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Neutron stars (NSs) probe the high-density regime of the nuclear equation of state (EOS). How-
ever, inferring the EOS from observations of NSs is a computationally challenging task. In this work,
we efficiently solve this inverse problem by leveraging differential programming in two ways. First,
we enable full Bayesian inference in under one hour of wall time on a GPU by using gradient-based
samplers, without requiring pre-trained machine learning emulators. Moreover, we demonstrate
efficient scaling to high-dimensional parameter spaces. Second, we introduce a novel gradient-based
optimization scheme that recovers the EOS of a given NS mass-radius curve. We demonstrate how
our framework can reveal consistencies or tensions between nuclear physics and astrophysics. First,
we show how the breakdown density of a metamodel description of the EOS can be determined
from NS observations. Second, we demonstrate how degeneracies in EOS modeling using nuclear
empirical parameters can influence the inverse problem during gradient-based optimization. Look-
ing ahead, our approach opens up new theoretical studies of the relation between NS properties and
the EOS, while effectively tackling the data analysis challenges brought by future detectors.

I. INTRODUCTION

The nuclear equation of state (EOS) remains un-
certain and an open problem in physics [1–4]. Nu-
clear experiments only constrain its lower density be-
havior, i.e., around the nuclear saturation density,
ρsat ≡ 2.7× 1014 g cm−3 (or equivalently, a baryon num-
ber density of nsat ≡ 0.16 fm−3). For instance, exper-
iments measuring the neutron-skin thickness of atomic
nuclei constrain the symmetry energy at nuclear satu-
ration [5–10], while heavy-ion collisions uniquely probe
isospin-symmetric matter above the nuclear saturation
density [11–14]. In addition, nuclear theory calculations
provide constraints on isospin-asymmetric matter up to
two times the nuclear saturation density [15–17].

Matter at the most extreme densities, up to 6−8nsat, is
only realized inside neutron stars (NSs), the remnants of
core-collapse supernovae [18]. Their macroscopic prop-
erties, such as mass, radius, quadrupole moment, and
tidal deformability, are determined through the Tolman-
Oppenheimer-Volkoff (TOV) equations, which require
the EOS for closure. Consequently, measurements of
NS properties can then be used to infer the EOS [19],
which is referred to as the inverse problem of NSs. Sev-
eral such measurements are now available. For instance,
precise radio timing of binary pulsar systems determines
the masses of NSs [20, 21]. Furthermore, pulse-profile
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modeling of X-ray emissions from hotspots of millisecond
pulsars provides joint estimates on the mass and radius
of NSs [22], and has been achieved with the Neutron star
Interior Composition ExploreR (NICER) [23–29]. Addi-
tionally, the tidal deformability of NSs leaves a measur-
able imprint on gravitational waves (GWs) emitted dur-
ing the inspiral and merger of binary neutron star (BNS)
systems. This way, GW170817 [30, 31], the first BNS
merger observed by Advanced LIGO [32] and Advanced
Virgo [33], provided the first estimates on NS radii de-
rived from GWs [34].

Constraining the EOS with input from nuclear physics
and astrophysics is commonly done with Bayesian infer-
ence [13, 35–60] (see Ref. [61] for a recently compiled
overview of EOS constraints). However, current inference
methods remain computationally expensive, particularly
when directly sampling a set of EOS parameters, as this
requires solving the TOV equations on the fly for millions
of samples. This computational burden will hinder our
ability to extract precise EOS constraints from NS data
delivered by future experiments, such as upcoming X-
ray telescopes (e.g., eXTP and STROBE-X [62–64]) and
the next-generation of ground-based GW detectors (i.e.,
the Einstein Telescope [65–68] and Cosmic Explorer [69]).
For example, next-generation GW observatories are pro-
jected to detect approximately O(105) BNS mergers an-
nually [66, 70]. These experiments will measure NS radii
potentially with an unprecedented accuracy of 10 − 100
meters [71–75]. This increase in both the quantity and
quality of observations highlights the need for more effi-
cient inference methods for the inverse problem of NSs.
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Ideally, such methods should be capable of solving the
TOV equations on the fly to ensure accurate and robust
EOS constraints.

One possible solution, thoroughly explored in past
works, is to resort to machine-learning surrogates. For
instance, previous works have accelerated the TOV solver
by replacing it with machine learning-based approxi-
mations using regression methods [76, 77], neural net-
works [78–84], support vector machines [78], Gaussian
processes and reduced basis methods [81], and dynamic
mode decomposition [85] (see Ref. [86] for a review).
Other works, rather than relying on traditional sam-
pling techniques, use machine learning models to di-
rectly recover the EOS from NS data, e.g., with neural
networks [87–102], normalizing flows [103–105], trans-
formers [106], principal component analysis [107], and
symbolic regression [108, 109]. However, training these
surrogate models can take on the order of hours [110]
to weeks [105] (depending on the model complexity
and hardware used for training) and requires additional
modeling efforts. Moreover, we are often interested in
comparing inferences with different parameterizations or
prior assumptions. Since emulators must be retrained
whenever these change, their computational speed-up
comes at the cost of reduced flexibility in inference.

In this work, we propose an alternative solution to effi-
ciently solve the inverse problem of NSs without resorting
to machine-learning emulators. In particular, we lever-
age differential programming and hardware acceleration
with graphical processing units (GPUs) to infer the EOS
from NS properties in two ways. First, we make Bayesian
inference of the EOS from NS data in high-dimensional
EOS parameter spaces computationally efficient. Second,
we introduce a gradient-based optimization scheme that
can recover the parameters of the EOS underpinning a
given NS mass-radius curve. While the former method
can take observational uncertainties into account, the lat-
ter can be used to improve our understanding of how ac-
curate knowledge of NSs propagates into constraints on
the EOS.

This paper is organized as follows. In Sec. II, we pro-
vide an overview of the EOS parametrization used in this
work, and discuss Bayesian inference and our gradient-
based optimization scheme. In Sec. III, we validate the
results obtained with our Bayesian inference code and in-
vestigate its scaling as a function of the dimensionality
of the EOS parameter space. Moreover, we demonstrate
how our framework can deliver insights into the inverse
mapping from NS data to EOS parameters. Finally, we
discuss our results in Sec. IV and conclude in Sec. V.

