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Non-equilibrium dynamics of disordered fractal spring network with active forces
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We investigate the non-equilibrium dynamics of active bead-spring critical percolation clusters
under the action of monopolar and dipolar forces. Previously, Langevin dynamics simulations of
Rouse-type dynamics were performed on a deterministic fractal — the Sierpinski gasket — and com-
bined with analytical theory [Chaos 34, 113107 (2024)]. To study disordered fractals, we use here
the critical (bond) percolation infinite cluster of square and triangular lattices, where beads (occu-
pying nodes) are connected by harmonic springs. Two types of active stochastic forces, modeled as
random telegraph processes, are considered: force monopoles, acting on individual nodes in random
directions, and force dipoles, where extensile or contractile forces act between pairs of nodes, form-
ing dipole links. A dynamical steady state is reached where the network is dynamically swelled for
force monopoles. The time-averaged mean square displacement (MSD) shows sub-diffusive behavior
at intermediate times longer than the force correlation time, whose anomalous exponent is solely
controlled by the spectral dimension (ds) of the fractal network yielding MSD ~ ¢, with v = 1— dQ—S,
similar to the thermal system and in accord with the general analytic theory. In contrast, dipolar
forces require a diverging time to reach a steady state, depending on the fraction of dipoles, and lead
to network shrinkage. Within a quasi-steady-state assumption, we find a saturation behavior at the
same temporal regime. Thereafter, a second ballistic-like rise is observed for networks with a low
fraction of dipole forces, followed by a linear, diffusive increase. The second ballistic rise is, however,
absent in networks fully occupied with force dipoles. These two behaviors are argued to result from
local rotations of nodes, which are either persistent or fluctuating. We further extend our study
of dipolar forces to dilution regimes above the isostatic, rigidity percolation threshold, where weak
forces effectively do not shrink the network in a steady state. Instead, for the triangular lattice, an
incipient discontinuous collapse transition occurs above a critical force amplitude value. We find a
continuous crossover to a collapsed state for the non-diluted square lattice, i.e., marginally stable.
We suggest that active disordered solids be poised above the isostatic point to be stable against

active dipolar forces, even if they are very weak and rare.

I. INTRODUCTION

Networks provide a generalized framework to under-
stand natural phenomena across various length scales.
Recently, the behavior of networks modulated by active
noise has gained much interest, mainly due to its rele-
vance in biological and soft-matter systems. Popular ex-
amples include bio-polymer networks with molecular mo-
tors such as the networks of filamentous proteins form-
ing cytoskeleton, in particular the ‘actomyosin’ system
that is composed of the actin network with embedded
myosin motor proteins that generate internal stresses.
More generally, active gels have become a focal point
of interest as a subfield of active matter [1H4]. Other ex-
amples from the field of soft matter where the network
picture is prevalent include granular packings, foams near
the jamming transition, various fibrous networks [5] [6],
and colloidal suspensions. What is common in most of
these examples is that the systems are inherently out of
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equilibrium with active non-equilibrium fluctuations, ca-
pable of modulating the network properties, such as its
stiffness.

A network’s properties generally depend on the degree
of connectivity among the spanning nodes, resulting in
different regimes of functional behavior. These regimes
are controlled by fixed points around which the system
shows different characteristics depending upon which side
the system is poised at. Fixed points concerning connec-
tivity include the “percolation” point, where the system
is critical with a diverging correlation length and a single
large cluster spanning in every dimension, showing frac-
tality, emerges. Above the percolation point, for nodes
connected with central-force spring-like bonds, lies the
“isostatic” point, where rigidity percolates throughout
the system, making it “just” (marginally) stable. Each
of these regimes holds special relevance in biology, e.g.,
the fractal regime could be relevant to understanding the
compact chromatin, whose fractal dimension was found
to be dy = 2.4(< 3) through small angle neutron scatter-
ing [7]. At the same time, the mechanically rigid region
could be relevant for studying the actin-myosin network,
which at short time scales behaves as an elastic mate-
rial capable of sustaining and transmitting mechanical
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stresses [0l 8]. Although several studies exist on the me-
chanical behavior of marginally stable network systems
for both passive and active systems [§] and references
therein, the fractal regime remains less explored, with
only a few works focused on the equilibrium aspects of
the network [OHIZ], however, the effect of active forces
was not addressed in those studies. Only recently, Singh
and Granek [I3] considered the non-equilibrium effects
due to active forces on the Sierpinski gasket.

In the actomyosin network, one of the important phe-
nomenon observed in-vivo is the cytoplasmic rotational
flow in mammalian cells [T4], [I5]. It has been proposed
that the myosin activity in the actomyosin system is re-
sponsible for this rotation [I6]. The myosin motors are
known to produce mainly dipolar forces on the actin fila-
ments. However, these internal forces do not exert a net
torque on the system and, therefore, cannot create sim-
ple rigid body rotations. Theoretical continuous active
gel theory was put forward to explain these rotations [16].
Persistent “crawling” rotations were also found from the
theoretical treatment of an active fractal network with
stochastic activity of force dipoles for random spatial dis-
tribution of dipolar forces and explained as deformable
body rotations due to spontaneous symmetry breaking of
the force dipole spatial distribution [I3]. In order to check
the hypothesis that myosin dipolar forces are, in fact, in-
ducing the cytoskeleton rotations, it is required to check
the conditions under which rotations exist in non-fractal
networks as well, that resemble the actomyosin system.
In the latter, the long actin filaments are entangled and
partially crosslinked, e.g., by passive a-actinin, and the
myosin motor proteins act as sources of force dipoles.

