arXiv:2504.15974v1 [math.AP] 22 Apr 2025

WELL-POSEDNESS OF THE TRANSPORT OF NORMAL CURRENTS
BY TIME-DEPENDENT VECTOR FIELDS

PAOLO BONICATTO AND GIACOMO DEL NIN

ABSTRACT. We prove existence and uniqueness for the transport equation for currents
(Geometric Transport Equation) when the driving vector field is time-dependent, Lip-
schitz in space and merely integrable in time. This extends previous work where well-
posedness was shown in the case of a time-independent, Lipschitz vector field. The proof
relies on the decomposability bundle and requires to extend some of its properties to
the class of functions that in one direction are only absolutely continuous, rather than
Lipschitz.
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1. INTRODUCTION

Let b: [0,1] xR? — R? be a Borel vector field. For every ¢ € [0, 1] we write b;(x) := b(t, 7).
In [4] the authors considered the Geometric Transport Equation

d
T+ L, T =0 (GTE)

and studied several of its properties. This equation, which we understand in the distribu-
tional sense (see (2.2)), describes the motion of k-currents T; driven by the given vector
field b, for any k € {0,...,d}. We refer the reader to [4] for some motivating examples and
for the connection of (GTE) with the transport and continuity equations and several other
PDEs from mathematical physics.

A natural question is to understand under which regularity assumptions on b and/or on
the currents T} the initial value problem associated with (GTE) is well posed, i.e., when for
every T there exists a unique solution starting from T at time 0. In [3] it was proven that
well-posedness holds in the class of normal k-currents Ny (R9) as soon as the vector field b is
Lipschitz and autonomous, but extending this to time-dependent vector fields was left open.

In order to understand which regularity is natural to require on b, we recall that (GTE)
corresponds, in the case of 0-currents, to the continuity equation

d .
— e + div(beps) = 0

dt
for a family of (possibly signed) measures u;. For this equation several well-posedness results
are already established (see, for instance, [2, Chapter 8]), and a natural class in this case is

given by L} Lip,, namely those vector fields that satisfy

1
/ (”btnc()(]Rd) + Lip(bt;Rd)) dt < +o0, (L)
0
where Lip(b;; R?) denotes the Lipschitz constant of b;. In the present work we extend the

well-posedness result of [3] to the class of all vector fields satisfying (L). We summarize this
in the following statement (see Theorem 4.1 and Theorem 5.1).
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Theorem. Letb : [0,1]xR? — R< be a vector field satisfying (L). Moreover, let T € Ny (R%).
Then there exists a unique family of currents Ty € L>([0,1]; N(R%)) that solves

%Tt + ,Ctht - 0
To="T.

More precisely, denoting by g@?)t the flow of b starting from time 0, the solution is given by
the pushforward Ty = (®9), T for every t € [0,1].

As in [3], the strategy to prove this result heavily relies on the decomposability bundle
V(p, +) associated with a measure u in R?, see [1]. A central role in the proof is played by
the space-time flow U (t,z) = (t, ®°(¢, z)) associated with b (see Subsection 2.4). Using the
decomposability bundle we are able to deduce some pointwise formulae for the currents T;
involving the derivatives of ¥. However, the difficulty of directly using the same approach
as in [3] lies in the fact that the flow associated with a vector field satisfying (L) is still
Lipschitz in space but only absolutely continuous in time (we denote this space of functions
by AC; Lip,, see Definition 3.1), while the original formulation of the decomposability bundle
only allows for Lipschitz functions. For this reason, in the first part of the paper we will
focus on extending some differentiability results to the space AC,; Lip,. We mention here
one of the results as an example, see Theorem 3.2.

Theorem. Let f € AC; Lip, (RxR?), and let pu be a measure in RxRY that can be written as
p=Ldt) @ uy for some family of measures py. Then f is differentiable along V (u, (t,z))
for p-a.e. (t,x).

To the best of our knowledge, this is the first extension of [1] to the non-Lipschitz setting.
This result, together with others in Section 3, allows, for instance, to give a meaning to the
pushforward of normal currents with respect to the space-time flow map ¥, and this is the
first stepping stone through which we develop our proof of the well-posedness of (GTE).

Finally, we comment on the requirement that the currents be normal. One may ask for
instance what happens if the currents are only required to have (integrable in time) finite
mass. In this case the first difficulty is that a priori we are not even able to give a meaning
to the distributional formulation of (GTE). Nevertheless, we show by means of a simple
example (see Section 6) that if one could come up with any notion of solution satisfying
two very natural requirements (namely stability and consistency with the smooth case, see
Definition 6.1), then there would exist two different finite mass solutions starting from the
same initial datum. The vector field in this example is actually autonomous and Lipschitz,
thus suggesting that the class of normal currents is the right setting to obtain well-posedness
for the problem.

We close the Introduction by giving a summary of how the sections are organized. In Sec-
tion 2 we recall some preliminaries and prove some lemmas concerning the decomposability
bundle, the maximal function and flows of vector fields. In Section 3 we introduce the class
AC} Lip,, and we extend some results concerning the decomposability bundle to this class.
In Section 4 we show existence of a solution under the assumption (L). In Section 5 we
show uniqueness of the solution under the assumption (L). Finally in Section 6 we give an
example of non-uniqueness in the class of currents with finite mass.

2. PRELIMINARIES AND NOTATION

Let d € N be the ambient dimension. We will often use the projection maps t: RxR% — R,
p: R xR? — RY from the (Euclidean) space-time R x R? onto the time and space variables,
respectively, which are given as

t(t,x) =t, p(t,z) = x. (2.1)
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We also define, for every given ¢ € R, the immersion map ¢;: R? — R x R? by

w(z) = (t,x), (t,z) € R x R%.
For the notation and the definitions of multilinear algebra and of currents we refer the reader
to [6] and also [4, 3].

