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ABSTRACT: We investigate the consistency between bulk and boundary causalities in
static, spherically symmetric, asymptotically anti-de Sitter (AdS) spacetimes. We derive
a general formula that provides sufficient conditions for time advance, where bulk propa-
gation arrives earlier than any boundary propagation. As an application, we show that in
Reissner—Nordstrom—anti de Sitter spacetime, no geodesic satisfies the sufficient conditions
for time advance even in the super-extremal case. Furthermore, we demonstrate that the
Einstein—Euler-Heisenberg theory exhibits time advance when one or a linear combination
of the coupling constants is positive and below an upper bound determined by the AdS
length scale.
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1 Introduction

The anti-de Sitter/conformal field theory (AdS/CFT) correspondence [1-4] suggests
that causal processes connecting boundary points through the bulk are somehow realized in
the viewpoint of the boundary theory. Thus, the causal process through the bulk must also
be causal from the viewpoint of the boundary theory. From this perspective, comparing
the causality in the bulk and on the boundary is a significant topic. As suggested in
Refs. [5, 6], the positivity of energy for asymptotically AdS spacetimes implies that bulk
causality is consistent with that in the boundary theory. Gao and Wald [7] further showed
that, if the null energy condition !, the null generic condition, and the global hyperbolicity

1 As noted in Ref. [7], the null energy condition can be weakened to the averaged version in the sense of
Borde [8].



of the conformally completed spacetime are satisfied in the bulk theory, such a consistency
is guaranteed. Engelhardt and Fischetti [9] later generalized the results of Gao and Wald,
deriving a condition weaker than the averaged null energy condition that still ensures this
consistency. Based on these studies, the consistency between bulk and boundary causalities
is not guaranteed if certain conditions are not satisfied. Our objective is to investigate the
conditions under which the causal relationships between the bulk and the boundary become
inconsistent, a situation which we refer to as time advance, by perturbative analysis.

The method of characteristics [10] reveals the causal structure of a given theory. For
instance, in general relativity, the fastest propagation occurs at the speed of light, which is
defined as null geodesics with respect to the spacetime metric. However, when these theories
are extended to include the derivative corrections in the effective field theory approach,
superluminal propagations, which follow spacelike curves with respect to the spacetime
metric, possibly arise as studied, for example, in Refs. [11-16] for the flat spacetime and
Refs. [17-28] for curved spacetimes. In such cases, the causal structure must be analyzed
by using the fastest propagation, which is often described by null geodesics of an effective
metric. Since time advance refers to the situation in which a bulk propagation reaches
a boundary point earlier than any boundary-constrained propagation, one can investigate
time advance by comparing the fastest propagation in the bulk and on the boundary, using
the effective metric. In Refs. [29-35], it was shown that the graviton propagation in Gauss—
Bonnet and Lovelock gravity can exhibit time advance, which is related to inconsistencies
in the boundary theory, such as violation of the viscosity bound. The requirement of
forbidding time advance imposes constraints on the parameters of these gravity theories.
See also Ref. [36] for discussions of time advance in the small impact factor limit, in the
context of effective field theory approaches to on-shell graviton scattering amplitude.

Following the direction developed in Refs. [29-35], in this paper, we examine the
bulk propagations in general static, spherically symmetric, asymptotically AdS metrics,
rather than restricting ourselves to specific effective theories such as Gauss-Bonnet or
Lovelock gravity. By comparing the fastest bulk propagation with the boundary causality,
we establish the sufficient conditions for time advance which can be applied perturvatively
to a given effective metric. Subsequently, we apply our time advance conditions to the
Einstein—-Maxwell theory and the Einstein—Euler—Heisenberg theory in the presence of a
negative cosmological constant. For the Einstein-Maxwell case, specifically, the Reissner—
Nordstrom-Anti-de Sitter (RNAdS) spacetime, we find that no geodesic satisfies the suf-
ficient conditions for time advance, while, in the Einstein—Euler—Heisenberg theory, time
advance is shown to occur when the parameters lie within a certain range. Supposing that
the time advance is prohibited in the Einstein—Fuler—Heisenberg theory, the parameters
must lie outside the region that leads to time advance, thereby imposing constraints on
this theory.

This paper is organized as follows. In Sec. 2, we introduce boundary and bulk causali-
ties in asymptotically AdS spacetime and provide the sufficient conditions for time advance.
In Sec. 3, we derive the general formulas for time advance conditions in a general static,
spherically symmetric, asymptotically AdS spacetime. Sec. 4 applies these results to the
exact examples. In Sec. 4.1, we analyze the static, spherically symmetric solutions of the



Einstein—-Maxwell theory, namely the RNAdS solution. Then we turn to the static, spher-
ically symmetric solution of the Einstein—Euler—Heisenberg theory in Sec. 4.2. Finally, we
present a summary and discussion in Sec. 5. The detailed calculations are presented in the
Appendix. Throughout the paper, the unit ¢ = 1 is used. The notation (a, b, ¢, ...) denotes
(t,r), (4,7, ...) refers to the coordinates of the sphere S”~2 where D is the dimension of the
whole spacetime, and (p, v, ...) indicates the components of the whole spacetime.

2 Boundary/bulk causality and time advance

The main focus of this paper is to compare boundary causality and bulk causality in
asymptotically AdS spacetimes. Given a bulk field theory, the causality associated with
its field equations can be derived. In many cases, the boundary of the causally connected
region is described by null geodesics with respect to an effective metric 2. Throughout
this paper, we focus on such cases. In particular, we focus on the case where the effective
metric is a D-dimensional asymptotically AdS metric, which can be written as

r? dr?
dsA aqs ~ — (1 + 52> dt* + et r2dQ% . (2.1)
tTe

Here, dQ2D72 represents the metric for the unit D — 2 sphere, ¢ denotes the AdS radius,
and = implies that sub-leading terms in the » — oo limit are ignored.

In the asymptotic region of Eq. (2.1), the foliation by the r - constant D—1 dimensional
hypersurfaces {¥,} can be taken. The induced metric on ¥,, provided that r is sufficiently
large, is approximately given by

dst =~ ﬁd 2 (2.2)
D) SESU .

where dsiq; is the metric of the Einstein static universe given by
dspgy = —dt* + £2dQ},_,. (2.3)

The AdS boundary OM is defined by r — oo limit of X,.. Since a null geodesic with respect
to the boundary metric ds(% A 1s also a null geodesic with respect to the conformally related
metric ds%SU, we will define the boundary causality by that with respect to the metric of the
Einstein static universe (2.3). More precisely, we say that p,q € M are causally connected
in the sense of boundary causality if there exists a causal curve that connects p and ¢ and
is contained in M. In addition, we say that the boundary causality is inconsistent with
the bulk causality if there is a causal curve in M that connects the points p, ¢ € dM which
are not causally connected in the sense of boundary causality (see Fig. 1).