II. METHODS

A. Equation of state

Several approaches exist to parametrize the EOS with-
out resorting to a specific physical description of supra-

nuclear matter. These include piecewise polytropes [111–
115], the spectral representation [116–120], a speed-of-
sound parametrization [121, 122], and non-parametric
models based on Gaussian processes [123–125] or neural
networks [126]. In this work, we adopt the parametriza-
tion of Ref. [61].
At the lowest densities, up to 0.5nsat, the crust EOS

is fixed to the model from Ref. [127]. At densities just
above the crust-core transition, we assume that mat-
ter consists solely of nucleonic degrees of freedom in β-
equilibrium and use a metamodel (MM) parametrization
of the EOS [128–130]. This parametrizes the energy per
nucleon

e(n, δ) = esat(n) + esym(n)δ
2 +O(δ4) , (1)

where n represents the baryon number density and
δ = (nn − np)/n is the asymmetry parameter, nn and
np denote the neutron number density and the proton
number density, respectively. The isoscalar (saturation)
energy esat and the isovector (symmetry) energy esym are
defined as a series expansion in x = (n−nsat)/3nsat. The
Taylor expansion of the former is given by

esat(n) = Esat +
1

2
Ksatx

2 +
1

3!
Qsatx

3 +
1

4!
Zsatx

4 + . . . ,

(2)

Throughout this work, we fix Esat = −16MeV and
nsat = 0.16 fm−3. The expansion of the symmetry en-
ergy is given by

esym(n) = Esym + Lsymx+
1

2
Ksymx

2

+
1

3!
Qsymx

3 +
1

4!
Zsymx

4 + . . . .

(3)

The expansion coefficients in Eqs. (2) and (3) are referred
to as the nuclear empirical parameters (NEPs). The MM
parametrization allows us to incorporate constraints from
nuclear-physics experiments or compare them with simi-
lar constraints obtained from astrophysical observations.
For instance, the slope of the symmetry energy Lsym is
correlated with both the neutron-skin thickness as well
as the radii of NSs [131–133].
However, this parametrization, describing nucleonic

degrees of freedom, is inadequate to model the higher-
density regime probed by NSs, as new degrees of free-
dom might become relevant [134–136], possibly with a
phase transition [137–143]. Therefore, we use a phe-
nomenological and model-agnostic approach at higher
densities. Specifically, we use a speed-of-sound extension
scheme (CSE) parametrization above a breakdown den-
sity nbreak, which is varied freely in our parametrization
within 1− 2 nsat [121], unless stated otherwise. At den-
sities above nbreak, we parametrize the speed-of-sound cs
using a non-uniform grid of points in the (n, c2s)-plane
and construct the full speed-of-sound profile with linear
interpolation. We extend this CSE to 25nsat, the end-
point of our EOSs, for which c2s is also sampled. The
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speed-of-sound curve from the CSE parametrization is
then matched to that of the MM parametrization with
cubic splines. The EOS can then be derived from the
speed-of-sound curve, see Ref. [144].

We refer to the parameters of our parametrization, en-
compassing the NEPs and the CSE grid points, as θEOS.

B. Neutron star observables

The macroscopic properties of non-spinning, isolated,
spherically symmetric NSs are determined through the
TOV equations [145, 146], the general-relativistic equa-
tions determining hydrostatic equilibrium1:

dp

dr
= −ε(r)m(r)

r2

[
1 + p(r)

ε(r)

] [
1 + 4πr3p(r)

m(r)

]
[
1− 2m(r)

r

] , (4)

dm

dr
= 4πr2ε(r) , (5)

where ε is the energy density, r is the radial coordinate
from the center of the NS and m(r) is the mass contained
in a sphere of radius r. Here, we employ units where
G = c = 1. The system of equations is closed by the EOS,
which links pressure and energy density. Given a central
pressure pc of the NS, the TOV equations can be inte-
grated outwards, with boundary conditionsm(r = 0) = 0
and p(r = 0) = pc, until we reach the boundary of the
star where p(r = R) = 0. This gives the star’s radius R
and gravitational mass M ≡ m(R). Repeating this pro-
cedure for various pc provides the mass-radius relation of
NSs for that EOS.

When an NS is placed in a static, external quadrupolar
tidal field Eij , it develops a quadrupole moment Qij [148–
150]. This induced deformation is described by the ℓ = 2
eigenfunctions of the oscillations and, to linear order,
takes the form Qij = −λEij , where λ is related to the
second tidal Love number k2 through k2 = 3

2λR
−5. We

refer readers to Refs. [148–150] for further details. These
tidal deformations occur, for instance, in BNS systems,
where the gravitational field of each NS induces the tidal
effects deforming its companion. This leaves an imprint
on the phase of the GWs emitted during inspiral. In par-
ticular, the GW emission depends, at leading order, on
each star’s dimensionless tidal deformability parameter
Λ, which is defined as

Λ =
2

3
k2

R5

M5
. (6)

1We refer readers to Ref. [147] for a didactic derivation of the TOV
equations.

C. Differentiable programming

Differentiable programming is a programming
paradigm that enables the end-to-end differentiation
of computer programs [151–153]. The derivative is
computed with automatic differentiation, which exploits
the fact that all numerical calculations are composed
of elementary operations. The derivatives of these
operations are accumulated during runtime to efficiently
evaluate the gradient of a program.
As a result, the parameters used in a program can eas-

ily be optimized using, for instance, gradient descent. If
the program expresses a function L(θ), then gradient de-
scent iteratively adapts the parameters θ along the gra-
dient of the objective function:

θ(i+1) ← θ(i) ± γ∇L(θ(i)) , (7)

where the hyperparameter γ is often referred to as the
learning rate and the plus sign (minus sign) is used when
maximizing (minimizing) the objective function L.
In this work, we use jax [154, 155], which provides the

aforementioned automatic differentiation capabilities in
Python. Moreover, jax can compile Python code and ex-
ecute it on hardware accelerators, such as a GPU. To ex-
ploit these features, we have developed a Python package
implementing jax-based EOS code and a TOV solver,
called jester.2 With jester, we can efficiently evalu-
ate the derivative of any numerical function that depends
on the EOS parameters, even if it involves solving the
TOV equations to obtain the macroscopic properties of
the NS as an intermediate step. In the following sections,
we introduce how we leverage automatic differentiation
in gradient-based samplers and a novel gradient-based
inversion scheme for NSs.

