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Abstract

We consider the area of spheres centered at the distinguished point in the Brownian
plane. As a function of the radius, the resulting process has continuously differentiable
sample paths. Furthermore, the pair consisting of the process and its derivative is time-
homogeneous Markov and satisfies an explicit stochastic differential equation.

1 Introduction

The Brownian plane (BP, D) is a random locally compact metric space, which is homeo-
morphic to the plane, and appears as the scaling limit of various classes of random planar
maps. In particular, the Brownian plane has been shown [3], 5] to be the scaling limit of
the infinite random lattices called the uniform infinite planar triangulation (UIPT) and
the uniform infinite planar quadrangulation (UIPQ), which have been extensily studied.
The Brownian plane comes with a distinguished point p and a volume measure denoted by
Vol(+), which coincides with the Hausdorff measure associated with an appropriate gauge
function (this follows from the results of [I2] and the coupling between the Brownian
plane and the Brownian sphere).

In this work, we are interested in the profile of distances from p, which is the o-finite
measure I' on R, defined by setting

T(A) := /m» 14(Duo(p, a)) Vol (da), (1)

for every Borel subset A of R..

Proposition 1. The measure I' has a continuously differentiable density with respect
to Lebesgue measure on Ry. We denote this density by (L°)ier, and its derivative by
(Lg°)ter, - Moreover we have Ly = L§® = 0, and L > 0 for every t > 0, a.s.

Since, for every t > 0,
1
L® = lim — Vol({a € BP: t < Dyo(p,a) < t+¢e})
e—0 ¢

it is natural to interpret L{® as the area of the sphere of radius ¢ centered at p in BP. It
is essentially obvious that the process (L°);>0 is not Markovian: for ¢t > 0, the derivative
L is a function of the past (L3°)o<s<¢ that gives more information on the future (L$°)s>¢

than the sole knowledge of the present L°.

Theorem 2. The process (LSO,LSO)SZO is a time-homogeneous Markov process.
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The other main contribution of the present work is to show that this Markov process
satisfies an explicit stochastic differential equation. Before stating this result, we need to
introduce some notation. For every ¢ > 0, we let p; be the (continuous) density at time ¢ of
the stable Lévy process with index 3/2 and no negative jumps, whose law is characterized
by its Laplace exponent ¢(\) = \/2/3 X3/2. Alternatively, we can characterize p; by its
Fourier transform

/ ol pi(z) dz = exp(—cot ]u‘3/2 (I +1isgn(uw))),
R

where ¢y = 1/4/3 and sgn(u) = >0y — L{u<oy- Then x +— pi(x) is strictly positive,
infinitely differentiable and has bounded derivatives. We write p} for the derivative of this
function.

Let (F¢)¢>0 denote the completion of the canonical filtration of (Ly°);>0. Recall that a
linear Brownian motion B is an (F;)-Brownian motion if it is adapted and has independent
increments with respect to the filtration (F;):>o.

Theorem 3. Set, for everyt >0 and xz € R,

P (=/2)
pi(—2/2)

Then for every t > 0 and x € R, we have h(t,z) > 0 and

2

4
h(t,z) = —8t +3 %

¢ .
/ h(LY,LF)ds < oo, a.s.
0

There exists an (F;)-Brownian motion (By)i>o such that (L{®)i>o is a semimartingale
satisfying the equation

AL$® =4/ L3 dB; + h(L$°, L{°) dt. (2)

Since we have also trivially .
dLg® = Li°dt (3)

we can view (2)) and (B]) as a system of stochastic differential equations satisfied by the
pair (LS°, Lgo) s>0- One may obviously ask for uniqueness of the solution of this system.
If e > 0 is fixed, we know by Proposition [l that L2° > 0 a.s. and then the classical
uniqueness results for stochastic differential equations under Lipschitz conditions show
that the solution starting at time e from (L2°, L) is unique up to time inf{t > ¢ : L =
0}. However the latter hitting time of 0 is infinite a.s. (by Proposition [I] again) and so
we obtain that (L§°);>. is the unique solution of the system (2)) and (3] that starts from
(L, Lgo) at time €. On the other hand, this argument does not rule out the possibility
that there may exist other solutions starting from (0, 0) at time 0 (see [7] for examples of
very similar systems where uniqueness starting from (0,0) may fail).