Let us analyse the causal structure in more detail. Let «(p, q) be a null geodesic from
a point p on the boundary dM to another point ¢ on the boundary M. Suppose the

2If the kinetic terms of the wave equations are Klein-Gordon type, such as Einstein-Maxwell equations,
the effective metric is simply given by the spacetime metric. However, as discussed in Appendix C.3,
once the higher derivative corrections to the Einstein—Maxwell equations are included, the effective metric
generally differs from the spacetime metric.
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Figure 1. The left figure depicts the asymptotically AdS spacetime, while the right figure presents
an unfolded view of the left diagram. The red and blue curves represent null geodesics along the
boundary, whereas the purple and green curves represent null geodesics within the bulk. In the
right diagram, the gray region is causally related to p from the perspective of boundary causality,
while the white region is spacelike-separated. Consequently, the purple curve ends at ¢’ within the
gray region, indicating that no time advance occurs. In contrast, the green curve terminates at ¢
in the white region, leading to a time advance.

coordinates of the unit D — 2 sphere dQ%, , in Eq. (2.1) are written by the polar angles
01,602, ,0p_3 and the azimuthal angle ¢ € (—m,7w|. Without loss of generality, p and ¢
are on the plane defined by ; = 0y = --- = p_3 = 7/2. Moreover, we can set t = ¢ =0
at the point p and define ¢’ and ¢’ as the coordinate values of ¢. On the other hand, since
the boundary null geodesics on the plane defined by 6; = 0y = --- = 0p_3 = 7/2 satisfy

dt

the set of points on this plane that are causally connected to p in the sense of boundary
causality is given by

t'> 0| (¢ € (—m,7]). (2.5)

Therefore, if ¢ exists outside the region (2.5), the null geodesic v(p, ¢) reaches a point earlier
than the boundary causal curve. We say that such a null geodesic exhibits time advance.

3 Time advance conditions for general static, spherically symmetric asymp-
totically AdS spacetime

In this section, we derive the conditions for time advance in a general static, spherically
symmetric asymptotically AdS spacetime, by solving the geodesic equations. The spherical



symmetry allows us to assume that the geodesic is on the plane defined by 6; =0y = --- =
0p—_3 = /2 without loss of generality. Suppose a geodesic ¥(p, q) from p € IM to ¢ € OM
is a null geodesic that we consider here, and we set t = ¢ = 0 at the point p. Its orbit can
be obtained by the integration of the geodesic equations. Let At and A¢ be the increase of
the coordinate value along the bulk null geodesic. Clearly, we obtain ' = At but ¢’ # A¢
generally because of 27 times integer difference. In this paper, we focus on the case® with
0 < A¢ < . Then, since ¢’ = A¢ holds, Eq. (2.5) gives the conditions for time advance
{A‘b_ﬂ =0 (3.1)
At — AP < 0.

We call them the time advance conditions in this paper, even though they are the sufficient
conditions for time advance.

In subsection 3.1, focusing on null geodesics in the asymptotic region, we rewrite the
time advance conditions (3.1) in terms of the metric functions. Then, we provide a more
detailed analysis of some special cases in subsections 3.2 and 3.3.

3.1 Asymptotic expansion

Let us consider the case where the effective metric is a general static, spherically
symmetric asymptotically AdS spacetime,

Gudztdz” = —f(r)dt* + Mdﬁ + g(r)r2dQ3, . (3.2)

f(r)

Here, f(r), h(r) and g(r) are functions of the radial coordinate r. Suppose that the metric
functions are expressed as,

2 o0
f(r):%+1+2f—z, (33)
n=1
hry =143 (3.4)
n=1
g(r) = 1+Zf—z, (3.5)
n=3

where f,,, hyn, and g,, are constants®.
Let us focus on a future directed null geodesic v(p, ¢) from p to g associated with this
effective metric. Due to the spherical symmetry, the null geodesic can be restricted to that

5If A¢ is negative, flipping the sign of ¢ (¢ — —¢) results in a positive Ap. Moreover, since we
perform a perturbative analysis to investigate time advance in this paper, time advance can only occur
when [A¢| = m + O(e), where € is defined after Eq. (3.15). Therefore, the cases with 0 < A¢ < 7 and
m < A¢ < 27 cover all possibilities of the perturbative analysis. The case with m < A¢ < 27 is discussed
in Appendix B and gives the same results as those with 0 < A¢ < 7.

4Note that g1 = g = 0 is assumed due to the asymptotic condition for asymptotically AdS spacetime
with respect to the areal radius.



on the equatorial plane 6; = 0 = ... = Op_3 = 7/2. Thus, the tangent vector of the null
geodesic, say k*, possesses only the ¢, r, and ¢ components,

klO, = i(1)0; + 7(7)0y + H(1)dg, (3.6)

where the dot denotes the derivative with respect to the affine parameter 7. Note that £ is
positive so that the geodesic is future directed. We focus on geodesics with ¢ > 0 without
loss of generality.

We can define two conserved quantities E and L along the null geodesics by

E = =g k" (8" = f(r)i (> 0), (3.7)
L= Gu k" (9s)" = g(r)rd (> 0),

associated with the Killing vectors 9/9t and 9/0¢ respectively. Then, the null condition
guwk"k” = 0 can be expressed as

T R
T‘iE\/ 5 1 i) (39)

where we introduce the impact parameter b by

b= ok (3.10)
The null geodesic v(p, q) of interest starts at a point p on the AdS boundary OM and ends
at ¢ € OM. Since both p and ¢ exist at infinity » — oo, the geodesic has the minimum
value of r. We denote the minimum by r,,, and refer the point that minimizes r as the
turning point A. 7 = 0 holds at A, and thus, by setting r = 7, in Eq. (3.9), we can express
the impact parameter b as

b= iy | L) (3.11)

Between p and A, r is a decreasing function of 7, with the minus sign in Eq. (3.9) corre-
sponding to this region. In contrast, the plus sign in Eq. (3.9) corresponds to the region
between A\ and gq.

From Egs. (3.7) and (3.8), as well as Eq. (3.9), we obtain

dt (1)

A : (3.12)
d b2 £ (r)
r (1) Fr)y/1- 50
o _o(r) b h(r)
dr 7(7) - :l:ng(T) 1- bszTg : (3.13)
reg\r



Then, At and A¢ along the boundary-to-boundary null geodesic v(p, ¢) can be evaluated

as
At = 2/ dr h(r)be( -, (3.14)
e )yl - r2g(r)

by/h(r) (3.15)

Ap = 2/ dr —.
Tm 7"29(7") 1— b f(?”)

r2g(r)

We can evaluate these integrals analytically under the approximations f,, /7%, by /71, gn /71 <K
1, denoting the order of them as O(e). As shown in Appendix A.1, A¢ — 7 and At/ — A¢
can be evaluated as®

o0

Aqﬁ—ﬂzz%—i—(’)(ez), (3.16)
n=1 ™
AL/l — Ap = —Zﬁn%+0(e2), (3.17)
n=1 m

where the coefficients C,, and 3,, are given by

g (Ll ltny(_ _ Gn+2
Crim 38 (5757 ) (= (04 Dot bt (0= g+ 04 ) 722),
nln 72

Here B and 2 F} are the beta function and the Gauss’s hypergeometric function respectively.
Properties of the factor 5, are studied in Appendix A.2. Some of the key properties are

0< By <1, (3.19)
and

1< Png <3 for n1 < na. (3.20)
Bra
With the results obtained above, we now present the time advance conditions in terms

of C),. The time advance conditions for the geodesic with the turning point r,,, namely,
A¢p —m <0 and At/ — A¢ < 0, can be summarized as

o] Cn

= — < 21

Ty =0 (@21)

G=> ﬂn% > 0. (3.22)
n=1 m

®As shown in Appendix B, the results in the case with 7 < A¢ < 27 coincide with those in the case
with A¢ — 7w < 0.



