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We investigate the sine model, a one-dimensional tight-binding Hamiltonian featuring hoppings
with a sinusoidal dependence on position, and demonstrate the formation of synthetic horizons
where electronic wave packets exhibit exponential slowdown. Interestingly, employing the exact
transformation between this model and the Harper equation, which describes the eigenstates of a
square lattice tight-binding model subjected to perpendicular magnetic field, we find that analogous
semi-classical horizons can emerge in a quantum Hall setup at half-filling for specific values of the
magnetic flux. Furthermore, by applying sudden quenches to the sine model’s hopping profile, we
observe the emergence of thermal states characterized by an Unruh temperature. Our numerical
calculations of this temperature reveal a non-universal behavior, suggesting the involvement of
physical mechanisms beyond a simple low-energy description.

I. INTRODUCTION

One of the fascinating aspects of quantum condensed
matter systems lies in the remarkable opportunity to tai-
lor and manipulate them such that they correspond to
exotic theoretical models in extreme limits. This allows
us to mimic seemingly unrelated physical phenomena
within these systems. A prime example is the Sachdev-
Ye-Kitaev (SYK) model, initially conceived as a quantum
spin system with random, all-to-all interactions, which
was later found to have surprisingly profound connections
to quantum gravity [1–5]. Another more tangible exam-
ple is the emergence of Lorentz symmetry in the low-
energy description of certain materials, which gives rise
to relativistic physics in their continuum limit. Notably,
three-dimensional Dirac and Weyl semimetals, as well as
two-dimensional graphene, are accurately described by
the Dirac equation in their low-energy regimes [6].

Beyond the quantum field theoretic aspects of the
above systems, which exhibit features such as the chi-
ral anomaly and the Klein paradox, they offer the ex-
citing possibility of simulating the quantum dynamics of
Dirac fermions in curved spacetimes [7–16]. This can
be achieved by carefully engineering the material proper-
ties to possess an effective position-dependent description
[17–19]. Consequently, it becomes feasible to synthesize
analogs of general relativistic objects, such as black holes,
providing an accessible experimental platform to inves-
tigate specific aspects of black hole physics. Numerous
setups have been proposed and even implemented to ex-
plore this so-called analog gravity within condensed mat-
ter systems, including superfluids [20–26], and fermionic
or spin systems [27–32], optical and magnonic systems
[33, 34], and electronic circuits [35–37].

In this paper, we introduce the sine model, a one-
dimensional (1D) tight-binding Hamiltonian character-
ized by spatially varying hopping amplitudes following a
sinusoidal pattern, sin(παn). This model exhibits hori-
zon physics at the spatial locations where the hopping
strength vanishes. In this context, n corresponds to the
lattice site index, and the parameter α = P/N takes
rational values, where N is the system size and P dic-
tates the number of periods in the sinusoidal modula-
tion. In the low-energy regime, the sine model is equiv-
alent to a 1D chain with a linearly increasing hopping
strength [18, 19], which has been shown to allow a direct
condensed matter analog for the instantaneous creation
of horizons in a gravitational setting [38].

While the sine model holds significant intrinsic inter-
est, as evidenced by its potential realization in experi-
mental platforms such as ultracold atoms in optical lat-
tices with modulated inter-site coupling and in metama-
terials, it also exhibits a profound relationship with the
integer quantum Hall effect in a square lattice through
its description in terms of the Harper’s equation. In-
deed, a specific gauge transformation establishes a map-
ping between the Harper model [39, 40] and the sine
model, and vice versa. In the context of the quantum
Hall effect, the magnetic flux Φ per unit cell, when ex-
pressed in units of the flux quantum Φ0 as α = Φ/Φ0,
determines the key parameter α. In typical scenarios,
this corresponds to a regime of weak magnetic field and
large magnetic length. Furthermore, at the electron-hole
symmetric point of half-filling, this setup leads to the clo-
sure of the energy gap and the emergence of zero-energy
modes [41], resulting in a non-quantized Hall conduc-
tance [42]. In direct correspondence with the sine model,
we also demonstrate the formation of semi-classical hori-
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zons in the Harper model, where electron wave packets
exhibit exponential slowing down on the separatrices of
its phase portrait. Numerical simulations of wave packet
propagation in the quantum model corroborate these an-
alytical findings and their limitations.

Furthermore, we demonstrate the emergence of (al-
most) thermal states and an associated Unruh temper-
ature through sudden quenches in the hopping profile
of the sine model. Specifically, starting from the quan-
tum ground state of the sine model at zero tempera-
ture for a given P , and by abruptly increasing the num-
ber of periods, or equivalently the number of horizons,
across the chain by an integer ∆P , we observe this ther-
malization. This process, driven by the formation of
new horizons, leads to an Unruh temperature given by
kBT/EF = c∆P , which originates from the entangle-
ment present in the pre-quench multi-particle ground
state across the newly formed horizon. Our direct nu-
merical calculations yield the Unruh temperature and the
constant of proportionality c, revealing a non-universal
behavior. This non-universality indicates that the flux
quench in the sine model involves processes that extend
beyond the description provided by the effective low-
energy Hamiltonian of a chain with linearly increasing
hopping.

