique solution to (4.1) which starts from (λi
0)i∈Z. The reverse is

obvious. �

4.2. Discrete comparison principle. We can state a discrete comparison principle for
the N periodic Dyson equation that shall have a key impact in the proof of the convergence
of the system of particles as in [6].

Theorem 4.6. Let a be a real number. Let a ≤ λ0
0 < λ1

0 < ... < λN−1
0 < a + 2π be N

initial particles. We define for i ∈ Z the ith initial particle λi
0 = λ

i[N ]
0 + 2 ⌊i/N⌋ π.

Let a ≤ µ0
0 < µ1

0 < ... < µN−1
0 < a+ 2π be N initial particles. We define for i ∈ Z the ith

initial particle µi
0 = µ

i[N ]
0 + 2 ⌊i/N⌋ π.

Let (λi
.)i∈Z (resp. (µi

.)i∈Z) be the unique strong solution to (4.1) (or equivalently (4.2))
which starts from (λi

0)i∈Z (resp. (µi
0)i∈Z) with the same Brownian motions (Bi

. )0≤i≤N−1.
Assume that for all i ∈ Z we have: λi

0 ≤ µi
0.

Then for all time t ≥ 0, for all i ∈ Z, we have: λi
t ≤ µi

t.

The proof is similar to the proof in the real Dyson case [1, 6, 27].

Proof. We know that almost surely the trajectories of the particles (λi
.)i∈Z and (µi

.)i∈Z

doesn’t collide and so are well defined for every time.
Let ε > 0 and let us define the stopping time

τε = inf{t,∃i ∈ Z, λi
t − µi

t > ε}.
We shall prove that for all T > 0 we have P(τε < T ) = 0.
We define for every t ≥ 0 and every i ∈ Z

wi
t = λi

t − µi
t − δt

with δ = 2ε/T (remark that by the periodic equality modulo 2π of the two systems of
particles, there are actually only N wi

t). By using the fact that (λi
.)i∈Z and (µi

.)i∈Z are
solutions of (4.1), we have that:

dwi
t =

1

N

N−1
∑

k=1

(

cotan((λi
t − λi+k

t )/2) − cotan((µi
t − µi+k

t )/2)
)

dt− δ.

Let ω ∈ Ω such that τε(ω) < T , we can find an index i0 ∈ Z (which of course depends on
ω) and a times τ > 0 (which also depends on ω too) such that:

∀i ∈ Z, ∀t ∈ [0, τ ] wi
t ≤ 0

∃i0, wi0
τ = 0

dwi0
τ ≥ 0,

since for all i ∈ Z we have: λi
0 ≤ µi

0 and the trajectories of wi are continuous.
If we evaluate the previous formula for dwi

t at t = τ and i = i0, we get:

dwi0
τ =

1

N

N−1
∑

k=1

[

cotan

(

λi
t − λi+k

t

2

)

− cotan

(

µi
t − µi+k

t

2

)]

dt − δ.

Now for all 1 ≤ k ≤ N − 1, let ak = λi0
τ − λi0+k

τ and bk = µi0
τ − µi0+k

τ . We remark that
by definition for all, for all 1 ≤ k ≤ N − 1 we have −2π < ak < 0, −2π < bk < 0 and
bk −ak = −δτ −µi0+k

τ +λi0+k
τ = wi0+k

τ ≤ 0. Since cotan(./2) is non increasing on (−2π, 0)
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we deduce that for all 1 ≤ k ≤ N − 1 cotan(ak/2) ≤ cotan(bk/2) and so we have that for
all 1 ≤ k ≤ N − 1:

cotan

(

λi
t − λi+k

t

2

)

− cotan

(

µi
t − µi+k

t

2

)

≤ 0

So we have: dwi0
τ ≤ −δ < 0 which is a contradiction.

Hence, we get that for all ε > 0 and for all T > 0, almost surely for all t < T , for all i ∈ Z,
λi

t ≤ µi
t + ε.

By using a countable sequences of ε > 0 and T > 0 we deduce that almost surely for all
ε > 0 for all t ≥ 0, for all i ∈ Z, λi

t ≤ µi
t + ε.

Hence, by letting ε → 0 we conclude that almost surely for all t ≥ 0, for all i ∈ Z,
λi

t ≤ µi
t. �

Remark 4.7. This result is also true for periodized solutions of (2.3). This comparison
principle can be used to prove existence and uniqueness of solution to (2.3) with the hy-
pothesis βN ≥ N2/2 starting from an initial data in R

N as in Proposition 4.3.5 in [1] for
the real case.

4.3. Convergence of the system of particles. Thanks to the discrete and the func-
tional comparison principle, we can have a similar approach as in the real Dyson case [6].
In this Section we call (Ω,F ,P) the probability space on which all the random variables
are defined.

Let us recall that for µ ∈ P(T), we let Fµ(θ) = µ([0, θ]) if θ ≥ 0 and Fµ(θ) = −µ((θ, 0))

if θ < 0. Formally Fµ(θ) =
∫ θ

0 µ(dθ′) if for instance µ has a density with respect to Lebesgue
measure. F is non decreasing, right continuous and satisfies that Fµ(x+ 2π) = Fµ(x) + 1
since µ is a probability measure on T.
For (λ1, ..., λN ) ∈ T

N we introduce the empirical measure µN ∈ P(T) associated to
(λ1, ..., λN ) by:

µN =
1

N

N
∑

i=1

δλi
.

This definition shall be also used if we consider a N periodic system of particles (λi)i∈Z ∈
T
Z (i.e. for all i ∈ Z, λi = λi[N ] modulo 2π) by defining:

µN =
1

N

∑

i∈Z/NZ

δλi
.

For a ∈ R, Let a ≤ λ0
0 < λ1

0 < ... < λN−1
0 < a + 2π be N initial particles. We define

for i ∈ Z the ith initial particle λi
0 = λ

i[N ]
0 + 2 ⌊i/N⌋ π. We consider (λi

t)i∈Z the unique
solution to (4.1) which starts from (λi

0)i∈Z. We define for all t ≥ 0, for all θ ∈ R,

FN (t, θ) = FµN (t)(θ),

where µN (t) is the empirical measure associated to (λi
t)i∈Z.

We also define the upper semi continuous function:

F ∗(t, θ) = lim sup
N→∞, tN →t−, θN →θ

FN (tN , θN ).

Let us remark that F ∗ is a random variable since the FN are.
Now we can state the main convergence result.

Theorem 4.8 (Convergence of the system of particles). Assume that the empirical mea-
sure µ0

N of initial conditions defined by:

µ0
N =

1

N

N−1
∑

i=0

δλi
0
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converges almost surely for the weak convergence toward a measure µ0 ∈ P(T).
Then almost surely, F ∗ is the unique viscosity solution of (3.4) which satisfies F (0, θ) =
Fµ0(θ) almost everywhere.

As explained in introduction the proof uses the same approach as for the real Dyson
case in [6]. The main difference is that we have to use the local formulation of viscosity
solutions because locally we can see an arc of the circle as an interval of R. Thanks to
that formulation we shall construct system of particles associated to test functions that
are "below" the initial system of particles and then we shall use the discrete comparison
principle. Moreover, we need to clarify some details of the proof of Theorem 3 of [6] which
were missing.

Proof. We follow the idea of [6]. The main idea of the proof is given a test function φ
such that F ∗ − φ has a maximum in a point as in the viscosity subsolution formulation in
Definition 3.3, for all N > 0 we shall construct a periodic system of N particles associate
to φ. Formally, since φ is above F ∗ this periodic system of N particles will be ordered
in a way to apply the discrete comparison principle with the original system of particles
(λi

t)1≤i≤N . This shall give an information about the evolution of the test function φ along
this flow of particles. On the other hand, we can express the evolution of φ along this flow
thanks to the Itô formula using the explicit dynamic of the particles. Taking the limit
when N goes to infinity shall give the relation (3.6).
Let (sN )N∈N be the set of positive rational numbers.

4.3.1. Construction of adapted systems of particles associated to a test function and Itô’s
formula. Fix N ∈ N, δ > 0, t0 ∈ R

+, θ0 ∈ R and φ ∈ C1,1
t,2π. We consider Iδ := (θ0−δ, θ0+δ)

and an interval I such that Iδ ⊂
◦
I. We suppose that φ(sN , .) is strictly increasing on Iδ and

we let Jδ(t) := φ(t, Iδ) We change the numbering of the λsN
with respect to the interval I

which means that if I is [a, a + 2π) for an a ∈ R, we write:

a ≤ λ0
sN

< λ1
sN

< ... < λN−1
sN

< a+ 2π,

the inequalities are strict since the particles doesn’t collide for any t > 0 almost surely.
For all i, λi

sN
mod 2π is associated to a unique class i/N mod 1.