In this paper, therefore, we will investigate the
activity-induced effects on the mechanical and dynam-
ical properties of minimal network models, such as the
square lattice, leveraging the simplicity of these mod-
els for theoretical and computational treatment. Two
kinds of active forces — monopoles and dipoles — will be
considered, along with the thermal system, for compari-
son. Later, we extend our study to fully connected and
sparsely diluted mechanically rigid triangular networks as
well, to understand the dynamical collapse and rotation
under the action of dipole forces. Thereby, a quantitative
understanding of how the interplay of active forces and
network connectivity facilitates a collapse transition and
bulk rotation, is developed.

The rest of the paper is organized in the following man-
ner: in Sec. [ we briefly review the concepts of fractal-
ity. In Sec. we discuss the disordered fractal model,
the distribution of active forces, and the parameter val-
ues connected to real physical systems. In Sec [[V] we
describe the numerical simulation details, such as the in-
tegrator scheme used, the observables of interest, and
time averaging. In Sec. [V] we briefly review the exact
analytical results obtained for this model in Ref. [13]. In
Sec. [VIA] we describe the results for a passive thermal
network, and in Sec. [VIB] we discuss monopolar active
forces and active dipolar forces in Sec. [VIC} Finally,

in Sec. [VII, we conclude the paper with a comparative
discussion and possible future outlooks.

II. FRACTALS - MINI REVIEW

Before proceeding, let us briefly recall the properties
of a fractal. A system exhibits fractality when its struc-
tural connectivity manifests scale-invariance and self-
similarity. Fractals, in general, are characterized by a few
broken dimensions [I7]: (i) the mass fractal dimension d
following the scaling M (r) ~ r?f of the mass M (r) en-
closed in concentric circles of radius r, (ii) the spectral di-
mension d, governing the scaling g(w) ~ w® 1 of the vi-
brational density of states g(w) with frequency w [I8] [19],
and the topological dimension d; that governs the scaling
M(l) ~ 1% of the mass enclosed in concentric “spheres”
of radius [ in the topological space. The three broken
dimensions obey the inequalities: 1 < ds < d; < df < d,
where d is the dimension of the embedding Euclidean
space. The fractal dimension (dy) provides information
regarding the arrangements of the fractal nodes in space,
and the spectral dimension (ds) relates to the density of
the vibrational states.

Again, fractals can be broadly classified into two dif-
ferent classes: deterministic and disordered fractals. For
example, the Sierpinski gasket is a deterministic fractal
created by successively joining three motifs of n — 1th
generation to obtain the nth generation fractal. The ad-
vantage is that it guarantees the existence of a scale-free
structure and exact analytical solution of different quan-
tities. On the other hand, an example of a disordered
fractal would be the percolating infinite cluster backbone
at the bond percolation threshold on a two-dimensional
square lattice.

III. THE MODEL

To model the disordered fractal network, we use the
critical infinite cluster at the two-dimensional bond-
percolation threshold on a square lattice [Fig. [1], specif-
ically at p = p. + 1072, where p is the probability with
which a bond exists and p. = 1/2 is the bond-percolation
critical point. Also considered in the latter part are di-
luted triangular lattices for which p. = 0.347. The lattice
sites represent beads which are connected via harmonic
springs of rest length b and spring constant mw?. The
system evolves following the Hamiltonian

=7 = biij)? (1)

which (ij) denotes pair of neighboring sites connected by
springs of self-frequency wg, m is the bead mass. In the
limb — 0, Eq. [1] reduces to the scalar elasticity Hamil-
tonian [I3]. For simulations we have used b = 1 unless



FIG. 1. Fractal lattice. A disordered fractal constructed
from the infinite cluster close to the bond percolation critical
point (p.) of the square lattice at p = p. + 1073,

specified otherwise. Also, we have not considered the ef-
fects of excluded volume or hydrodynamic interactions
between the nodes in our model.

We consider two classes of stochastic active forces —
force monopoles and force dipoles — acting on the nodes,
distributed randomly and uniformly over the network.
Force monopoles are given a random orientation 6; €
[0, 27], which is fixed at the beginning of the simulation,
and the force field is given by

F(r,6) = 3 5000 = 75), (2)

where f;(t) is the time-dependent active force acting on
jth bead at time ¢ and the d—function ensures that the
force originates right at the node. Unlike monopoles, the
force field for dipoles is given by

P ) = HOBE=7) =60 =7 =&), ()

where €; (] €5 |=b) is a randomly chosen vector directed
along one of its nearest neighbors. A positive (or nega-
tive) f; implies an inward contractile (or extensile) force.