An immediate consequence from these inequalities is that no time advance occurs when all
C,’s are same signature, because either of these conditions is not satisfied. Additionally,
other necessary conditions can be obtained from the inequality

BF -G <0, (3.23)

for arbitrary positive constant . If one choose 8 as 6 < 8 < Br+1, the inequality can be
expressed as

n Cn [e%¢) Cn
BF=G=2 (B=Fn) =D (Bu—B)_F <0. (3.24)
n=1 mo a4l m

This inequality cannot be satisfied if all C}, with n < n are positive and all C), with n > n
are negative. This requires the existence of an integer n such that C,, is negative and an
integer n’ > n such that C,, > 0.

3.2 Detailed Analysis for 2-terms case

In this subsection, we focus on the case where only two of C),, precisely C,,, and C,,
with n1 < no, are nonzero. From the discussion in Sec. 3.1, the existence of a time advance
null geodesic requires C,,, < 0 and C,,, > 0. The functions F and G are given by

Cn,  Cny

.F(T'm) - ’I"nl + no (325)
Chn Ch
g(’l"m) = /Bm TTll + ﬁnQTT; (3.26)

A geodesic with 7, is time advanced if r,, satisfies F(r,,) < 0 and G(r,,) > 0. These
conditions can be expressed as

1 1
Cn2 >"2n1 (/an an >n2"1
<rm < . 3.27
(rcm! < B, O] (3:27)

Although f,,/Bn, depends on 1y, in general, it always satisfies (8,,/8n, > 1. Therefore,

rm which satisfies the inequality (3.27), i.e., the time advance conditions, always exists for
any given C,, <0 and Cy, > 0.

Let us evaluate the valid range of the approximations. The radial coordinate at the
turning point of the would-be time advance null geodesic is

1
P ~ (Cng /|Ciny )72 . (3.28)

In our analysis, we assume that the conditions |Cy,|/rl < 1 and |Cp,|/r? < 1 are
satisfied. From Eq. (3.28), these conditions require

nin2

RN
- < 1. (3.29)

no
(jnz

Thus our analysis is valid when the length scale of C,,, is much shorter than that of Cp,.



3.3 Detailed Analysis for 3-terms case

In this subsection, we focus on the case where all C,, except for n = ni, ng, ns vanish.
Without loss of generality, we set n; < ng < ng. In this setup, the functions F and G are

given as
C C C,
T
m m m
Chr, C
g 6’”1 n1 +5n2 7’L2 +6n3 . (330)

We also assume C),, > 0, which corresponds to the positivity of the mass in the applications
in the next section. Then, from the discussion in Sec. 3.1, we find that the time advance
geodesic exists only when C),, < 0 and C,,; > 0.

To see the behavior of these functions, it is useful to define new variable

x =12 >0, (3.31)

and rewrite the functions F, G as
F(z) =r"F = Cpa + Cryz + Chs, (3.32)
G(@) = 112G = By Coy @™ + By Cry @ + By C, (3.33)

where we introduce the number N := Zi Z; > 1. Now the time advance conditions can be
expressed as F < 0 and G >0.

Let us 1nvest1gate the properties of the function F. The positivity of Cn1 and N > 1
imply that F is a convex downward function of z. The minimum value of F is achieved at
T = Zmin = (|Cny|/(NCp, )N~ and it can be evaluated as

~

_z _ N~ 1 |C,|
F(@min) = Fumin = —— (N o ) |Cray| + Chs.- (3.34)

Therefore, F has zero point(s) only when the minimum Fonin i non-positive, i.e.,

N Cn, Oy ! <1 (3.35)
(N =DN=L A [CrpV ) 7 '

Then, one of the time advance condition F < 0 can be expressed as r1 < x < x9, letting
the zero points of F be r1 and xo with 21 < zs.

To proceed with the analysis, we consider the case where the Cy,, terms in Egs. (3.32)
and (3.33) are negligible®. This case reduces to the 2-terms case discussed in the previous
subsection. Then, the smaller solution of F(z) = 0 is 21 ~ Chns/|Cnyl, and at z = x;
the first term and the other two terms in the right hand side of Eq. (3.32) are estimated

5In this approximation, the positivity of Cp, is not essential to the result, although z» may not exist for
Cn, <0.



as C1(Chns/|Cny )Y and O, respectively. Hence, the condition for the first term to be
negligible is expressed by

CmC]\gfl
=13 1. 3.36
€C Cra |V < ( )

In this case, we can express x; and xy analytically. The contribution of Cj, term is
negligible around z1, while the detailed analysis shows that the C,,, term is negligible near
xo. Solving F = 0 in this approximation, we obtain,

_ Cng
|Ch, |

x2:<t2?)ﬁl<1+670g5>). (3.38)

Similarly, Cy,, term in G is negligible near the smallest zero point, say « = 23 7. Under

(1+0(ec)), (3.37)

x1

this approximation, z3 can be obtained as

_ Bus Cig
Bna |Chns|

(1+ O(e)). (3.39)

x3

The condition G > 0 can be satisfied for 0 < 2 < x5. Since the factor Bns/Bn, satisfies
1 < Bny/Bny < 3, we obtain 7 < z3 < x2. Therefore the time advance condition can be
satisfied for a geodesic with

1 <x<Is3. (3.40)

Translating into the condition for r,,, we obtain

1 1
Cng >"3_n2 <5n3 Cn3 )"3_n2
< < (I . 3.41
(rcmr Bra 1O (3.41)

This result is consistent with the 2-terms analysis in the previous subsection.

Before moving to the concrete applications of our formula, let us summarize the ap-
proximation used here. Since the radial coordinate of the turning point of the time advance
null geodesic is the order of (C,,,/|Cp,|)'/("37"2) we can express the condition for the ap-
proximation in terms of the C,,,. First, the conditions for € < 1, which are used to derive
Egs. (3.16) and (3.17), can be expressed as

Ci™™

e
Tm

"More precisely, Bn,Cny(BnsCnsg)™ 1/ (Bny|Crs])Y <« 1 is required for this approximation. Since
1 711\1371/@11\72 could be enormous for large N, this approximation might be different from Eq. (3.36). How-

ever, because the analysis here is done after fixing n;’s, we denote [, /6'7%71/ 52’2 as a value of order unity.

~10 -



More explicitly, €,, can be expressed as

ny
O |\ 73=m3
ny = Cn1 <|Cn2’> t < 1, (343)
n3
‘Cn ‘1/ n2 "7;27"7?2
€ny = €ng = ﬁ < 1. (344)
n3

Second, the condition ¢ < 1, which is used to derive the analytical expressions for the
zero points for the functions F and G, is

ng—mj
CNfl C C’ng*nQ
ec = Cp, ICZ|N = <L (3.45)

|Chy | 8772
One can check that the relation €,, = €,,€ec holds. Hence €,, < 1 is automatically satisfied
if €, < 1 and ec < 1 are satisfied.