For the i mod N such that i/N mod 1 is in Jδ(sN ) mod 1, we consider γi
sN

mod 2π which

is equal to (φ(sN ))−1(i/N) mod 2π (this definition makes sense since φ(sN , θ + 2π) =
φ(sN , θ) + 1 for all θ and φ(sN , .) is strictly increasing on Iδ by hypothesis.) By abuse of
notations we write γi

sN
the unique real in I which represents the previous class modulo

2π. More exactly γi
sN

is in Iδ by definition of Jδ .
We fix σN ∈ SN where SN is the group of permutations of cardinal N !. We define a new
system of particles associated to σN . (µi,σN

. )0≤i≤N−1 by the initial data given by:

{

µi,σN
sN

= λi
sN

if i/N mod 1 isn’t in Jδ(sN ) mod 1

µi,σN
sN

= min(γi
sN
, λi

sN
) if i/N mod 1 is in Jδ(sN ) mod 1

(4.3)

As before, we define for all i ∈ Z,

µi,σN
sN

= µi[N ],σN
sN

+ 2

⌊

i

N

⌋

π.
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Then let us define (µi,σN
t )i∈Z, t≥sN

as the unique strong solution to:


























∀i ∈ Z, dµi,σN
t =

1

N

N−1
∑

k=1

cotan((µi,σN
t − µi+k,σN

t )/2) dt +
2√
N
dB

σN (i[N ])
t ,

∀i ∈ Z, ∀t ≥ sN , µ
i,σN
t = µ

i[N ],σN

t + 2

⌊

i

N

⌋

π,

(4.4)
which starts from (µi,σN

sN
)i∈Z, where the N Brownian motions are the same Brownian

motions for the evolution of the system of N particles of the (λi
.)i∈Z. Applying the Itô

formula gives that almost surely, for all φ ∈ C1,1
t,2π, for all N ∈ N, for all σN ∈ SN , for all

i ∈ Z, for all t0 ≥ sN :

φ(t0, µ
i
t0

) − φ(sN , µ
i
sN

) =

∫ t0

sN

∂θφ(t′, µi
t′)

1

N

N−1
∑

k=1

cotan((µi
t′ − µi+k

t′ )/2)dt′

+

∫ t0

sN

∂tφ(t′, µi
t′)dt′

+

∫ t0

sN

2

N
∂2

θ,θφ(t′, µi
t′)dt′

+
2√
N

∫ t0

sN

∂θφ(t′, µi
t′)dB

σN (i[N ])
t′ .

(4.5)

We call Ω′ ⊂ Ω this set of full probability on which this formula holds.

4.3.2. Set up. Fix ω ∈ Ω′. We only prove that F ∗(ω) is a subsolution since the proof that
it is a supersolution can be done in a same way.
To lighten notations we will most of the time just write F ∗ in what follows but we will
insist when some quantities depend on ω.
First, F ∗ is upper semi continuous and is in Ft,2π.
Let

A(ω) := {(φ, t0, θ0, δ) ∈ C1,1
t,2π × R

+ × R × R
+ |

(F ∗(ω) − φ)(t0, θ0) = 0 and (F ∗(ω) − φ)(t, θ) < 0 for any (t, θ) ∈ B((t0, θ0), δ) − (t0, θ0)}.
From now on, fix (φ, t0, θ0, δ) ∈ A(ω). Remark that although A(ω) depends on ω, the
quantities φ, t0, θ0 and δ does not depend on ω and so are deterministic. We want to prove
that:

∂tφ(t0, θ0) + (∂θφ(t0, θ0))+ (I1,δ[φ(t0, .)](θ0) + I2,δ[F ∗(t0, .)](θ0)) ≤ 0.

In spite of φ we can consider a function φ1 such that φ1 is equal to φ in B((t0, θ0), δ), is in

C1,1
t,2π, is non decreasing and satisfies that φ(t, θ+ 2π) = φ(t, θ) + 1 for all t > 0 and θ ∈ R.

If we prove the last inequality with φ1 instead of φ it will imply the result for φ because
φ and φ1 are equal around (t0, θ0). We shall now use φ1 in spite of φ but we still call it φ.
We focus on the case ∂θφ(t0, θ0) > 0. The general case could be deduce from this case by
classical viscosity methods that are detailed at the end of the proof of the convergence of
the system of particles in the real Dyson case in [6].
We consider Iδ = (θ0 − δ, θ0 + δ). We can choose δ small enough such that φ(t, .) is strictly
increasing on Iδ for t near of t0 since ∂θφ(t0, θ0) > 0. In what follows we choose such δ. We
write Jδ(t) = φ(t, Iδ) which is an open interval of positive length that contains φ(t0, θ0)
again since ∂θφ(t0, θ0) > 0 for t near t0.
From now on, we consider an increasing subsequence of (sN )N∈N that goes to t0 when N
goes to +∞. To lighten notation we still call sN this subsequence.



A NEW APPROACH FOR THE UNITARY DYSON BROWNIAN MOTION 21

We also consider as in Section 4.3.1 an interval I of length 2π such that Iδ ⊂
◦
I. For every

N > 0 and σ ∈ SN , we construct systems of particles (µi,σN
t )t≥sN ,i∈Z as in Section 4.3.1.

4.3.3. Consequence of the discrete comparison principle. By definition of F ∗, for all N we
consider an index i0(N) (which depends on ω) which satisfies:















lim sup
N

λi0(N)
sN

≤ θ0

i0(N)

N
→ F ∗(t0, θ0) = φ(t0, θ0).

(4.6)

We consider σN ∈ SN as the permutation that exchanges 1 and i0(N) (this permutation
depends also on ω.) We shall see in the passage to the limit in Section 4.3.5 why this
choice is important.

Since Iδ ⊂
◦
I we have that for all i ∈ Z, µi,σN

sN
≤ λi

sN
. We would like to apply the discrete

comparison principle but we can not since the particles are not associated with the same
Brownian motions due to the permutation σN that exchanges the first Brownian motion
and the i0(N)th one.
To apply the discrete comparison principle we define an auxiliary periodic system of N

particles (λi,σN
t )t≥sN , i∈Z:















∀i ∈ Z, λi,σN
sN

=λi
sN

∀i ∈ Z, dλi,σN
t =

1

N

N−1
∑

k=1

cotan((λi,σN
t − λi+k,σN

t )/2) dt +
2√
N
dB

σN (i[N ])
t .

(4.7)

By the discrete comparison principle we deduce that for all t ≥ sN , for all i ∈ Z, we have:

µi,σN
t ≤ λi,σN

t .
So for N large enough we have:

φ(sN , µ
i0(N),σN
sN

) − φ(t0, µ
i0(N),σN

t0
) ≥ i0(N)

N
− φ(t0, λ

i0(N),σN

t0
),

by definition of µi
sN

and since φ is non decreasing. By continuity of the trajectories of

(λi,σN
. )i∈Z we get:

lim inf
N

φ(sN , µ
i0(N),σN
sN

) − φ(t0, µ
i0(N),σN

t0
) ≥ F ∗(t0, θ0) − φ(t0, θ0) = 0.

Up to changing the sequence (sN )N∈N by another increasing sequence of rational numbers
(which depends on ω) that converges to t0 but slow enough, we obtain:

lim inf
N

φ(sN , µ
i0(N),σN
sN ) − φ(t0, µ

i0(N),σN

t0
)

t0 − sN
≥ 0. (4.8)

4.3.4. Interaction between particles. In this section only, we write (µi
t)t≥sN , i∈Z instead of

(µi,σN
t )t≥sN , i∈Z to lighten notations since the Brownian motions will not appear.

First we assume that µi
sN

= γi
sN

= (φ(sN ))−1(i/N) if i/N mod 1 is in Jδ(sN ) mod 1.
We separate the sum in two parts:

1

N

N−1
∑

k=1

cotan((µi0(N)
sN

− µi0(N)+i
sN

)/2) =
1

N

∑

1≤i≤N, i/N mod 1 /∈Jδ mod 1

cotan((µi0(N)
sN

− µi0(N)+i
sN

)/2)

+
1

N

∑

1≤i≤N, i/N mod 1 ∈Jδ mod 1

cotan((µi0(N)
sN

− µi0(N)+i
sN

)/2)

=: UN + VN .
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First we deal with the second term: VN which is similar with the real Dyson case in [6].
Let us notice that for N large enough there are particles in Jδ since the Lebesgue measure
of Jδ is positive and so there will be some i/N in Jδ. Using the fact that cotan is non
increasing on (0, π) we have:

VN =
1

N

(

cotan((µi0(N)
sN

− µi0(N)+1
sN

)/2) + cotan((µi0(N)
sN

− µi0(N)−1
sN

)/2)
)

+
1

N

∑

i/∈{i0,i0+1,i0−1}, i/N mod 1 ∈Jδ mod 1

cotan((µi0(N)
sN

− µ
i0(N)+i
t )/2)

≥ 1

N

(

cotan((µi0(N)
sN

− µi0(N)+1
sN

)/2) + cotan((µi0(N)
sN

− µi0(N)−1
sN

)/2)
)

+

∫

Jδ−[i0(N)−2,i0(N)+1]
cotan((µi0(N)

sN
− (φ(sN ))−1)(y)/2)dy

≥ 1

N

(

cotan((µi0(N)
sN

− µi0(N)+1
sN

)/2) + cotan((µi0(N)
sN

− µi0(N)−1
sN

)/2)
)

+

∫

Iδ−[µi0(N)−2,µi0(N)+1]
cotan((µi0(N)

sN
− θ)/2)∂θφ(sN , θ)dθ,

where we used for the first inequality that:

1

N

∑

i/∈{i0,i0+1,i0−1}, i/N mod 1 ∈Jδ mod 1

cotan((µi0(N)
sN

− µi0(N)+i
sN

)/2)

=
∑

i/∈{i0,i0+1,i0−1}, i/N mod 1 ∈Jδ mod 1

∫ i/N

(i−1)/N
cotan((µi0(N)

sN
− µi0(N)+i

sN
)/2)

≥
∫

Jδ−[i0(N)−2,i0(N)+1]
cotan((µi0(N)

sN
− (φ(sN ))−1)(y)/2)dy,

by monotonicity of (φ(sN ))−1 in the space variable near θ0.
Then by regularity of φ, we deduce that:

1

N

(

cotan((µi0(N)
sN

− µi0(N)+1
sN

)/2) + cotan((µi0(N)
sN

− µi0(N)−1
sN

)/2)
)

converges to 0 by a Taylor expansion of φ−1 near φ(t0, θ0) when N goes to +∞.
When N goes to +∞, we also have that:

lim inf
N

∫

Iδ−[µi0(N)−2,µi0(N)+1]
cotan((µi0(N)

sN
− θ)/2)∂θφ(sN , θ)dθ ≥

lim
ε→0

∫

Iδ−[θ0−ε,θ0+ε]
cotan((θ0 − θ)/2)∂θφ(t0, θ)dθ := H1,δ[∂θφ(t0, .)](θ0).