As discussed in the introduction of [I4], the functions p; and p; have an explicit ex-
pression in terms of the classical Airy function Ai. In particular,

pt(l') _ 6—1/3 t_2/3 A(6_1/3t_2/3x), (4)

where

A(z) = -2 2 /3 (mAi(xz) + Ai'(xz)). (5)

The function z — A(—z) is the density of the so-called map-Airy distribution (see [I]
Definition 1]). From these formulas (and the Airy equation Ai”(z) = z Ai(z)), one derives
the following expression for the drift ~ in (2)). We have

h(t,z) = =8 x 6 /312 (671323 )2), (6)
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where
Ai(x?)
zAi(z2) + Al (22)

There is an obvious similarity between Theorems [2] and Bl and results obtained in [13]
and [I4] concerning local times of super-Brownian motion, or equivalently of Brownian
motion indexed by the Brownian tree. In particular, Theorem 1 in [I4] gives an equation
for these local times that is analogous to (2)), but with a different drift function (compare
the preceding formula for h(t, x) with the analogous formulas for g(¢, z) in the introduction
of [14]). Actually, the results derived in [I3] and [I4] are a key ingredient of the proof of
Theorem [Bl Let us briefly explain how one can relate the process (L{°)icr to the local
times of super-Brownian motion.

To this end, consider a super-Brownian motion (X;);>o with initial value Xo = dp, and
define its local times (L,).er as the continuous density of the total occupation measure
Jo° X, dr. Also let L, stand for the derivative of L, (which exists for 2 # 0) and write
R :=sup{x > 0: L, > 0}. Then one can couple X and the Brownian plane BP in such a
way that we have LY° = Lp_ for all sufficiently small ¢ > 0 (see the proof of Proposition [II
and Section Z2below). As a consequence of this coupling, the finite-dimensional marginal
distributions of the process ()\*3L R—)z)z>0 converge when A | 0 to the finite-dimensional
marginal distributions of (L3°);>0 (Proposition ).

An obvious idea is then to study the time-reversed process (L, L R—z)z>0 from the
results of [I4] providing a stochastic differential equation for (L,, Lx)mzo- Unfortunately,
it does not seem easy to apply the known results for the time reversal of Markov processes
to this problem.

For this reason, we follow a different route based on Proposition 18 in [14], which
expresses the super-Brownian local times (L, );>0 in terms of a (time-changed) diffusion
process (Z:)i>0 solving the equation

r(r) =

dZ, = 4dB, + b(Z,) dt, (7)

where, for every z € R,

1 (z/2 2
pl(Z/ ) _ —22. (8)
p1(z/2) 3

b(z) =

More precisely, we have, for every s > 0,

LT(S) = LO exXp (/OS Zr dT’)

where 7(s) is the time change 7(s) = inf{z > 0: [(L,)~"/3dy > s}. The process (Z)i>0
is recurrent and reversible with respect to its unique invariant probability measure, which
has a negative first moment (Lemma[H). One can expect to use this reversibility property
to investigate the time-reversed process (Lr—z)z>0. Still this involves a number of tech-
nicalities, essentially due to the fact that using the preceding formula for L, ) requires
reversing Z at (random) times of the form sup{s > 0 : [j Z,.dr > —a} (Proposition [).
This line of reasoning eventually leads to Proposition [§, which shows that L2° has the
same distribution as exp(Jy’ z W*(s)ds), where (W;)er is a version (indexed by R) of
the diffusion process Z, and (7}),>0 is the appropriate time change. One can then apply
standard tools of stochastic calculus to derive equation (2) in Theorem Bl

It is interesting to compare the results of the present work to the paper [6] studying
hulls in the Brownian plane. The hull of radius r > 0 is the complement of the unique
unbounded connected component of the complement of the closed ball of radius r centered
at p (informally, the hull is obtained by filling in the bounded holes in the ball). One
can define the boundary size U, of the hull of radius r, and one of the main results of
[6] identifies the process (U,),>o as a time-reversed continuous-state branching process
“starting from 400 at time —oco” and conditioned to become extinct at time 0. In contrast



with (Uy)r>0, the process (L3°),~¢ is not Markov. However, it is much smoother, since
(Ur)r>0 is only cadlag with negative jumps (jumps correspond to times where the hull
“swallows” connected components of the complement of the ball).