4 Applications

Using the formulas which are obtained in the previous section, we investigate the
possibilities of time advance in the minimally coupled Einstein—-Maxwell theory with the
negative cosmological constant (Sec. 4.1) and in the Einstein-Euler—Heisenberg theory
(Sec. 4.2).

4.1 Einstein—Maxwell Theory

In this subsection, we explore the static, spherically symmetric solution in the mini-
mally coupled Einstein—-Maxwell theory with the negative cosmological constant, namely
the Reissner—Nordstrom anti-de Sitter (RNAdS) spacetime. The action of the Einstein—
Maxwell theory in D-dimensional spacetime is given by

S = / P Y9 [ !
Qp_2 |2(D—-2)G 4k

where G and k are the gravitational coupling constant and the Coulomb constant respec-

(R—2A) — FWF’“’ (4.1)

tively, and 2p_9 is the volume of the unit D — 2 dimensional sphere given by Qp_o =
ot /T (%) The cosmological constant A is related with the AdS radius £ through
(D-1)(D-2)1
2 2
As is well known, the characteristic surfaces of the Einstein—-Maxwell equation are

A=— (4.2)

generated by the null geodesics with respect to the spacetime metric g,,,,. Thus, the effective
metric g,,,, shown in Eq. (3.2), is simply the spacetime metric g, .

The static, spherically symmetric solution of this system is the Reissner—Nordstrém
anti-de Sitter (RNAdS) spacetime, which corresponds to the metric (3.2) with

2 2GM 1 GkQ?

J =145 55+ pg o9

h(r) =1, (4.4)
1

(4.3)

- 11 -



as well as the Coulomb potential,

A det = —®(r)dt, (4.6)
with
ko Q

Since the characteristic surface is generated by the null geodesics with respect to the
spacetime metric in the Einstein-Maxwell theory, we can apply the general analysis in the
previous section by setting

kGQ?

_3=—-2GM = — 4.

D3 GM, f2(D—3) D_3 ( 8)
and other f,, h,, and g, vanish. Then, the parameters C,, can read as
1 D-2
Cp-3s=(D-2)B <2 5 > GM, (4.9)
2D —5 1 2D-5 9

_ -z ¢ 4.1

Co(p-3) 25D —3) <2, 5 > GkQ”, (4.10)

and other €, vanish. Since the coefficient Cyp_3) is negative, no geodesic satisfies the
time advance conditions.

We would like to emphasize that the sub-extremal condition is not assumed, as well as
the positivity of the ADM mass M. Thus, our result shows that no time advance occurs in
the spacetime region (G|M|)Y/(P=3) <« r and (GkQ?)'/2(P=3) « r even for the spacetime
with naked singularities®. This situation is beyond the general discussion by Gao and Wald
[7], where the global hyperbolicity is assumed.

4.2 Einstein—Euler—Heisenberg Theory

In this subsection, we will explore the time advance condition in the Einstein—Euler—
Heisenberg type of the effective field theory, where the Lagrangian is given by

S = (/dD v
QDz

1 1
2(D _ Q)G(R - 2A) - @F'MIF,U,V + alFMVFHVFpo—FpU + CYQFMVFPUFVPFO.H

(4.11)

From the general perspective of the effective field theory approach, our analysis corresponds
to neglecting the interactions that include spacetime curvatures among the fourth-order
derivative terms in the derivative expansions, such as R, o F'* FP7, Ry 00 RFVP.

Since the theory with the Lagrangian (4.11) is regarded as the leading order terms in
the derivative expansions, we treat the corrections from the oy and as terms perturbatively.

80ur analysis applies to the large r region of the super-extremal solution. The presence of a naked
singularity is not required, and such configurations naturally arise, for example, when an electron is located
at the center.

- 12 —



This treatment can be justified when the a; and as terms are sufficiently small, compared
to the Einstein-Maxwell terms in the action. As derived in Eq. (C.7) of the appendix C.2,
this requires either

2] . 2 1.2] .
il oy CRlail o g (4.12)

Gr? r2 Gr2?

Ea ™

In addition, the static, spherically symmetric solution includes the correction from the
Reissner—Nordstrom solution only in the order O(ee,). Therefore, we can use the Reissner—
Nordstrom solution as the background spacetime g, in the leading order analysis in O(e)
or O(gq).

Since no kinetic structures for gravitons are modified by Euler-Heisenberg correction
terms, the characteristic surface for the graviton propagation is governed by simply the
spacetime metric g,,,. Hence the analysis for the gravitational wave is same as the Einstein—
Maxwell case. On the other hand, the characteristic surfaces of the electromagnetic wave
include the corrections due to the terms proportional to «;. In order to obtain the effective
metric of the electromagnetic wave, we perform the mode decomposition of it. The analysis
in Appendix C.3.2 shows that the effective metrics for the scalar and the vector modes are
given as

(G " =g" — 8kaaF, F*, (4.13)

where A = {S,V} with ag = 4y + 2 for the scalar mode and ay = ay for the vector
mode ? . Then, substituting the components of the spacetime metric g, and the Coulomb
potential ®, we obtain

r2 2GM 1 GkQ?
f(r) = 1+€7 ~ ;D=3 + D —3,72D-3)

8k3Q%as  8k3Q%ay

2 2
o €27«2(D73) B 7“2(D72) +O(65aa€ 7504)7 (414)
16k3Q*
h(r)=1- Ta(zq})_zO;A +O(cca, €, €7,), (4.15)
9(7’) = 1+O(6€a,62,€3), (416)

where O(e) denotes the order of GM /rP=3, kGQ?/r*(P=3) while €, denotes the order of
k3Q%a; /r>(P=2) In terms of the notations in Eqs. (3.3)-(3.5), the non-zero coefficients can

be read as

fp_s = —2GM, (4.17)
GkQ? _

fap—s) = T_Q:a — 802K Q%aa, (4.18)

fop—2) = —8k*Q%aua, (4.19)

hQ(D—2) = —16]€3Q20£A. (420)

90ur expression for the effective metrics reproduces the result in Ref. [16] in the case of D = 4 flat
spacetime.

~13 -



From these coefficients, we can evaluate non-vanishing C,, as

1 D-2
_ 2D-5 1 2D -5 2 k2o
Cop_3) = “3(0_3) (2, 5 > GkQ <1 —8(D=3) 755 ) : (4.22)
1 2D-3
Cop_2) = 4(2D — 5)B <2, 5 ) Q. (4.23)

Thus, the system reduces to the 3-terms case with n;y = D — 3,ny = 2(D — 3) and n3 =
2(D —2).