II. HORIZON PHYSICS IN THE HARPER AND
SINE MODELS

A. Sine model

We begin by introducing the sine hopping model, which
is defined on a 1D lattice with sites n ∈ [0, N − 1] and
described by the Hamiltonian

ĤS =

N−2∑
n=0

2 sin(παn)ĉ†nĉn+1 + h.c., (1)

where ĉ†n and ĉn are the fermionic creation and anni-
hilation operators at site n, respectively. The parame-
ter α is a rational number, which can be expressed as
α = P/N , where P is the number of periods in the sine
modulation and N is the system size. The Hamiltonian
(1) describes a tight-binding model with nearest-neighbor
hopping, where the hopping amplitude varies sinusoidally
with the lattice site index n. The eigenvalue equation for
the sine model is thus given by set of coupled equations

2 sin (παn)ϕn−1 + 2 sin (πα(n+ 1))ϕn+1 = ϵϕn, (2)

for the eigenvalue ϵ.
In the vicinity of points where the hopping ampli-

tude vanishes, the sine model exhibits a synthetic hori-
zon similar to that in linearly increasing hopping models
[18, 19, 38]. To see this, it is helpful to first consider
the sine model in the continuum limit (see Appendix A),
where the Hamiltonian can be expressed as

ĤS = 4 cos(p̂) sin(παx̂). (3)

Hence, the hopping amplitude vanishes at points

xh ≡ m

α
, (4)

where m ∈ Z, and xh is a continuous parameter that
coincides with nh at integer values. In the vicinity of
such points, the sine model can can be approximated
by a tight-binding chain with linearly increasing hopping
strengths:

ϵϕn = πα [nϕn−1 + (n+ 1)ϕn+1] , (5)

which harbors the synthetic horizons.

B. Harper’s model

Next, we consider the Landau-gauge Schrödinger equa-
tion for 2D lattice electrons in a magnetic field which
reduces, after a Fourier transform of one of the spa-
tial directions, to the well-known 1D Harper’s equa-
tion [39, 40, 43–45]

ψj−1 + 2 cos(2παj + θ)ψj + ψj+1 = ϵψj . (6)

Here, the wave function ψj is defined on discrete lat-
tice sites j ∈ [0, N − 1], the energy is denoted by ϵ,
and θ ∈ R is the quasi-momentum corresponding to the
Fourier transformed spatial direction. Finally, α is equal
to the magnetic flux through a lattice cell divided by
the magnetic flux quantum. Note that the energy ϵ is
measured in units of the hopping amplitude λ, so that
a half-filled band with particle-hole symmetry has Fermi
energy EF = 2λ.

The continuum form of the Harper equation is given
by

ĤH = 2 cos(q̂) + 2 cos(2παŷ + θ), (7)

where q̂ and ŷ denote the momentum and position opera-
tors, respectively (see Appendix A). As mentioned in the
introduction and detailed later, an exact mapping exists
between the sine model and the Harper equation. In the
continuum limit, this mapping can be readily established
through the following canonical transformation:

q̂ = −p̂+ πx̂α− π

2
, (8)

2παŷ = p̂+ πx̂α− θ − π

2
. (9)

The connection between these two models can be ele-
gantly visualized through the phase portraits of their re-
spective continuum Hamiltonians in the classical limit.
The phase portraits for the Harper and sine models are
depicted in Fig. 1, each comprising two lattices of closed
orbits separated by separatrix lines (dashed in black).
Consistent with the canonical transformation provided
above, the two phase portraits are related by a combina-
tion of shift, rescaling, and rotation.
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FIG. 1. Phase-portraits for Harper’s equation (a) and the
sine model (b), with α = 1/50 and θ = 0. The center for
the circular solutions is given by the black dot at q = 0 and
p = 0. The portraits are related by a rotation of π/4 and a
shift of the centers, as well as a rescaling. The black dashed
lines indicate the separatrices.

Importantly, the canonical transformation between the
continuum-limit Hamiltonians preserves the classical tra-
jectories, which exhibit an exponential slowdown charac-
teristic of horizon physics in both the sine and Harper
models. Restricting to a separatrix, the Heisenberg equa-
tions of motion yield the following time dependence for
the classical expectation value of position (as detailed in
Appendix A):

y(t) =
1

πα

[
arctan

(
e−4πα(t−t0)

)
− θ/2

]
+

1

2α
. (10)

As anticipated for a separatrix in a classical phase por-
trait, the position exponentially slows down as it ap-
proaches the intersection with another separatrix. It is
pertinent to consider the quantum analog at this junc-
ture. While the centers of time-evolving wave packets
in the Harper equation will initially follow the classical
trajectories on the separatrix, it becomes evident that
in the quantum regime, the wave packet cannot contin-
uously slow down and localize indefinitely. Eventually,
when the wave packet’s width becomes comparable to
the lattice spacing, the semi-classical description breaks
down. Indeed, the unitary evolution of quantum me-
chanical wave packets leads to their disintegration at the
horizon due to the presence of a high-energy cutoff on
the lattice [18].

C. Exact map Between the Harper and sine models

As previously mentioned, an exact mapping exists be-
tween the Harper equation and the sine model [39, 40].
This mapping holds for the discrete lattice versions of
both models (i.e., beyond the continuum limit) under
the following conditions, detailed in Appendix B:

1. P and N are coprime.

2. θ = (2m′ + 1) π
N with m′ ∈ Z.

