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ABSTRACT

Tidal disruption events (TDEs) occur when stars pass close enough to supermassive black holes to
be torn apart by tidal forces. Traditionally, these events are studied with computationally intensive
hydrodynamical simulations. In this paper, we present a fast, physically motivated two-stage model
for TDEs. In the first stage, we model the star’s tidal deformation using linear stellar perturbation
theory, treating the star as a collection of driven harmonic oscillators. When the tidal energy exceeds a
fraction « of the star’s gravitational binding energy (with v ~ O(1)), we transition to the second stage,
where we model the disrupted material as free particles. The parameter v is determined with a one-
time calibration to hydrodynamical simulations. This method enables fast computation of the energy
distribution dM/dFE and fallback rate dM/dT, while offering physical insight into the disruption
process. We apply our model to MESA-generated profiles of middle-age main-sequence stars. Our

code is available on GitHub.
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1. INTRODUCTION

In galactic dynamics, unlucky stars can be scattered
onto orbits traveling towards the galactic center, expe-
riencing strong tidal encounters with the central super-
massive black hole (SMBH). During the encounter, the
tidal force from the BH deforms the star and drives the
stellar oscillations. Once the tidal force is approximately
equal to the star’s self-gravity, the star is torn apart and
stretched into debris fluid streams. This process is fa-
mously known as a tidal disruption event (TDE) (Hills
(1975); Rees (1988)). The stellar material that remains
bound to the BH forms an accretion disk and produces
an electromagnetic transient, which is the main obser-
vational signature of this event.

As famously argued by Frank & Rees (1976) and
Magorrian & Tremaine (1999), the TDE rate per galaxy
per year is about 107° to 10~%, which is consistent with
current observations (Donley et al. (2002); van Velzen
(2018); Sunyaev et al. (2021); Yao et al. (2023)). To
date, more than 100 TDE flares have been observed in
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the central regions of various galaxies, and this number
is expected to increase dramatically in the next few years
(Bricman & Gomboc (2019)). Modern observations can
now routinely capture both the rising and the decaying
parts of the transient light curve (Holoien et al. (2019a);
Shappee et al. (2019); van Velzen et al. (2019); Holoien
et al. (2019b); Hung et al. (2020)). Once the light curve
is observed, we are in principle able to infer the prop-
erties of the central BH and of the disrupted stars, e.g.
BH mass and spin, stellar mass and age, impact pa-
rameter, etc. This information may be used to deter-
mine the SMBH mass function and the stellar dynam-
ics near the galactic center (Stone & Metzger (2016);
Yao et al. (2023)). In order to extract these properties
from the observed data, a great amount of hydrodynam-
ical simulations have been conducted to study the dy-
namics of TDE (Nolthenius & Katz (1982); Khokhlov
et al. (1993a,b); Laguna et al. (1994); Diener et al.
(1997); Ramirez-Ruiz & Rosswog (2009); Guillochon &
Ramirez-Ruiz (2013); Law-Smith et al. (2017); Golightly
et al. (2019b); Goicovic et al. (2019)). Pioneering sim-
ulations used polytropic stars models for simplicity, see
e.g. Guillochon & Ramirez-Ruiz (2013). More recent
simulations have instead studied TDEs of main-sequence
stars and included relativistic effects, which presumably
play an important role for “deep encounters” (Gafton
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& Rosswog (2019)), where the star travels very close to
the BH horizon.

However, TDE simulations are extremely challenging
because they need to include physics at very different
scales, which makes it hard to resolve stars and narrow
debris streams. More precisely, let us consider a typical
scenario in which a 1M star is disrupted by a 106Mg
SMBH. The characteristic tidal radius Rees (1988)

A 1/3
Tt ER*< J\;H> , (1)
*

is around 20r,, where 75 is the Schwarzschild radius of
the BH and R, is the radius of the star. This naturally
leads to the separation of the physical scale

re>rs > R, . (2)

The challenges in the simulation thus provide a strong
motivation to come up with a simplified TDE model
that is computationally cheap and capable of capturing
the essential physical processes. In Lodato et al. (2009);
Kesden (2012a,b); Servin & Kesden (2017); Coughlin
& Nixon (2019); Golightly et al. (2019a); Coughlin &
Nixon (2022), various approximation methods have been
used to make predictions for TDE. For example, the star
is assumed to be in hydrostatic equilibrium throughout
and follow a nearly parabolic orbit until it reaches the
pericenter (alternatively, the tidal radius). Then the
star is disrupted instantaneously and each fluid element
is modeled as a free particle, which follows its own bal-
listic orbit in the gravitational field of the black hole.
This simplified model gives good qualitative agreement
with the simulations.