As a consequence of the discussion in the previous section, provided that M > 0, the
time advance possibly occurs only when both Cyp_3) < 0 and Cyp_g) > 0 hold. These
conditions are expressed as

2G
0 _—, 4.24
SUSZD 3R (4.24)
More exactly, the conditions for the scalar and the vector modes are
2G
0<2 A 4.25
< 041+a2<16(D_3)k2, ( )
2G
0 _—, 4.26
S92 S 32 (4.26)

Then, as long as the approximations (3.45) and (3.44) are valid, there is a time advance
null geodesic with the turning point

1
Cps | 3772 2D -5 1 1
(i) Vap— gt~ R (420)

with
k:2
K= SP=3) 52%;4 . (4.28)
1-8(D—3)kpa

The small parameters €,,, €,, and ec of the perturbative expansion appearing in Egs.
(3.45) and (3.44) are expressed as

GkQ2 kQOéA K~ (D-2)

€ng ™~ €pg ™~ mm ; (429)
GM [ GkQ?\ ' [K2as\ " b

For the validity of the derivative expansion, &, should be small, which is written with «;
as

k2|0éi| kQOéA
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This implies that the smallness of €, is ensured by that of €,,.

For a given theory, that is, for given parameters £, ay, as as well as G,k and D, one
can always consider a solution which satisfies €,, < 1 by considering sufficiently small
Q. Then, ¢¢ < 1 can also be satisfied if one consider sufficiently small M. For such
parameters, we can apply the analytic result given in the previous section and conclude
the existence of time advance null geodesics. Thus, we found that for any parameter «;
which satisfies the conditions (4.25) and (4.26), there always exists a choice of a solution of
the equations of motion derived from the Lagrangian (4.11) which possesses time advance
null geodesics. As a result, if one requires that the Einstein—Euler—Heisenberg type of the
effective field theory does not possess any time advance null geodesic for any solution, the
allowed parameter region for a; and ag should be excluded from the conditions (4.25)
and (4.26).

Let us examine the property of the solution that possesses time advance geodesics in
more detail. First, we can find that GM? must be much smaller than kQ? because

GM?

k‘2
(D — S)TQ? = Xen, (1 —8(D — 3) G‘;‘;‘) < 1. (4.32)

This means that the solution with time advance geodesics is superextremal because

GM\?* 12 G 1 ) )
gy = <1—rD_3> + %+ 39 (D_ng —GM)

GM\? r? GkQ?

and hence there is no apparent horizon. Next, we can find that time advance geodesics
are passing through the region with negative quasi—local energy. To see this property, let
us investigate a generalized Misner—Sharp quasi—local energy mpss defined in Refs. [37—
43]. In the Reissner-Nordstrom-anti de Sitter solution (4.3)—(4.5), this local energy for an
r—constant surface is written as

2\ D3 kQ?

=—|f—-(14+—= =M- —7F——. 4.34
mMS(r) |:f < + £2>:| 2G 2(D _ 3)7.D—3 ( )
Using the expression for the radial coordinate r,, of the time advance geodesic estimated
in Eq. (4.27), the generalized Misner—Sharp quasi—local energy for the surface with this

radial coordinate r,, can be evaluated as

kQQ 1 ka4
mars(rm) ~ —2(D EpyEEp (1 ~1 (1 —8(D — 3)G€2) eo) : (4.35)

The smallness of ec implies that the last term on the right hand side of Eq. (4.35) is
negligible compared to the first term, meaning that the generalized Misner—Sharp quasi—
local energy mprs () is negative. This indicates that the necessity of the negative energy,
or, in other words, the violation of the weak energy condition, to realize this solution as
the exterior solution of some matter source with the regular center, instead of the naked
singularity.
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5 Summary and Discussion

In this paper, we investigate the conditions for the existence of time advance null
geodesics in a general static, spherically symmetric, asymptotically AdS spacetime, pro-
vided that the bulk causality is characterized by the effective metric. Under the approxi-
mations fp, /77, hn /77, gn /71, < 1, we obtain the sufficient conditions for a null geodesic
with the radial coordinate r,, at the turning point to be time advance, which are given
by Egs. (3.21) and (3.22). Then, we focus on two specific cases; one is the 2-terms case
where only two of (), are present, and the other is the 3-terms case where only three of
C,, exist. For the former case, we demonstrate that, if the coefficients satisfy C),, < 0 and
Cp, > 0, with the condition for the validity of approximation (3.29), there always exists a
time advance null geodesic whose turning point 7, is located in the region (3.27). For the
latter case, assuming that Cj,, > 0 holds, which corresponds to the positivity of the mass
M in Sec. 4, we find that if the other two coeflicients satisty Cy, < 0 and C),, > 0 along
with the additional assumption (3.36) to simplify the analysis, as well as the condition for
the validity of the approximations (3.44), there always exists a time advance null geodesic
located in the region (3.41).

Then, we apply the general discussion above to two specific physical systems, the
Einstein—-Maxwell theory and the Einstein—Euler—Heisenberg type of the effective field the-
ory. The former case is an example of the 2-terms analysis and we find that no geodesic sat-
isfies the sufficient conditions for time advance in the region where both (G|M|)/(P=3) « r
and (GkQ?)'/2(P=3) <« r are satisfied. Our results include the situation where the space-
time is super-extremal, or has a negative ADM mass. Hence, our results are beyond the sit-
uation included by the general discussion by Refs. [5-7], where the positivity of the mass or
the global hyperbolicity of the conformally completed spacetime is assumed. The latter case
is an application of the 3-terms case. We find that if the parameters of the Euler—Heisenberg
correction terms o and ao satisfy Eq. (4.24), that is, 0 < as < G£2/(8(D — 3)k?), there
always exists a choice of a solution with a positive ADM mass that admits time advance
null geodesics, though we find that such a solution must be superextremal and the time
advance null geodesics are passing through the region with the negative quasi—local energy.
Our result indicates that if we require that the Einstein—Euler—Heisenberg type of the ef-
fective field theory prohibits time advance for any choice of the solution of the equations
of motion, the parameters a; and as with the conditions (4.25) and (4.26) are excluded.
Thus, the parameters a; and as must satisfy

G
20&1 + o S 07 or m S 20[1 + a9, (51)
G
< —— < 9. 2
ag <0, or 8(D—3)k2_a2 (5:2)

In the flat limit ¢ — oo, our constraints (5.1) and (5.2) suggest that 2a; + ag and ay
must be negative to ensure the absence of time advance for any solution of the equations of
motion of this system. On the other hand, it is known that the positivity of 2a; + g and
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as 1Y is required to maintain analyticity, unitarity, causality, and locality in the ultraviolet

quantum field theory behind the Euler—Heisenberg effective field theory, at least in the
absence of graviton exchange [44-46]''. As examined at the end of Sec. 4.2, time advance
occurs only when a geodesic passes through a region with negative quasi-local mass in a
super-extremal spacetime. Therefore, the presence of such time advance geodesics would
indicate a lack of physical reasonability of the solutions.