Here we only recall the distributional formulation of the equation (GTE). If b is a Borel
vector field and T} is a family of normal currents in R? such that

/0 [b(t, )| (T2l + 1973 ]]) (=) dt < oo

then we say that (T3); is a weak solution to (GTE) if

/0 (T o)/ (1) — (L Trno)th () dt = 0 (2.2)

for every w € 2%(R?) and every 1 € C°((0,1)) where
,Ctht = _bt AN aTt - 3(bt AN Tt)

2.1. A lemma on differentiation. We will need the following elementary result:

Lemma 2.1. Let f: R™ — R™ be differentiable in direction v at x € R™, and let g : R™ —
RP? be differentiable in direction df |.[v] at f(x). Assume that one of the following conditions
holds:

(1) either f or g is a linear map;
(2) f and g are Lipschitz.
Then g o f is differentiable in direction v, and satisfies the chain rule

(g f)la[v] = dgl s [df | [0]]-
Proof. We only prove (2), as the proof of (1) is even simpler. For every h € R we can write

9(f(z + hdf[:[v])) — g(f(2)) = g(f(z) + hdf|s[v] + o(h)) — g(f(x))
= g(f (@) + hdf [z [v]) + o(h) = g(f(z))
= hdg| () [df [+[v]] + o(h).
This proves the desired claim. O

2.2. Decomposability bundle. We recall the concept of decomposability bundle, intro-
duced in [1], and some of its properties. Given a locally finite Borel measure p in R™, the
decomposability bundle is a map = — V(u,x) that to p-a.e. point z associates a linear
subspace V(u, z) that is maximal (in a suitable way) with respect to the following property:

Theorem 2.2 ([I, Theorem 1.1]). Let u be a locally finite measure in R™ and let f : R™ —
R™ be a Lipschitz function. Then f is differentiable along V(u,x) at p-a.e. x.

In the following we will denote by dy the restriction of the differential to V' (u, 2). More-
over, if T is a normal current, we denote by dr the quantity dy where V = V(|| T, ).
Below we rephrase the statement that can be found in [I, Proposition 5.17], with slightly
different assumptions. We require the map f to be proper, instead of assuming that the
current has compact support, but the two statements are virtually the same. Moreover we

write (w(f (), \* dr f[r(x)]) in place of (ff)w(x), 7(x)).

Proposition 2.3 (Pushforward [, Proposition 5.17]). Let T = 7y be a normal k-current
mn R™, and let f: R™ — R™ be a proper Lipschitz map. Then the pushforward f.,T admits
the representation

(feT,w) = /<w(f($)), A drflr(@)]) d|Tl|(@)  for every w € Z*(R™). (2:3)

We also recall the following lemma, whose proof can be found in [3, Lemma 2.1]:
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Lemma 2.4.
(i) Let 7€ A\ R", 0 € \,,(R") and o € A ®R™), B e A*(R™). Suppose that (v,0) =0
for every v € span(o). Then
<7' ANo,a N B> = <T, a><a, ﬁ>.
(i) Let T € A\{R”, 0 € AL(R") and a € AT (R™). Suppose that L span(a). Then,
<7’ N0, a> =0.

2.3. Maximal function. Given a function f € L'(R") we define the uncentered mazimal
function of f as

Mf(x):= sup{]i |f(y)|dy : B is a ball with = € B}.

We recall the following weak (1, 1) estimate: there exists a dimensional constant C' > 0 such
that

[ MFG) > M < Sl ao, (24)

see, e.g., [5, Theorem 3.17] and also [5, Exercise 23, Chapter 3]. We recall that if f € AC(R)
then f is differentiable .#!-a.e.; if g is an L' function such that |f'(z)| < g(x) for ZL1-a.e.
x then the restriction of f to the set {x : Mg(z) < A} is A-Lipschitz.

2.4. Flows. In this paragraph we recall some results on the Cauchy-Lipschitz theory for
vector fields satisfying (L). By [2, Lemma 8.1.4], given such a field b: [0, 1] x R? — R, there
exists a unique flow map for b, namely there exists a unique function ®: [0,1] x [0, 1] x R? —
R? such that for every s € [0,1] and for every z € R? the curve t — ®(t,s, 1) =: ®(x) is
the unique solution to the ODE driven by b starting at time s from the point z, i.e.

{;i@f(x) — by (B ()
i(z) ==z

The ordinary differential equation is intended in the integral sense, namely for every s,t €
[0,1] and z € R?

Bi(x) =+ / b (@ (z)) dr.

As an easy consequence of the uniqueness of the trajectories we have the validity of the
following semigroup-like property:

Vs, €[0,1], Ve e RY:  ®3(®% () = O (). (2.5)
We define for later use the map W: [0,1] x R? — R9 by setting
U(t,x) := (t,®)(x)). (2.6)
Observe that
U (s,y) = (s, (22) 7 ().

The following lemma contains some regularity properties of the flow map.
Lemma 2.5 (The flow is AC; Lip,). Let b : [0,1] x R — R? satisfy (L). Then for every

s € [0, 1] the flow map (t, z) — ®5(z) is uniquely defined and belongs to AC; Lip, ([0, 1] xR%),
and more precisely for every t; <ty and x,y € R? it holds

t1 ta
|¢>;<x)—t1>;<y>|Sexp(/ Lip(br>dr) o=+ [ Iorlloma dr.

t1
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Proof. Fix s € R and x € R?. Then by the definition of integral curve we have

O (x) = er/ by (®2(x)) dr.