D. Bayesian inference

The inverse problem of NSs (i.e., inferring the EOS
from NS data) is often tackled with Bayesian infer-
ence, where the goal is to infer the posterior distribu-
tion P (θEOS|d) of the EOS parameters given a dataset d,
representing either NS observations or constraints from
nuclear physics. This is achieved by using Bayes’ theorem

P (θEOS|d) =
P (d|θEOS)P (θEOS)

P (d)
, (8)

where P (d|θEOS) is the likelihood function, P (θEOS) the
prior distribution and P (d) the Bayesian evidence.
Since the posterior distribution is in most practical ap-

plications analytically intractable, one has to sample it
numerically with methods such as nested sampling [156]

2https://github.com/nuclear-multimessenger-astronomy/

jester

https://github.com/nuclear-multimessenger-astronomy/jester
https://github.com/nuclear-multimessenger-astronomy/jester
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or Markov chain Monte Carlo (MCMC) [157]. In this
work, we use flowMC [158, 159], which evolves Markov
chains along the gradient of the likelihood toward high-
likelihood regions [160]. Moreover, to improve the sam-
pling efficiency, normalizing flows (NFs) are used as pro-
posal distributions. NFs are a class of deep-learning mod-
els that offer tractable representations of complex prob-
ability distributions [161, 162]. During sampling, the NF
is trained on-the-fly from the available MCMC samples,
after which it is used as global proposal distribution, im-
proving the mixing of the chains.

E. Equation of state constraints

In this work, we consider constraints on the EOS from
chiral effective field theory (χEFT), mass measurements
of heavy pulsars, mass-radius constraints provided by the
NICER experiment, and the tidal deformabilities mea-
sured in GW170817. Below, we provide more details on
each of these constraints.

1. Chiral effective field theory

At low energies, χEFT provides an expansion of the
nuclear Hamiltonian in terms of the nucleon momenta
over a breakdown scale [163, 164]. After truncating the
expansion at a certain order, the nuclear many-body
problem involving the Hamiltonian can be solved nu-
merically, from which the EOS follows. The truncation
introduces theoretical uncertainty, which, however, can
be systematically estimated [16, 17, 165, 166]. As a re-
sult, χEFT provides an uncertainty band for the EOS,
bounded by two pressure curves p−(n) and p+(n). We
constrain the EOS using this band, following an approach
similar to Ref. [61]. In particular, the calculation done
by Ref. [61] yields a score function f(p, n) that quantifies
the consistency between a given EOS and the χEFT pre-
diction. Given this score function, the likelihood is given
by

P (θEOS|dχEFT) ∝ exp

(∫ nbreak

0.75nsat

log f(p(θEOS;n), n)

nbreak − 0.75nsat

)
.

(9)
We utilize the pressure band from Ref. [15], which
extended calculations for pure neutron matter to β-
equilibrium, making it applicable to NS EOS.

2. Mass measurements of pulsars

Mass measurements of the heaviest known pulsars, ob-
tained by evaluating relativistic effects in radio timing,
provide a lower bound for the maximal mass of an NS,
also referred to as the TOV mass MTOV. Here, we con-
sider three massive pulsars: PSR J1614-2230 [21, 167]
with a mass of 1.937±0.014M⊙, PSR J0348+0432 with a

mass of 2.01±0.04M⊙ [168],3 and PSR J0740+6620 with
a mass of 2.08± 0.07 M⊙ (but see also Refs. [170, 171]).
All values are quoted at the 68% credible level. Radio
timing measurements dradio give a posterior on the pul-
sar mass P (M |dradio), which is well approximated by a
normal distribution with the mean and standard devia-
tion values quoted above. For each pulsar, the likelihood
on the EOS parameters is then

P (θEOS|dradio) ∝
1

MTOV

∫ MTOV

0

P (M |dradio) dM ,

(10)
where the EOS dependence is implicit in MTOV and we
assumed a uniform distribution on the masses.

3. NICER

Pulse profile modeling of NICER data has provided
mass-radius posteriors for various pulsars [26–29, 172,
173]. In this work, we limit ourselves to those of
PSR J0030+0451 and PSR J0740+6620. These analy-
ses have later been refined with more accumulated data
and advanced models for the hotspots and instrument
response [174–176]. We use posterior samples on the
masses and radii from the public data releases [177–180].
Their distributions P (M,R|dNICER) are approximated
by a Gaussian kernel density estimate. In our inference,
we sample the mass M of each pulsar from a uniform
prior distribution and compute the likelihood as

P (θ|dNICER) ∝ P (M,R(θEOS;M))|dNICER) , (11)

where the parameters θ consist of the EOS parameters
and the pulsar masses.

4. GW170817

Finally, we consider constraints from tidal deformabil-
ity measurements of GW170817.4 For this, one first has
to determine the posterior distributions on the source pa-
rameters θGW of GW170817 [182–184]. Here, we take the
posterior samples produced by the analysis of Ref. [185],
which obtained the posterior using Jim [185–187], a GW
inference toolkit implemented in jax able to perform fast
Bayesian inference on GW signals. The samples are pub-
licly available at Ref. [188].
From the posterior on the detector-frame chirp mass,

the mass ratio, and the luminosity distance, we infer the

3Note that recent work [169] argues the mass to be ∼ 1.8M⊙. How-
ever, in this work, we stick to the mass estimate determined previ-
ously, to allow for a direct comparison to Ref. [61].

4The second observed BNS candidate so far, GW190425 [181], does
not significantly constrain the EOS due to its lower signal-to-noise
ratio and larger component masses, and therefore will not be con-
sidered in this work.
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source-frame component massesMi using the linear Hub-
ble law, where i = 1, 2 labels the two components of
the binary. For the inference on the EOS, we then con-
sider the marginalized posterior distribution on Mi and
the tidal deformabilities Λi. Contrary to the case of the
NICER mass-radius posteriors, a Gaussian kernel density
estimate provides a poor approximation of this distribu-
tion. Therefore, we train5 an NF to obtain a tractable
and more accurate approximation of the marginal poste-
rior density, which we denote by PNF(Mi,Λi|dGW). Dur-
ing inference, we sample the binary component masses
Mi and use the likelihood function

P (θ|dGW) ∝ PNF(Mi,Λi(θEOS;Mi)|dGW) , (12)

where θ consists of the EOS parameters and source-frame
component masses of GW170817.