Finally, let us comment and outline the potential future directions. Our conditions
for the time advance, Egs. (3.21) and (3.22), derived in the general setup can be applied
to any static, spherically symmetric, asymptotically AdS effective metric. Although we ex-
amined the application to the Einstein-Maxwell theory and the Einstein-Euler-Heisenberg
effective field theory in this paper, our general formula has a wide range of applicability.
For example, it is important including higher-curvature corrections and interactions be-
tween the electromagnetic field and gravity, such as R, ,c F'* F??, R, ,0 R*P7 terms, or
even higher-order corrections like R? 2. In addition, our current analysis is restricted to
static, spherically symmetric cases. Therefore, it is interesting to generalize this frame-
work to more complicated circumstances, such as, static-axially symmetric spacetimes, or
dynamical spacetimes.
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A Detailed Derivations

In this appendix, we present the details of the derivations of the expression for A¢ and
At, given by Egs. (3.16) and (3.17) respectively. The derivation is given in appendix A.1.
The form of At involves the hypergeometric function (A.23). In appendix A.2, some
properties of the hypergeometric function are shown.

A.1 Derivation of A¢ and At

A general static, spherically symmetric asymptotically AdS metric is given in Eq. (3.2).
Since the conformal transformation keeps each null geodesics unchanged, we factor out a

OFor D = 4, our Euler-Heisenberg term can be expressed as

1 vy\2 v o
= (@(FWF™) + 0B FFy F7¥) =

201 + 2

0 (B P 4 S (B F)R.

Q2
167
The positivity bound [44—46] requires the positivity of each coefficients in the right hand side.
"For more recent attempts to include the effect of graviton exchange, see, for example, Refs. [47, 48].
12The initial value formulation with such higher order derivative terms is discussed, for instance, in Ref.

[28].
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conformal factor such that the metric function of the spherical parts becomes simple,

Gudxtde” = g(r)gudxtde” = g(r) (—f(r)dt2 + ;Er)dr2 + T2dQ2D2) , (A.1)
r
where f(r) and h(r) are defined by
3 f 2 - fn
flr) = ggs :1+Z2+nz::lrn+0(62), (A.2)
= h(r) o I
h(r) = Foche 1+ nz:l wto (%), (A.3)
with
fn:fn_gn_ 92;2, (A4)
B = hy — 2gn. (A.5)

In the analysis of the null geodesic, we use g, instead of g,,, which makes the analysis
simpler due to the absence of g(r).
Let us evaluate A¢. By using f(r) and h(r), Eq. (3.15) can be expressed as

Ag = 2/ dr b\/> (A.6)

b2

By introducing a new variable z = r,,/r and rewriting the impact parameter b by b =

m/A\/ f(rm), the integral can be expressed as

AT/ =21 +Z (A7)

Ap=2 [ dz
/ VEm) = F(rm/2)22 =

where C,, are defined by

Cp = hp I + f, 1), (A.8)

and the integrals I,(ll) and IT(LZ) are defined by

1 n
1) ._ <
I - /O et (A.9)
1 1 Zn+2
2) .
1) ,_/O dz (—(1_22)3/2+ (1_22)3/2>. (A.10)

Note that the £ dependence in the function f is cancelled. The integral IT(ll) can be expressed
in terms of the integral representation of the beta function B(p, q)

1
B(p,q) = w = 2/0 dz 2271 (1 — 22971, (p,q>0), (A.11)
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as

1 11
1) =B < +"> . (A.12)
Note that for n = 0, we obtain I(()l) = 7/2. The integral L(f) can be expressed by le), and

hence expressed by the beta function as well, through the following calculation,

1 1 1 !
72 :/ d oyt <>
" 0o (1—22)3 : V1-22

P Lt 1 )
= |- + —(n+1)I,
[ V1-2? \/1—Z2}0 e
n+1 1 1+n
=— Bl = . A1l
2 (2’ 2 > (A-13)
By substituting the expressions (A.12) and (A.13) into Eq. (A.7) with Eq. (A.8), we obtain
Ap =7+ i Cn O(é%) (A.14)
n=1 'm 7
with
1 1 1+n ~ -
Co = 5B (2, 2) (hn— (14 m)f2) (A.15)
1 1 1+ 1+
=35 (535 (0t bt - gt ) (A0

Next, let us calculate At/¢ and derive Eq. (3.17). By using the functions f and h, the
expression for At/¢, Eq. (3.14), can be written as

At = 2/00 dr Ar) (A.17)
e Jiry1 - R

Again, by using the variable z = r,,, /7, At/{ can be expressed as
1 o) =. D, 9
At ==21; +TLZ::1T% +O(e?). (A.18)
Here we define the coefficients D,, by
Dy, = hy WV + frJ P, (A.19)

and the integrals J,gl) and J,(L2) by

1 n
(1) — z 1—w
Iy (w) - /0 dz T w? \/ 52 (A.20)

! 1 1 o VI—w (142w — 3wz?)
2)(w) ._/0 dz ( T2 S +2(1 - 22)% 0 w) > . (A21)
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Also we introduce the variable w < 0 by
W= ——. (A.22)

The integral J,(Ll) (w) can be expressed by the integral representation for the hypergeometric
function,

1
oF1(a,b,c;w) = 2 ] / dz 220711 = 22) 71 — w2?) 7Y, (A.23)

B(a,—a+c¢) Jy

which holds for complex parameters {a,b,c} satisfying Re ¢ > Re a > 0. Applying this
expression with the parameters a = HT”, b=1and c= § + 1, one can express Jr(Ll)(w) as

qul)( ) = §B (n—;l,;)\/ﬂzﬂ <142_n,1,72l+1;w>. (A.24)
In addition, w dependence can be simplified by using the Kummer’s relation,
2 F1(a,b,c;w) = (1 —w) % Fi(c—b,c—a,c;w). (A.25)
The result is
JW () = ;B(n;l ;>2F1 (Z ; 7;+1 w>. (A.26)

Note that for n = 0, the integral can be evaluated as J[()l)(w) = 7/2. The integral g
can be expressed by J,(LU through the integration by part, and hence expressed by the
hypergeometric function, as follows:

1 1 1 1 [1-w)
(2) — _ n+1
T (w) /0 dz ( \/1—w(1—22)3/2+z (1—fw22 1—22>

1
1 z 2 [T —w
\/1— V11— 22 l—wz2 1— 22 .

1 n+11 n ln
—(n+1)§B <2 2> oy <2 25 +1; w) (A.27)

(n+1)J (w)

Then, by substituting the expressions (A.26) and (A.27) into Eq. (A.18) with the definition
(A.19), we obtain

“At= 7r+2& +0 (), (A.28)
n=1

with

nln
—QFl (2,2,2—1—1,20) Cn (A29)
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Hence, we obtain

1 = Gy 5
At — A= — ) — , A.
;A=A n§:16 7%Jr(o(e) (A.30)
with
nln
Lw)=1—oF [ —, =, —+Lw). A.31
Bn(w) 2 1(2 5 2+ w> (A.31)

A.2 Properties of S, (w)

In the analysis of time advance conditions, we need to understand the properties of
Brn(w). In this appendix, we investigate it. Note that n and w satisfy n > 1 and w < 0,

respectively.
From the integral expression of the hypergeometric function (A.23), 3, can be repre-
sented as
1 Y 1

Bn(w)=1+n (A.32)

dz——.
V14 |w|z?
Since the integrand is negative and an increasing function of |w|, we obtain 3, (w) < 1 and

Bn(w) > B,(0) = 0 respectively, and thus 0 < f,(w) < 1. In addition, by the integration
by part, S, (w) can be expressed as