This implies that if ¢; < to it holds

ta

15, () — 5, ()] < / 5, (5 ()] dr < / B0l gy dr (2.7)

t1 t1

Fix now t € [0,1] and z,y € R By using the definition of integral curve we have

185 (2) — D3 (y)| = | + / by (3 () dr —y — / by (3 (y)) dr

<lo=al+ [ 10(®3() - b @) dr

t
<yl + / Lip(b,) 5 () — ®(y)| dr-

By applying the integral form of Gronwall inequality we conclude that

t
30— 2] < exp ([ Lip(or)ar) o~ 1. 29)
The conclusion follows by (2.7) and (2.8) choosing t = . O

We now show that under the assumption (L) we can find a “universal” set of times at
which the vector field b has the Lebesgue property at every point in space.

Lemma 2.6. Let b: [0,1] x RY — R? satisfy (L) and let
G :={(t,x) € [0,1] x R : t is a Lebesque point of s — bs(x)}.
Then there exists a £ -negligible set N C [0, 1] such that
N¢xRYcC @G,
and moreover every t € N¢ is a Lebesgue point of the map t — Lip(bs).

Proof. Given a set A C R%*! we denote as usual its sections by
A= {zx e RY: (t,x) € A}, A* :={teR: (t,x) € A}.

By Lebesgue’s differentiation Theorem, it holds Z!((G*)¢) = 0 for every z € R%. In
particular, by Fubini-Tonelli,

0= [ 2@ de = 27 () = /.Zd((Gt)C)dt.
Rd R

We deduce that there exists a set Ni, with Z1(N;) = 0, such that if ¢ ¢ Ny, it holds
Z4(Gy)¢) = 0: in particular Gy is dense in R for every ¢t ¢ N;. Now, in view of the
assumptions on the vector field, there is a .#!-negligible subset N C R such that if ¢ ¢ N»
then ¢ is a Lebesgue point of s — Lip(bs) - in particular, Lip(b;) < oco. We now define
N := N1 N NQ.

We claim that the set Gy is closed for every ¢t ¢ N. Combining this with the density, we
conclude, because we necessarily have that G; = R? for every ¢t ¢ N.

In order to show that G is closed we can argue as follows: pick z ¢ Gy so that we can
find 6 > 0 and a sequence €; — 0 such that

1 t-‘rEj
—/ |bs(z) — be(z)|ds > 6
€5 Je
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for every j € N. Let 7 > 0 to be chosen later. For ' € B, (x) we have

t+e; t+e;
L |bs<w'>—bt<x'>|dszjj / 1bu(@) — ba()] — [ba(a’) — ba(@)] — [be(a") — bya)| ds

5] t

1 t-‘rEj
> — |z — 2| (Lip(bt) + ;/ Lip(bs) ds)
i Jt

J
1 t-‘r&‘j

>0—n <Lip(bt) + ;/ Lip(bs) ds> .
i Jt

Since t ¢ N, we have that the second summand is finite (and uniformly bounded in j). Thus
we can pick 77 > 0 small enough so that

1 [tre 5
§—mn (Lip(bt) + ;/ Lip(bs) ds) >3
e

j
which means that every 2’ € B, (x) cannot lie in Gy, i.e. (G¢)¢ is open. This concludes the
proof. O

The following lemma establishes some differentiability properties of the flow.

Lemma 2.7. Let b: [0,1] x R? — R? satisfy (L). Then, it holds:

(1) DU(t,2)[(1,0)] = (1,b:(®Y(x))) for every t € (0,1) and x € RY;

(2) DU=H(U(t,2))[(1,b:(®Y(2)))] = (1,0) for L -a.et €[0,1] and for every x € R%.
Proof. Point (1) is immediate and follows from the very definition of flow. We omit the

proof.
For Point (2), we argue as follows. By definition we have

UH(W(t 2) + (L, b (P () — (P (t, @)

DY~H(W(t,2))[(1, (P (2)))] = lim

h—0 h
w (4 b @) + b (@0(2) — (t.2))
= Jimy h
= lim (t th (q)?-‘rh)_l ((I)?(;c) + hbt((Dg(w)))) B (ta x)
h—0 h
_ (1 i (Plen) T (PF(@) + hbi(2P(2))) — x)
) h ’

For the ease of notation, set y := ®?(x). Then we need to show

i (@0, )"y + hbe(y)) —
h—0 h

:O7

or equivalently, using that = = (®9, )~ (®, , (z)),

Lo (@0) 7 (y -+ hbi(y) = (9,)"1 (80, (@)
h—0 h

=0. (2.9)

Observe that, by the semigroup-like identity (2.5) we deduce that for every s,s’ € [0,1] it
holds
(@)~ =5,
In particular, for A > 0 sufficiently small, we have
(PYyp) " = 25"
which, combined with Lemma 2.5(ii), conveys that also the map (®7,,)~"(+) is L-Lipschitz,
with L := exp ( fol Lip(b;) dr) > 0. Therefore we have

[(@84) 7 (g + hbe(y)) — (DF1) ™ (D4 (2))] < Ly + hb(y) — B4 ().
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Thus, in order to show (2.9), we just need to show that

o [ b () — @0, ()]
h—0 h

=0.

Again by the semigroup law (2.5), we can write ®) , (z) = &, (®9(x)) = ®!,, (y). There-
fore we have

ly + hbe(y) — 7, (@) [hbi(y) +y — @4, (1)
h - h

t+h
< ][ 1be(y) — ba(® (1)) ds

t+h t+h
< f |bt<y>—bs<y>|ds+ft Ibe(y) — ba(®' (1)) ds

t+h t+h
<f ) -b@lds+ f o Linea)ly - 24w ds.
t t

We now invoke Lemma 2.6: we find a negligible set N C R such that for every t € N€ the
first summand in the right hand side goes to zero. For the second summand, we write

t+h t+h
7{ Lip(ba) [y — B (y)| ds = f Lip(bs)|®L(y) — @ ()] ds

t+h s
g]{ Lip(b) / b, (@ (y)] dr ds

t+h t+h
< ][ Lip(bs)dS/ [[br [l o (ray dr
t t

The first factor is finite since ¢ € N (again by Lemma 2.6) while the second converges to 0
as h — 0, since the function r + [|b, | co(ray is integrable by assumption. This shows that
(2.9) holds true, and concludes the proof. O

3. THE DECOMPOSABILITY BUNDLE FOR AC; Lip, FUNCTIONS

In this section we are going to extend some results concerning the decomposability bundle,
which was introduced in [1]. The goal is to pass from Lipschitz functions to functions that are
Lipschitz in space, but only AC in time. In the following we will consider only measures that
admit a decomposition u = #! ® p; (in some cases also with |;|(R?) uniformly bounded),
since these are the ones we are going to apply the theorem to. It seems that extending the
following results to an arbitrary measure p involves some subtleties that could be explored
in a separate project.