The evolution of these active forces follow the random
telegraphic process [20], where the random variable f;(t)
stochastically fluctuates between two values: 0 for OFF-
state, and f for ON-state [20]. At ¢ = 0 the probability
for the active sources to be in an ON (or OFF) state is
given by P (or 1 — P). Each individual sources of active
force undergo a correlated dynamics, of which the tran-
sition probabilities are discussed in Appendix [A2] Note
that the active forces are only temporally correlated with-
out any spatial correlation. The autocorrelation function
of the active forces can be written as [13]

(fit) - Fi(0)) = F2P2fi - £+ f26,P(L—P)e™/7, (4)

where t is the lag time and 7 is the force decorrelation
time. The ON and OFF probabilities are to be identi-
fied, e.g., with the molecular motors’ “attachment” and
“detachment” rates within a biopolymer network. For
simplicity, we have chosen P = 1/2 throughout the pa-
per.

IV. NUMERICAL SIMULATION AND
OBSERVABLES

A. Integration scheme

We perform Langevin dynamics (LD) simulations of
the bead-spring disordered fractal network in the over-
damped limit, i.e., fli—f — 0, thereby neglecting any in-
ertial effects. For simplicity, we have used friction co-
efficient v = 1. To numerically integrate the equations
of motion, we use the two-point finite difference method
also known as the Euler-Maruyama method. See discus-
sion in Appendix [AT] Our simulations use the following
unit system; position 7 is mentioned in units of bond
length b, active force f in units of mwdb, time ¢ and
are in units of 79 = 7/(mw?) and an integration time

step of 4t = 1072, For choice of parameter values refer

to Appendix

B. Fractal lattice properties

The infinite clusters of the disordered fractal are in-
dexed, and the infinite cluster is isolated using the
Hoshen-Kopelman algorithm [21] for square lattice and
a depth-first search in the case of triangular lattice. The
correlation length around the percolation transition point
diverges as ¢ ~| p—p. |7 with v = 1.33, which is roughly
around ¢ ~ 10* for our choice of p = 0.501, much larger
than our lattice dimensions ensuring that we are well
inside the fractal regime. To evaluate the spectral di-
mension d,, we find the eigenvalues (A) of the N x N
connectivity matrix C (also called “Kirchhoff matrix”),
where N is the number of nodes in the infinite cluster.
The eigenvalues \’s are related to the eigen frequencies
(or normal modes ) w, as, wa = VAq. For fractals, the
density of states scales as g(w) ~ w? ™!, therefore, the
cumulative density of states P(w) ~ [ g(w)dw ~ w.
For our infinite cluster, we found dy = 1.89 and d, = 1.33
[Fig. [2] in good agreement with the already established

values [17].
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FIG. 2. Fractal dimensions. (a) Mass fractal dimension
dy = 1.89, and (b) the cumulative density of vibrational states
yielding spectral dimension d, = 1.33.



C. Observables

We looked at the time-averaged mean squared dis-
placement (MSD) denoted by A7 to investigate the dy-
namical behavior. Since we are working with disordered
lattices, the MSD was time averaged over n randomly
chosen nodes which can be written as

tiot—t n

AP = twtitz Z (ti+ ) — 7). (5)

We found the result to be invariant to the order in which
the average is taken over time and number of nodes. To
calculate the MSD, we store the positions of n nodes
at consecutive integration steps. To correct any drift
in the center of mass, we need to subtract the average
displacement in the same time duration, and Eq. |5/ needs
to be modified as

ttot— t n

ttot—t ZL Z

AP = = 7(t:) = (7(1))?

(6)
where (7(t)) is the average displacement in time ¢ and is
given by

tiot—t n

(7(t)) —twtitz Z (ti+t) — 7). (7)

Besides MSD, to study the collapse transition, we also
looked at the network radius of gyration R, given by,

’FCM |2a (8)

1 N
Rg: NZMZ*
i=1

where Toy = % Zf\il 7; 1s the fractal center of mass and
N is the total number of nodes.

V. ANALYTICAL RESULTS

The analytical theory for this model has been devel-
oped in Ref. [I3]. The thermal and active mean squared
displacement (A72) can be expressed in terms of the nor-
mal modes and upon time averaging one can write

((7(t) = 7(0))%) = (AT(1)*)en + (AT(1)*)ac (9)

as the sum of the individual thermal and active contri-
bution where,

(A )en = Z zgfjf —e T, (10)
, 2¢f2 Wa G
(AT())ac = Z +l 3 (11)

-1
T _w_ria —t/r
><(1—’_Fa—7'—16 Fa—T—le )

4

obtained by summing over all vibrational states (wq,).
The combined active system has three timescales: first,
the force decorrelation time (7), and the other two in-
herent to the fractal network (79, 7n) giving the short-
est and the longest network relaxation times, given by
70 = v/(mw3) and 7§ ~ T(wWpin) " ~ ToN?/%.

For the thermal system it has already been shown in
Refs. [22H25]

(AF()?) ey, = Byt (12)

where v, = 1 — 5 , provided ds < 2, and the prefactor
Bth ~ dk‘BT’yds/2 1.