This mapping is crucial for connecting the numerical sim-
ulations of wave packet dynamics in the Harper model
to the horizon physics observed in that model, and simi-
larly for the sine model. Subject to the conditions above,
an eigenfunction ϕm of the sine model is mapped to an
eigenfunction ψn of the Harper equation by:

ψn =
1

N

N−1∑
k

eik(θ−π) eiπα[2nk+(k+ 1
2 )

2]

N−1∑
m

i−m eiπα[2km+
m(m+1)

2 ] ϕm.

(11)

III. WAVE PACKET DYNAMICS NEAR THE
HORIZON

It has been established previously [18, 19, 38, 46, 47]
that models with position-dependent nearest-neighbor
hopping can have dynamics of zero-energy wave pack-
ets that coincide with the dynamics of Dirac fields in a
static curved spacetime. The semi-classical mapping also
manifests in the dynamics of coherent wave packets in the
current model, which we will explore by numerical sim-
ulation. For Harper’s model the horizon encountered on
the separatrices is located at yh ≡ 2m+1

2α − θ
2πα for m ∈ Z,

corresponding to the crossing point of the dashed black
lines in the semi-classical phase portrait of Fig. 1(a). For
a coherent wave packet around a given initial momen-
tum and position, the phase portrait for the evolution of
its center of mass is shown in Fig. 2. This figure shows
that the quantum evolution of the wave packet’s cen-
tre of mass matches the previous semi-classical analysis.
At initial momenta close to q = 0, harmonic oscillations
are recovered, while for momenta on the separatrices, the
evolution asymptotically approaches the horizon at q = 0
and y = yh while exponentially slowing down, until the
wave packets become delocalized as finite size effects take
over.

For both Harper’s equation and the sine model, a set
of synthetic horizons arise, as witnessed by wave packets
exponentially slowing down and never reaching xh or yh
(for a detailed calculation, see Appendix A).

The main difference between the two models is visible
when we consider the evolution of q as the wave packet
approaches the horizon. For the sine model, starting
from p = π/2, the momentum stays constant over the
whole trajectory. But for Harper’s equation, dq̂/dt only
becomes zero at the horizon: it changes along the trajec-
tory. This is due to the canonical transformations which
render horizontal lines in the phase portrait of one model
diagonal in that of the other.
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FIG. 2. Time evolution of wave packets in Harper’s model,
Eq. (6), where the initial wave packet has a momentum be-
tween −π and π. All wave packets start at the dashed black
line at lattice point 12500. The color of the lines denotes
σqσy, the product of the instantaneous standard deviations
in momentum and position of the wave packet. When this
becomes large, the wave packet is no longer localized, and the
simulation is stopped. The vertical black line marks the po-
sition of the horizon encountered along the separatrix, which
lies at yh = 18000 with P = 1 and N = 20008, while the gray
lines mark semiclassical trajectories.

IV. THERMALIZATION IN THE SINE MODEL

We have shown the correspondence between the sine
model and Harper’s equation in terms of their synthetic
horizons, both semiclassically and for wave packet dy-
namics. This sets us up to consider the emergence of ther-
mal radiation in the quantum state of free fermions upon
a sudden change in the periodicity of the sine model, in
analogy to the thermal behavior previously observed af-
ter a quench in the linear hopping model [38].

Thermalization in gravity is well-known in the context
of Hawking and Unruh radiations, where the presence of
a horizon makes part of the ground state unobservable to
observers on each side of the horizon [48, 49]. This causes
the quantum vacuum to appear as a mixed thermal state
for those observers [50–54]. As an alternative route to
understanding the emergence of thermal quantum states
in the presence of a horizon, we will study the thermal-
ization in the sine model and show that it mimics the
thermal behavior found in the gravitational setting.

To calculate the thermalization, we consider an instan-
taneous increase in the number of periods P that creates
one or more synthetic horizons in the lattice model with
sinusoidal hopping. The effect of this change is charac-
terized by calculating the number of excitations present
in the system before and after the horizon’s formation,
in terms of instantaneous eigenstates of the Hamiltonian.

Such a boost results in an emergent temperature in the
sine model equal to the analog Unruh temperature. This
has been previously shown for an N -site chain with ho-
mogeneous hopping quenched to one with linearly in-
creasing hopping, which gives rise to the Unruh temper-
ature T = 2λ

Nπ for large N (considering kB = 1), with λ
indicating the slope of the linear dependence of the hop-
ping parameter [38]. The underlying reason for the ex-
cited state distribution to be precisely thermal was shown
in that case to be that the post-quench Hamiltonian
matches the entanglement Hamiltonian of the pre-quench
system. The connection between the post-quench Hamil-
tonian and entanglement Hamiltonian corresponding to
the ground state of the pre-quench system also applies
to the sine model in at least one type of quench: it has
been shown that the half-system entanglement Hamilto-
nian of a finite ring of size L and under periodic boundary
conditions approaches a position-dependent Hamiltonian
density sin(2πx/L)H where H denotes the original sys-
tem Hamiltonian density [55–58]. These works, which are
based on (1 + 1)D conformal field theory and numerical
evaluations of tight-binding chains, provide extensions of
the Bisognano-Wichmann theorem relating the entangle-
ment Hamiltonian of a generic relativistic quantum field
to the boost operator [59–61].