Definition 3.1. We say that a function f : R x R? — R belongs to the space AC; Lip, if
there exist a constant C' > 0 and a function g € L'(R) such that

¢
[f(t,x) — f(s,9)] §C|xfy|+/ g(m)dr for every s,t € R and z,y € R%.

The smallest constant C' for which the inequality holds is denoted by Lip,(f). Any
function g satisfying the inequality above will be referred to as an upper gradient for f.
Usually such a term is used in a slightly different way, but we use it to denote only the time
component g.

3.1. Differentiability along the bundle. We start by proving that a function in AC} Lip,,
retains the same differentiability properties of Lipschitz functions, with respect to measures
of the form yu = £ ® py.

Theorem 3.2. Let i = £ @ u; be a measure in R x R, and let f € AC; Lip, (R x R).
Then f is differentiable along V(p, (t,x)) for u-a.e. (t,x).
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Figure 1. Visual representation of the function L(f, E). On the open in-
tervals Iy and I we replace the function f (dashed graph) with
the linear interpolation between endpoints.

Remark 3.3. It is not entirely clear to us how to extend the previous result to an arbitrary
measure . One might even wonder whether the differentiability along the bundle V(u, )
could be proved for functions that are AC in all variables, namely such that

1F@1- ) = F 1 ) |<Z/

[©i,y:]

for some g € L'(R). We leave this question for a future project.

In order to show Theorem 3.2, we will need some preliminary lemmas. Given a closed set
E C R, we can write E° = J,cy I, where I, are at most countably many pairwise disjoint
open intervals. If f : R — R is a continuous function, let us denote by L(f,E): R — R
the function that coincides with f on E and that interpolates linearly between the endpoint
values on each Iy, namely

f(t) ifte K
L(f, E)(t) == {Af(w) + (1 =N f(se) ift=Nrg+ (1= N)sg € Ip = (re,5¢) 31

Lemma 3.4 (Approximation of AC functions). Let g € L*(R). Then there exists a sequence
of closed sets E; C R, j € Ny, and a dimensional constant C such that the following holds:
if f € AC(R) admits g as upper gradient then:
(1) flE, is j-Lipschitz;
(2) 2V(ES) < Clgl /7
(8) Moreover, setting f; := L(f, E;), we additionally have:
(a) f; = f uniformly;
(b) fi(x) = f'(x) for L' -ae. x;
(¢) fj— fin L'

Proof. Recall from Section 2.3 the definition and properties of the maximal function Myg.
For j € Nlet F; := {x € R: Mg(x) < j}. Then, for some dimensional constant C, f|r,
is j-Lipschitz and .#* (F¥) < Cligllz1/j. By inner regularity of the Lebesgue measure, for
cach j we can select a closed subset E; C F; satisfying the same properties, so that (1) and
(2) are satisfied. The convergence stated in (a) follows from the definition of f; and the
absolute continuity. Writing E§ = |J, Ir we have that fj(z) = f'(z) for Z'-a.e. x € E; by
locality of the derivative. By Point (2) we deduce (b). We are left to prove (c). For every
I, = (ry, s¢) we have

[ 156 Idw’/f

= |f(se) = f(re)| =

f(x)dx
1,

< [ If'(z)|dx
I,
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It follows that
[ g [ 5@l
B¢ Ee
which goes to zero since f' € L*(R) and, by Point (2), £ (Ef) — 0. This implies (c) and
concludes the proof. O

Now we turn to a more general version of the previous lemma, that holds in any dimension.

Lemma 3.5 (Approximation of AC; Lip, functions). Let f € AC;Lip,(R x R?). Then
there exists a sequence of closed sets E; C R and Lipschitz functions f; such that:

(1) flg,xra is Lipschitz and Lip,(f;) < Lip,(f);

(2) fi=f on E; x RY;

(3) f; = f uniformly;

(4) f — f; is differentiable, with differential zero, at all points (t,x) such that t is a
density point of E; (in particular, for £'-a.e. t € Ej).

Proof. For every x € R%, we write f,(t) := f(t,z). Applying Lemma 3.4, and observing that
g is an upper gradient for f, for every z, we can find closed sets E; with . (E5) <Cllgllz:/j
and with f,] E; j-Lipschitz. We then linearly extend this function separately on each line:
recalling (3.1) we set

fi(t, @) = L(fz, Ej)(2).
We shall show that the sequence f; satisfies the required conditions (1)-(4).

(1) For fixed j, f;(-, ) is uniformly Lipschitz in z € R? by construction. Moreover f;(t, )
is Lipschitz for every ¢ € Ej;, because in this case f;(t,-) = f(t,-) and f is Lipschitz in the
space variable by assumption. Suppose instead that ¢ € E7 and let £ € N be such that
t € Iy = (rg,s¢). Then for every z,z’ € R?

[f(t,2) = f(t, ') < max{|f(re,®) = f(re,a')],|f(se, ) = f(s¢,2)[} < Lip,(f)z — 2.