It is worth noting that the key missing ingredient in
the above approximation is the tidal deformation of the
star, which has a dynamical nature and arises from the
excitation of the stellar oscillation modes. For this rea-
son, the tidal bulge of the star is not aligned with the
radial direction, as is observed in hydrodynamical sim-
ulations. This is critical to determining where the star
is disrupted and the shape of the mass fallback rate.

In this paper, we build a simple two-stage model of
TDEs, sketched in Fig. 1, which incorporates the dy-
namical tidal effects. In the first stage, the star travels
towards the black hole following quasi-parabolic orbits.
We consider an effective description of the star as a point
particle with multipole moments,

S = —/dT (M*—F;QijEij—F[,Q(QijaQij)+...) , (3)

where Fj; is the external electric parity part of the tidal
field and @;; is the induced quadrupole moment. The

ellipsis represents higher-order multipoles suppressed by
powers of R, /r;. At the linear theory level, the dynami-
cal structure of Q;; is captured by the linear stellar per-
turbation theory.! In the Lagrangian picture, the stellar
perturbation is equivalent to a collection of driven har-
monic oscillators, while the BH tidal field can be viewed
as the driving force that pumps a tidal energy

Eo=-3 [ QuEiar. @

As the star approaches disruption, the perturbations
gradually become nonlinear. In our model, we extrapo-
late linear perturbations up to the onset of the disrup-
tion. We define this as the point where the tidal energy
is comparable with the stellar binding energy

Eq = v|Upind| » (5)

where - is a calibration factor that can be pre-computed
by fitting to hydrodynamical simulations, as it only de-
pends on the stellar structure. The deformed density
profile can be evaluated by integrating the tidal response
over the star’s trajectory. When Eq. (5) is satisfied, the
stellar perturbations are no longer stable, and the star
is disrupted. In the second stage, we treat each fluid
element inside the star as a free-falling particle, which
allows us to evaluate the distribution of the orbital en-
ergy of the debris and the mass fallback rate. Even
though most of the calculations in this model need to
be done numerically, the whole computation only takes
around one minute, much cheaper compared with the
full hydrodynamical simulation.

The rest of the paper is structured as follows. In Sec-
tion 2, we illustrate our two-stage model in greater de-
tail, including the stellar oscillation theory within ex-
ternal tidal fields, the tidal disruption criterion and the
mass fallback rate. In Section 3, we apply our model
to the tidal disruption of the middle-age main-sequence
(MAMS) with mass 0.15 — 8 M. We conclude in Sec-
tion 4 with a discussion of various approximations made
in our work and potential future extensions.

2. A TWO-STAGE MODEL

In this section, we give a thorough discussion of our
two-stage model for TDE. In Section 2.1, we model the
star as a point particle with multipole moments, which

1 This method to include dynamical tides has been intensively
studied in the context of asteroseismology (Aerts et al. (2010);
Smeyers & Van Hoolst (2011)), tidal excitations Schenk et al.
(2002); Weinberg et al. (2012), dynamical tidal capture (Press &
Teukolsky (1977)), etc.
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Figure 1. Illustration of our two-stage model of TDEs. In the first stage, we compute the excitation of the stellar oscillation
modes due to the tidal field of the BH. When the tidal energy Fq becomes a fraction vy of the gravitational binding energy Upind,
we transition into the second stage, where each fluid element is modeled as a free particle orbiting the BH. The value of v can
be pre-calibrated by matching to numerical simulations. The figure depicts a tidal disruption of a 1Mgs MESA MAMS star, on

an orbit with 8 & 1.768it & 4.44 (corresponding to a pericenter distance R, =

11GMsgn) by a BH with mass Mpu = 10° M.