Hence, we have that:

lim inf
N

1

N

∑

1≤i≤N, i/N mod 1 ∈Jδ mod 1

cotan((µi0(N)
sN

− µi0(N)+i
sN

)/2) ≥ H1,δ[∂θφ(t0, .)](θ0).

(4.9)
Thus, integrating by part yields:

H1,δ[∂θφ(t0, .)](θ0) = − cotan(δ/2)(φ(t0, θ0 + δ) + φ(t0, θ0 − δ)) + I1,δ[φ(t0, .)](θ0).

For the first term UN , we shall approximate FN (sN , .) by a regular cumulative distribution
function. We fix N > 0. For all ε > 0, we can find a sequence of smooth, strictly non
decreasing functions Fε such that (Fε)ε>0 is a non increasing sequence of functions that
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converges pointwise to FN (sN , .) and such that Fε(λk
sN

− ε) = F (sN , λ
k
sN

) for all k ∈ Z.
Since Fε ≥ F and since cotan is non increasing on (−π, 0) and on (0, π), we have that:

1

N

∑

i; i/N mod 1 /∈Jδ mod 1

cotan((µi0(N)
sN

− µi0(N)+i
sN

)/2) =
1

N

∑

i; i/N mod 1 /∈Jδ mod 1

cotan((µi0(N)
sN

− λi0(N)+i
sN

)/2)

≥ 1

N

∑

1≤i≤N, i/N mod 1 /∈Jδ mod 1

cotan((µi0(N)
sN

− (λi0(N)+i
sN

− ε))/2)

≥
∫

[0,1]−Jδ

cotan((µi0(N)
sN

− (Fε)−1(y)/2)dy

≥
∫

I−Iδ

cotan((µi0(N)
sN

− θ)/2)∂θFε(θ)dθ

Hence, for all ε > 0:

1

N

∑

i; i/N mod 1 /∈Jδ mod 1

cotan((µi0(N)
sN

− µi0(N)+i
sN

)/2) ≥
∫

I−Iδ

cotan((µi0(N)
sN

− θ)/2)∂θFε(θ)dθ := H2,δ(∂θFε)(µi0(N)
sN

).

Thus integrating by part yields:

H2,δ(∂θFε)(µi0(N)
sN

) = cotan(δ/2)(Fε(µi0(N)
sN

+ δ) + Fε(µi0(N)
sN

− δ)) + I2,δ(Fε)(µi0(N)
sN

).

By monotone convergence theorem we have that for all N large enough:

1

N

∑

i; i/N mod 1 /∈Jδ mod 1

cotan((µi0(N)
sN

− µi0(N)+i
sN

)/2) ≥

cotan(δ/2)(FN (sN , µ
i0(N)
sN

+ δ) + FN (sN , µ
i0(N)
sN

− δ)) + I2,δ[FN (sN , .)](µ
i0(N)
sN

).

So by definition of F ∗ we deduce that:

lim sup
N

1

N

∑

i; i/N mod 1 /∈Jδ mod 1

cotan((µi0(N)
sN

− µi0(N)+i
sN

)/2) ≥

cotan(δ/2)(F ∗(t0, θ0 + δ) + F ∗(t0, θ0 − δ)) + I2,δ[F ∗(t0, .)](θ0).

(4.10)

Hence, if we add (4.9) and (4.10) we get that:

lim sup
N

1

N

N−1
∑

i=1

cotan((µi0(N)
sN

−µi0(N)+i
sN

)/2) ≥

− cotan(δ/2)(φ(t0, θ0 + δ) + φ(t0, θ0 − δ)−
F ∗(t0, θ0 + δ) − F ∗(t0, θ0 − δ)) + I1,δ[φ(t0, .)](θ0) + I2,δ[F ∗(t0, .)](θ0).

(4.11)

Now let us explain why we can assume that µi
sN

= γi
sN

= (φ(sN ))−1(i/N) if i/N mod 1 is
in Jδ(sN ) mod 1. Since (t0, θ0) is a strict local maximum of F ∗ − φ on B((t0, θ0), δ), for
all ε > 0 small enough there exists γ > 0 such that:

φ(t− ε, θ0 + θ) ≥ F ∗(t− ε, θ0 + θ) + γ, for all |θ| ≤ δ.

Since (FN )N is an increasing function that converges toward F ∗ we can replace F ∗ with
FN and γ by γ/2 when N is large enough. This implies that for δ small enough for N
large enough for all i such that i/N mod 1 is in Jδ(t0 − sN ) mod 1,

(φ(sN ))−1(i/N) ≤ (FN (sN ))−1(i/N) = λi
sN
.
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4.3.5. Use of Itô’s formula and passage to the limit. Now we use Ito’s Formula (4.5) to
obtain:

φ(t0, µ
i0(N)
t0

) − φ(sN , µ
i0(N)
sN

) =

∫ t0

sN

∂θφ(t′, µ
i0(N)
t′ )

1

N

N−1
∑

k=1

cotan((µ
i0(N)
t′ − µi+k

t′ )/2)dt′

+

∫ t0

sN

∂tφ(t′, µ
i0(N)
t′ )dt′

+

∫ t0

sN

2

N
∂2

θ,θφ(t′, µ
i0(N)
t′ )dt′

+
2√
N

∫ t0

sN

∂θφ(t′, µ
i0(N)
t′ )dB

σN (i0[N ])
t′ .

(4.12)

By the choice of σN , B
σN (i0[N ])
t = B1

t for all N . Now we take sN that converges sufficiently
slow enough toward t0 to be sure that almost surely the two last terms are o(t0 − sN ).
Let us mention that if we did not use σN so that the particle i0(N) is associated to the
first Brownian for every N , it would not have been clear that the term with the stochastic
integral goes to 0 since the index of the Brownian changes also.
We divide by t0 − sN the previous expression and we take the lim supN to have that:

∂tφ(t0, θ0)+(∂θφ(t0, θ0))+(I1,δ [φ(t0, .)](θ0) + I2,δ[F ∗(t0, .)](θ0)−

cotan

(

δ

2

)

(φ(t0, θ0 + δ) + φ(t0, θ0 − δ) − F ∗(t0, θ0 + δ) − F ∗(t0, θ0 − δ))) ≤ 0

(4.13)

thanks to the inequality (4.8) and (4.11).

4.3.6. Conclusion of the proof. We nearly have the result we wanted. We shall use an ap-
proximation of φ to conclude. Indeed thanks to Arisawa’s lemma ([3], Lemma 2.1) we can
find a sequence of smooth function (φk)k∈N such that for all k we have φk(t0, θ0) = φ(t0, θ0),
∂tφk(t0, θ0) = ∂tφ(t0, θ0) and ∂θφk(t0, θ0) = ∂θφ(t0, θ0), for all (t, θ) ∈ B((t0, θ0), δ), we
have F ∗(t, θ) ≤ φk(t, θ) ≤ φ(t, θ) and φk(t0, .) is monotone and decreased to F ∗(t0, .).
Hence we can apply the inequality (4.13) to φk instead of φ. We get that for all k ∈ N:

∂tφk(t0, θ0) + (∂θφk(t0, θ0))+(I1,δ[φk(t0, .)](θ0) + I2,δ[F ∗(t0, .)](θ0)−

cotan

(

δ

2

)

(φk(t0, θ0 + δ) + φk(t0, θ0 − δ) − F ∗(t0, θ0 + δ) − F ∗(t0, θ0 − δ))) ≤ 0.
(4.14)

So by the construction of the φk we have that for all k ∈ N:

∂tφ(t0, θ0) + (∂θφ(t0, θ0))+(I1,δ[φk(t0, .)](θ0) + I2,δ[F ∗(t0, .)](θ0)−

cotan

(

δ

2

)

(φk(t0, θ0 + δ) + φk(t0, θ0 − δ) − F ∗(t0, θ0 + δ) − F ∗(t0, θ0 − δ))) ≤ 0.

(4.15)

Then we notice that φk(t0, .) − φ(t0, .) has a maximum in θ0 and so by the maximum
principle for I1,δ we deduce that:

I1,δ[φ(t0, .)](θ0) ≤ I1,δ[φk(t0, .)](θ0).
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So thanks to the previous inequality we get that for all k ∈ N:

∂tφ(t0, θ0) + (∂θφ(t0, θ0))+(I1,δ[φ(t0, .)](θ0) + I2,δ[F ∗(t0, .)](θ0)−

cotan

(

δ

2

)

(φk(t0, θ0 + δ) + φk(t0, θ0 − δ) − F ∗(t0, θ0 + δ) − F ∗(t0, θ0 − δ))) ≤ 0

(4.16)

Now we pass to the limit in k and use the fact that (φk(t0, .) converges pointwise to F ∗(t0, .)
to have:

∂tφ(t0, θ0) + (∂θφ(t0, θ0))+ (I1,δ[φ(t0, .)](θ0) + I2,δ[F ∗(t0, .)](θ0)) ≤ 0. (4.17)

Hence F ∗ is a viscosity subsolution. �

5. Properties of the Dyson equation on the circle

Let us recall that the Dyson equation on the circle (3.1) is:

∂tµ+ ∂θ(µH[µ]) = 0 in (0,∞) × T,

where H[µ] = P.V.(cotan(./2)) ∗ µ is the Hilbert transform of the measure µ. We can
rewrite this equation:

∂tµ+ ∂xµH[µ] + µA0[µ] = 0 in (0,∞) × T, (5.1)

where

A0[µ](x) =
1

2
P.V.

∫ π

−π

µ(x) − µ(y)

sin2((x− y)/2)
dy = 2P.V.