In active systems, for short times t << 7 << 7y, the
theory finds super-diffusive ballistic scaling behavior

(AF()) ac

where the amplitude B,.s follows different scaling for
force monopoles and dipoles. For times much longer than
the force correlation but shorter than the network relax-
ation time such that 7 << t << 7y, we have for force
monopoles

= Baest?, t<<T, (13)

(AF(t)?)ge = Byet™™,  t<<T, (14)
where v, = 1 — dy/2 that is identical to the thermal
subdiffusion exponent and B,. = ¢f37. Further, since
1—ds/2—ds/d; < 0 for force dipoles, the theory predicts
a saturated MSD, with the absence of any anomalous

subdiffusion regime.

VI. RESULTS
A. Thermal network

First, we investigate the effect of fractality on the dy-
namics of a passive network at temperature 7" = 0.1,
driven only by thermal fluctuations. Two cases are con-
sidered, for spring rest length b = 0 and b = 1. The sys-
tem size decreases while reaching the dynamical steady
state as found from the R,. Once the steady state is
reached, we start gathering data at every step to calcu-
late the time-averaged MSD as shown in Fig. We
averaged MSD over 50 randomly chosen nodes across the
network. The MSD follows a linear scaling Ar? ~ t in
the short (f << 79) and long (¢ >> 7n) timescales. In
the intermediate regime, 79 < t < 75 MSD follows a
sub-diffusive scaling whose exponent is governed by the
spectral dimension ds of the fractal network given by
ven = 1—% = 0.33(5) for d, = 1.33 (from Fig. [2). Fitting
over the range t € [102,10°] we obtain v = 0.336 4 0.004,
in close agreement with the exact value v4,. The short
time represents independent nodes diffusion while the
long time represents center of mass (CM) diffusion with-
out any drift. The analytically exact MSD for spring
rest length b = 0 is found from the normal modes of
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FIG. 3. Passive-thermal network. Log-log plot of MSD
of a passive-thermal network at 7" = 0.1 and averaged over
50 nodes. The data points correspond to numerical simula-
tions of networks with spring rest length b = 0 and b = 1,
while the continuous solid line is the exact MSD for b = 0
case, calculated using Eq. The three scaling regimes are:
initially Ar? ~ t, in the intermediate regime it scales scale as
Ar? ~ t9336 and again scales linearly in the long time scale
t>71nN.

the fractal network using Eq. To study the effect
of number of averaging nodes, we additionally calculate
MSD only from a single node. In that case, while the
initial and long-time MSD shows linear scaling, the in-
termediate regime shows fluctuations, suggesting that the
scaling in the intermediate regime is the most sensitive to
the underlying disordered fractal structure and, thereby
upon the number of averaging nodes.

B. Force monopoles

For force monopoles, the directions ({6;}) of the active
forces are assigned randomly from a uniform distribution
of 6; € U(0,27) “for once” at the start of the simulations.
We consider all beads (¢ = 1) to be source of monopole.
Both athermal and thermal cases are considered; for the
athermal (T = 0) case we consider 7 = 1 and 100. To
see the effect of thermal noise we simulate at an elevated
temperature of 7' = 0.1. Initially, at ¢ = 0, the individual
monopole sources are in an ON (or OFF) state with a
probability P (or 1 — P), which we have chosen to be
P =1/2 for all cases.

Before we start gathering data to calculate MSD [Fig.
a)}, we equilibrate the system for 5 x 10° time steps
while monitoring the system’s configurational energy (U)
and the radius of gyration (Ry), ensuring that these
quantities reach a steady value [see Fig. [4b)]. Notice
that the dynamical steady state is swelled according to
the proposed theory [13]. Additionally, we also keep track
of the R, during the MSD calculation and make sure it
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FIG. 4. Active network with force monopoles: (a) Log-
log plot of MSD averaged over 50 nodes of a network with a
fraction ¢ = 1 of nodes as active monopoles. Two different
decorrelation times are considered: 7 = 1 and 7 = 100, with
force amplitude f = 1 for both cases. The different scaling
regimes are shown using the dotted straight lines. (b) Ry
during the initial run to take the system to steady state. Inset
showing the fluctuation in R, during data accumulation for
calculating the MSD. (¢) MSD with active monopole forces
(f = 1) at temperature T' = 0.1. The solid lines show the
analytically calculated MSD for b = 0 network using Egs.
and [T}

does not change substantially other than the usual fluc-
tuation about a mean value [see Fig. [i|(b) inset].