Considering a particular quench from a uniform hop-
ping model at half-filling and under periodic boundary
conditions to a sine model with P = 2 with a pair of hori-
zons, an exactly thermal distribution is obtained whose
Unruh temperature is T = 2λ/N = EFΦ/Φ0. This
has been illustrated in Fig. 3(a) where the post-quench
excitation spectrum is shown for different lengths. In
this case, there is an exact mapping to the entangle-
ment Hamiltonian as mentioned earlier, which results in
an exact Fermi-Dirac (FD) distribution for the expecta-
tion value of the post-quench modes’ occupation number

⟨b†EbE⟩. Here, b†E and bE correspond to the creation and
annihilation operators of a post-quench eigenstate with
energy E (for details on how this is calculated see Ap-
pendix C).

We note that the lattice sizes used in Fig. 3 are cho-
sen to be multiples of two but not four, such that each
causally connected post-quench region contains an odd
number of sites, ensuring the existence of a post-quench
zero-energy mode. As discussed in detail in Appendix C,
for lattice sizes that are multiples of four, the thermal be-
havior is less accurately reproduced for finite sizes, but it
asymptotically approaches the thermal form as the lat-
tice length increases. This type of even-odd effect, which
depends on the number of sites (and thus states) within
each post-quench sub-region, is a generic feature that
persists even for large but finite system sizes.

Going beyond the quench from flat space to P = 1,
we also numerically examine the thermalization follow-
ing a sudden quench from P = 1 to P = 2 as shown
in Fig. 3(b). The resulting distribution in this case
is approximately thermal, as indicated by slight devia-
tions from the Fermi-Dirac distribution. These devia-
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FIG. 3. Expectation values of the occupation number ⟨b†EbE⟩
for post-quench modes, together with corresponding fits using
a thermal FD distribution. Panel (a) corresponds to a quench
from the constant hopping model to the sinusoidal hopping
model with P = 2. Panel (b) shows a similar plot but for
a quench between sinusoidal hopping models from P = 1 to
P = 2. The insets show the variation of the energy-dependent
effective temperature T (E), assuming a generalized thermal
form [1+exp(E/T (E))]−1. While panel (a) displays an exact
thermal form, panel (b) exhibits deviations from the exact
FD form, evidenced by the non-constant effective temperature
T (E) in the inset of (b).

tions are also evident in the energy-dependent tempera-
ture T (E), derived by applying the inverse Fermi-Dirac
function to the numerically obtained distribution. The
effective temperature obtained from fitting is approxi-
mately half of that observed in Fig. 3(a). The devia-
tion from pure thermalization is expected because the
entanglement Hamiltonian of the pre-quench state, char-
acterized by a sine profile, no longer perfectly matches
the post-quench Hamiltonian. Nevertheless, the Fermi-
Dirac function remains a very good approximation, with
a very small fitting error of χ ∼ 0.05 ≪ 1 for N = 4002,
which decreases with increasing N [62]. Additionally, we
note that while the energy-dependent temperature T (E)
varies significantly between low- and high-energy states,
the average temperature obtained from fitting is primar-
ily determined by the low-energy states, which are more
sensitive to the thermalization.

In the following, we consider a larger boost, for ex-
ample, increasing from P = 1 to P = 3, under which
the post-quench system develops multiple horizons and
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FIG. 4. Expectation values of the occupation number ⟨b†ωbω⟩
for post-quench modes are shown, similar to the results in
Fig. 3, but for a quench between sinusoidal hopping models
from P = 1 to P = 3. Panels (a) and (b) display the results
for the average mode occupations in the middle and side re-
gions, respectively, as illustrated in the two schematic insets.
We observe that the middle region has a higher effective tem-
perature, and its distribution is closer to a FD form compared
to that of the side regions.

distinct causally disconnected subregions. By analyzing
the mode occupation and effective temperature within
each region bounded by adjacent horizons, we find that
each subregion acquires its own characteristic temper-
ature. Additionally, we show that deviations from a
perfectly thermal distribution also manifest as small

but non-vanishing off-diagonal correlations, ⟨b†EbE′⟩, near
E,E′ ≈ 0.

A. Regions with different temperatures

An interesting situation arises by considering, for in-
stance, boost from P = 1 to P = 3 where the pre-quench
model contains qualitatively different regions, as shown
in Fig. 4(a). As the post-quench model contains multiple
horizons, we separately consider the distribution of the
mode occupations between each pair of neighboring hori-
zons. Each of the disconnected post-quench regions is
characterized by an individual temperature. In the pre-
quench model, the three post-quench regions marked in
Fig. 4(a) are inequivalent. The middle region spans the
approximately flat part of the P = 1 sinusoidal hopping
profile, while the outer regions contain approximately lin-
ear parts. The temperature in the middle region is found
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to be higher than on the two outside regions as antici-
pated by comparison to the the previous results shown
in Fig. 3. In both cases the temperature is larger when
the pre-quench Hamiltonian over the region of interest
is (almost) flat compared to the case where pre-quench
Hamiltonian has (almost) linear profile.

We also see that the distributions for both middle and
side regions in this case are not exactly thermal as re-
flected in the energy dependence of T (E) shown in the
insets of Fig. 4. However, the distribution for the middle
region is much more closer to an exact Fermi-Dirac dis-
tribution, with a fitting error of χ ∼ 10−3 compared to
the side regions, for which the error is χ ∼ 10−2. Simi-
larly, for the more generic case of quenching from P1 to
P2 we expect thermalization to be closer to ideal in the
regions where the pre-quench profile is almost flat. In
that case the temperature is mainly determined by the
post-quench profile, and approximately scales as T ∝ P2

due to the increase in surface gravity by quenching to P2.