∫

R

µ(x) − µ(y)

(x− y)2
dy,

is called the half Laplacian.
From now on, we say that µ is a viscosity solution to (3.1) if its cumulative distribution

function is a viscosity solution to the primitive Dyson equation (3.4). For µ a solution
to (3.1), let us denote m(t) and M(t) as the minimum and the maximal values of µ(t, .)
when they exist:

m(t) = min
x∈T

µ(t, x) and M(t) = max
x∈T

µ(t, x).

Note that if µ is a solution to (3.1) we have a conservation of the mass:
∫

T

µ(t, x)dx =

∫

T

µ(0, x)dx,

since
d

dt

∫

T

µ(t, x)dx =

∫

T

d

dt
(µ(t, x))dx =

∫

T

∂x(µ(t, .)H[µ(t, .)](x))dx = 0.

We shall look at solution µ such that for all time t ≥ 0, µ(t, .) ∈ P(T). In the following,
we say that a solution to (3.1) µ is smooth if for all t ≥ 0, µ(t, .) has a density µ with
respect to Lebesgue measure and if µ is smooth on R

+ × T.

5.1. Monotone principle. Given a solution µ of (3.1), m and M are monotonic. This
result is usual when we deal with equations that involved an operator like A0 that satisfies
a maximum principle [16, 24, 17].

Proposition 5.1. Let µ be a smooth solution to (3.1). Then t 7→ m(t) is non decreasing
and t 7→ M(t) is non increasing.

Proof. For all t > 0, let x(t) ∈ T such that M(t) = µ(t, x(t)). We evaluate (5.1) in (t, x(t))
and we get that:

M ′(t) ≤ −M(t)A0[µ(t)](x(t)). (5.2)

By the maximum principle of A0 we get that M ′(t) ≤ 0 for all t. Hence, M is non
increasing. By the same argument m is non decreasing. �
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5.2. L∞ regularization. We show a L∞ regularization of the Dyson flow. The approach
is similar with the real Dyson case [7]. We first state an a priori estimate for a smooth
solution to (3.1). Then, by a regularization argument we prove that this estimate is still
true for a viscosity solution to (3.4).

Proposition 5.2. Suppose that µ is a smooth solution to (3.1). Then, for all t > 0:

||µ(t, .)||∞ ≤ 1

2
√

1 − exp(−t).

Proof. For all t > 0, let x(t) ∈ T such that M(t) = µ(t, x(t)). We evaluate (5.1) in (t, x(t))
and we get that:

M ′(t) ≤ −M(t)A0[µ(t)](x(t)). (5.3)

To prove Proposition 5.2 we shall obtain a more precise lower bound for the termA0[µ(t)](x(t))
than just its sign as for the comparison principle. For π > δ > 0 we have:

A0[µ(t)](x(t)) ≥
∫

|x(t)−y|≥δ

M(t) − µ(t, y)

2 sin2((x(t) − y)/2))
dy

≥M(t)

∫

|x(t)−y|≥δ

1

2 sin2((x(t) − y)/2)
dy −

∫

|x(t)−y|≥δ

µ(t, y)

2 sin2(δ/2)
dy

≥ 2M(t) cotan

(

δ

2

)

− 1

2 sin2(δ/2)
.

We optimize this inequality in δ. We find that the optimal bound is obtained for δ such
that

2M(t) = cotan

(

δ

2

)

.

We notice that for the choice of this delta we have that:

cos(δ/2)

sin(δ/2)
= 2M(t)

which yields:

4M(t)2 =
1 − sin2(δ/2)

sin2(δ/2)
,

1

sin2(δ/2)
= 4M(t)2 + 1.

Hence we deduce that a lower bound for A0[µ(t)](x(t)) is:

A0[µ(t)](x(t)) ≥ 2M(t)2 − 1

2
.

Hence we have that:

M ′(t) ≤ −2M(t)

(

M(t)2 − 1

4

)

≤ −2M(t)

(

M(t) − 1

2

)(

M(t) +
1

2

)

.

Let t∗ = inf

{

t; M(t) ≤ 1

2

}

which is possibly infinite. For t > t∗, by Proposition 5.1 we

deduce:

M(t) ≤ 1

2
≤ 1

2
√

1 − exp(−t).

So, it remains to prove the result for t ≤ t∗. Let t < t∗, we have that:

M ′(t)

M(t)

(

M(t) − 1

2

)(

M(t) +
1

2

) ≤ −2.
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Thus, integrating this relation between 0 and t yields:

−4 ln

(

M(t)

M(0)

)

+ 2 ln









M(t) − 1

2

M(0) − 1

2









+ 2 ln









M(t) +
1

2

M(0) +
1

2









≤ −2t.

Taking the exponential we get:

(

1 − 1

4M(t)2

)2

=

(

M(t)2 − 1

4

)2

M(t)4
≤ exp(−2t)

(

M(0)2 − π2
)2

M(0)4
≤ exp(−2t).

We conclude that:

M(t) ≤ 1

2
√

1 − exp(−t).

Finally if t∗ > 0 we have that for all t < t∗:

M(t∗) ≤ M(t) ≤ 1

2
√

1 − exp(−t),

by taking the limit with t converges to t∗ we get that:

M(t∗) ≤ 1

2
√

1 − exp(−t∗)
.

�

We shall prove a regularization lemma to justify that this estimate is actually true for
non smooth solution to (3.1).

Lemma 5.3. Let ε > 0 and µ0 ∈ C∞(T) be a probability density. Then there exists a
(unique) smooth solution to:

∂tµ− ε∂xxµ+ ∂x(µH[µ]) = 0 ∈ (0,∞) × T, (5.4)

which satisfies the initial condition µ(0, .) = µ0.

Proof. Fix a time horizon T > 0. We start by assuming that a smooth solution exists and
we shall obtain an a priori estimate. In what follows C will denote a constant depending
only on ε, m0 and T . First, since the term in ε does not perturb the proof of the L∞ a priori
estimate above, for all t ≥ 0 ||µ(t, .)||∞ ≤ ||µ(0.)||∞. It implies that for all p ∈ [1,+∞],
µ ∈ L∞

t (Lp
x). Multiplying (5.4) by µ and integrating over space and time we get:

∫

T

µ(t, .)2 + ε

∫ t

0

∫

T

(∂xµ)2ds =

∫ t

0

∫

T

(∂xµ)µH[µ] +

∫

T

µ(0, .)2.

Using Cauchy–Schwarz inequality, the fact that µ ∈ L∞
t (L2

x) and the isometry property of
the Hilbert transform, we deduce that µH[µ] ∈ L∞

t (L1
x). Moreover let us notice that for

all 0 < α < 1 there exists a constant Cα > 0 such that for all µ ∈ Cα, H[µ] ≤ Cα||µ||Cα . If
α < 1/2, by using Sobolev’s embedding we can bound the previous inequality by ||µ||H1 .
We can bound:

∫ t

0

∫

T

(∂xµ)µH[µ] ≤ ε

2

∫ t

0

∫

T

(∂xµ)2 +
1

2ε

∫ t

0

∫

T

(µH[µ])2

≤ ε

2

∫ t

0

∫

T

(∂xµ)2 +
C

2ε

∫ t

0
||µ||H1

x

≤ ε

2

∫ t

0

∫

T

(∂xµ)2 +
C

√
T

2ε

√

∫ t

0

∫

T

(∂xµ)2 + C,
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where we used the Cauchy–Schwarz inequality for the last bound. So there exists C > 0
such that:

∫

T

µ(t, .)2 +
ε

2

∫ t

0

∫

T

(∂xµ)2ds− C

2ε

√

∫ t

0

∫

T

(∂xµ)2 ≤ C.

From this bound we deduce that µ ∈ L2
t (H1

x).
Further regularity can be obtained by looking at the equation satisfied by w = ∂xµ.
Multiplying this relation by w and integrating yields

∫

T

w(t, .)2 + ε

∫ t

0

∫

T

(∂xw)2 = −
∫ t

0

∫

T

w2H[w] −
∫ t

0

∫

T

∂xw[wH[µ] − µH[w]] +

∫

T

w(0, .)2.

Arguing as in the previous case to bound, we deduce that w ∈ L∞
t (L2) and w ∈ L2

t (H1
x).

Further regularity can then be obtained in a similar fashion by boot strapping techniques.
Once regularity is obtained, the existence of a solution to (5.4) with this regularity is
classical and we do not detail it here. Furthermore, in this situation, the uniqueness of
such a solution is immediate. �

Let us notice that for all ε > 0, the unique solution to (5.4) satisfies the same a priori
estimate obtained in Proposition 5.2.

Once such a priori estimates which are independent of ε > 0 and of the initial data
have been obtained, it is standard to pass to the the limit and propagate it to the unique
viscosity solution to the limiting equation when ε goes to 0 (see for instance [18, 7, 8]).

Proposition 5.4. Let µ0 ∈ P(T) and µ be the unique solution to (3.1) with initial data
µ0. Then for all t > 0, µ(t) has a density with respect to the Lebesgue measure bounded
by:

||µ(t, .)||∞ ≤ 1

2
√

1 − exp(−t).

We directly obtain a regularization of the Lp norm of a solution to the Dyson equation.

Corollary 5.5. Let µ0 ∈ P(T) and µ be the unique solution to (3.1) with initial data µ0.
Then for all t > 0, µ(t) has a density with respect to the Lebesgue measure which is in
Lp(T):

||µ(t, .)||Lp(T) ≤ π
√

1 − exp(−t).

5.3. Decay of Lp norms. We prove the following statement.

Proposition 5.6. For µ(0) ∈ P(T), the unique solution to (3.1) with initial condition
µ(0) is such that for any 0 ≤ t ≤ s, 1 ≤ p ≤ +∞

||µ(t, .)||p ≥ ||µ(s, .)||p.