Dynamical behavior: In Fig. a), we show the MSD
of the fractal network at T' = 0 under the action of force
monopoles, averaged over 50 randomly chosen nodes.
Two activity timescales are considered: 7 = 1 and
7 = 100, with the same force amplitude f = 1 in both
cases. The short-time scaling is ballistic A7 ~ 2, fol-
lowed by a crossover at t = 7 to a sub-diffusive regime
A2 ~ t¥ with an exponent v = 0.31633 & 0.002541 at
intermediate times, and later succeeded by a second bal-
listic regime (not shown) due to an incomplete cancel-
lation of the forces for finite systems leading to a CM
drift. This effect, however, should vanish in the thermo-
dynamic limit imy o0 ), ﬁ = 0. The late time ballistic
scaling is replaced by a linear scaling, A7? ~ t, only af-
ter we remove the effect of CM drift using Eq. [6]and Eq.
For the best possible fit in the intermediate region,
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FIG. 5. Pseudo steady state in active force dipole net-
works. (a) Variation in R, during which the data for MSD is
gathered. (b) Comparison of change in Ry, i.e., dRy, during
the same time as compared to the \/Ar2 from plots in (a).

data points are sampled at frequent time intervals than
shown in Fig. 4l We further check the validity of the nu-
merical results against the analytically calculated exact
MSD values using the normal modes of the associated
network and Eq. [11] which are plotted using continuous
solid lines in Fig.a).

In Fig. [c), we show the combined effect of active
and thermal forces, using the same network, at 7' = 0.1
and f = 1. Notice how even at this small value of fi-
nite temperature, the initial ballistic scaling of MSD is
replaced by a linear scaling A2 ~ t. The amplitude
increases compared to the athermal case; however, the
sub-diffusive intermediate region persists. On the long
time scale ¢t > 10°, the deviation from the exact data
could result from the finite data size.

C. Force dipoles

Next, we come to force dipoles, where force acts be-
tween a pair of connected nodes. The forces are either
extensile or contractile with no net momentum trans-
fer. To start with, a random fraction (¢) of links in
the infinite cluster are chosen as dipoles. Akin to the
monopolar forces, the active force dipoles initially are in
an ON or OFF state with a probability P or 1 — P, re-
spectively. Here also, we have chosen P = 1/2. However,
unlike the monopoles, the directions of the dipoles are de-
cided depending on the immediate positions of the nodes
while the system evolves. Force dipoles, for example,
could arise from molecular motor “pairs” in biological
networks. Therefore, it is perhaps appropriate to impose
an excluded volume interaction among the motors, by
excluding a single node from being part of two dipoles,
albeit for low density of dipole links, such as ¢ = 0.2.
This condition could introduce a small bias in the distri-
bution, the effect of which should be negligible as long
as ¢ is low. Such an exclusion, however, is infeasible for
higher ¢ values.

Dynamical behavior: To start with, we observe that the
system did not reach a steady state within our simula-
tion time, but rather displays a slow-continuous decrease
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FIG. 6. Active network with force dipoles. MSD aver-
aged over 10 random nodes of the fractal network with ac-
tive force dipoles. Results shown for fraction ¢ = 0.2 and 1
of dipole links distributed randomly. The active force ampli-
tudeis f = 0.1 and 7 = 1 for both cases. The different scaling
regimes are shown with dotted straight lines as an guide to
the eye.

(~ 2 —5%) in the R, value with time, with the ¢ = 0.2
network contracting faster than the ¢ = 1 network [Fig.
[a)]. This suggests the ¢ — oo state of the network is a
collapsed structure. However, within a short time inter-
val, the collapse could be small enough to evaluate the
time-averaged MSD. The change in R, (0R,) in Fig. [5b)
at lag times shorter than 10° are 2 orders of magnitude
smaller than the square root time-averaged MSD, which
suggests a pseudo-steady state where the MSDs remain
meaningful.

In Fig. [6] we show MSD for ¢ = 0.2 and ¢ = 1 frac-
tion of dipole links, with the force amplitude f = 0.1
and correlation time 7 = 1 kept same in both cases. For
both choices of ¢, initially, there is a ballistic-diffusion
where MSD scales as A2 ~ t2, with the ¢ = 1 network
having a higher amplitude. This ballistic scaling regime
also corresponds to the decorrelation time 7 of the ac-
tive forces. Following the ballistic regime, a long satu-
ration regime sets in at t =~ 7. At much longer times, a
new time-dependent rise appears in the bead MSD, with
characteristic dependence on ¢, both in terms of scaling
exponent and amplitude. For ¢ = 1, we observe a dif-
fusive regime (v = 1), while for ¢ = 0.2 the departure
from saturation commences as ballistic-like (v = 2) only
later crossing over to a diffusive behavior. Moreover, the
MSD amplitude for ¢ = 0.2 is larger than for ¢ = 1. The
unexpected ballistic-like behavior for ¢ = 0.2 is associ-
ated with effectively free motion of dangling ends (see SM
movies), yet the motion of these dangling ends is more
restricted when ¢ = 1 thus leading only to a diffusive
regime. The early and saturation regimes of the MSDs
are similar to those observed in the Sierpinski gasket [13].
The departures from the saturation are, however, differ-



ent, which are most likely due to the disordered nature
of the fractal lattice.

Collapse: Next, we examine whether dipole forces lead
eventually to the collapse of the critical percolation clus-
ter? We always find, even for extremely low forces, that
R, keeps decreasing for all time, albeit slowly, never
reaching a collapsed steady state within our simulation
time. This occurs in a force-dependent dynamics, that
is, the collapse is faster for higher forces. We infer that
for sufficiently long simulations a collapsed steady state
would have been reached. In contrast, Singh and Granek
[13] found a sharp collapse transition at f ~ 1 for the
Sierpinski gasket. To understand this discrepancy, we
further analyze the collapse transition in regular undi-
luted and sparsely diluted lattices.