B. Off-diagonal correlations

In this section, we examine how the slight deviations
from an exact thermal distribution are reflected in the off-
diagonal correlations between different energies, denoted

as ⟨b†EbE′⟩.
As shown in Fig. 5(a), when the expectation values

for the occupation numbers of post-quench modes are
exactly thermal, there are no off-diagonal correlations
between different energy modes. Conversely, slight de-
viations from the exact thermal distribution, such as
those occurring when quenching from the sine models
with P = 1 to P = 2, are accompanied by deviations
from a purely diagonal form. This is illustrated in Fig.
5(b), where small nonzero off-diagonal correlations ap-
pear near the zero modes, E,E′ ∼ 0.

As we move away from the zero modes to a region in
which the diagonal terms corresponding to the expecta-
tion values of the occupation numbers closely approach
zero or one, the off-diagonal terms are suppressed, as ex-
pected. Similar behavior, characterized by simultaneous
deviations from the thermal form of the diagonal terms
and small non-zero off-diagonal terms around zero en-
ergy, is observed in other cases, such as quenching from
P = 1 to P = 3, and other such quenches.

V. DISCUSSION AND SUMMARY

We used a direct connection between quantum Hall
states in a lattice described by Harper’s model and a 1D
sinusoidal hopping model to explore analog gravitational
features in both. We first showed the correspondence be-
tween the two models by studying semiclassical equations
of motions and wave-packet dynamics on a lattice. It has
been found that both Harper’s model and the sine model
host synthetic horizons, where quasiparticles slow down

exponentially and localize until finite-size effects lead to
their disintegration.

Our findings regarding the quantum Hall system sug-
gest a direct generalization: synthetic horizons and ther-
malisation may be expected to arise in any quantum lat-
tice system where a saddle point in the semi-classical con-
tinuum phase portrait causes classical particles to slow
down exponentially. Similar to the findings presented
here, the dynamics of coherent wave packets under the
full quantum evolution may then be expected to follow
the semiclassical path, until a point where the finite lat-
tice spacing forces the wave packets to disintegrate.

Furthermore, we demonstrated the potential of the
sine model to act as a fundamental tool for studying
Unruh-like effects and thermalization resulting from sud-
den changes in the periodicity of the sinusoidal hopping
profile. That the post-quench mode occupation is pre-
cisely thermal is not a universal occurrence; it mani-
fests only when the so-called entanglement Hamiltonian
of the pre-quench system closely approximates the ac-
tual Hamiltonian of the post-quench system [38]. The
entanglement Hamiltonian in the sine model equals the
post-quench Hamiltonian for a quench from uniform to a
single sine hopping profile (P = 0 to P = 1), and we con-
firmed the resulting purely thermal occupation profile.

It might seem intuitive that the exact mapping be-
tween the sine and Harper models would allow for the en-
gineering of similar thermalization phenomena in a quan-
tum Hall system by simply and suddenly changing the
magnetic flux. However, this direct approach does not
give rise to thermalization. While all other results pre-
sented in this work rely on the exact mapping between
sine model and Harper’s equation for a single integer
P , the situation becomes more complex when consider-
ing quench-induced thermalization due to the creation of
new horizons. This is because such scenarios involve two
Hamiltonians (in either the sine or Harper’s model de-
scription, corresponding to pre- and post-quench Hamil-
tonians) with different values of P . Given that the precise
form of the transformation depends on the value of P ,
applying the transformation corresponding to the post-
quench Hamiltonian from the sine to the Harper model,
for instance, necessitates applying the same transforma-
tion to the ground state corresponding to the pre-quench
Hamiltonian (which has a different P ). This leads to a
highly intricate and contrived initial state, very different
from the typical ground states of a simple Harper or sine
model. Therefore, observing any quench-induced Unruh
temperatures in the quantum Hall setting would require
careful engineering of the initial state.

Both the sine and Harper models can be readily re-
alized and controlled in cold atom setups [63, 64]. The
formation of horizons and the exponential slowdown of
wave packets can also be observed in these systems by
dynamically generating wave packet-like excitations and
allowing them to evolve. Furthermore, the Unruh ef-
fect predicted for the sine model upon performing sudden
quenches, as a fully quantum phenomenon that depends
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FIG. 5. Correlation matrix elements for post-quench modes, ⟨b†EbE′⟩. The comparison is made between (a) a quench from
P = 0 to P = 2, and (b) a quench from P = 1 to P = 2, as illustrated in the insets. In panel (a), we observe a perfect thermal
distribution with no off-diagonal correlations. In contrast, panel (b) shows some nonzero off-diagonal correlations around zero
energy, along with deviations from the perfect thermal form for the diagonal elements, as discussed in the main text. The
results are obtained for a lattice size of N = 1002. Note that Eindx and E′

indx represent the indices of the eigenvalues of the
post-quench Hamiltonian for a sub-region, with Eindx = 0 corresponding to the zero-energy state.

on the multi-particle fermionic nature of the model, can
also be explored in cold atom experiments. Moreover,
since the wave packet dynamics is fundamentally a single-
particle phenomenon, it does not depend on the fermionic
statistics of the underlying system and can therefore also
be studied in photonic metamaterials or electrical cir-
cuits that effectively model the sinusoidal hopping of the
sine model or the potential modulation in the case of the
Harper model.