F. Gradient-based inversion

To assess how detailed knowledge on NS properties
propagates to the EOS and the parametrization we em-
ploy for it, we have to invert a complete mass-radius re-
lation R(M) or mass-tidal deformability relation Λ(M).
Here, we show that such an inversion can be achieved
by employing a gradient-based optimization approach for
the EOS parameters, as an alternative to Bayesian infer-
ence, as the latter can be quite computationally expen-
sive.

In practice, we consider N = 500 masses Mi, evenly
spaced in the range [1.0M⊙,MTOV], and the correspond-

ing radii R̂i and tidal deformabilities Λ̂i of the “target”
EOS, denoted by a hat. We have found that the results
of the recovery do not significantly depend on the value
of N and the spacing of the masses. The lower bound on
the mass is conservatively chosen below the lowest reli-
ably observed NS mass to date [190].6 We then measure
the distance between a sample θEOS, with corresponding
values for the tidal deformabilities Λi(θEOS) at Mi, and
the target NS values with the following loss function:

L(θEOS) =
1

N

N∑
i=1

∣∣∣∣∣Λi(θEOS)− Λ̂i

Λ̂i

∣∣∣∣∣ . (13)

By starting from a randomized initial position in the
EOS parameter space and iteratively performing gradi-
ent descent on this loss function, we aim to recover a set
of EOS parameters that matches the given mass-tidal-
deformability relation. In particular, we use the Adam

5Training this NF takes less than <∼ 15 minutes on an NVIDIA A100
GPU using FlowJAX [189].

6Note that an NS candidate with a mass of ∼ 0.77M⊙ was proposed
in Ref. [191], though.
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FIG. 1: Illustration of the gradient-based inversion
scheme recovering a given mass-radius relation of NSs.
The color gradient shows the different iterations while
performing gradient descent on the objective function
of Eq. (13). The gradient is computed with respect to
the EOS parameters throughout the TOV equations us-
ing automatic differentiation. The top panel illustrates
the trajectory of the EOS parameters, showing only
Lsym and Ksat for simplicity.

optimizer, which stabilizes the descent with adaptive es-
timates of the first and second moments of the gradi-
ents [192]. Figure 1 illustrates our optimization algo-
rithm. The NS curve of the EOS at the final iteration
deviates from the target NS family with an error less than
100 meters in radius and less than 10 in tidal deforma-
bility for the mass range considered during optimization.

While preparing our manuscript, Ref. [193] also intro-
duced a recovery algorithm based on optimization. How-
ever, their method uses a spectral expansion [194] and
relatively low-dimensional EOS parameter spaces. Our
scheme, instead, scales well to high-dimensional parame-
ter spaces by employing gradient descent. Indeed, the il-
lustration shown in Fig. 1 performed the inversion on the
complete EOS parametrization described in Sec. II A, us-
ing eight grid points for the CSE, and was able to recover
the EOS. Since this parametrization involves 26 parame-
ters in total, this example demonstrates the applicability
of our method in high-dimensional EOS spaces.
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TABLE I: Table of EOS parameters and their uniform
prior distribution ranges, separated in the metamodel
and speed-of-sound extension (CSE) parts, with the
index i labeling the grid points. Throughout this work,
we fix nsat = 0.16 fm−3 and Esat = −16 MeV.

M
et

a
m

o
d

el

Parameter Prior

Ksat [MeV] U(150, 300)

Qsat [MeV] U(−500, 1100)

Zsat [MeV] U(−2500, 1500)

Esym [MeV] U(28, 45)

Lsym [MeV] U(10, 200)

Ksym [MeV] U(−300, 100)

Qsym [MeV] U(−800, 800)

Zsym [MeV] U(−2500, 1500)

C
S

E

nbreak [nsat] U(1, 2)

n(i) [nsat] U(nbreak, 25)

(c
(i)
s /c)2 U(0, 1)

III. RESULTS

A. Validation and computational scaling

We first demonstrate that our Bayesian inference
methods reproduce previous results, and then investigate
the scaling of the methodology as a function of the num-
ber of dimensions employed in the parametrization.

In order to validate our method, we compare our re-
sults to those of Ref. [61] which used an identical EOS
parametrization.7 Moreover, we use the same prior dis-
tribution, given in Table I. We take eight grid points for
the CSE parametrization.

In Table II, we compare the 95% credible intervals of
the inferred radius of a 1.4M⊙ NS, R1.4. The first rows
of the table correspond to inferences employing the con-
straints discussed in Sec. II E individually. The bottom
row shows the result when considering all constraints
jointly in a single Bayesian inference run. The table
demonstrates that our results qualitatively agree with
Ref. [61]. However, the present work directly samples
the EOS parameters, whereas Ref. [61] generated a fixed
set of EOS candidates which were weighted using the con-
straints. This difference in sampling strategy can result
in quantitative differences for the inferred R1.4, as our
approach allows for a higher effective sample size and
more thorough exploration of the parameter space. Nev-
ertheless, for all constraints considered here, we do ob-
serve quantitative agreement between both approaches
for MTOV, the pressure of the EOS at 3nsat, and the

7The quoted results for Ref. [61] are obtained from https://multi-

messenger.physik.uni-potsdam.de/eos_constraints/.

TABLE II: Comparison of inferred R1.4 (95% credible
interval) in kilometers between Ref. [61] and this work
for different EOS constraints. The bottom row refers to
the posterior using all listed constraints jointly.

R1.4 [km]

Constraint Ref. [61] This work

χEFT 12.11+1.69
−3.39 12.59+2.24

−3.51

Radio timing 13.70+1.41
−2.17 13.71+1.19

−1.88

PSR J0030+0451 13.17+1.65
−2.24 13.48+1.42

−2.15

PSR J0740+6620 13.39+1.57
−1.72 13.79+1.26

−1.73

GW170817 11.90+1.78
−1.74 12.24+2.03

−2.18

All 12.26+0.80
−0.91 12.62+0.97

−1.11

maximal central density inside a NS, nTOV, as shown by
Table III in Appendix A.