Proof. The cases p = 1 and p = +∞ have already be treated in previous sections. Let
1 < p < +∞. We only prove the statement for smooth solutions, the general result can
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be obtained by approximation as in the previous section. We compute:

d

dt
||µ(t)||pp =p

∫

T

µ(t, θ)p−1∂tµ(t, θ)dθ

= −p
∫

T

µ(t, θ)p−1∂θ(µH[µ])(t, θ)dθ

= p

∫

T

∂θ(µ(t, θ)p−1)(µH[µ])(t, θ)dθ

= (p− 1)

∫

T

∂θ(µ(t, θ)p)H[µ(t, .)](θ)dθ

= −(p− 1)

∫

T

µ(t, θ)pA0[µ(t, .)](θ)dθ

= −p− 1

2

∫ π

−π
µ(t, θ)p

∫ π

−π

µ(t, θ) − µ(t, θ′)

sin2((θ − θ′)/2)
dθ′dθ

= −p− 1

4

∫ π

−π

∫ π

−π

(µ(t, θ) − µ(t, θ′))(µ(t, θ)p − µ(t, θ′)p)

sin2((θ − θ′)/2)
dθ′dθ.

The last term being clearly non-positive since µ ≥ 0, the result follows. �

5.4. Free entropy. Let us introduce the free entropy of the physical system associated
to the Dyson flow on the circle originally introduced by Voiculescu in the real case [29]
I : P(T) → R ∪ {+∞} defined by

I(µ) = −
∫

T2
ln(| sin((x−y)/2)|)µ(dx)µ(dy)−ln(2) = −

∫

T

(ln(| sin(./2)|)∗µ)(y)µ(dy)−ln(2),

where ln(| sin(./2)|) ∗ µ is understood as the convolution between the distributions
P.V.(ln(| sin(./2)|)) and µ. The terminology of free entropy makes sense with the fact that
in the language of large deviations theory I is the good rate function for the empirical
mean of eigenvalues of matrices distributed in the circular unitary ensemble [23] (and
[4] for the gaussian unitary ensemble) as the usual entropy is the good rate function for
large deviation of the empirical mean of independent and identically distributed random
variables in Sanov’s theorem.
From now on let us write µUnif(dx) = dx/(2π) for the uniform measure on the circle.
We shall mention some basic properties of I and prove later on that it is decreasing and
continuous along the Dyson flow.

Lemma 5.7. We have the following properties for I.

(1) I is lower semi continuous for the narrow topology, bounded from below and so
admits a minimum on P(T). Moreover for all M ∈ R, {I ≤ M} is a compact
subset of P(T).

(2) I(µUnif) = 0
(3) For all µ ∈ P(T),

I(µ) =
1

2

∑

n∈Z−{0}

|cn(µ)|2
|n| , (5.5)

where cn(µ) is the nth Fourier coefficient of µ defined by cn(µ) =
∫

T
exp(−int)µ(dt).

(4) Take µ ∈ P(T), then I(µ) < +∞ if and only µ ∈ H−1/2(T).
(5) I is non negative and admits a unique minimiser which is µUnif.
(6) Let µ, ν ∈ P(T), then I(µ−ν) ≥ 0 with strict inequality if µ 6= ν. As a consequence

I is strictly convex on P(T)
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Proof. (1) We use the usual method in large deviation to show that a such function is
a good rate function [4, 20, 23]. Let K > 0 and let us define IK : P(T) → R by

IK(µ) =

∫

T

min(− ln(| sin((x− y)/2)|),K)µ(dx)µ(dy) − ln(2).

Since (x, y) → min(− ln(| sin(x − y)/2)|),K) is continuous and bounded for all
K > 0, we that for all K > 0 IK is continuous. Since supK>0 IK = I, I is lower
semi continuous as a supremum of lower semi continuous function. Moreover we
have that I ≥ − ln(2). Let us remark that P(T) is compact since T is compact.
Hence, since I is lower semi continuous, it admits a minimum of P(T) and for all
M ∈ R {I ≤ M} is a closed subset of P(T) and so is compact.

(2) In order to compute I(µUnif), we first compute ln(| sin(./2)|) ∗ µUnif

Lemma 5.8. We have the following relation:

(ln(| sin(./2)|) ∗ µUnif)(θ) = − ln(2), ∀θ ∈ T.

Proof. First we notice that in the sense of distributions

(ln(| sin(./2)|) ∗ µUnif)
′ =

1

2
cotan(./2) ∗ µUnif.

But for all θ ∈ T,
(

1

2
cotan(./2) ∗ µUnif

)

(θ) =
1

4π
P.V

∫

T

cotan((θ − θ̃)/2)dθ̃ = 0,

by antisymmetry of the cotangent function. Hence there exists a constant C ∈ R

such that for all θ ∈ T

(ln(| sin(./2)|) ∗ µUnif)(θ) = C.

We evaluate this identity in 0 to get that

1

2π

∫

T

ln(| sin(θ/2)|)dθ =
2

π

∫ π/2

0
ln(sin(θ))dθ = C.

Let I =
∫ π/2

0 ln(sin(θ))dθ. We compute this integral:

2I =

∫ π/2

0
ln(sin(θ))dθ +

∫ π/2

0
ln(cos(θ))dθ

=

∫ π/2

0
ln(sin(2θ)/2)dθ

=

∫ π/2

0
ln(sin(θ))dθ − π

2
ln(2)

= I − π

2
ln(2)

We get that for all θ ∈ T,

(ln(| sin(./2)|) ∗ µUnif)(θ) = − ln(2)

�

Since

I(µUnif) = −
∫

T

(ln(| sin(./2)|) ∗ µ)(y)µ(dy) − ln(2),

we get that I(µUnif) = 0.



A NEW APPROACH FOR THE UNITARY DYSON BROWNIAN MOTION 31

(3) Let us notice that:
∫

T

(ln(| sin(./2)|) ∗ µ)(y)µ(dy) =
∑

n∈Z

cn(ln(| sin(./2)|) ∗ µ)cn(µ)

=
∑

n∈Z

cn(ln(| sin(./2)|))|cn(µ)|2.

It remains to compute for all n ∈ Z cn(ln(| sin(./2)|)). Let us remark that by
Lemma 5.8, c0(ln(| sin(./2)|)) = − ln(2). Moreover, for n 6= 0 we have:

cn(ln(| sin(./2)|)) =

cn

(

1

2
cotan(./2)

)

in
.

For n 6= 0,

cn

(

1

2
cotan(./2)

)

= P.V.

∫

T

exp(−int) cotan(t/2)

2

dt

2π

= P.V.

∫

T

exp(−int)
∑

k∈Z

1

t− 2kπ

dt

2π

=
∑

k∈Z

P.V.

∫ 2(k+1)π

2kπ

exp(−int)
t

dt

2π

= P.V.

∫

R

exp(−int)
t

dt

2π
= − i

2
sign(n),

where we used the Euler’s identity for cotangent and the fact that the Fourier
transform of the distribution P.V.(1/x) is −iπ sign(ξ).
Hence, we get that

∫

T

(ln(| sin(./2)|) ∗ µ)(y)µ(dy) =
∑

n∈Z

cn(ln(| sin(./2)|))|cn(µ)|2

= − ln(2)|c0(µ)|2 − 1

2

∑

k∈Z−{0}

|ck(µ)|2
|k| .

Since for µ ∈ P(T) we have c0(µ) = 1, for µ ∈ P(T),

I(µ) =
1

2

∑

k∈Z−{0}

|ck(µ)|2
|k| .

(4) The relation (5.5) directly implies the result by definition of H−1/2(T).
(5) Thanks to (5.5) we see that I is non negative and moreover if µ ∈ P(T) is such

that I(µ) = 0 we get that for all n 6= 0 cn(µ) = 0. By uniqueness of the Fourier
coefficient, = µ = µUnif.

(6) Actually, the formula (5.5) is true for µ − ν since µ and ν have the same mass
(c0(µ) = c0(ν)). Hence, we directly have that I(µ − ν) ≥ 0. By using the same
argument that shows that the unique minimizer is µUnif, we get that I(µ−ν) = 0 if
and only if µ−ν = 0. The strict convexity is a direct consequence of this property
and that I is a quadratic form.

�

Proposition 5.9. Let (µt)t≥0 be a solution to (3.1) such that I(µ0) < +∞. Then for any
0 ≤ t′ ≤ t:

I(µt) = I(µt′) −
∫ t

t′

∫

T

(H[µs](x))2µs(dx)ds. (5.6)
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Proof. First let us suppose that µt is a smooth solution to (3.1). We compute:

d

dt
I(µt) = −2

∫

T

ln(| sin((x− y)/2)|)µt(dy)µt(dx)

= −2

∫

T

(ln(| sin(./2)|) ∗ µt)(x)µt(dx)

= +2

∫

T

(ln(| sin(./2)|) ∗ µt)∂x(H[µt]µt)

= −2

∫

T

∂x(ln(| sin(./2)|) ∗ µt)(x)H[µt](x)µt(dx)

= −
∫

T

(H[µt](x))2µt(dx)

We deduce that:

I(µt) = I(µt′) −
∫ t

t′

∫

T

(H[µs](x))2µs(dx)ds.

To prove that the identity (5.6) is still true for non smooth solution we can do the same
approach as in [7] in the real Dyson case by first proving this identity if µ(0, .) is bounded
by regularisation of the kernel − ln(sin(./2) by convolution and using the continuity of the
Hilbert transform in all the Lp for 1 ≤ p < +∞. For the general case, thanks to the L∞

regularisation result we have that for all t > 0, µ(t, .) is bounded. So we can apply the
result for 0 < t′ ≤ t and pass to the limit paying attention to the fact that I is just lower
semi continuous and not continuous. �

Corollary 5.10. Let µ0 ∈ P(T) be such that I(µ0) < ∞. Then (I(µt))t≥0 is a continuous
non increasing function.