The sine model and its connection with Harper’s equa-
tion thus provide a convenient platform for exploring
horizon physics and thermalisation in analog gravity, in
which particle dynamics as well as the causes, conse-
quences, and non-universal features of thermalisation can
be studied.
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Appendix A: Continuum models

1. Harper’s model

We start by considering Harper’s equation [43]:

ψn−1 + 2 cos(2παn+ θ)ψn + ψn+1 = ϵψn. (A1)

where the state ψn is defined on discrete lattice sites
n ∈ [0, N − 1], the energy is denoted by ϵ, and θ ∈ R is
the quasi-momentum corresponding to the Fourier trans-
formed spatial direction. Finally, α = P/N is equal to
the magnetic flux through a lattice cell divided by the
magnetic flux quantum.

By going to very large systems N → ∞ and α → 0
we can construct the semiclassical limit of the Harper’s
equation. The ψn eigenstate is replaced by ψ(y) with
ψ(n) = ψn. For large enough N we can think of ψ(y) as
a continuous differentiable function.

The Harper’s equation in this approximation becomes

ψ(y + 1) + ψ(y − 1) + 2 cos(2παy + θ)ψ(y) = ϵψ(y).
(A2)

We introduce the position operator ŷ and the conju-
gate momentum q̂ with commutation relation [ŷ, q̂] = i.
Translations are generated by q̂ and the shifted wave
function can be expressed as

ψ(y + 1) = eiq̂ψ(y). (A3)

With this, the Harper’s equation can be expressed as

ĤHψ(y) = ϵψ(y), (A4)
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with the corresponding Hamiltonian

ĤH = 2 cos(q̂) + 2 cos(2παŷ + θ). (A5)

For this Hamiltonian, we can calculate the semiclassi-
cal dynamics. The Heisenberg equations of motion yield

dŷ

dt
= i[ĤH , ŷ] = −2 sin(q̂),

dq̂

dt
= i[ĤH , q̂] = 4πα sin(2παŷ + θ).

Using these equations and the Ehrenfest theorem we can
get the semiclassical dynamics of y = ⟨ŷ⟩ and q = ⟨q̂⟩ by
replacing the operators with their expectation value in
the Heisenberg equations of motion. We can solve these
equations using

dq

dy
= −2πα

sin(2παy + θ)

sin(q)
, (A6)

which has linear solutions (this will lead to solutions on
the separatrices)

q = 2παy + θ + (2m+ 1)π, (A7)

where m ∈ Z. With this, the time evolution of the posi-
tion y(t) becomes

y(t) =
1

πα
arctan

(
e−4πα(t−t0)

)
− θ

2πα
− 2m+ 1

2α
.

(A8)

This solution shows exponential slowing down for t→ ∞,
at y = −θ/(2πα)− 2m+1

2α . Similarly, the time dependence
for q becomes

q(t) = 2 arctan
(
e−4πα(t−t0)

)
+ 2nπ,

where n ∈ Z. At t→ ∞ this reduces to 2nπ. Away from
the separatrix, different solutions exist, as shown in Fig.
1 in the main text.

For example, at q = q′ and y = −θ/(2πα)+y′ for small
q′, y′ the Hamiltonian becomes

ĤH ≈ 4 + (q′)2 + (2παy′)2.

This is the formula for a quantum harmonic oscillator
which give the circular orbits in Fig. 1 of the main text.

2. Sine model

The sine model is defined as

2 sin(πnα)ϕn−1 + 2 sin(π(n+ 1)α)ϕn+1 = ϵϕn, (A9)

In the semiclassical limit, similarly to the previous sec-
tion (now position and the conjugate momentum are x̂
and p̂) for the Hamiltonian we get [65]

ĤS = 2 sin(πx̂α)e−ip̂ + 2 sin(π(x̂+ 1)α)eip̂. (A10)

For large enough systems where α→ 0 we can approx-
imate the Hamiltonian as

ĤS ≈ 4 sin(πx̂α) cos (p̂). (A11)

Using the Heisenberg equations of motion for the sine
model we get

dx̂

dt
= i[ĤS , x̂] = −4 sin(πx̂α) sin(p̂), (A12)

dp̂

dt
= i[ĤS , p̂] = −4απ cos(πx̂α) cos(p̂). (A13)

This coincides with the result known for a model with
linearly increasing hopping strength [38], in which a wave
packet centered at p ≡ ⟨p̂⟩ = ±π/2 has constant momen-
tum and a trajectory given by

x(t) =
2

πα
arctan

(
e∓4πα(t−t0)

)
+

2m

α
, (A14)

where m ∈ Z. For t → ∞ there are multiple horizons at
xh = x(t = ∞) = m′/α for m′ ∈ Z.
We can write an effective continuum model for mo-

menta close to p = ±π/2 and near the horizons. Taking
α = 1/N we have the horizons at x = 0 and x = N .
Close to the left and right horizon we introduce small
parameters x′ and p′

x̂ = x̂′ p̂ = π/2 + p̂′, (A15)

x̂ = N + x̂′′ p̂ = −π/2 + p̂′′. (A16)

Substituting to Eq. (A10) the effective Hamiltonian be-
comes

Ĥ′
S ≈ −2πα(x̂′p̂′ + p̂′x̂′), (A17)

Ĥ′′
S ≈ 2πα(x̂′′p̂′′ + p̂′′x̂′′). (A18)

This is proportional to the Keating-Berry operator.