After validating that our framework agrees with pre-
viously published results, we now assess the runtime and
its scaling as a function of the dimensionality of the EOS
parameter space. Using a single NVIDIA H100 GPU,
the inferences listed in Table II were performed under 1
hour of wall time. Solving the TOV equations to obtain
the macroscopic properties of NSs (100 masses and their
corresponding radii, and tidal deformabilities) for a sin-
gle proposal takes around ∼ 0.3 milliseconds, which is on
par with previous works relying on machine learning sur-
rogates (see, e.g., Refs [80–82] for recent examples using
neural networks), however, without the need of pretrain-
ing a machine learning model in our case.

Future experiments are expected to provide more pre-
cise observations of NS, which could require a more flex-
ible EOS parameterization to avoid biases. This moti-
vates us to extend the parameter space by adding more
CSE grid points and assess the impact on the scaling of
our sampling efficiency. Specifically, we perform Bayesian
inference jointly on all EOS constraints considered in this
work by testing CSE grids with 10, 20, and 30 points,
respectively. Figure 2 shows the runtime per effective
sample size (ESS), estimated with Geyer’s initial mono-
tone sequence criterion [195, 196]. The axis on the right
converts this number to an estimate of the total wall
time required in case one requires 5000 effective samples.
We perform the scaling runs on two different GPU archi-
tectures, namely an NVIDIA A100 and NVIDIA H100,
and show the average and standard deviation over all the
EOS parameters. The parametrization with the highest
number of grid points increases the runtime roughly by
a factor 4 to produce a similar number of effective sam-
ples. Therefore, our inferences still only require a couple
of hours to provide accurate posteriors on the EOS, even
when using a more flexible parametrization.

https://multi-messenger.physik.uni-potsdam.de/eos_constraints/
https://multi-messenger.physik.uni-potsdam.de/eos_constraints/
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FIG. 2: Scaling of the runtime divided by effective sam-
ple size (ESS) as a function of the number of EOS pa-
rameters when varying the number of grid points for
the CSE parameterization, for two different GPU archi-
tectures. The right axis converts this number to total
wall time to obtain 5000 effective samples.

B. Constraining nbreak with neutron star data

The EOS parametrization employed in this work takes
the breakdown density nbreak of the metamodel as a pa-
rameter that can be varied freely. This density is an
indicator for the densities for which a simple nucleonic
description of the EOS is not sufficient anymore. We
can use our framework to constrain nbreak using NS data
and directly probe this breakdown with astrophysical in-
formation. To this end, we perform Bayesian inference
as explained above with two key modifications. First,
we use a wider, agnostic prior on nbreak, namely a uni-
form distribution between [1nsat, 4nsat]. Second, we only
consider EOS constraints involving NS data, i.e., we do
not use the constraint from χEFT. Figure 3 shows the
marginal posterior distribution of nbreak. We infer a
breakdown density of nbreak = 2.47+1.53

−1.02 nsat at the 90%
credible level. Hence, NS data prefers a smooth nucle-
onic EOS up to 2-3 times the nuclear saturation density, a
range within the reach of microscopic nuclear theory [51].
While nbreak is not tightly constrained by the data con-
sidered in this work, future experiments providing more
NS data can potentially improve its precision. Neverthe-
less, our result serves as proof of concept that the meta-
model breakdown density can be determined on-the-fly
with Bayesian inference.

We point out that Ref. [197] similarly inferred this
transition density. However, comparing the two results is
complicated, as they use different parameterizations and
prior choices. In particular, we sample the nbreak param-
eter on-the-fly during inference, whereas Ref. [197] infers
this parameter by considering Bayes factors of different
runs with fixed nbreak. Moreover, we extend the MM
parametrization to higher orders and consider a speed-
of-sound parametrization at high densities, rather than
piecewise polytropes.

1.5 2.0 2.5 3.0 3.5
nbreak [nsat]

0.0

0.1

0.2

0.3

0.4

0.5

D
en

si
ty

Posterior

Prior

FIG. 3: Posterior on nbreak inferred from a uniform
prior between 1nsat to 4nsat (other priors are given in
Table I) and given the NS observations from Table II.

C. Constraints on nuclear empirical parameters

Currently available NS observations do not yet tightly
constrain the EOS, as demonstrated by the previous sec-
tion. In this section, we instead consider a hypothetical
scenario where observations of NSs are pushed to extreme
limits and uncertainties on the measured radii and tidal
deformabilities can be ignored. We aim to obtain a qual-
itative estimate of how highly accurate knowledge of the
properties of NSs translates into constraints on the NEPs,
since such constraints can then be compared to those ob-
tained from nuclear experiments. For simplicity, we re-
strict our parametrization to the metamodel part and no
longer use the CSE at high densities. We enforce all these
metamodel EOSs to be causal and therefore truncate the
EOS once the speed-of-sound reaches 1. Otherwise, the
EOSs are truncated at the maximal central density al-
lowed in an NS.

We generate a mock “true” EOS with a TOV mass of
roughly 2.0M⊙ and aim to recover its EOS parameters
from its M -Λ curve using the gradient-based optimiza-
tion scheme discussed in Sec. II F, leaving a full Bayesian
inference-based study for future work. We perform multi-
ple such recoveries where we change the number of NEPs
that are varied freely in the recovery, starting with only
the first order parameter Lsym. In subsequent recovery
runs, we also allow the optimizer to explore the higher-
order parameters, each time adding the parameters of the
next order of the Taylor expansions of Eqs. (2)-(3). For
simplicity, we do not vary the Esym parameter, since it
has a small impact on the EOS at high densities, and we
wish to focus on the parameters entering at higher orders
of the Taylor expansion. For each recovery, we start the
optimizer from 100 random EOS samples, sampled from
the priors shown in Table I, and perform at most 1000
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iterations with a fixed learning rate of 1.8 For the final
result, we keep only those EOS samples that within the
[1 M⊙, 2 M⊙] mass range deviate less than 100 meters
in radius from the “true” M -R curve and less than 10 in
tidal deformability from the “true” M -Λ curve. Figure 4
shows the resulting recovery on the slope of the symme-
try energy Lsym. The range of the recovered Lsym values
significantly depends on the number of NEPs that are al-
lowed to vary. When Lsym is the only degree of freedom,
we recover the value of the “true” EOS, with a small
width of around 0.5 MeV, as expected. However, when
more NEPs are varied, this range increases. Nevertheless,
the middle and right panels of Fig. 4 demonstrate (for the
case where all NEPs are free parameters) that the corre-
sponding EOSs and NS configurations agree well with the
true EOS. Therefore, from our gradient-based optimiza-
tion approach, we conclude that, while accurate observa-
tions of NSs allow us to tightly constrain the EOS itself,
the corresponding constraints on the NEPs suffer from
a degeneracy in our metamodel parametrization, which
was already hinted at by Refs. [73, 198–201]. Therefore,
fitting relations between Lsym and R1.4 previously pro-
posed in the literature, e.g., Ref. [202], will need to be
assessed carefully in light of the assumptions regarding
the parametrization used to obtain them. Finally, we
note that this degeneracy is expected to be more pro-
nounced if we include the CSE parametrization at higher
densities.