As an application we use this property to prove the convergence towards the uniform
measure on the circle of a solution to the Dyson equation. Let us mention that it is already
known in the literature using a more computational approach. Indeed in [11] it has been
proved that if µ is a solution to the Dyson equation then µ(t, .) converges in law towards
µUnif when t goes to ∞. The proof is based on the computation of the Fourier coefficients
of a solution to (3.1) and finding a recursive equation satisfied by these coefficients and
then finding a unique solution at the limit of this recursive equation.

Proposition 5.11. Let (µt)t≥0 be a solution to (3.1) such that µ0 ∈ P(T). Then µt −→
t→∞

µUnif for the narrow topology.

Proof. First, since we are interested in the long time behaviour of the solution (µt)t≥0, we
can suppose without loss of generality that I(µ0) < +∞. Indeed, by Proposition 5.4, for
t > 0, µt is in L∞(T) and so I(µt) < +∞.

Let us recall that since P(T) is compact for the narrow topology, (µt)t≥0 is tight.
So, it remains to prove that the only accumulative point of (µt)t≥0 is µUnif. To lighten
the notations let us assume that µt −→

t→∞
µ ∈ P(T) for the narrow topology instead of

considering an extraction.
By Proposition 5.9, for all t ≥ 0,

I(µt) = I(µ0) − 2

∫ t

0

∫

T

(H[µt](x))2µt(dx).

Let us recall the Cotlar’s identity on the circle. For u ∈ L2(T), if we define H[u](θ) :=
P.V.

∫

T
cotan((θ − θ′)/2)u(θ′)dθ′/(2π) and c0(u) :=

∫

T
u(θ) dθ/(2π) we have

H[u]2 = u2 − c0(u)2 + 2H[uH[u]].

Evaluation this identity in 2πµ(t, .) for t > 0 we get that:

4π2H[µt]
2 = 4π2µ2

t − 1 + 8π2H[µtH[µt]]. (5.7)
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Multiplying by µt and integrating in space yields:

4π2
∫

T

H[µt]
2µt(dθ) = 4π2

∫

T

µt(θ)
3dθ − 1 + 8π2

∫

T

H[µtH[µt]]µt(dθ).

Using the usual antisymmetric property of the Hilbert transform, for f and g real valued
and in L2(T) we have:

∫

T

H[f ]gdθ = −
∫

T

fH[g]dθ.

Using this identity in (5.7), we get that for all t > 0:

∫

T

H[µt]
2µt(dθ) =

1

3

(

∫

T

µt(θ)
3dθ − 1

4π2

)

.

Hence for all t ≥ 0, we get:

I(µt) = I(µ0) − 2

3

(

∫ t

0

[

∫

T

µt(θ)
3dθ − 1

4π2

]

dt

)

.

Since (I(µt))t≥0 is non negative we deduce that

∫ +∞

0

[

∫

T

µt(θ)
3dθ − 1

4π2

]

dt < +∞.

By Proposition 5.6 for p = 3 the integrand in time is non increasing in time. This implies
that

∫

T

µt(θ)
3dθ −→

t→∞

1

4π2
. (5.8)

Let us notice that for ν a probability density on T, Holder’s inequality implies

1 =

∫

T

ν(θ)dθ ≤
(∫

T

ν3(θ)dθ

)1/3

(2π)2/3.

So, for ν a probability density on T,

∫

T

ν3(θ)dθ ≥ 1

4π2

with equality if and only if ν = 1/(2π). We shall use this property to prove that µ is the
uniform measure on T since the lower bound is exactly the limit we get in (5.8).
Since (µt)t≥1 is bounded in L3(T) by Proposition 5.5, we can consider up to extraction

a weak limit in σ(L3(T), (L3(T))′ = L3/2(T)) where the (L3(T))′ is the topological dual
of L3(T). Let us write µ̃ this limit and forget the extraction to lighten notations again.

More exactly we have that for for all φ ∈ L3/2(T),
∫

T

φ(θ)µt(θ)dθ −→
t→∞

∫

T

φ(θ)µ̃(θ)dθ.

If we take φ = 1 ∈ L3/2(T) and φ = 1µ̃<0 ∈ L3/2(T) we get that µ̃ is a probability density

on T since for all t, µt is. Moreover since C(T) ⊂ L3/2(T), we get that (µt)t≥1 converges
for the narrow topology to µ̃(θ)dθ. By uniqueness of this limit we get µ = µ̃(θ)dθ. Finally
let us recall that since (µt)t≥1 converges weakly in L3(T) to µ̃, we have:

||µ̃||3L3 ≤ lim inf
t≥1

||µt||3L3 =
1

4π2
,

by (5.8). By the Holder equality case we get that µ̃(θ) = 1/(2π). Hence, we get that
µ = µUnif is the unique limit for the narrow topology to (µt)t≥1 which gives the result. �
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5.5. Quantitative convergence to the equilibrium. As explained, it is known that
if µ is a solution to the Dyson equation then µ(t, .) converges in law towards µUnif when
t goes to ∞ [11]. Since we know by Section 5.2 that µ(t, .) has a density for t > 0, it is
quite natural to look at the convergence in Lp(T) norm for p ∈ [1,+∞] of these densities
towards the uniform density on the circle (which implies the convergence in law). We use
an approach based on the properties of the operator A0 inspired by the work in [24] which
can be used for more general equations which involves the operator A0 [16, 15]. We first
prove an exponentially fast convergence towards the uniform measure if m(0) > 0.

Proposition 5.12. Let µ be a smooth solution to (3.1), then

V(t) := M(t) −m(t) ≤ (M(0) −m(0)) exp(−σ0t),

where σ0 = 4m(0).

Proof. First we state a lemma based on the properties of the operator A0 used in [24].

Lemma 5.13. Let f ∈ C(T) such that f(x0) = M is the maximum of f and f(x̃0) = m
is the minimum of f and let

f̄ =
1

2π

∫

T

f(x)dx.

Then we have the following bounds:

A0f(x0) ≥2(M −m) cotan

(

π(f̄ −m)

2(M −m)

)

A0f(x̃0) ≤ −2(M −m) cotan

(

π(M − f̄)

2(M −m)

)

,

with strict inequality if f is not constant.

Proof. We just prove the first inequality, the second one can be obtained by changing f
in −f . Moreover we suppose that f is not constant, otherwise the result is obvious.
For d ∈ (0, 2π), we introduce the function fd defined on T defined by fd(x) = M if
|x − x0| ≤ d and fd(x) = m otherwise. We want to minimize the quantity A0f(x0)
on the periodic continuous functions that have the same maximum, minimum and mean
value than f . Intuitively, since 1/ sin2(x/2) become infinite in 0, we have to minimize the
numerator in A0.
So, we look at:

A0(f−fd)(x0) =

∫

[−d,d]

f − fd(x0) − (f − fd)(x0 + z)

2 sin2(z/2)
dz+

∫

T−[−d,d]

f − fd(x0) − (f − fd)(x0 + z)

2 sin2(z/2)
dz.

By definition of fd we have:

A0(f − fd)(x0) =

∫

[−d,d]

M − f(x0 + z)

2 sin2(z/2)
dz +

∫

T−[−d,d]

m− f(x0 + z)

2 sin2(z/2)
dz.

By using the monotonicity of sin2(z/2) on [−π, π], we deduce that:

A0(f − fd)(x0) ≥ 1

2 sin2(d/2)

[

2dM −
∫

[−d,d]
f(x)dx+ 2(π − d)m −

∫

T−[−d,d]
f(x)dx

]

.

Hence it remains to chose the unique d such that the right term is equal to 0. It leads to

d = π
f̄ −m

M −m
.

Hence we obtain for this d:

A0(f)(x0) ≥ A0(fd)(x0) = 2(M −m) cotan

(

π(f̄ −m)

2(M −m)

)

.
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We observe that since f is not constant the previous inequality is actually strict. �

Now we prove Proposition 5.12. We evaluate the equation (5.1) in (t, x(t)) whereM(t) =
µ(t, x(t)). It gives that:

M ′(t) ≤ −µ(t, x(t))A0[µ(t, .)](x(t)) ≤ −m(0)A0[µ(t, .)](x(t)). (5.9)

Then we use the estimate of Lemma 5.13:

M ′(t) ≤ −2m(0)(M(t) −m(t)) cotan

(

π(µ̄(0) −m(t))

2(M(t) −m(t))

)

.

By the same argument we get that:

m′(t) ≥ 2m(0)(M(t) −m(t)) cotan

(

π(M(t) − µ̄(0))

2(M(t) −m(t))

)

.

So, we have that:

V ′(t) ≤ − 2m(0)(M(t) −m(t))

[

cotan

(

π(µ̄(0) −m(t))

2(M(t) −m(t))

)

+ cotan

(

π(M(t) − µ̄(0))

2(M(t) −m(t))

)]

≤ − 4m(0)V(t).

because of the fact:
π(M(t) − µ̄(0))

2(M(t) −m(t))
+
π(µ̄(0) −m(t))

2(M(t) −m(t))
=
π

2
,

and

cotan(x) + cotan(
π

2
− x) = cotan(x) +

1

cotan(x)
≥ 2.

Hence by Gronwall’s lemma we get the result. �

We directly obtain from this result the convergence towards the equilibrium measure in
the case m(0) > 0.

Proposition 5.14. Let µ be a smooth solution to (5.1), then there exists a finite constant
C0 that only depends on µ(0, .) such that for all time t ≥ 0:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

µ(t, .) − 1

2π

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞

≤ C0 exp(−σ0t),

with σ0 = 4m(0).

We can actually improve this theorem by proving that we can find a σ0 that doesn’t
depend on µ(0) by bootstrapping the result we get.

Proposition 5.15. Let µ be a smooth solution to (3.1), then there exists a universal
constant σ > 0 and a constant C̃0 ∈ [0,+∞] which is finite if and only if m(0) > 0 such
that for all time t ≥ 0:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

µ(t, .) − 1

2π

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞

≤ C̃0 exp(−σt).