Appendix B: Transformation from Harper’s
equation to the sine model

Following the transformations introduced in Ref. [40],
we will show how the Harper’s model can be transformed
to the sine model. We can re-write Harper’s Eq. (6) as

ψn−1 +
(
q2neiθ + q−2ne−iθ

)
ψn + ψn+1 = ϵψn, (B1)

where q ≡ eiπα. We consider periodic boundary condi-
tions given by ψN = ψ0. We define the following trans-
formation

ψn =
1√
N

N−1∑
k=0

q2nkeik(θ−θ′)χk, (B2)
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with inverse transformation

χk =
1√
N

N−1∑
n=0

q−2nke−ik(θ−θ′)ψn, (B3)

where θ′ ∈ R is introduced as a free parameter (its func-
tion will become evident later). We note that the inverse
transformation (B3) implies a periodicity condition

χk+N = e−iN(θ−θ′)χk, (B4)

and in particular χN = e−iN(θ−θ′)χ0. The inverse trans-
formation is consistent only when N and P are co-primes
in α = P/N . The reason is that we require the so-called
completeness condition

N−1∑
k=0

q2nk = Nδn,0, (B5)

which in turn is valid only when there is no other integer
than n = 0 in the range of [0, N−1] for which q2n = 1. If
P and N have a common divisor larger than 1 then, there
will be other n’s for which q2n = 1 and the completeness
is not satisfied.

Inserting Eq. (B2) into Eq. (B1) yields

N−1∑
k=0

[
q2(n−1)keik(θ−θ′) + q2n(k+1)eik(θ−θ′)+iθ

+q2n(k−1)eik(θ−θ′)−iθ + q2(n+1)keik(θ−θ′)

]
χk

= ϵ

N−1∑
k=0

q2nkeik(θ−θ′)χk.

The middle two terms can be rewritten by defining k′ =
k ± 1. This gives a sum that is shifted by ±1 from the
desired domain. This leaves us with the equation

eiθ
′
χk−1 + (q2k + q−2k)χk + e−iθ′

χk+1 = ϵ χk. (B6)

We apply a second transformation, given by

χk =
1√
N

N−1∑
n=0

q(k+1/2)2q2knζn. (B7)

with inverse transformation

ζn =
1√
N

N−1∑
k=0

q−(k+1/2)2q−2knχk. (B8)

From Eq. (B7) we can easily see that

χN = q(N+1/2)2−(1/2)2χ0, (B9)

which in combination with the the periodicity condition,
Eq. (B4), it leads to

e−iN(θ−θ′) = q(N+1/2)2−(1/2)2 , (B10)

and thus

N(θ − θ′) + πP (N + 1) = 0 mod 2π. (B11)

Also, the inverse transformation is consistent as long as
P and N are co-primes. Hence, for even and odd N , we
have

θ′e = θ + πα+
2πm

N
, (B12)

θ′o = θ +
2πm

N
, (B13)

for an arbitrary integer m ∈ Z. Inserting Eq. (B7) into
Eq. (B6) gives

N−1∑
n=0

[
q(k−1/2)2q2(k−1)neiθ

′
+ q(k+1/2)2q2k(n+1)

+q(k+1/2)2q2k(n−1) + q(k+3/2)2q2(k+1)ne−iθ′
]
ζn

= ϵ

N−1∑
n=0

q(k+1/2)2q2knζn. (B14)

For the first term we take n′ = n− 1, which yields

N−2∑
n′=−1

qk
2−k+1/4q2kn

′−2n′−2+2keiθ
′
ζn′+1 =

=

N−2∑
n′=−1

q(k+1/2)2q2kn
′
q−2(n′+1)eiθ

′
ζn′+1 =

=

N−1∑
n′=0

q(k+1/2)2q2kn
′
q−2(n′+1)eiθ

′
ζn′+1. (B15)

The last step works by taking the choice ζ0 = ζN . The
other three terms can be similarly shifted to yield(

1 + e−iθ′
q2n

)
ζn−1 +

(
1 + eiθ

′
q−2(n+1)

)
ζn+1 = ϵζn.

(B16)

Now, we further apply another transformation

ζn = qn(n+1)/2e−inθ′/2ϕn, (B17)

which after some algebra results in the following equa-
tion:

cos

(
παn− θ′

2

)
ϕn−1 + cos

(
πα(n+ 1)− θ′

2

)
ϕn+1 =

ϵ

2
ϕn,

(B18)

or equivalently

sin

(
παn+

π − θ′

2

)
ϕn−1

+ sin

(
πα(n+ 1) +

π − θ′

2

)
ϕn+1 =

ϵ

2
ϕn, (B19)
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which is the desired sine model.
The boundary conditions from Eq. (B17)

are ϕN = ϕ0q
−N(N+1)/2eiNθ′/2 and ϕ−1 =

ϕN−1q
N(N−1)/2e−iNθ′/2.