All elements in the figure are drawn to scale, including the BH size, the density profile of the star and the randomly sampled

free particle trajectories after the disruption.

allows us to calculate the tidal deformation of the star.
Then in Section 2.2, we discuss the TDE criterion in our
model. Finally, after the star is disrupted, we model the
debris fluid elements as free-falling particles to compute
the mass fallback rate in Section 2.3.

2.1. Stage 1: stellar oscillations

In the first stage, we describe the motion of a star
using multipole expansion methods, modeling the ex-
tended object as a point particle parameterized by its
worldline proper time 7 with mass monopole M, and
quadrupole moments Q;;(7) that encode the internal
stellar dynamics (Goldberger & Rothstein (2006a,b)).
It is straightforward to generalize the model to high-
order multipoles. In this work, we focus on the leading
quadrupole electric-type, i.e. parity even, quadrupole
moment,? which couples to the electric-type tidal field
E;; = 0;0;Pu, where ®py is the gravitational poten-
tial of the BH. Higher-order multipole moments are sup-
pressed as they arise from higher derivatives of ®py.

The effective action of such model is given in Eq. (3),
where Lg captures the internal stellar dynamics. We

2 Binnington & Poisson (2009) has pointed out that the magnetic
multipole contributions is much smaller than the electric ones.

Therefore, we do not include them in this paper.

can write down the Euler-Lagrangian equation

d o 0Ly 1.
_lEi 6
draQ; ° 0Qy 2 (©)

which can be formally solved using the retarded Green’s
function method

sz / dT ret

As famously known from the linear response theory,
the retarded Green’s function can be decomposed into
contributions from various eigenmodes of the system

ret -2 Z w2

with w, the eigenmode frequency and X\, the cor-
responding quadrupole overlap coefficient. Here, we
have used the retarded ie-prescription to guarantee the
causality of the Green’s function (Peskin (2018)).

The details of the response function can be extracted
from the stellar fluid linear perturbation theory, with
action (Chandrasekhar (1964); Schenk et al. (2002);
Rathore et al. (2003); Chakrabarti et al. (2013))

S = /d4{

—7m)Ei(t') . (7)

(8)

w—|—ze)

—€-Dg| - 6p<1>BH} O
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where the Hermitian differential operator D acts on the
fluid Lagrangian displacement £ as

DE = —v{ {ZZ + 47TGA1:| V- (pog)} , (10)

with pg(x) the background density profile and c¢s the
local fluid speed of sound

E(r) = (g—i)s . (1)

The Eulerian density perturbation can be extracted
from the continuity equation

6p ==V (po§) - (12)

We then decompose the stellar fluid displacement into
time-dependent amplitudes and spatial eigenfunctions,

E(tvm) = Z Qném(t)gném(w) ’ (13)

nfm

with n, £, m the principal, angular and azimuthal quan-
tum numbers. In the vector spherical harmonic basis,
we can conveniently decompose the eigenfunctions as

with the vectors Y?m = 7Yy, and Yfm = rVYy, the
radial and poloidal components. Furthermore, the fluid
perturbation eigenfunctions are orthogonal with respect
to the inner product,

/ddx pOén’Z’m’énim = M*Raneén/"(Sf,eamm/ ’ (15)

with dimensionless normalization constant N,
1
Nt =7z [ @ (€ + @+ D6€R?) - (10

Plugging the above decomposition into the Lagrangian
in Eq. (9), we find that it simply becomes a collection of
driven harmonic oscillators with eigenfrequencies wyy,

M,R*Ny .
L= Z (2£ (q’r21€m - w?zquwm) + qn[anZm> y

ném
(17)
with driving force
From(t) = —/d?’x Opnem (t, ) Ppu(t, ) . (18)

For the quadrupole perturbation ¢ = 2, it is conve-
nient to introduce the tensorial spherical harmonics ygn
defined as

Yom = V5 (mfj _ éaij) . (19)

In the frequency domain, the solution takes the form

( )_ 1 anm(w)
Lot w2 — (w+ie)?2 Ny

(20)

where we defined w,, = wy2 for short. The driving force
in this basis is given by

87T id
From(t) =4/ EM*REInQyzinEij(t) , (21)

with Z,,, the dimensionless fluid mode overlap integral

1 41 R E
Lne = W/dTTJF PO(gne‘f‘(f‘*‘l) ne) . (22)

The fluid amplitude solution Eq. (20) along with the
eigenfunction in Eq. (12) completely determine the lin-
ear stellar fluid motion within the external tidal field.