It follows that f; is Lipschitz, and that Lip,(f;) < Lip,(f).
(2) This holds by construction.
(3) If t € Ej; then f;(t,x) = f(t,x) for every x. If instead ¢ € Iy = (14, s¢) C Ef, then

Iﬁ@@—ﬂmM§2/g@Ms

I,
which goes to zero as j — oo, because [I,| < |Ef| — 0.
(4) By construction of Ej, for all t € E; we have Mg(t) < j. From this and the definition
of AC; Lip,, it follows that

U@@—f@wﬂ<%¥ﬂwms<m—ﬂh (3.2)

Since f; is j-Lipschitz, it follows that the following estimate holds for f — f;:

(f = £) () = (f = f) () < [f () = f(, )| + 1 f;(t2) = f5(, )]

3.3
< 24t =t (3:3)

Moreover, the function f — f; is zero on I; X R? by construction. From (3.3) it then follows
that

[(f = f)(t2)] < 2 dist(t, Ej).
If t is a density point of E; this yields that f — f; has differential zero at (¢, ). O
Proof of Theorem 3.2. We consider the functions f; built in Lemma 3.5. We write f =
(f — f;) + f; and observe that:

o f; is Lipschitz and thus differentiable in direction V(y, (¢,z)) at p-a.e. (t,z) by
Theorem 2.2;
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o (f — fj)(t,x) has differential zero for Z'-a.e. t € Ej; in particular f(t,z) is also
differentiable in direction V (y, (t,z)) for L'-a.e. t € E;.

Since £ (E$) — 0, we deduce that f(t,z) is differentiable in direction V (u, (¢, x)) for £'-
a.e. t € R. In particular, the conclusion holds at .#! ® p;-almost all points. As the measure
p is of the form £' ® py, it follows that f is differentiable in direction V(u,z) at p-a.e.
(t, z), concluding the proof. a

3.2. Approximation with Lipschitz functions and pushforward formula. Our next
goal is to derive a pushforward formula for AC; Lip, functions. This task is based on an
approximation result with Lipschitz functions, for which we know that the pushforward
formula (2.3) holds. The reader might feel that the following proof is very similar to that of
Lemma 3.5. Although this is partially true, we first needed to establish the differentiability
of f along the bundle stated in Theorem 3.2, so that the various terms below involving Dy f
are well defined.

Compare also the following lemma with [1, Corollary 8.3]. Observe that the approximat-
ing sequence f; is universal, namely it works for every measure p of the form considered
below.

Lemma 3.6 (Approximation with Lipschitz functions). Let f € AC; Lip, (R x R%). Then
there exists a sequence f; of Lipschitz functions such that the following holds.
Let T = T be a normal current satisfying:

(i) p=L" @ p with
m 1= sup |t | (R) < o0

(ii) T = (1,b;) A7y for some unit horizontal 7, and for some vector field b.

Then, denoting by V := V (u,x) the decomposability bundle of p, we have:

(1) f; = f uniformly;

(2) dv f; = dv f for p-a.e. x;

(3) dv fj —dvf in L'(n);

(4) N dv £;[r] = \*dy flr] in L' ().

Observe that by Theorem 3.2 the quantity dy f (and thus /\k dy f) is well-defined at
p-almost every point. Observe also that the vector field b automatically satisfies

1

because by assumption T = 7y has finite mass. In the proof of the uniqueness result
(Theorem 5.1) we will use this lemma with b = b, but we decided to keep a separate
notation for this lemma and for the following proposition, since the only assumption on bis
its integrability given by (3.4) (while we always assume that b satisfies the more restrictive
condition (L)).

Proof. We consider the sequence f; built in Lemma 3.5. Then Point (1) follows immediately.
Point (2) also follows from the construction, since dy f; = dy f for p-a.e. point in E; x R?
by Lemma 3.5(4). Let us show (3) and (4).

(3) Let us write £ = J, I, and let us fix a point (¢,), with t € Iy = (ry, s¢), where f;
is differentiable along V' (u,z). We claim that

|f(se, ) = f(re, )]

8¢ — 74l

|dv f;(t, x)] < + Lip, (f)-
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Indeed, given any unit vector (e, e;) € R x R? we have the following estimate for the
directional derivative of f in direction (e, e,):

(1) + hlewsen)) = F5(00)) = 1 (Fi((1,) + hlersen)) = F5((t,2) + her,0)
+ %(fj((t,x) + h(es,0)) — fi(t,x))

(3.5)
< %Lipz(fj)|hex| e |f(|)<)|
S — 14|
< Lip, (f)les] + ||'f“>‘(|f>|

It immediately follows that

ldy £5(t2)] < Lip, (f) + L) =Sl

8¢ — 7
and thus also that

/E;X]Rd |de]‘dﬂ:/c/d ‘dvf”d#tdt
[f(se ol .
<mZ/ (M+Llpx(f)> dt

<my_|f(se) = fre)l +m|E§| Lip, (f)

<m [ g(r)dr+m|Ej|Lip,(f).

E¢
J

The quantity in the last line goes to zero because |E¢| — 0. This proves (3).
(4) From the second to last line in (3.5), and recalling that by Lemma 3.5(1) Lip,(f;) <
Lip,(f), one obtains that for t € I, C EY

| f(se) = f(re)]

df;[(1,b:)] < Lip, (f)[be] + 50 — 7|

It follows that

| A" dv £[7]| < Lip, (f)*! (Lipm(f)|l~)t| + W) .