Remarkably, even for complete (undiluted) square lat-
tices, the slow network collapse persists (even though the
collapse steady state is not observed). This can be ra-
tionalized if we recall the Maxwell criterion for stability
[26], which, for central pairwise forces, requires z > 2d
or z > 4 in 2D, where z is the coordination number,
henceforth referred to as the “isostatic point”. Thus, the
complete square lattice is only marginally stable to me-
chanical perturbations.

Hence, for further analysis of the collapse transition,
we chose the triangular lattice whose (infinite lattice)
mean coordination number is (z) = 6, thereby inherently
above the isostatic point (z). = 4. In a finite, complete,
triangular lattice with non-periodic boundary condition
z = 5.84 < 6. In this case, the system does reach a dy-
namical steady state where the average R, is no longer
decreasing, yet at small forces the decrease of R, is mi-
nor. A sharp collapse transition is incipient beyond a
threshold force f,, e.g., for a 50 x 50 lattice containing a
fraction of ¢ = 0.2 force-dipoles, f. ~ 0.9, as shown in
Fig. [ The critical force depends on ¢ and diverges as
¢ — 0, see Fig. m(a) inset, which implies the absence of a
collapse transition as expected. f. scales with ¢ roughly
as f. ~ ¢~ 9% The collapse transition remains equally
sharp for different ¢’s.

In addition, we considered the effect of dilution for
¢ = 0.2 and 0.4. Collapse transition for sparsely diluted
triangular lattices with p = 0.9, 0.8, 0.7, 0.66, 0.63 and
0.6 are shown in Fig. a) main plot. As we dilute the
system, the collapse transition gradually smooths out. In
Fig. b), we study the finite size effect and show that
R, scales as Ry, or the system’s linear dimension L,
across the collapse transition, for the p = 0.9 system.
For different system linear sizes L = 30,40 and 50, we
do not find any substantial variation in the f., as we
need not require any ad hoc scaling factor along the force
axis, which simply suggests that the estimated f. should
match well for systems in the thermodynamic limit too.
Additionally, there are minor fluctuations of f, associated
with different statistical realizations of bond dilution and
force-dipole.

The isostatic point of (z). = 4, which is also referred to
as “rigidity percolation” in the literature, corresponds to
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FIG. 7. Triangular lattice collapse under contractile
active force dipoles. (a) Steady state Ry vs. force showing
collapse transition of an athermal triangular network made
of 50 x 50 nodes, with ¢ = 0.2 fraction of dipole links and
different values of dilution p = 1,0.9,0.8 and 0.7, where 1 —p
is the probability for the dilution of a bond. Actual mean
coordination numbers are z = 5.84,5.25,4.66 and 4.15, re-
spectively. The critical force is estimated from the inflection
points of the splines approximated from the data. Snapshots
of p = 1 triangular network in the steady state at different
force values f = 1 and 2 are shown in inset. (Inset) Shows the
critical force f. as a function of ¢ for undiluted (p = 1) lattice.
g(x) ~ x7%% is a power-law fit to the data points. (b) Ry
in the extended phase scales as the linear dimension (L) or
R4/ Ry, 50 of the system, shown for p = 0.9. (c) Critical force
fe as a function of p for ¢ = 0.2 and 0.4. Here, f. = 0 data
points are from Eq. @ The solid lines are smooth Bezier
curve approximation of the data points.

Prigia = 2/3 in an infinite triangular lattice. Yet, f. does
not vanish at p = 2/3. In Fig. E(c), we show how the
critical force f,. varies with the dilution parameter p. In-
triguingly, with the inclusion of dipole forces, a new point
for marginal rigidity in the system arises at p{; ;; < 2/3.
This change can be understood using the Maxwell’s cri-
terion of mechanical stability for systems connected with
springs (central force) [26]. The inclusion of force dipoles
on a fraction ¢ of bonds, with a mean fraction P in their
ON-state at any instant, results with increased number of
constraints which changes the rigidity percolation point



to 2. = z./(1 + P¢) which means

/ DPrigid

prigid - (1 + ’P¢) . (15)
We checked the above formula for two different cases; for
¢ = 0.2 giving p’ = 0.606, and for ¢ = 0.4 giving p’ =
0.55. The extrapolated results from our simulations are
in good match with the exact analytical values. Details
of the derivation of Eq. are given in Appendix
The f. = 0 datapoints at p = 0.6 and p = 0.55 in Fig.
m(c), corresponding to ¢ = 0.2 and 0.4 respectively, are
obtained using Eq. [T

A similar change in the isostatic point with the in-
clusion of extra features like bond-bending energy has
already been shown in the past [5l [0 27]. Overall, these
observations simply suggest that the collapse as a sharp
transition is a cooperative phenomena requiring partic-
ipation from all parts of the system which can sustain
stress, and, therefore, possible only in a mechanically
rigid system. Since the dipolar forces act directly be-
tween the nodes, the effect spreads across the network
via tension relaxation. Therefore, for systems diluted
down to p < p’, forces cannot be duly transmitted to the
whole network, resulting in a rather gradual reduction in
size. Conversely, the extra rigidity in the network itself
originates from the same forces.