Matching to our effective point particle description,
the induced quadrupole moment due to fluid perturba-
tions can be expressed as

) L
i 3 2 ptpd o 8Y
Q /d xrr 5p(t,cc) (T r 35 )

23)
32m ij (
= E EM*REInQQanszn )

which allows us to compute the quadrupole overlap co-
efficient in Eq. (8)
2
Ap = 16—WM*Rf@ : (24)
15 n2
The stellar fluid oscillation modes are classified ac-
cording to their restoring force and dispersion rela-
tion (Cowling (1941); Smeyers & Van Hoolst (2011)).
For acoustic waves, also known as pressure modes (p-
modes), pressure serves as the restoring force and leads
to the dispersion relation

W~ P (25)

where we denote the wavenumber k = k.7 + ky. Acous-
tic waves have high oscillation frequencies and are dom-
inated by the radial fluid displacement. They character-
ize the oscillations in the outer layers of the star. The
second type of waves are gravity waves (g-modes), which
have low oscillation frequencies with dispersion relation

|Fent|?
k|2

w? ~ N? (26)

The characteristic frequency for g-modes is the Brunt-
Viisala frequency

1 1
2 2
N =g (ng_cg> . (27)
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with the local gravitational acceleration function g(r) =
GM,(r)/r? and the local equilibrium sound speed

2,(r) = Po(r) (28)

The gravity waves are dominated by the horizontal dis-
placement and oscillate deep in the stellar interior. The
fluid fundamental mode ( f-mode) sits between the grav-
ity modes and the pressure modes. It corresponds to
the surface gravity wave whose restoring force primar-
ily comes from gravity at the stellar surface. Both the
radial and horizontal displacements of the f-mode peak
at the surface and decay quickly inward. All the p- and
g- modes have infinite number of overtones, n = 1,2, ...
for p-modes and n = —1,—2,... for g-modes. The abso-
lute value |n| also represents the number of nodes in the
radial eigenfunction. The f-mode is denoted by n = 0
and has zero nodes.

In practice, once we know all the eigenfrequencies and
eigenfunctions of fluid oscillations for a given star, we
are able to use Egs. (16), (20), (22) and (23) to compute
the induced quadrupole moment of the star.

2.2. Tidal energy and disruption criterion

The model of stellar oscillations described above holds
as long as the perturbations are small. When they be-
come large enough, the star is disrupted. We define a
disruption criterion by quantifying the energy stored in
the stellar degrees of freedom due to tidal interactions.
We can gain physical insight by looking at a simpler
system such as a particle in a potential well with an ex-
ternal driving force. As long as the energy of the particle
is smaller than the binding energy of the well, the par-
ticle remains confined. When it gains more energy from
the driving force than the binding energy, the particle
escapes.

With this example in mind, let us calculate the tidal
energy pumped into the star. This is given by

. 0Lg
Q=Qi 0, “@ (29)
Using the equations of motion in Eq. (6), we obtain
d 1. y
ZEp=-—-0;E7

which then leads to the formula in Eq. (4).

The depth of the potential well is given by the gravita-
tional binding energy of the star Upi,q. We thus expect
the star to be disrupted when Eg ~ |Upinda|. Because we
extrapolate our linear oscillations model until the star
is disrupted, we allow for a O(1) correction to the above

relation. We thus introduce a calibration factor v and
define the tidal disruption criterion as

Eq/|Upindl = v~ O(1) . (31)

We determine v by matching to the results of hydro-
dynamical simulations as follows. The depth of a TDE
is often quantified by the parameter

= , (32)
Tp
where 1 is the characteristic tidal radius given in Eq. (1)
and 7, is the pericenter distance. Hydrodynamical sim-
ulations found that the critical value of 3, above which
the star is fully disrupted, can be approximated as (Law-
Smith et al. (2020); Ryu et al. (2020a))

1/3
B~ 0.5(22) 7. (33)
p
where p. and p are the central and average densities of
the star.> We thus compute 7 in our model as

v = max{Fo(r)/[Vimal} - (34)

on an orbit with 8 = Beit. Once the calibration factor
is fixed for a certain stellar type, we can carry out com-
putations for the same type of star on all kinds of orbits
without having to re-compute ~.