For the second term, one can argue as in Point (3). Instead the first term reduces to

/ Lip, (/)*|bx| du = Lip, ()" / / el dpe dt
E]C-XRd E]c R

which again goes to zero as j — oco. To see this, we just observe that the map

t— / by gy
is integrable on [0, 1] since

//|bt|dutdt<//|1bt|dutdt [ bl =M <. O
[0,1] x R4

Proposition 3.7 (Pushforward formula for AC; Lip, maps). Let f € AC; Lip, (R x R%) be
a proper map. Let T = T be a normal current satisfying:

(i) p=L1 @ uy with
m = sup | (RY) < oo; (3.6)

(ii) T = (1,b;) A7y for some unit horizontal 7, and for some vector field b.
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Let f; be a sequence of Lipschitz functions satisfying the conditions (1)-(4) in Lemma 3.6.
Then:

(1) The limit
£.T = lim (f;).7
Jj—o0
exists in the strong topology, and defines a finite mass current. Moreover, for any

other sequence f; satisfying (1)-(4) of Lemma 3.6 the limit is the same.
(2) [T satisfies the pushforward formula

(11.0) = [N drflr@) du(e)  for every w € ZHRY).
(8) If OT = 7'y, with i/ = L @ i and 7 = (1,b,) A 7] satisfies (i) and (ii) then f,T
is normal and O(f.T) = f.(0T).
Proof. Given that f; are Lipschitz we can apply the pushforward formula (2.3) to obtain

((fi)+T,w) = / (w(fi(2), A" dr filr(2)]) du(z)  for every w € ZF(RY). (3.7)

By Condition (4) in Lemma 3.6 we know that A" drf;[r] = A" drf[r] in L*(u). Moreover
f; — f uniformly, and thus also w o f; = w o f uniformly. From this it follows that we can
pass to the limit in (3.7) and obtain

lim ((f;).T,w) = /<W(f(2)), A drflr(2)]) du(z)  for every w € Z*(RY).

j—o0
This proves that the limit is well-defined, at least in the weak-* topology, does not de-
pend on the chosen sequence f;, and moreover the pushforward formula holds. Since

AFdrflr] € L' (u), it follows that f.T has finite mass. Moreover, this also yields that
the convergence happens in the strong topology. This proves (1) and (2). To prove (3) we
apply the pushforward formula to 9T and use that, for Lipschitz maps, the pushforward
commutes with the boundary to obtain

(O(fuT),w) = (T, dw)
= lim ((f;)+T, dw)
j*)OO
= lim <(fj)*aT7w>
j—o0
= (f. 0T, w).

Thanks to (i) applied to 9T we know that this defines a current with finite mass, and thus
f+T is normal. O
4. EXISTENCE

In this section we establish the following existence result:

Theorem 4.1 (Existence). Let b : [0, 1] x R? — R? be a vector field satisfying (L) and let
(D), be its flow. Moreover, let T € N(R). Then, the family of currents Ty = (®9).T is a
solution to

%Tt + ‘Ctht - O
Ty =T.

Proof. We subdivide the proof in some steps.
Step 1. Write T' = 7 and 91T = v. Define

C=1[0,1] x T = [eg A (i¢)+T]-L* @ i = [eo A (i¢)+T)-L* X [
and observe that 9C L ((0,1) x R?) = —[0, 1] x dT. Define
Z=V,C,
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where U is the map defined in (2.6). We now apply the formula for the pushforward in
Proposition 3.7 to the current C. Notice that the assumptions (i) and (ii) on the uni-
form mass of the measures are automatically satisfied, as p is independent of ¢ and b=0.
Therefore we get that the current Z can be written as Z = 2z, where

A=Uy( L @p) =L (B yn =L @

and
2(s,y) = Wu([eo A (i5)«7]) (s, y)
= DU(T™'(s,9))[(eo A (i)« 7) (¥ (5,))]
= DU(¥ (s, y))leo] A DT(T™(s,9))[((is)T) (L (5, 9))]
= (1,5(y)) A DT (s, 9))[((i5):T) (T (s, 9))]
= (L,bs(y)) A W4 ((is)7)](s, 1)
= (L,bs(y)) A(Ws 0 (25)4)7] (5, 9)
= (1,05(y)) A(¥ 0is).7](s, )
= (L,bs (1)) A (i)« (29)s7] (s, 9)-

Here we used the fact that DU (¥ ~1(s,y))[eo] = (1,bs(y)) by Lemma 2.7, Point (1), and
from the second to last to the last line we used Lemma 2.1, together with the identity
Uois =ig0® to exchange the order of the pushforwards.

Step 2. Now we test 0Z against forms of the kind n = t*a A p*5. We have dn =
t*da A p*f + t*a A p*dB. So by Lemma 2.4(i) we obtain

(Z,t"da Ap*B) = //Rd (1,bs) A [(i5)+(22).7], t*da A p*B) dpus ds

B / /W“lvbs)vt*dw ((i4)+(90).7, p"B) du, ds

//Rd (75, B) dps ds
- / ()(T, B) ds

where we have defined 7, := (®9),7, so that by definition T, = 7.
For the second summand, invoking Lemma 2.4(ii) we have

(Z,t*a Ap*dB) = / /Rd ((1,b5) A [(i5)+(20).7], t*a A p*dB) dus ds

:/ / a(s)(bs A [(8°),7], dB)dus ds
0 Rd

- / a(s)((bs AT, B) ds.

Step 3. By Proposition 3.7(3
0Z L ((0,1) x R%) = ¥, (0C) L

, we have

)
((0,1) x RY) = W, (dC L ((0,1) x RY)) = W, ([0, 1] x OT).