IV. DISCUSSION

A. Equation of state degeneracies

Our results from Sec. III C show that the inverse prob-
lem of NSs is sensitive to a degeneracy in our meta-
model parametrization. While this was shown using
our gradient-based optimization scheme, future work will
assess if these degeneracies remain when using tradi-
tional stochastic sampling algorithms. A similar degen-
eracy was already observed in previous works that used
stochastic samplers, e.g., Refs. [73, 198–201]. However,
our work extends these studies by simultaneously con-
sidering (i) higher-order NEPs, (ii) a wide range of NS
masses, (iii) high accuracy in the recovered EOSs, high-
lighting the problem’s relevance for future experiments,
and (iv) the dependence as a function of the parametriza-
tion. While our analysis in Sec. III C served as a theoret-
ical exploration of this degeneracy, we expect that a full
Bayesian analysis employing future constraints from nu-
clear theory and experiments on the NEPs, especially for
the higher-order parameters of the MM, alleviates this
issue.

8The runs are performed on an AMD EPYC 7543 VM CPU and
take at most a few minutes per recovery.

We expect the level of degeneracy to be different for
different EOS models, and we will explore such model de-
pendencies in future work. Furthermore, we will also in-
vestigate the potential introduction of similar systematic
effects originating from certain aspects neglected in this
study, such as the crust treatment (see, e.g., Refs. [203–
208]), and consider unified EOS models [209] as alterna-
tive.

B. Next-generation detectors

Future detectors will generate an unprecedented vol-
ume of NS observations. Each event provides valuable
constraints on the EOS, yet, when analyzed with exist-
ing methods, at substantial economic and environmental
costs [210]. Our work addresses this pressing data anal-
ysis challenge by employing differentiable programming
and GPU accelerators. Using jax, analyzing a GW sig-
nal from a BNS merger to obtain masses and tidal de-
formabilities can be completed within minutes [185], af-
ter which we obtain posteriors on the EOS in less than 1
hour on an NVIDIA H100 GPU. Crucially, we do not re-
quire pre-trained machine-learning emulators of the TOV
equations, thereby ensuring accuracy in the results and
further reducing computational costs. Therefore, our
methods are a key advancement towards handling the
data analysis problems offered by future detectors.
Furthermore, while our constraint on the nbreak param-

eter from Sec. III B serves as a proof of principle, we ex-
pect that additional observations of NSs will tighten this
constraint and allow us to test the consistency between
nuclear physics and astrophysics. Future research using
simulated data will have to investigate to what accuracy
the breakdown density of the metamodel can in fact be
constrained from NS data. Moreover, the proof of con-
cept presented here can be extended to directly test pre-
dictions from χEFT, providing an analysis complemen-
tary to Ref. [51] with an alternative EOS parametrization
to assess possible systematic effects in such an analysis.

C. Extension to other analyses

In this work, we only focused on inferring the EOS
from NS observations. However, other inferences require
to jointly model the EOS together with additional effects
or parameters. Naturally, these analyses can therefore
benefit from the acceleration offered by the methods pre-
sented in this work.
For instance, we can infer the EOS simultaneously with

cosmological parameters or population models (see, e.g.,
Refs. [82, 211, 212]). Moreover, our method can be ex-
tended to jointly infer the parameters of modified gravity,
either for a specific theory (see Ref. [213] for an overview)
or for a parametrized post-TOV formalism [214–216].
Our gradient-based scheme can be used to explore this
extended parameter space and uncover degeneracies be-
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FIG. 4: Recovery of an EOS in the metamodel parametrization from the M -Λ curve using the gradient-based opti-
mization algorithm as a function of the number of NEPs being varied. The left panel shows the recovered range of
Lsym when increasingly more NEPs at higher orders in the Taylor expansion are varied freely. For the recovery in
which all NEPs were varied freely, we show the recovered EOS samples in the middle and right panels. The middle
panel shows the pressure as a function of density, while the right panel shows the mass-radius profile of NSs, color-
coded by their Lsym value. The grey bands show mass ranges not considered by the loss function in Eq. (13). All
EOSs considered show a deviation with respect to the target of < 100 meters in radius and < 10 in dimensionless
tidal deformabilities across the mass range considered in the loss function of Eq. (13).

tween the EOS and deviations from general relativity in
observations of NSs [217]. Similar degeneracies can arise
from other effects, such as phase transitions [218–220] or
dark matter [221], which can also be constrained with
either Bayesian inference or the gradient-based method.

Going beyond extreme matter studies, other analyses
in related fields that have to solve ordinary differential
equations on the fly during inference can benefit from the
methods discussed in this work, such as the evaluation of
effective one-body gravitational waveforms [222], solving
the lens equation in strong lensing analyses (see, e.g.,
Refs. [223, 224]), and nuclear reaction networks [225].