In Fig. 2 we show the value of v for MESA MAMS
stars. We see that « is indeed O(1), as expected from
our potential well analogy. Its value increases with M,
for M, < 1M, corresponding to convective stars. Con-
versely, it slightly decreases with M, for M, > 1Mg),
corresponding to radiative stars.

2.3. Stage 2: free particles

In the second stage of the TDE, the star is already
disrupted and the material inside the star is no longer
bounded by the stellar gravitational potential. To the
zeroth order approximation, we can treat each fluid el-
ement inside the star as a free-falling particle. More
concretely, the full evolution of the second stage is con-
trolled by the collisionless Boltzmann equation

of
a"_’v'vmf"’_a'vvf:oa (35)
where f is the distribution function in phase space. For
each fluid element, the acceleration is determined by
Vap

a=— . Vz (P4 + PpH) (36)

3 This formula can also be understood as the characteristic tidal

radius of the stellar core.
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Figure 2. Calibration factor v, as defined in Eq. (31), as a
function of the stellar mass for MESA stars. The calibration
factor is computed as in Eq. (34), for an impact parameter
equal to Berit, given in Eq. (33).

where p is the fluid pressure, p is the density, ®, is the
stellar debris self-gravity and ®py is the gravitational
potential of the BH. To capture the essential physics for
the material fallback towards to the BH, we can ignore
the pressure and self-gravity and write

a >~ —VEQBH . (37)

Any function f(FE, L,) of the orbital energy E and an-
gular momentum L, is a solution to Eq. (35) because of
the conservation laws for Newtonian orbits.

In practice, we calculate the Lagrangian displacement
at the disruption time tTpg, which also allows us to
obtain the density profile at that instant. After that, we
sample the stellar fluid elements to determine the orbital
energy distribution dM/dE. In Newtonian gravity, we
can further use the relation

1 27TGMBH 2/3

=35
2 T

to calculate the mass fallback rate dM/dT, which is

proportional to the light curve that can be observed
(Coughlin & Nixon (2022)).

(38)

3. RESULTS
3.1. MESA stars on parabolic orbits

The model described in Section 2 can be applied to
any given orbit around the BH, and to any stellar model
whose oscillation eigenfrequencies w,, and eigenfunctions
&, are known. We consider here MESA (Paxton et al.
(2011)) MAMS stars, with masses M, € [0.15Mq,8Mg],
and compute their oscillation properties with GYRE
(Townsend & Teitler (2013)). For each star, we in-
clude modes with frequency w, € [0.1lwy, 20w,], where

wye = /GM,/R3 is the typical oscillation frequency of
the star. The addition of modes outside this frequency
range does not significantly change the results.

For simplicity, we consider here Newtonian parabolic
orbits, though the model can in principle also be ap-
plied to general relativistic orbits in the Kerr spacetime.
In cartesian coordinates, such that the pericenter is at
(rp,0,0) and the orbit is within in the zy plane, the
nonzero components of the tidal field are given by

Eur = (1 —3cos® 9)GMpy/r? (39)
Eyy = 3sin¢5cos¢GMBH/T3 , (40)
Byy = (1 — 3sin® )G Mpn/r® (41)
E.. = GMgy/r* (42)

where r is the radial distance and ¢ is the polar angle.
From this, the quadrupole moment can be computed as
in Eq. (23).

We show in the left panel of Fig. 3 an example of the
time evolution of the quadrupole moment @);; and the
tidal energy Eg, with § ~ 1.7683ci;. In this example,
the tidal energy increases monotonically and reaches the
critical value v|Uping| before pericenter. Higher values
of 3 lead to an earlier disruption time. Conversely, for
values of 8 marginally above B, the disruption point
can be located well after pericenter.