Now the orienting field is
§(s,y) = Wul—e0 A T)(s,y) = = (1, bs(y)) A Wu((is)0) (5, 9)

where we have used again Lemma 2.7 Point (1) to deduce

V. (eo)(s,y) = DU (5,))[1,0] = (1,b5(y)).
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Notice also that the mass measure of 07 is
10Z] = Uu([|0C]]) = V(L' ©7) = L' @ v,

where we have set v := (®Y)47. Testing against forms of the type = t*a A p*3, with
a € C®((0,1)) and B € ZF(RY), we therefore have

oz = [ [ tenavas
= —/01 /]Rd<(1,bs) AV, ((is)s0),n) dvsds

1

:f/ / (1,b3) AW, ((32)s7), £ A p™B) dusds
0 R4

:-/ a(s)/ (1,b3) A (i2)(30).7, p* B) dusds
0 Rd

=— las 9,7, ) drgds

== [ ot [ 0. @908 a0,

1
- —/ a(s)(bs A DT, B)ds
0
where in the second to last line we have used Lemma 2.4(ii) and the fact that
0T, = (9).(9T) = [(97).7] (D7) 4(7)

for every s.
Step 4. Combining Step 2 and 3 we obtain that

1
_ /O o(s) (b A BT, B) ds = (87Z,7)
= (Z.dn)
:/O o (5) (Tu, B) + a(s) (b A Ty, dB) ds

for every a € 2°((0,1)) = C((0,1)) and every 8 € Z*(R?). Rearranging terms gives
exactly the weak formulation of (GTE). O

Remark 4.2. Theorem 4.1 could also be proved with an approximation argument that
does not rely on the decomposability bundle. Consider two functions ¢ € C°((—1,1)) and
1 € C°(By) and construct the associated mollifiers

W)= 2o/, (@) = (o)

Let b° := b* (¢°¢°) (after extending b to the identically zero vector field for ¢ < 0 or ¢ > 1)
and let @ be the corresponding flow (starting from time ¢ = 0). Then

D¢ (2) — D ()| S/O [b5(®s(2)) — b5(25(2))| ds
S/O Ibs(@s(r))—bs(‘bi(x))ld8+/0 [bs(®5(x)) — b3 (P5(2))| ds

t
< [ Lip,(b)[®.(a) ~ 25 ds+ [ [l ~ Bl s
0 0

and therefore by Gronwall we obtain

t t
[~ 0l < [ 10~ 1l ds-exo ([ L0 as).
0 0
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Additionally, it can be shown that the Lipschitz constant in space of the maps ®$(-) is
equibounded. Indeed, a simple convolution argument yields

1 1
/ Lip(b7) d¢ S/ Lip(by) * a(t)dt < L,
0 0

whence Lip(®$) < exp(Lt). In order to show existence of solutions to (GTE) it is therefore
sufficient to consider the family of pushforwards Tf := (®5).T, which solves the equation
for b° by [4, Theorem 3.6]. Their mass is equibounded (in view of the equi-Lipschitz bound
on ®5(+)), and any limit point satisfies (GTE) by linearity of the equation. Moreover, using
that ®§ converges uniformly to ®Y with equi-Lipschitz constant, it can also be shown that
the limit current T} coincides with (®9),T mimicking the argument in [0, Lemma 7.4.3].

5. UNIQUENESS

Theorem 5.1 (Uniqueness). Let b: [0,1] x RY — R? be a vector field satisfying (L) and let
(®9); be its flow. Moreover, let T € Ny (R%). Then, there is at most one solution to

{(ftTt + L, T, =0

To=T
in the class L°°([0, 1]; N1 (R?)). Moreover, the solution is given by Ty = (®9).T.

Proof. We first show the conclusion under the assumption that 9T; = 0 for every ¢ € [0, 1].

Step 1. Let (T})ie(0,1) C Ni(RY) with 9Ty = 0 (¢t € [0,1)) be a weakly*-continuous
solution to (GTE) (see [1, Lemma 3.5(i)] for why we may assume weak*-continuity). We
decompose Ty = T4||T3||, with Ty unit k-vectors. Let T : (0,1) x R — Ax(R x R?) be the
k-vector field defined £} ® ||T}|-almost everywhere by

T(t,2) = () To(x),

where we recall that ¢;(z) := (¢,2). Define now the space time currents U = wup with
=L@ | Ty and u(t,z) = (1,b(t, x)) AT(t,x) and
W= (V1)U

The map W1 is still AC; Lip, and the map ¢ ~ || T} || (R?) is essentially bounded by assump-
tion, so we can define the pushforward through Proposition 3.7. In particular, we can write
W = wv, where

v=U (L o|T|) =L @ ()L T ] = L @ w
and
w(t,r) = DU (U (¢, 2))[(1,b(t, ®)(x)))] A DU~ (U(t, 2))[T(t, DY (x))]
= (1,0) A DU (W(t, 2))[T(t, ()]
=:(1,0) A T(t, ).

where we have used Lemma 2.7 Point (2).
Step 2. We can estimate the mass of U by

1
M) g/ bell oy MU(T,) df < Lesssup M(T,) < oo,
0 te(0,1)
Moreover, applying [3, Lemma 4.1] (replacing b(x) with b;(x) everywhere) we have
OU L (0,1) x RT=0

and therefore by Proposition 3.7(Point 3), W L (0,1) x R¢ = 0. This means that for every
a € 2°((0,1)) = C=((0,1)) and every 3 € 2*(R9), it holds

0= (W, t"a Ap*B) = (W,t"da A p*p)
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where in the last equality we have used Lemma 2.4 (ii) (notice that span (p*dg3) L (1,0)
and w(t,z) = (1,0) A7(t,z)). By Lemma 2.4 (i) we have
(w(t, z), (t"da Ap*B)(t,z)) = ((1,0), t"da(t, ))(r(t, z), p* B(£, x))
= o/ (t)(7(t,x),p"B(t, x))
= ( WD (W (t,2))[T(¢, ) (2)], P B(¢, 7))
B2 1) Tt z), P8t ).

Now we observe that for every fixed ¢ € (O 1) it holds
poU 1 {t} xR =[(®)) T op]L {t} xR?

and therefore

(Po¥ v =((2)"op).w
for any k-vector v € A\, ({0} x R?). In particular, choosing v = T(U(t,z)) = T(t, ®)(z)) we
get by Lemma 2.1 Point (i)

(po ™). T(U(t,2)) = (2) 7! o p)LT(L(t, ) = [(8)) ] [T2(2F (2))].