Rotation: Following the study for the Sierpinski gas-
ket [I3], we also look here for “crawling” rotations in dis-
ordered fractal networks. This may occur, even though
force dipoles do not produce net momentum transfer. For
a torque-free system, ), Q | R; |= 0, yet it is possible
that >, Q; # 0, where Q, is the angular velocity of the
ith bead.

To observe the bulk rotation of the lattice, we calcu-
late numerically, the accumulated angle (6,..) of a corner
node about the center of mass, for a system of 20 x 20
nodes, shown in Fig. |8 The quantity 22c< then gives the

360°

number of complete rotations and ; = %. We found
the rotational speed to depend up on how far the system
is placed from p;s,. For p = 1 and ¢ = 0.2, the system
shows unidirectional (clockwise or anti-clockwise) persis-
tent rotation. Then, as we dilute the system (p < 1), the
system starts showing tendency to shrink, as a result the
angular velocity increases, e.g., for p = 0.9 and 0.8 [see
Fig. . On further diluting the system down to p = p;se,
e.g., p = 0.7, the system is almost collapsed, and display
frequent changes in rotational direction, where the effec-
tive (fqc) = 0 over a large time.

Angular velocity also depends on other factors like the
force amplitude ( f), shown by comparing f = 0.4 and 0.7
for p = 0.8, and also on the fraction of dipole links (&),
shown by comparing ¢ = 0.2 and 0.3 for p = 1, which
results in the overall shrinkage of the network. However,
for ¢ =1 in p = 1 lattices, we do not find any rotation,
but only a fluctuation about a mean value in the steady
state.

It is important to keep in mind that, such rotations
essentially happens due to the residual anisotropy of the
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0 100 200 300 400 50 600 700 800 900 1000
t x 10% units

FIG. 8. Rotation under the action of force dipoles: Ac-
cumulated angle (f,..) vs. time () for the corner-most node
about the center of mass of a 20 x 20 nodes system with var-
ious degree of bond dilution p = 1,0.9,0.8 and 0.7. 6,.. > 0
denotes anti-clockwise, and GZCC < 0 denotes clockwise rota-
tions.

random realization of the dipolar forces, where the direc-
tion actually depends on the realization of force dipoles
that slightly breaks the symmetry. Therefore, for larger
systems the rotation should be slow or equivalently the
angular velocity goes to zero.

VII. DISCUSSION AND CONCLUSION

In conclusion, we studied the dynamic behavior of crit-
ical percolation clusters as a model for disordered fractal
networks in the presence of active noise, which drives
the system out of equilibrium, extending previous simu-
lations on deterministic fractals. The active noise is mod-
eled as a temporally correlated telegraphic process. We
study bond percolation critical infinite clusters of square
and triangular lattices. Three distinct cases are exam-
ined: (i) only thermal noise, (ii) active monopole forces,
and (iii) active force dipoles. In a nutshell, the spectral
dimension of a fractal is solely responsible for the sub-
diffusion in the presence of either thermal fluctuations or
active force monopoles. Sub-diffusion, however, is absent
for active force dipoles, which is replaced by a satura-
tion regime. Moreover, the critical percolation clusters
always slowly collapse under force dipoles since they are
below the so-called “rigidity percolation” threshold. Im-
portantly, the dynamics is only sensitive to one of the
fractal dimensions viz. the spectral dimension (ds) and
is independent of the other fractal dimensions such as dy
and d;.

We extend the regime of study to undiluted and
sparsely diluted systems as well in an endeavor to under-
stand certain aspects (e.g., the collapse transition), which
was present in deterministic fractal lattice (e.g., the Sier-
pinski gasket [13]), but is absent in critical percolation
clusters as they collapse already at even tiny forces. A
sharp collapse transition is observed only for a fully con-
nected triangular lattice, which gradually smoothens as
we dilute the system down to the rigidity percolation



point. We found an extended rigid regime of the dipolar
networks poised below the common rigidity percolation
threshold of passive networks, due to the additional con-
straints of the active dipole links. This is similar to the
behavior of pre-stressed networks [28] whose rigidity is
increased by the internal stresses.

The rotational motion is also found to be sensitive to
the rigidity threshold. Fully connected triangular lat-
tices show persistent unidirectional “ crawling” rotations
— i.e. a rotational swimming behavior — similar to the
Sierpinski gasket [I3]. On weak dilutions, the mean angu-
lar velocity increases, possibly because of the increase of
anisotropy of the force-dipole distribution. On stronger
dilutions, however, as we approach the rigidity thresh-
old, we observe increase in the angular velocity fluctu-
ations, to the extent that we cannot assign anymore a
mean value for it within the simulation time window. We
conjecture that the mean angular velocity diminishes on
approaching the rigidity percolation, while the increase of
rotational fluctuations is a signature of critical dynam-
ics, similar to equilibrium fluctuations near criticality;
yet more studies are required to study these issues.