Each stellar oscillation mode contributes a term Eg
to the tidal energy, which can be decomposed as

Eq=Y Eqgn=Eqgg+Eqs+Eq,. (43)

In this expression, Eq 4 includes all contributions from
g-modes (n < 0), Eg, includes those from p-modes
(n > 0) and Eg s = Eg o corresponds to the f-mode. In
the right panel of Fig. 3, we show the relative contribu-
tions of these terms to the tidal energy at the disruption
time t = ttpg. We see that the way the energy is dis-
tributed in the various modes depends very sensitively
on the stellar structure. g-modes dominate in stars with
mass between 0.5Mg and 1Mg), as well as above 4M,.
p-modes contribute most significantly between 1M and
4Mg, while the f-mode is dominant below 0.5Mg. Re-
markably, large changes in the pericenter distance r,
do not significantly affect these conclusions. This sug-
gests that the fractional energy contribution of g-, f-
and p-modes in a given star is almost independent of
the orbital parameters.

3.2. FEnergy distribution, fallback rate, and density
profile

As described in Section 2.3, we sample the deformed
star with a fine grid, determining the specific orbital
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Figure 3. Left: time evolution of the components of the quadruple moment Q;; and the tidal energy Eq, defined in Eq. (4).
The pericenter is at ¢t = 0 and the orbital parameters, as well as the star’s and BH’s masses, are the same as in Fig. 1. We
highlight the point where Eq/|Ubind| = 7y, which corresponds to the disruption time ¢trpg. The first stage of our model ends
at t = trpe. The perturbative calculation at ¢ > trpg is no longer applicable, therefore we draw all lines as dotted. Right:
fractional contribution (as defined in Eq. (43)) of g-, f- and p-modes to the total tidal energy E¢ at t = ¢tTpg, as a function of
M,. The solid lines assume [ = 1.76fc:it, while the dashed line assume r, = 17GMgsru. It is apparent that the result is largely

insensitive to the pericenter distance.
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Figure 4. Specific energy distribution (left panel) and mass fallback rate (right panel) for MESA MAMS stars with masses
0.5My, 1My, 2Mg, and 8Ms. All cases assume Mpy = 10°Mg and 8 = 1.768erit, which equals 2.61, 4.44, 5.60, 4.37 in the
four cases respectively. The energy E and fallback time 7" are normalized according to Eq. (44).

energy E and period T of each fluid element. This allows
us to determine the energy distribution dM/dE and
mass fallback rate dM/dT of the fully disrupted star.
We show the results in Fig. 4, for four different stellar
masses, normalizing the energy and fallback time by the
dimensional estimates (see Lodato et al. (2009))

GMBHR* . GMBH

AFE =

The energy distributions are wider compared to those
of the unperturbed stars. However, they do not fea-
ture a central plateau as seen in hydrodynamical simula-

tions Lodato et al. (2009); Law-Smith et al. (2020); Ryu
et al. (2020b). This is likely due the fact that we ignore
the fluid self-gravity in the second stage of our model
(Coughlin et al. (2016); Coughlin & Nixon (2019)). The
fallback rate curves are consistent with previous results
in the literature, peaking at O(10AT) and asymptot-
ing ~ T~5/3 for large T. Performing about 108 samples
of the stellar fluid elements, the required computational
time is about 1 minute in total.

In Fig. 5 we provide a visualization of the deformed
stars at t = tTpg, showing their densities along an equa-
torial slice, for various masses and values of 5 > [eit.
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Figure 5. Equatorial density slices at ¢ = tTpg for different values of M, and . The top row corresponds to 8 = 1.058crit,
the middle row to 8 = 1.768cit (equivalent to the four cases described in Fig. 4), the bottom row to 8 = 58i¢. In the top row,
the disruption time tTpr is after pericenter; in the bottow two rows, it is before pericenter. Note that the orientation of this
figure is rotated counterclockwise by 90° with respect to Fig. 1. We denote the direction pointing to the BH with an arrow.
At pericenter, the arrow points left. Each panel has a width of 4R, and a height of 6R,, while the logarithmic color scale is
normalized in each panel to the maximum star density.
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It is important to realize that the disruption time is dif-
ferent for each case, generally being after pericenter in
small-f cases, and before pericenter for large 5. In the
latter case, the stars appear less deformed, but their en-
ergy distribution is wider because 7, is smaller. In all
cases, the stars appear to be elongated not towards the
BH, but instead along a direction similar to their orbital
motion. This “lag” effect is due to their dynamical tidal
deformation, and qualitatively matches what is observed
in hydrodynamical simulations immediately before the
star’s disruption (Khokhlov et al. (1993a,b)).