1
w) =1 —/ dz———F—
1+ |w|z?

z
7 |/ A
1—|—|w|z2] 1+yw|z2)%
1 Zn—‘rl

=1 - — w dz—m8M8M. A.
v "/o (14 |w|z2)? (439

This expression implies the monotonic increase of 3, (w) with respect to n, i.e.,

IBTll (w) < ﬁnz (U}), (A34)

for any 1 < ny; < neo, because —z™ < —2z™ holds in 0 < z < 1. Therefore, for a given
w < 0, the lower and upper bounds for 5, (w) are given by £;1(w) and S (w) respectively,
which are explicitly written as

sinh ™!\ /|w]

Bu(w) = 1- , (A.35)
V]

o) =1~ —— (A.36)

o(w) =1— ——. .
1+ |w
Thus, we can strengthen the inequality 0 < 8, (w) < 1 to
sinh™ 4/ |w]|
0<1 < Pp(w) <1-— <1 (A.37)
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We also evaluate the ratio of 3, as '3

1

1—
= B (w) © Biw ) T sl <3 (A.38)
Vel

for ny < ny. Thus, the ratio (,,/fn, can be regarded as O(1) quantity.

B Time advance analysis of the case 7 < A¢ < 27

In the main section, we focus only on the case 0 < A¢ < w. In this appendix, we
investigate the case with m < A¢ < 27 and show that the conditions on the metric functions
for the time advance are the same as in the case with 0 < A¢ < 7.

For m < A¢ < 27, the coordinate of the end point ¢ of the boundary—to—boundary
null geodesic (see Sec. 2 for the details) is

¢ =—(2r —A¢) (<0). (B.1)

Then, the time advance conditions, that is, the violation of Eq. (2.5) is written as

{71' < A¢ < 2m, (B.2)

At —0(2m — Ap) <0

In the general static, spherically symmetric asymptotically AdS metric (3.2), At — (27 —
A¢) is written as

At/ — (21 — A@) = At/l — A + 2(Ad — )

= C
=> (2= B +0(). (B.3)
n=1 m
Therefore, the time advance conditions are written in

0<Z—<7r (B.4)

nlm

> - 5n o <0. (B.5)
n=1

m

Since the condition € < 1 can be expressed as |Cy,|/rl, < 1, Y 07 | C,/rl cannot attain a
value close to 7, and thus, Eq. (B.4) can be simply written as

Z > (B.6)

13The function (1 —1/4/1+ |w|) / (1 —sinh™t/ \w|/\/|w|) is decreasing function of |w| and the value

in the limit |w| — 0 is 3.
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After performing the transformation

, 1

Bum s Chi= (2= 6)Ch, ®.7)
Egs. (B.5) and (B.6) can be rewritten as
F = i C—rfl <0, (B.8)
n=1"'m
G = iﬁ,’l% > 0. (B.9)
o=l 'm

With the properties of 3, given in Egs. (3.19) and (3.20), we can derive the corresponding
properties of 3], as follows:

1
5 < Bl <1, (B.10)
/ /
1
1<%<B¥°°<7:27 for mg > ny. (B.11)

o B 1)/2
Therefore, by replacing F, G, C,, and 3, with F', G, C!, and 3/, respectively, the analysis
conducted in Sec. 3 applies in parallel.

Since (2 — f3},) is of order unity, the order of CJ, is the same as that of C,. Then, the
conditions for the perturbative expansion written in C,, directly apply to this case. Thus,
supposing Eq. (3.29) holds for the 2-terms case, and Eqgs. (3.44) and (3.45) are satisfied
for the 3-terms case, time-advance null geodesics exist in each case. As a result, the time
advance conditions are the same as those in the case with 0 < A¢ < 7.

C Einstein—Euler—Heisenberg theory and Effective Metrics

In this appendix, we present the detailed analysis about the Einstein-Maxwell theory
with the higher derivative corrections. The action is given in Eq. (4.11). A goal of this
appendix is to derive the effective metrics for the electromagnetic wave.

C.1 Equations of Motion

The modified Einstein equation derived from the action (4.11) is written as

1 1
m (R,uzx - ERgW + Agw,> - T/w =0, (C'l)

where T}, is the energy momentum tensor of electromagnetic field with Euler—Heisenberg
correction terms given by

| 1,
Tul/ = E <F/LO¢FI/O{ — ZF g/“/)

+ oy ((Fngp”)2gW - SFPUFPUFfF,,ﬁ)

+as (FaﬁFpﬂFUﬂFmgW - 8FH’\FV5F/\’)F5P) . (C.2)
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Similarly, the modified Maxwell equation derived by the variation of the action (4.11) with
respect to the Maxwell field A, is written as

1
SV F = 5 =0, (C.3)

where

SH = 8ay (2F,, V, FP* F' + F2V, F*)
+8aa(V, F,, POV FHP + F,, N, FOVFFP + F, ,F7VN , FFP). (C.4)

C.2 Static Spherically Symmetric Solutions

Let us derive the static, spherically symmetric solution of the modified Einstein—
Maxwell equations, considering the linear perturbations around the Reissner—Nordstrom—
anti de Sitter solution with respect to the coupling constants «;. Such treatments are
valid when the corrections with «; are not the leading order contributions in the equations
of motion. This is satisfied if the terms with a; are much smaller than (at least) one
of the terms in the Einstein-Maxwell Lagrangian. The leading-order contribution of the
Einstein—-Maxwell Lagrangian is the order of

m,\,i’ or EFQZ LQQ ~ (C.5)
G G k r2(D=2)  Gr?
Here, the parameter € represents ¢ ~ GM/?“D_B,Gsz/TQ(D_?’) < 1, which we assumed
in the analysis of the time advance (see above Eq. (3.16)). Since the terms with «; are
expressed as

k,4 4 € 2
) nZ S ~ oy le2
o F* = O‘lr4(D—2) ok <Gr2> , (C.6)
for the smallness of the «; terms, either
kz‘aﬂ 52 kz‘aﬂ 2
€a ™~ " e<1l or 22 € <1 (C.7)

is required to be satisfied.

Under these assumptions, the spacetime metric

- h
Gudatde” = —f(r)dt® + fET;drz + r2g(r)dQ3,_, (C.8)
r
and the electrostatic potential
A, dzt = —(r)dt, (C.9)
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are obtained as

~ r2  2GM 1 GkQ?
fr)=1+ 2 D=3 + D —3,2(D-3)
4 K200 +ag) [ GEQ? \? )
T3D-7 G2 (rQ(D_?’) +0(%)

r2  2GM 1 GkQ?

= 2
bt 2 D=3 " D _3,2(D-3) +0 (ecases) s (C.10)
hlr) =1, (C.11)
9(r) =1, (C.12)

and

R 8(D — 3) K220y + o) GhQ? ,
lr) = D—er—3< “3p-7 o o O] (C-13)

These results are obtained in a manner analogous to studies in the context of nonlinear
electrodynamics [49-56] and effective field theory [46, 57-62], where the analysis has been
limited to the cases with D = 4, without the cosmological constant, or both. As long
as we focus on the leading order contributions of order O(e, ¢, ), the contribution from
the order O(ee,) can be neglected. Therefore, the expression (C.10) indicates that we
can use Reissner—-Nordstrom solution as the background metric even in the analysis of the
Einstein—Euler—Heisenberg theory.