Proof. To improve our bound we start from (5.9), and now instead of lower bounding
µ(t, x(t)) from by m(0) we can bound it from below by

µ(t, x(t)) ≥ m(t) ≥ 1

2π
−C0 exp(−σ0t),
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thanks to Proposition 5.12. Using this bound and doing the same computations we get:

V ′(t) ≤ −
(

1

2π
− C0 exp(−σ0t)

)

2(M(t) −m(t))

[

cotan

(

π(µ̄(0) −m(t))

2(M(t) −m(t))

)

+ cotan

(

π(M(t) − µ̄(0))

2(M(t) −m(t))

)]

≤ − 4

(

1

2π
− C0 exp(−σ0t)

)

V(t).

Hence, by Gronwall lemma we have the following bound:

V(t) ≤ V(0) exp

(

−2t

π
+ 4

C0

σ0
(1 − exp(−σ0t)

)

≤ V(0) exp

(

4
C0

σ0

)

exp

(

−2t

π

)

.

This bound concludes the proof. �

We now prove that M(t) converges towards 1/(2π) exponentially fast without any as-
sumptions.

Proposition 5.16. Let µ be a smooth solution to (3.1). There exists a finite constant K
that depends on µ(0, .) and a universal constant κ > 0 such that for all time t ≥ 0,

∣

∣

∣

∣

∣

M(t) − 1

2π

∣

∣

∣

∣

∣

≤ K exp(−κt).

Proof. First, if there exits a time t∗ such that M(t∗) = 1/(2π), then (M(t))t≥0 is stationary
by Proposition 5.1 and the result is immediate. Then, if there exists a time t∗ such that
m(t∗) > 0, we get the result by applying Proposition 5.15 for time t ≥ t∗.
Now let us focus on the case when for all time t ≥ 0, m(t) = 0 and M(t) > 1/(2π). As in
the proof of Proposition 5.14, we get:

M ′(t) ≤ −M(t)A0[µ(t, .)](x(t)),

where x(t) is a point where µ(t, .) reaches is maximum on T. By using Lemma 5.13 and
the fact that m(t) = 0 for all t ≥ 0, it yields:

M ′(t) ≤ −2M(t)2 cotan

(

1

4M(t)

)

Since for all t ≥ 0, M(t) > 1/(2π), we can divide and integrate:

∫ t

0

M ′(s)

M(s)2
tan

(

1

4M(s)

)

ds ≤ −2t.

We compute:
∫ t

0

M ′(s)

M(s)2
tan

(

1

4M(s)

)

ds =

∫ M(t)

M(0)

1

u2
tan

(

1

4u

)

du

= −4

∫ 1/(4M(t))

1/(4M(0))
tan (u) du

= 4 ln













cos

(

1

4M(t)

)

cos

(

1

4M(0)

)













.

We deduce that:

cos

(

1

4M(t)

)

≤ cos

(

1

4M(0)

)

exp(−t/2) ≤ exp(−t/2)
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Hence it yields that for all t ≥ 0:

1

2π
≤ M(t) ≤ 1

4 arcos(exp(−t/2))
.

By using the Taylor expansion of arcos in 0 it gives

1

4 arcos(exp(−t/2))
=

t−→+∞

1

2π
+

1

π2
exp(−t/2) + o(exp(−t/2)).

This proves the result. �

The previous proposition implies without hypothesis on µ(0, .) a convergence in Lp(T)
for p ∈ [1,+∞). In particular, it gives a new proof of the convergence in law towards
µUnif.

Proposition 5.17. Let µ be a smooth solution to (3.1) and p ∈ [1,+∞). Then we have
the following convergence:

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

µ(t, .) − 1

2π

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

Lp(T)

−→
t→∞

0.

Proof. Since M(t) goes to 1/(2π) exponentially fast and µ(t, .) is a probability density,
formally we get that µ(t, .) will converge towards 1/(2π).
For 0 < ε ≤ 1/(2π) and t > 0, let

I(t, ε) =

{

y ∈ T; µ(t, y) <
1

2π
− ε

}

.

By using that for all t ≥ 0, µ(t, .) is a probability measure, we get:

0 = 1 −
∫

T

µ(t, θ)dθ =

∫

T

(

1

2π
− µ(t, θ)

)

dθ

=

∫

I(t,ε)

(

1

2π
− µ(t, θ)

)

dθ +

∫

T−I(t,ε)

(

1

2π
− µ(t, θ)

)

dθ

≥ εLeb(I(t, ε)) +

(

1

2π
−M(t)

)

(2π − Leb(I(t, ε))) .

It yields that:

2π

(

M(t) − 1

2π

)

ε+M(t) − 1

2π

≥ Leb(I(t, ε)). (5.10)

Thanks to this bound on Leb(I(t, ε)), we can look at the convergence in Lp norms for
p ∈ [1,+∞). Indeed:

∫

T

∣

∣

∣

∣

∣

1

2π
− µ(t, θ)

∣

∣

∣

∣

∣

p

dθ =

∫

I(t,ε)

∣

∣

∣

∣

∣

1

2π
− µ(t, θ)

∣

∣

∣

∣

∣

p

dθ +

∫

T−I(t,ε)

∣

∣

∣

∣

∣

1

2π
− µ(t, θ)

∣

∣

∣

∣

∣

p

dθ (5.11)

≤ 1

(2π)p
Leb(I(t, ε)) + 2πmax

(

ε,M(t) − 1

2π

)p

(5.12)

We take ε depending on the time also. We choose ε(t)2 = M(t) − 1/(2π) which goes to 0
exponentially fast by Proposition 5.16. This choice of ε(t) implies that

Leb(I(t, ε(t))) −→
t→∞

0

by (5.10). By using (5.12), we get the result. �
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To summarize the results about the convergence towards equilibrium we obtain in this
part: we proved that if there exists a time t∗ ≥ 0 such that m(t∗) > 0 then a solution to
the Dyson equation µ(t, .) converges in L∞(T) to 1/(2π) exponentially fast and if for all
time t ≥ 0, m(t) = 0 then we have at least that µ(t, .) converges to 1/(2π) exponentially
fast in Lp(T) for all p ∈ [1,+∞).
We expect that µ(t, .) always converges in L∞(T) to 1/(2π) (and so we are always in the
first previous case actually). We did not succeed to prove this result. We think that we lack
information to obtain this result. If we could get a similar bound as obtain Proposition
5.2 but for Cα(T) with α > 0 instead of L∞(T) we would have the result.

5.6. Regularity inside the support. To conclude this section, let us mention how to
obtain bounds about the derivative of a solution to the Dyson equation that can be used
to prove regularity of a solution of the Dyson equation inside its support. Indeed, as in
[24] we shall prove the exponentially fast convergence to 0 of the uniform norm of the
derivative of a solution to the Dyson equation when t goes to ∞ if m(0) > 0. We give
the proof of this result to point out some bounds on the Hilbert transform and the half
Laplacian that can be used in the study of equations of this type even though these lemmas
are known in the literature [15, 24].

Proposition 5.18. Let µ be a smooth solution to (3.1) such that m(0) > 0. Then

||∂xµ(t, .)||∞ ≤ C1 exp(−σ1t),

where σ1 = m(0) and C1 is a finite constant that depends on µ(0, .).

Proof. First, we state two lemmas about the operator A0 and the Hilbert transform used
in [15, 24].

Lemma 5.19 (Enhanced maximum principle). Let f ∈ C1(T) be a function with ampli-
tude V = maxT f − minT f and g = f ′. Let x0 be a point where maxT g is attained. Then
we have:

4VA0[g](x0) ≥g(x0)2

A0[g](x0) ≥ max(g(x0) − V, 0)
(5.13)

Proof. If V = 0, then f is constant and g = 0. The two results are obvious. So we now
deal with the case V > 0 which implies g(x0) > 0 (indeed otherwise g ≤ 0 and so u would
be a non increasing periodic function which is only possible if f is constant).
We integrate by part to link A0[g] with f . To do this properly, we introduce a smooth
increasing function defined in R

+ such that χ(r) = 0 if r < 1 and χ(r) = 1 if r > 2 and
χ′(y) ≤ 2. We also define χR(x) = χ(x/R). Now, we can lower bound properly A0[g].

A0[g](x0)

2
≥
∫

R

χR(|y|) g(x0) − g(x0 + y)

y2
dy

≥g(x0)

∫

|y|>2R

1

y2
dy −

∫

|y|>R
χR(|y|) g(x0 + y)

y2
dy

≥g(x0)

R
−
∫

|y|>R
χR(|y|) ∂y(f(x0 + y) − f(x0))

y2
dy

=
g(x0)

R
+

∫

|y|>R
(f(x0 + y) − f(x0)) ∂y

(

χR(|y|)
y2

)

dy

=
g(x0)

R
+

∫

y>R
(f(x0 + y) − f(x0 − y)) ∂y

(

χR(y)

y2

)

dy

≥g(x0)

R
− 2V
R2
,
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because of the fact that:
∫

y>R
(f(x0 + y) − f(x0 − y)) ∂y

(

χR(y)

y2

)

dy ≥ −V
∫

y>R
,
χ′

R(y)

Ry2
+

2χR(y)

y3
dy

≥ −V
(

∫ 2R

R

2

Ry2
dy +

∫ +∞

R

2

y3

)

dy = −2V
R2
.

We conclude by choosing R = 4V/g(x0) (obtained by optimizing in R the previous bound)
and R = 2.

�

Lemma 5.20. With same assumptions of Lemma 5.19 we have:

H[g](x0)2 ≤ 32 VA0[g](x0).

Proof. We cut H[g](x0) in two parts to do an integration by part far from the singularity.

H[g](x0) = 2

∫ R

−R

g(x0) − g(x0 + y)

y
dy + 2

∫ +∞

R

g(x0 + y) − g(x0 − y)

y
dy.