Low-mass stars are deformed in a more homogeneous
way compared to high-mass ones. In the latter case, the
core and the envelope are stretched along different di-
rections. In some cases, the outer shells of the envelope
are observed to intersect each other, a feature that likely
signals the departure from the perturbative regime. It is
likely that our linear model of tidal deformation ceases
to be a good description in those cases, and that non-
linear corrections may be required to achieve more ac-
curate predictions. Because in large-8 events the dis-
ruption happens when the star has not had enough time
to deform significantly, it is plausible that our pertur-
bative approach works better in those cases. Accurate
modeling of large-8 events also requires to adopt rela-
tivistic orbits, which can be done within our model in a
straightforward way.

4. DISCUSSION AND CONCLUSIONS

The modeling of TDEs in the literature has followed
two different approaches so far: on one hand, rough
semi-analytical estimates; on the other hand, expensive
hydrodynamical simulations. In this paper, we propose
a new model that improves the accuracy of common
semi-analytical arguments while still remaining compu-
tationally efficient. We achieve this by matching two dif-
ferent stages: stellar linear oscillation theory with free-
falling particles. We determine the transition between
the two stages introducing a novel TDE criterion, which
is calibrated using hydrodynamical simulations. This
model allows us to quickly compute the stellar energy
distribution and the mass fallback rate.

We find that our deformed stellar density profiles and
fallback rates are in good qualitative agreement with
hydrodynamical simulations. The decomposition of the
stellar deformation into eigenmodes also allows us to
see which types of oscillations (g-modes, f-mode, or p-
modes) are more excited during a TDE. We find that the
fractional contribution of different types of oscillations
is universal, only depending on the stellar mass, and not
on the details of the orbit.

In our analysis, we made a number of approxima-
tions. First of all, for simplicity and ease of presen-
tation, we considered Newtonian orbits. The extension
to the relativistic case is straightforward, as it only re-
quires to integrate Kerr geodesics and replace the New-
tonian tidal field F;; with its relativistic generalization
E,. = Cupeu’u’, where C,,,, is the Weyl tensor
and u” is the star’s 4-velocity. This can allow one to
study high- encounters with better accuracy—a sce-
nario where the linear tide approximation of our model
should perform well due to the small stellar deformation
at t = tTDE~

Nonlinearities and high-order multipoles are expected
to play a significant role in low-/3 encounters, presum-
ably changing the disruption point and the density pro-
file. Our model can be modified to include nonlinearities
by adding a three-mode coupling to the mode action (9),
see Wu & Goldreich (2001); Weinberg et al. (2012).

The main approximation adopted in the second stage
of our model, where the fluid elements are treated as
free particles, is neglecting self-gravity. The deeper the
encounter, the worse this approximation likely becomes
(opposite to the linear tide hypothesis), because the star
is more compact at ¢ = trpg. Self-gravity corrections
have been studied in the literature, see e.g. (Coughlin
et al. (2016); Coughlin & Nixon (2019)).

It would be interesting to apply our approach to re-
lated astrophysical phenomena. A setup very similar
to the one studied in this paper are partial tidal dis-
ruptions, where only the outer layers of the star are
stripped off during the close encounter. Modeling this
kind of events would certainly require us to generalize
our disruption criterion, for example using the maxi-
mum value of Eq/|Upinda| to determine the amount of
material that is stripped away. In doing so, one could
model TDEs by stellar mass binary BHs (Lopez et al.
(2019)). Another appealing scenario are quasi-periodic
eruptions (QPEs), where stellar oscillations can be re-
peatedly excited through close encounters.

We hope that the simplicity of the approach we pre-
sented, together with the large amount of possible exten-
sions and applications, can prove useful and insightful
to model these complicated astrophysical events.
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