Therefore

0= (W, t"da Ap*B) = / / (w,t*"da Ap*B) dvy dt
= [ [ @0 @ s dled; 1T a
= [ g

Step 3. By Step 1 and Step 2 we have shown that
1
/ o (t) (@), B) dt =0 for every o € 2°((0,1)) and 8 € 2% (R?).
0

This implies that, for any fixed 3 € 2¥(R?), the map t — <(<I>?);1Tt,6> is constant, and
in particular equal to its value at 0 (in this context recall that we have chosen the weakly*-
continuous representative of ¢t — T;). We conclude that (®9) 17, = T for every t € [0, 1].
Since for fixed t € [0, 1] the map ®? is Lipschitz with inverse (®?)~! we can write T} = (®?),T
which is the desired conclusion in the case 9T; = 0.

Step 4. Assume now that (T})e(0,1) is a solution of (GTE) with T; normal but not
necessarily boundaryless. Testing with exact forms w = dn, we see that the boundaries
(0T%)te(0,1) solve the geometric transport equation with the same driving vector field b and
initial datum OT. Since the 9T} are boundaryless, by Step 3 we obtain that

OT, = (27).(9T) = 0((®}).T).

Consider now S; := T} — (@?)*T. The S; are normal currents with equibounded mass w.r.t
t and 9S5; = 0. By the linearity of (GTE), they still solve the same equation. Since Sy = 0,
again by Step 3 we conclude that S; = 0 for every t € (0,1), hence T; = (®?).T for every

€ (0,1). O

6. ON NON-UNIQUENESS FOR FINITE MASS CURRENTS

One may wonder what happens if we consider (GTE) in the class of currents with finite
mass, but whose boundary might have unbounded mass. In this case the weak formulation
of the PDE makes sense if b is smooth, but if b is only Lipschitz it is not clear how to even
state the weak formulation. The issue lies in the term b A 9T; whose definition is unclear
— somewhat similarly to what happens when trying to define the product of a distribution
with a Lipschitz function.
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In this section we shall see that even if one comes up with a notion of solution for
finite mass currents, any sensible notion that satisfies very natural assumptions leads to
non-uniqueness.

Let us consider the family C = L*([0,1]; Mz (R9)) consisting of all possible curves of
currents t — T} that satisfy

1
0

If b = b(¢, x) is smooth, then the weak formulation (2.2) is actually equivalent to the following
one, which requires only the masses (and not the normal masses) to be integrable in time,
namely (7};); € C is a weak solution to (GTE) if

/0 (T o)/ (1) + (T, Loyeois(t) dt = 0 (6.1)

for every w € ZF(R?) and every ¢ € C°((0,1)). Here Lp,w stands for the classical Lie
derivative of the differential form w as defined in Differential Geometry. For a proof of this
equivalence see [1, Lemma 3.3].

Definition 6.1. Fix a Borel vector field b. We say that a family S, C C is a natural family
of solutions to (GTE) with vector field b if the following conditions hold:

(H1) Consistency: If b is smooth in some open set Q and (7});c(0,1) € C is a weak solution
in the sense of (6.1) supported in 2, then (7}):c0,1] € Sp-
(H2) Stability: if (th)te[o,l]a j € N, is a sequence in Sy, with equibounded L'-norm, namely

1 .
sup/ M(T})dt < oo
i Jo

and if T} = lim; o0 th for every t, then also (Tt)te[o,l] belongs to Sp.

Observe that both conditions are very natural: the stability is natural because the PDE
is linear, while the well-posedness for smooth vector fields is ensured by the following result:

Proposition 6.2. Let b = b(t, z) be a smooth globally bounded vector field. Then the problem
%Tt + Ly, T, =0
To=T

admits a solution which is unique in the class L*([0,1]; My (R?)).

Sketch of the proof. One can repeat the argument in the proof of [4, Theorem 3.6] with
minor changes, referring also to [2, Section 8.1] for the modifications needed to deal with
the two-parameter flow. O

On the other hand, we show via an example that if b is merely Lipschitz uniqueness might
fail:

Proposition 6.3 (Non-uniqueness for finite mass currents). There exists an autonomous
Lipschitz vector field b : R? — R? for which the following holds: if S is any natural family
of solutions then there exist two distinct solutions (Tf)te[o,u € Sy, i = 1,2, starting from the
same nitial datum.

Proof. We define the vector field
y,0) ify=>0
b(x,y) := ,0) -
0 otherwise

We claim that if Sy is any natural family of solutions then the following curves of finite mass
1-currents both belong to Sy:

Ttl = e50p Tt2 = (62 + t61)50.
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(0,¢) //

Figure 2. We depicted the family T; = (e2+te1)d(tz ), which solves (GTE)
(in the classical sense) with initial datum esd(g ). Assuming the
Stability property, the limit as € — 0 of this family gives rise to
the solution T? = (e3 + te1)dp with initial datum esdy. On the
other hand, building an approximating family from below, the
constant family T}' = exdp also solves the equation starting from
the same initial datum. This shows non-uniqueness in the class
of natural solutions S, with finite mass as defined in Definition
6.1.

Indeed the following families are solutions because of the consistency assumption (H1):
Ttl’g = 62(5(0’75), Ttg’g = (62 + t61)5(t5,5)-

The first is trivially a solution starting from exd(,_), since b = 0 on the support of Ttl’g.
The second is also a solution starting from e2d(g.): to see this one can consider the 1-
current associated with the segment {0} X [e,e + 7] for some 1 > 0, with orientation ey,
and renormalized to have mass 1. Then this is a normal current and the (unique) solution
starting from it at time ¢ = 0 is given by the pushforward with respect to ®;. Passing to
the limit as 7 — 0 one gets the claim. Moreover it is not hard to see that Ttl’6 and TE’S
converge to T} and T? respectively, thus the latter belong to S, by the stability assumption
(H2). To finish the proof we just observe that at time ¢ = 0 both solutions coincide with
6250. O
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