V. CONCLUSION

The inverse problem of neutron stars (NSs), i.e., infer-
ring the nuclear equation of state (EOS) from NS data,
is a computationally challenging task, making it difficult
to understand the interplay between nuclear physics and
astrophysics. Moreover, the prospect of a large volume of
NS observations delivered by future detectors calls for an
efficient and scalable way of addressing this inverse prob-
lem. In this work, we have presented a solution based
on differentiable programming, leveraging the automatic
differentiation capabilities and support for hardware ac-
celerators, such as graphical processing units (GPUs),
from jax. By using gradient-based samplers, we can
perform Markov chain Monte Carlo (MCMC) sampling
on high-dimensional EOS parameter spaces in under an
hour of wall time on a single NVIDIA H100 GPU without
resorting to machine learning emulators for the Tolman-
Oppenheimer-Volkoff (TOV) equations. Moreover, we
provide a proof of concept on how the breakdown of the

metamodel description can be inferred from NS data on
the fly during sampling.
Additionally, our framework introduces a novel opti-

mization scheme that recovers the EOS of a given mass-
radius or mass-tidal deformability relation by perform-
ing gradient descent on a loss function formulated in
terms of the EOS parameters, differentiating through the
TOV equations. Using this tool, we have discussed a
degeneracy present in our metamodel parametrization,
which might affect inferences of nuclear empirical param-
eters from detailed knowledge of NSs using certain EOS
parametrizations.
In short, our methods leveraging differentiable pro-

gramming address the data analysis challenges of future
detectors and offer a pragmatic way to investigate the
relation between EOS parameterizations and properties
of NSs.

Appendix A: Method validations

In Table III, we extend the results of Table II and show
MTOV, the pressure at 3nsat, p(3nsat), and the maxi-
mal central density nTOV at the core of an NS, between
Ref. [61] and this work for the EOS constraints discussed
in Sec. II E.

DATA AVAILABILITY

Our EOS code and TOV solver
are available open source at
§nuclear-multimessenger-astronomy/jester.
The code used in this study is available at
§ThibeauWouters/paper jester.

https://github.com/nuclear-multimessenger-astronomy/jester
https://github.com/ThibeauWouters/paper_jose


10

TABLE III: Comparison of inferred MTOV, the pressure at 3nsat, p(3nsat), and the maximal central density nTOV

at the core of an NS, between Ref. [61] and this work for various EOS constraints.

Constraint MTOV [M⊙] p(3nsat) [MeV fm−3] nTOV [nsat]

Ref. [61] This work Ref. [61] This work Ref. [61] This work

χEFT 2.05+1.08
−1.16 2.03+1.03

−0.97 69+186
−53 72+165

−65 6.51+10.7
−3.11 6.53+9.26

−4.09

Radio timing 2.35+0.73
−0.29 2.20+0.39

−0.26 111+140
−49 97+65

−49 5.51+1.89
−1.66 5.68+1.63

−1.74

PSR J0030+0451 2.16+0.83
−0.71 2.19+0.78

−0.76 89+143
−46 94+135

−62 5.62+4.44
−1.91 5.60+3.65

−2.59

PSR J0740+6620 2.34+0.65
−0.32 2.38+0.70

−0.42 107+125
−40 118+150

−59 5.34+1.63
−1.61 5.16+1.72

−2.04

GW170817 1.90+0.71
−0.41 1.93+0.73

−0.48 59+91
−25 62+109

−42 7.37+3.64
−2.72 7.24+3.77

−3.21

All 2.25+0.42
−0.22 2.23+0.41

−0.23 90+71
−31 92+70

−42 5.92+1.35
−1.38 5.92+1.38

−1.49
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[216] F. M. da Silva, F. Köpp, M. D. Alloy, L. C. N. Santos,
A. Issifu, C. E. Mota, and D. P. Menezes, (2024),
arXiv:2408.10425 [astro-ph.HE].

[217] S. M. Brown, B. Krishnan, R. Somasundaram, and
I. Tews, (2024), arXiv:2411.19129 [gr-qc].

[218] C. A. Raithel and E. R. Most, Phys. Rev. D 108, 023010
(2023), arXiv:2208.04295 [astro-ph.HE].