The first term can be compared with the half Laplacian directly:

2

∫ R

−R

g(x0) − g(x0 + y)

|y| = 2

∫ R

−R

g(x0) − g(x0 + y)

y2
|y| dy ≤ RA0[g](x0).

For the second, integrating by part yields:
∣

∣

∣

∣

∣

∣

[

2f(x0) − f(x0 + y) − f(x0 + y)

y

]+∞

R

−
∫ ∞

R

2f(x0) − f(x0 + y) − f(x0 + y)

y2
dy

∣

∣

∣

∣

∣

∣

≤ 2V
R

+
2V
R

=
4V
R
.

So we get that:

|H[g](x0)| ≤ RA0[v](x0) +
8V
R
.

We finally choose the optimal R to have the smallest bound which leads to the result. �

Thanks to these lemmas we can now prove Proposition 5.18.
We look at the equation satisfies by ν := ∂xµ by differentiating (5.1). ν is solution to:

∂tν + ∂xνH[µ] + νH[ν] + νA0[µ] + µA0[ν] = 0.

By using that: A0[u] = ∂xH[u] = H[∂xu] = H[ν] we have that ν satisfies the following
equation:

∂tν + ∂xνH[µ] + 2νH[ν] + µA0[ν] = 0. (5.14)

We introduce M1(t) = maxT ∂xµ(t, .). By compactness and regularity of µ we can find
x(t) such that M1(t) = ∂xµ(t, x(t)). We evaluate (5.14) in (t, x(t)) to obtain that

M ′
1(t) ≤ −2ν(t, x(t))H[ν(t, .)](x(t)) − µ(t, x(t))A0[ν(t, .)](x(t)).

Then, it yields that:

−2ν(t, x(t))H[ν(t, .)](x(t)) ≤ ν(t, x(t))2 + (H[ν(t, .)](x(t)))2

≤ 4V(t)A0[ν(t, .)](x(t)) + 32 V(t)A0[ν(t, .)](x(t)),

by Lemma 5.19 and Lemma 5.20. Hence, we deduce that:

M ′
1(t) ≤ (−m(0) + 36V(t))A0[ν(t, .)](x(t)).

Using Lemma 5.19 and the fact that V(t) converges exponentially fast to 0 by Theorem
5.14, we can say that for t large enough:

M ′
1(t) ≤ (−m(0) + 36V(t)) max(M1(t) − V(t), 0)

≤ (−m(0) + 36V(t)) (M1(t) − V(t)).
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Let K1 := max(36V(0),m(0)V(0)) and σ1 = m(0) < σ0. Thanks to Proposition 5.12 we
get:

M ′
1(t) ≤ (−σ1 +K1 exp(−σ0t))M1(t) +K1 exp(−σ0t).

By Gronwall’s lemma we conclude that there exists C1 ≥ 0 such that

M1(t) ≤ C1 exp(−σ1t).

We can do the same proof to lower bound minT ∂xµ(t, .) and obtain the result. �

Acknowledgments. The first author acknowledges partial support from the chair FDD
(Institut Louis Bachelier) and the Lagrange Mathematics and Computing Research Center.
The two authors are thankful to Pierre-Louis Lions (Collège de France) for pointing out
the problem.

References

[1] G. W. Anderson, A. Guionnet & O. Zeitouni – An introduction to random matrices, no. 118,
Cambridge university press, 2010. 3, 6, 7, 9, 17, 18

[2] M. Arisawa – “A new definition of viscosity solutions for a class of second-order degenerate elliptic
integro-differential equations”, in Annales de l’Institut Henri Poincaré C, Analyse non linéaire, vol. 23,
Elsevier, 2006, p. 695–711. 2, 12

[3] , “A remark on the definitions of viscosity solutions for the integro-differential equations with
lévy operators”, Journal de mathématiques pures et appliquées 89 (2008), no. 6, p. 567–574. 2, 24

[4] G. B. Arous & A. Guionnet – “Large deviations for wigner’s law and voiculescu’s non-commutative
entropy”, Probability theory and related fields 108 (1997), p. 517–542. 29, 30

[5] G. Barles & C. Imbert – “Second-order elliptic integro-differential equations: viscosity solutions’
theory revisited”, in Annales de l’IHP Analyse non linéaire, vol. 25, 2008, p. 567–585. 2, 12, 13

[6] C. Bertucci, M. Debbah, J.-M. Lasry & P.-L. Lions – “A spectral dominance approach to large
random matrices”, Journal de Mathématiques Pures et Appliquées 164 (2022), p. 27–56. 2, 9, 10, 11,
12, 14, 17, 18, 19, 20, 22

[7] C. Bertucci, J.-M. Lasry & P.-L. Lions – “A spectral dominance approach to large random
matrices: part ii”, Journal de Mathématiques Pures et Appliquées 192 (2024), p. 103630. 2, 11, 14,
26, 28, 32

[8] P. Biler, G. Karch & R. Monneau – “Nonlinear diffusion of dislocation density and self-similar
solutions”, arXiv preprint arXiv:0812.4979 (2008). 11, 28

[9] F. Bolley, D. Chafaï & J. Fontbona – “Dynamics of a planar coulomb gas”, (2018). 2, 3, 6, 7
[10] W. Buijsman – “Efficient circular dyson brownian motion algorithm”, Physical Review Research 6

(2024), no. 2, p. 023264. 3
[11] E. Cépa & D. Lépingle – “Brownian particles with electrostatic repulsion on the circle: Dyson’s

model for unitary random matrices revisited”, ESAIM: Probability and Statistics 5 (2001), p. 203–224.
2, 3, 7, 32, 34

[12] , “No multiple collisions for mutually repelling brownian particles”, in Séminaire de Probabilités
XL, Springer, 2007, p. 241–246. 3

[13] D. Chafaï – “From boltzmann to random matrices and beyond”, in Annales de la Faculté des sciences
de Toulouse: Mathématiques, vol. 24, 2015, p. 641–689. 3

[14] , “Aspects of coulomb gases”, arXiv preprint arXiv:2108.10653 (2021). 3
[15] P. Constantin & V. Vicol – “Nonlinear maximum principles for dissipative linear nonlocal operators

and applications”, Geometric And Functional Analysis 22 (2012), p. 1289–1321. 34, 38
[16] A. Córdoba & D. Córdoba – “A maximum principle applied to quasi-geostrophic equations”,

Communications in mathematical physics 249 (2004), p. 511–528. 11, 25, 34
[17] A. C. de Courcel – “On clogged and fast diffusions in porous media with fractional pressure”, arXiv

preprint arXiv:2501.11645 (2025). 11, 25
[18] M. G. Crandall, H. Ishii & P.-L. Lions – “User’s guide to viscosity solutions of second order partial

differential equations”, Bulletin of the American mathematical society 27 (1992), no. 1, p. 1–67. 2, 11,
14, 28

[19] M. Daoud & E. H. Laamri – “Fractional laplacians: A short survey”, Discrete & Continuous
Dynamical Systems-S 15 (2022), no. 1, p. 95–116. 11

[20] A. Dembo – Large deviations techniques and applications, Springer, 2009. 30
[21] T. Do, A. Kiselev, L. Ryzhik & C. Tan – “Global regularity for the fractional euler alignment

system”, Archive for Rational Mechanics and Analysis 228 (2018), p. 1–37. 11



A NEW APPROACH FOR THE UNITARY DYSON BROWNIAN MOTION 41

[22] F. J. Dyson – “A brownian-motion model for the eigenvalues of a random matrix”, Journal of
Mathematical Physics 3 (1962), no. 6, p. 1191–1198. 1, 2, 9

[23] F. Hiai & D. Petz – “A large deviation theorem for the empirical eigenvalue distribution of random
unitary matrices”, in Annales de l’Institut Henri Poincare (B) Probability and Statistics, vol. 36,
Elsevier, 2000, p. 71–85. 29, 30

[24] A. Kiselev & C. Tan – “The flow of polynomial roots under differentiation”, Annals of PDE 8

(2022), no. 2, p. 16. 11, 25, 34, 38
[25] E. S. Meckes – The random matrix theory of the classical compact groups, vol. 218, Cambridge

University Press, 2019. 3
[26] S. Serfaty – “Lectures on coulomb and riesz gases”, arXiv preprint arXiv:2407.21194 (2024). 3

[27] P. Śniady – “Random regularization of brown spectral measure”, Journal of Functional Analysis 193

(2002), no. 2, p. 291–313. 17
[28] T. Tao – Topics in random matrix theory, vol. 132, American Mathematical Soc., 2012. 3
[29] D. Voiculescu – “The analogues of entropy and of fisher’s information measure in free probability

theory, i”, Communications in mathematical physics 155 (1993), no. 1, p. 71–92. 29

(CB) CMAP, Ecole Polytechnique, UMR 7641, 91120 Palaiseau, France.
Email address: mailto:charles.bertucci@polytechnique.edu

(VP) CMAP, Ecole Polytechnique, UMR 7641, 91120 Palaiseau, France.
Email address: mailto:valentin.pesce@polytechnique.edu

mailto:charles.bertucci@polytechnique.edu
mailto:valentin.pesce@polytechnique.edu

	1. Introduction
	2. The Dyson model: from random matrices to particles in interaction
	2.1. The Dyson model
	2.2. Notation and well-posedness of the model

	3. Study of the Dyson partial differential equation on the circle
	3.1. Notation
	3.2. Primitive equation
	3.3. Uniqueness of viscosity solution

	4. Convergence of the system of particles
	4.1. Periodic system of N particles
	4.2. Discrete comparison principle
	4.3. Convergence of the system of particles

	5. Properties of the Dyson equation on the circle
	5.1. Monotone principle
	5.2. L regularization
	5.3. Decay of Lp norms
	5.4. Free entropy
	5.5. Quantitative convergence to the equilibrium
	5.6. Regularity inside the support
	Acknowledgments

	References