C.3 Effective Metrics for Photon Propagations

In the Einstein—Euler—Heisenberg theory, the kinetic terms of the Maxwell field are not
in the canonical form. Therefore, the orbits of the fastest propagation are not described
by the null geodesics with respect to the spacetime metric. Causality can be understood
through the characteristics [10], and is often expressed in terms of the effective metric.
We present the characteristics of the Einstein—FEuler—Heisenberg theory in appendix C.3.1,
and subsequently derive the effective metrics for the scalar and the vector modes of the
Maxwell field in appendix C.3.2. Note that the effective metrics for gravitons are the same
as those in the Einstein—-Maxwell theory, that is, they match the spacetime metric.

C.3.1 Characteristic Matrix

Here we investigate the characteristics of the modified Einstein-Maxwell equation in
the Einstein—Euler—Heisenberg theory. Let us consider the first-order perturbations around
the static, spherically symmetric solution presented above,

Juv = g,uu + huw (0'14)
A, =A,+ 04, (C.15)

and read the structures of the kinetic terms.
Since the highest-order derivative terms of the perturbations are essential for the causal
structure, as discussed in the context of characteristic hypersurfaces [10], we focus only on
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these terms. The equation for the characteristics is obtained by replacing the partial
derivative 0, with the normal vector ¢, of the characteristic surface in the highest-order
derivative terms. We adopt the notation commonly used in the analysis of characteristics,
specifically using the symbol = to denote the operation where only the terms containing
the highest-order derivatives are shown, specifically those with second-order derivatives in
our case.

Since the second order derivatives are included only by the following quantities,

VuF,, = (CuC,jéAp — C“CpéAl,) , (C.16)
1

Ry = 5 (26aCuhy = Chyw = Guoh) (C.17)

R = GG — Ch, (C.18)

the highest derivative terms in the modified Einstein-Maxwell equations (C.1) and (C.3)
can be expressed as

1 1 : 1 o
W(sz = 59w + Agu) = Ty = mpuvp P (C.19)
and
1 v [ 1 ;P
where P, and PHP are given by
B 1.5 1 B 1 B 1
Puu;po’ - Caé(ugu)p - 5( gu(pga)u - ig,ugugpa - igpgag/w + ig,uugpac ’ (C‘21)

and

PP = (CHCP = ¢Pg"") + 8kan (F?¢Pg7 — F2CHCP + AF™ PTG, ()
+ 8ka2 (F#VFPUCVCU + FW’FPT<2 + FTVF’FﬁCVCﬁgHP - FUTFHTCPCU - FJTFPTQLHCG)'
(C.22)

Since the characteristic matrix for both gravitational waves and electromagnetic waves is
block-diagonal, we can discuss each wave separately. The characteristic matrix for grav-
itational waves (C.21) is the same as that in the Einstein-Maxwell theory, and thus the
causality for gravitational waves is expressed by the spacetime metric as usual. Therefore,
we will focus only on analyzing the characteristic matrix for the electromagnetic waves.

C.3.2 Effective Metric for Photons

Let us derive the effective metric for photons. Subscripts and superscripts ¢, j represent
the coordinates of Sp_s in Eq. (3.2), while subscripts and superscripts a, b correspond to
those of the other two coordinates in g,,dr?dz® = —fdt?> + (h/f)dr?. Let D; denote the
covariant derivative with respect to the metric on Sp_s. Due to the symmetry of Sp_o, 64,
can be decomposed into scalar and vector modes of Sp_s. The components of A, behave
as scalars, while dA; includes one scalar and several vector modes. This decomposition
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utilizes the proposition that outlines the decomposition of vectors and symmetric tensors
on compact manifolds, as demonstrated in Ref. [63]. The decomposition of §A,, is given by

§A% = 6AO)e (C.23)
5A" = DA 4 540 (C.24)

with
D6 AN =0, (C.25)

where the labels (©) and (V) denote the scalar and vector components, respectively.

Vector mode First, we focus on the vector mode A%, The vector components satisfy
Eq. (C.25), which means that, in terms of (# the basis e(LDr of vector mode satisfies

el =0, (C.26)

where [ is for the label of the orthonormal basis of vector modes, that is, guye(l’l)“e@‘])” =

617, Since the ¢- and r-components of the vector modes vanish, any vector mode is com-

posed of (D — 3) basis vectors eD. Operating the vector bases e and el on the
characteristic equation (C.22), we obtain
priretDe(l7) = (gW — 8kay F2gM — 8ka2FW’FVp> CuCot. (C.27)
Then, the characteristic surface for every vector mode is given by
(g“” — 8k F2g — 8ka2F“pF”p> ¢uC = 0. (C.28)

By applying this equation recursively, one can see that the a; term is higher order in &,.
Thus, we obtain

(g“” - 8ka2F”pF”p> (uCy =0, (C.29)

and we can read the inverse of the effective metric as
(g _1)“” =g" — 8k:oz2F“pF”p. (C.30)

Scalar mode Now, we derive the effective metric of the scalar mode. The scalar degrees
of freedom of §A* are §A®® and A in Egs. (C.23) and (C.24), the number of which is
three. Since the theory is invariant under the U(1)-gauge transformation A, — A, + 0,A,
A, includes the gauge degree of freedom, which appears in the scalar sector. In the analysis
of the characteristic matrix, the components corresponding to the gauge degrees of freedom
should be removed. In this paper, the directions of the propagations that we consider have
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the angular directions'?, and thus, ¢- and r-components and (# can be the basis of scalar
mode. Since (* corresponds to the gauge mode, the characteristic matrix should only be
constructed using the ¢- and r-components.

Using the fact that in our analysis F* has only the (¢,7)-component, the (¢,t)-, (r,7)-
and (t,r)-components of Eq. (C.22) are calculated as

PHl = (= [1 = 4k(200 + ) F?] (% — ¢'G) + 8k (200 + ) F2C7¢) g, (C.31)
P = (= [1— 4k(201 + ) F?] (P = ¢"¢) + 8k (201 + a2) F2('¢) ', (C.32)
P = Prit = [1 - 12k(201 + a2)F?] ¢'¢". (C.33)
The determinant of the characteristic matrix
fPt;t fPt;r
s = . R C.34
M (fpr,t 7)7',7") ( )

for the scalar mode is

8k(201 + ag)F? .
1— 4]{3(2@1 + O[2)F2 (C Ct +C C’I”)

~ [1 - 4k(201 + ag)ﬁf C'¢;g"g™ [¢* — 8k(2a1 + an) F? (('¢ + ¢"¢)] - (C.35)

det My = [1 — 4k(201 + an) F?)* C'¢igt'g"™ [@ -

Then, det My = 0 is satisfied when
(g‘”’ — 16k(201 + ag)FW’F”p> ¢l =0 (C.36)

holds, implying that the inverse of the effective metric is

(@ ~HM = g" — 8k (4o + 200) FHPEY . (C.37)
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