http://dx.doi.org/10.3847/2041-8213/ad5a6f
http://dx.doi.org/10.3847/2041-8213/ad5a6f
http://arxiv.org/abs/2407.06789
http://arxiv.org/abs/2409.14923
http://dx.doi.org/10.3847/1538-4357/acfb83
http://arxiv.org/abs/2308.09469
http://dx.doi.org/10.3847/1538-4357/ad5f1f
http://arxiv.org/abs/2406.14466
http://dx.doi.org/10.3847/1538-4357/ad5f1e
http://arxiv.org/abs/2406.14467
http://dx.doi.org/10.5281/zenodo.7096789
http://dx.doi.org/10.5281/zenodo.7096789
http://dx.doi.org/10.5281/zenodo.7096789
http://dx.doi.org/10.5281/zenodo.3473466
http://dx.doi.org/10.5281/zenodo.3473466
http://dx.doi.org/10.5281/zenodo.3473466
http://dx.doi.org/10.5281/zenodo.10519473
http://dx.doi.org/10.5281/zenodo.10519473
http://dx.doi.org/10.5281/zenodo.10519473
http://dx.doi.org/10.5281/zenodo.10215109
http://dx.doi.org/10.5281/zenodo.10215109
http://dx.doi.org/10.3847/2041-8213/ab75f5
http://dx.doi.org/10.3847/2041-8213/ab75f5
http://arxiv.org/abs/2001.01761
http://dx.doi.org/10.1103/PhysRevD.81.062003
http://dx.doi.org/10.1103/PhysRevD.81.062003
http://arxiv.org/abs/0911.3820
http://dx.doi.org/10.1103/PhysRevD.91.042003
http://arxiv.org/abs/1409.7215
http://dx.doi.org/10.1093/mnras/staa2850
http://dx.doi.org/10.1093/mnras/staa2850
http://arxiv.org/abs/2006.00714
http://dx.doi.org/10.1103/PhysRevD.110.083033
http://arxiv.org/abs/2404.11397
http://arxiv.org/abs/2302.05329
http://dx.doi.org/10.3847/1538-4357/acf5cd
http://dx.doi.org/10.3847/1538-4357/acf5cd
http://arxiv.org/abs/2302.05333
http://arxiv.org/abs/2302.05333
http://dx.doi.org/10.5281/zenodo.13253105
http://dx.doi.org/10.5281/zenodo.13253105
http://dx.doi.org/10.5281/zenodo.13253105
http://dx.doi.org/10.5281/zenodo.10402073
http://dx.doi.org/10.5281/zenodo.10402073
http://dx.doi.org/10.1088/0004-637X/812/2/143
http://arxiv.org/abs/1509.08805
http://dx.doi.org/10.1038/s41550-022-01800-1
http://arxiv.org/abs/1412.6980
http://arxiv.org/abs/2502.10528
http://arxiv.org/abs/2502.10528
http://dx.doi.org/10.1103/PhysRevD.110.083030
http://dx.doi.org/10.1103/PhysRevD.110.083030
http://arxiv.org/abs/2409.19421
http://dx.doi.org/10.1103/PhysRevD.103.103015
http://dx.doi.org/10.1103/PhysRevD.103.103015
http://arxiv.org/abs/2008.01582
http://dx.doi.org/10.1088/1361-6471/ab1a7a
http://dx.doi.org/10.1088/1361-6471/ab1a7a
http://arxiv.org/abs/1801.04620
http://dx.doi.org/10.3847/1538-4357/ab3f37
http://arxiv.org/abs/1907.10741
http://dx.doi.org/10.3847/1538-4357/aba271
http://arxiv.org/abs/2005.07216
http://dx.doi.org/10.1103/PhysRevD.105.083016
http://dx.doi.org/10.1103/PhysRevD.105.083016
http://arxiv.org/abs/2111.04520
http://dx.doi.org/10.3847/1538-4357/abd3a4
http://dx.doi.org/10.3847/1538-4357/abd3a4
http://arxiv.org/abs/2004.00656
http://dx.doi.org/10.1103/PhysRevC.94.035804
http://dx.doi.org/10.1103/PhysRevC.94.035804
http://arxiv.org/abs/1604.01944
http://dx.doi.org/10.1088/1361-6382/ab5ba4
http://dx.doi.org/10.1088/1361-6382/ab5ba4
http://arxiv.org/abs/1902.04616
http://dx.doi.org/10.3390/universe6110220
http://dx.doi.org/10.1016/j.nuclphysa.2021.122189
http://dx.doi.org/10.1016/j.nuclphysa.2021.122189
http://arxiv.org/abs/2009.12613
http://arxiv.org/abs/2009.12613
http://dx.doi.org/10.1103/PhysRevC.104.015801
http://arxiv.org/abs/2106.12845
http://arxiv.org/abs/2106.12845
http://dx.doi.org/10.1002/asna.20240150
http://dx.doi.org/10.1002/asna.20240150
http://dx.doi.org/10.1002/asna.20240150
http://arxiv.org/abs/2502.02373
http://dx.doi.org/10.1051/0004-6361/202348402
http://dx.doi.org/10.1051/0004-6361/202348402
http://arxiv.org/abs/2406.14906
http://arxiv.org/abs/2412.02651
http://arxiv.org/abs/2407.16669
http://dx.doi.org/10.1103/PhysRevD.111.023029
http://arxiv.org/abs/2410.14597
http://arxiv.org/abs/2410.14597
http://dx.doi.org/10.1016/j.physrep.2020.07.001
http://dx.doi.org/10.1016/j.physrep.2020.07.001
http://arxiv.org/abs/1912.05202
http://dx.doi.org/10.1103/PhysRevD.92.024056
http://arxiv.org/abs/1504.02455
http://arxiv.org/abs/1504.02455
http://dx.doi.org/10.1103/PhysRevD.94.044030
http://arxiv.org/abs/1606.05106
http://arxiv.org/abs/1606.05106
http://arxiv.org/abs/2408.10425
http://arxiv.org/abs/2411.19129
http://dx.doi.org/10.1103/PhysRevD.108.023010
http://dx.doi.org/10.1103/PhysRevD.108.023010
http://arxiv.org/abs/2208.04295


15

[219] C. A. Raithel and E. R. Most, Phys. Rev. Lett. 130,
201403 (2023), arXiv:2208.04294 [astro-ph.HE].

[220] A. R. Counsell, F. Gittins, N. Andersson, and I. Tews,
(2025), arXiv:2504.06181 [gr-qc].

[221] H. Koehn, E. Giangrandi, N. Kunert, R. Somasun-
daram, V. Sagun, and T. Dietrich, Phys. Rev. D 110,
103033 (2024), arXiv:2408.14711 [astro-ph.HE].

[222] T. Damour and A. Nagar, Fundam. Theor. Phys. 162,
211 (2011), arXiv:0906.1769 [gr-qc].

[223] M. Grespan and M. Biesiada, Universe 9, 200 (2023).
[224] J. S. C. Poon, S. Rinaldi, J. Janquart, H. Narola, and

O. A. Hannuksela, Mon. Not. Roy. Astron. Soc. 536,
2212 (2024), arXiv:2406.06463 [astro-ph.HE].

[225] M. Reichert et al., Astrophys. J. Suppl. 268, 66 (2023),
arXiv:2305.07048 [astro-ph.IM].

http://dx.doi.org/10.1103/PhysRevLett.130.201403
http://dx.doi.org/10.1103/PhysRevLett.130.201403
http://arxiv.org/abs/2208.04294
http://arxiv.org/abs/2504.06181
http://dx.doi.org/10.1103/PhysRevD.110.103033
http://dx.doi.org/10.1103/PhysRevD.110.103033
http://arxiv.org/abs/2408.14711
http://dx.doi.org/10.1007/978-90-481-3015-3_7
http://dx.doi.org/10.1007/978-90-481-3015-3_7
http://arxiv.org/abs/0906.1769
http://dx.doi.org/10.3390/universe9050200
http://dx.doi.org/10.1093/mnras/stae2660
http://dx.doi.org/10.1093/mnras/stae2660
http://arxiv.org/abs/2406.06463
http://dx.doi.org/10.3847/1538-4365/acf033
http://arxiv.org/abs/2305.07048

	Leveraging differentiable programming in the inverse problem of neutron stars
	Abstract
	Introduction
	Methods
	Equation of state
	Neutron star observables
	Differentiable programming
	Bayesian inference
	Equation of state constraints
	Chiral effective field theory
	Mass measurements of pulsars
	NICER
	GW170817

	Gradient-based inversion

	Results
	Validation and computational scaling
	Constraining nbreak with neutron star data
	Constraints on nuclear empirical parameters

	Discussion
	Equation of state degeneracies
	Next-generation detectors
	Extension to other analyses

	Conclusion
	Method validations
	Data availability
	Acknowledgments
	References