Our findings are crucial for understanding systems
like chromatin dynamics, which exhibit chromosomal
loci sub-diffusion in both normal and ATP-depleted cells
with identical exponents [29], similar to our theoretical

findings. They also show large-scale coherent motion,
claimed to be associated with the action of force dipoles
[30, BI]. The latter could be associated with such rota-
tional motion, and possibly longer range interactions and
bending rigidity (absent in our study) substantially lower
the rigidity threshold such that these coherent rotations
are possible. Another example of rotational motion is
the acto-myosin intracellular cortex that show persistent
rotational motion [14} [15].

Finally, it is important to note that our research is of
a much broader scope — not limited to biological systems
— and concerns “active networks” in general. While we
are not simulating a specific physical system, by consid-
ering networks we have drawn some general conclusions
that can help to understand a variety of systems with
embedded active forces.
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Appendix A: Simulation and Methods
1. Numerical integration

To numerically integrate the ordinary differential equa-
tions (ODEs) of motion we use the two-point finite dif-
ference method, also known as the second order Heun al-
gorithm or the midpoint scheme for ODEs. This consists
of the conventional Euler-Maruyama scheme (Eq. [Alj(a))
along with an additional corrector step (Eq. b)) as
mentioned below

_ 1 2kpT -
Pyt = P + ;F(f’k)ét + /25 W (Ala)
" " 1 " =
Th+1 =Tk + % (F(Tk) + F(’r‘k+1)) ot
2kpT -
T2 W, (ALD)
Y
where F(7,) are the total elastic forces and %Wk

are normally distributed random vectors. In this inte-
gration scheme, a predicted position 711 (Eq. ) is
followed by a corrected position 711 (Eq. ) In both
the steps, the same realization of random vectors Wk are
used as thermal noise. For active systems, the above
equations are modified using additional terms for active
forces.

2. Telegraphic noise

The source of active forces (or noise) switches between
the 0 or f state following the transition rules as men-
tioned below,

R < (1=P)+P xexp(=6t/T),
R < P+ (1—-7P) x exp(—=dt/T),

0—0 (A2)
f=f (A3)

where R is a uniformly distributed random number R €
[0,1], P is the probability of a dipole source to be ON
initially at ¢ = 0, 7 is the decorrelation time, and dt is
the integration time step.

3. Parameter choice

To relate our findings to the biological systems, we use
the parameter values in connection to the cytoplasmic
active processes as described in Ref. [13]. We assume 7
and f to be associated with the cytoplasmic motor pro-
tein processivity times and forces. In cytoplasm, typical
values are in the range fy = 1—10pN and 7 = 1073 —10s
[32H35]. Since, the network segment between two beads
behaves as a Gaussian 2D thermal spring with spring
constant

90kpTL>

2 _
mwy = i

(A4)



for semi-flexible polymers [36] B7], where the bond length
between two beads (b) acts as the persistence length
b = L, =~ 250nm [3840]. Assuming the solvent (wa-
ter) viscosity n = 10~2Pa, the normalization factors can
be estimated to be

kT
Unit of force = mwab = 20 bB = 1.5pN (A5)
using kT = 4.1pN nm, and
g 3mnb* —4
E mwg  90kpT x (46)

Therefore, the dimensionless value of the force amplitude
is in the range fo = 0.5 — 7, and the force decorrelation
time in the range 7 = 1 — 10%.

Appendix B: Modified Maxwell criterion

For a two-dimensional network, where each node has 2
degrees of freedom (d.o.f),

total number of d.o.f = 2N. (B1)

Excluding the d.o.f. due to the rigid body motions; 2
translational and 1 rotational d.o.f, we have

total number of d.o.f = 2N — 3. (B2)

Now, each link between a pair of nodes presents a con-
straint. Let’s say there are M links (or edges) in the
system. Thereafter, for the system to be just rigid, the
total number of independent d.o.f must equal the number
of independent constraints, i.e.,

M =2N —3. (B3)

Let’s say z is the coordination number, then assuming
periodic boundary condition, M = zN/2, where the 1/2

11
factor removes double counting of links. Therefore, from
Eq. we have,

zeIN
2

=2N -3 (B4)
which in the thermodynamic limit becomes

lim z, =4. (B5)

N—o0

Therefore, the probability p with which a link should
exist for the system to be just rigid would be

p=—=5=3 (B6)

which is the isostatic point in 2D.

When stochastic force dipoles act on a fraction ¢ of
links, with a fraction P out of them in their ON state,
this implies an additional force f on P¢ fraction of
links. Hence, the number of independent constraints will
change to M + P¢pM. Therefore, from Eq. we have

ZQTNQ +Pg) = 2N 3, (B7)

which in the thermodynamic limit becomes

lim 2. = 4
Nooo ¢ 14+ P

(B8)

Therefore, the probability with which a link should exist
for the system to be just rigid

,72727 Ze B 2
P T+ P T 31+ Po) (B9)

For example, for ¢ = 0.2, new critical point for the sys-
tem to become rigid would be p’ = 0.606, which matches
well with our simulations [see Fig. [ffc)]. However, for
finite size lattices, we expect a deviation O(1/v/N).
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