The transformation is particularly simple for θ′ = π
in this case ϕ−1 and ϕN are disconnected from the rest
of the chain, meaning that the boundary condition can
be chosen arbitrarily. Therefore, using Eqs. (B12) and
(B13), the above condition is satisfied by

θ =
π

N
(N − P − 2m) for even N, (B20)

θ =
π

N
(N − 2m) for odd N. (B21)

Since P and N cannot be both even (they are co-primes),
both results above simplify to

θ = (2m′ + 1)
π

N
, (B22)

with m′ ∈ Z.
To summarize, the requirements for the transforma-

tions used in this case to work, are:

1. P and N are co-primes.

2. θ = (2m′ + 1) π
N with m′ ∈ Z

These lead to the sine model used in the main paper

2 sin (παn)ϕn−1 + 2 sin (πα(n+ 1))ϕn+1 = ϵϕn. (B23)

Appendix C: Calculating the distribution of
post-quench modes

In this section, we present the details of obtaining
the distribution (expectation values of occupancy) of
the post-quench modes. Let us denote the set of all
single-particle eigenstates of the pre-quench Hamilto-
nian as {|ϕpreω ⟩}, which spans the full Hilbert space of
size N , equal to the number of lattice points. The
post-quench Hamiltonian, however, results in multiple
causally-disconnected regions, with no Hamiltonian cou-
pling terms between different regions.

After the quench, the full Hilbert space of N lattice
points can be considered decomposed as H0 =

⊕m
j=1 Hj ,

where each subspace corresponds to a different post-
quench sub-region j. For each sub-region, we have sepa-

rate sets of eigenstates {
∣∣∣ψpost,j

E

〉
}. Note that we assume

the indices ω and E uniquely identify different eigenstates
in both cases. In the context of a 1D sine model, we do
not expect extensive degeneracies. However, in the event
of degeneracies, we implicitly assume that ω and E are
accompanied by an additional quantum number, allowing
us to label all eigenstates accordingly.

Since both {|ϕpreω ⟩} and
⊕

j{
∣∣∣ψpost,j

E

〉
} span the full

Hilbert space H0, there exists a unitary transformation
U that connects these sets of eigenstates:

∣∣∣ψpost,j
E

〉
=

∑
ω

U(E,j);ω |ϕpreω ⟩ , (C1)

|ϕpreω ⟩ =
∑
E,j

U∗
ω;(E,j)

∣∣∣ψpost,j
E

〉
. (C2)

As mentioned earlier, the index ω and the double index
(E, j) each take N different values.
Next, we demonstrate how to calculate the expecta-

tion values ⟨b†E,jbE′,j⟩ ≡ ⟨GS| b†E,jbE′,j |GS⟩ for the post-
quench modes. These operators, b†E,j and bE′,j , corre-
spond to different eigenstates in subregion j, with respect
to the ground state of the pre-quench Hamiltonian:

|GS⟩ =
∏
ω<0

c†ω |0⟩ . (C3)

Here, c†ω is the creation operator for a pre-quench en-
ergy eigenstate. Using Eq. (C1), we can immediately ex-
press the transformation between post- and pre-quench
operators as:

b†E,j =
∑
ω

U(E,j);ω c
†
ω,

bE,j =
∑
ω

U∗
(E,j);ω cω. (C4)

Substituting these expressions into the expectation val-
ues of the post-quench mode correlations, we obtain:

⟨b†E,jbE′,j⟩ =
∑
ω,ω′

U(E,j);ωU
∗
(E′,j);ω′ ⟨GS| c†ωcω′ |GS⟩

=
∑
ω<0

U(E,j);ωU
∗
(E′,j);ω (C5)

This forms the basis for our numerical evaluation of the
correlations and expectation values of mode occupations
presented in the paper.

1. Even-odd effect dependence on sub-region size

We finally compare the results for a quench from a
uniform hopping model (P = 0) to a sine hopping model
(P = 1), when considering either even or odd numbers
of lattice points inside each post-quench sub-region. Be-
cause the initial region in this quench scenario is twice as
large as the initial one, the even and odd cases correspond
to the initial lattice sizes being multiples of four and two
(but not four), respectively. The main difference between
these two cases is that with an odd number of sites and
particle-hole symmetry, there exists a zero-energy mode,
whereas in the even case, there is no zero-energy mode
and instead we have a pair of states with small energies
±E1. Consequently, in the even case, the exact thermal
form is not achieved for any finite lengths of the chain,
as shown in Fig. 6.
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FIG. 6. Illustration of the even-odd dependence on the size of
post-quench sub-regions. Panels (a) and (b) show the average
occupation number and their thermal fit when we quench from
the uniform hopping model (P = 0) to the sine model (P = 1),
but with sizes such that the corresponding subregion size (N/2
in this case) is odd for panel (a) and even for panel (b).

It can be inferred from the trend of fitted effective tem-
peratures for different N in Fig. 6(b), that increasing N
leads to a slight decrease in the variation of effective tem-
peratures. Hence, for very large N we expect the even-
odd effect to disappear and the results for the two types
of lattice sizes to reconcile. This type of even-odd ef-
fect, where the results slightly differ between cases where
the size of the post-quench subregion of interest is even
or odd, is a generic behavior of these models. We also
found it to be present when we quench between two dif-
ferent values of the magnetic flux corresponding to two
different values of P .
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