The paper is organized as follows. Section [Z introduces our main objects of interest,
namely the Brownian plane, super-Brownian motion, and Brownian snake excursions.
We use the construction of the Brownian plane in [6] to get a coupling between the
Brownian plane and super-Brownian motion, and then to derive Proposition [l from known
results about super-Brownian motion. Section[3is mainly devoted to deriving certain time
reversal properties and hitting distributions for the (stationary or not stationary) solution
of ([@). In Section [ we use the results of [14] and the preceding coupling to identify the
distribution of (L$°, Lfo)tzo with that of another pair of processes that is constructed from
a solution of (7)) indexed by R via a time-change transformation (Proposition [§]). Finally,
in Section [ we derive Theorems [2 and [3 from this representation.

2 Preliminaries

2.1 Brownian snake excursions and super-Brownian motion

In this section, we recall basic facts about the Brownian snake excursions and super-
Brownian motion (we refer to [I1I] for more details). We start by briefly introducing
the formalism of snake trajectories. A (one-dimensional) finite path w is a continuous
mapping w : [0,¢] — R, where ¢ = () € [0,00) is called the lifetime of w. The space
W of all finite paths is equipped with the distance

dw (W, w') = [Cw) — S| + sup [W(t A Cwy) = W (A ()

We denote the endpoint of the path w by W = w((()). For every » € R, we set W, =
{w e W :w(0) =z}. The trivial element of W, with zero lifetime is identified with the
point z of R.

A snake trajectory with initial point x is a continuous mapping s — ws from R into
W, which satisfies the following two properties:

(i) We have wg = x and the number o(w) := sup{s > 0 : ws # x}, called the duration of
the snake trajectory w, is finite (by convention o(w) = 0 if ws; = x for every s > 0).

(ii) For every 0 < s < s, we have wy(t) = wgy(t) for every ¢ € [0, £n1<n C(wn)] (Snake
s<r<s’
property).

We write S for the set of all snake trajectories. If w € S, the occupation measure of w
is the finite measure O, on R defined by

o(w)
(O, ) = /0 (@) ds.

We will write
R(w) = sup(supp O,), G(w) = inf(supp O,),

where supp O,, denotes the topological support of O,,.
Let x € R. The Brownian snake excursion measure N, is the o-finite measure on
{w € § : wp = z} that is characterized by the following two properties: Under N, (dw),

(i) the distribution of the lifetime function ((y,)s>0 is the Itd6 measure of positive ex-
cursions of linear Brownian motion, normalized so that Ny (sups>q Cw, > €) = !

3¢, for
every € > 0;

(ii) conditionally on ((,,)s>0, the function (Ws)s>0 is a Gaussian process with mean z
and covariance function K (s,s’) = mingps<,r<svs' Co, -



We record the following formula [IT, Chapter VI|. For every a > x, we have

3

Nz (R >a)= a—a2

(9)

By results of [4] (see also [2] for a weaker version), the occupation measure O, has
Nz (dw) a.e. a continuously differentiable density, which we denote by (¢,(w))yer. Since
O, puts no mass on (R(w),o00), both £,(w) and its derivative vanish at y = R(w).

Let us now turn to super-Brownian motion (we refer to [16] for more details about
this process). We let (X¢)¢>0 be a one-dimensional super-Brownian motion started at
X = dgp — in view of the Brownian snake representation, we assume that the branching
mechanism of X is ¥()\) = 2A2. The “total occupation measure” O is defined by

O:/ X dt
0

and the local time process (L,),er is the continuous density of the random measure
O, which exists and is continuously differentiable on (—o0,0) U (0,00), by [I8]. We set
R :=sup{z > 0: L, > 0} = sup(supp O). By results of [15], we have L, > 0 for every
x €[0,R), a.s.

By [11, Chapter IV], we can construct the process X from a Poisson point measure
> ier Ow; With intensity N, in such a way that

0=> 0,,.

el

Write R(w;) = sup(supp Oy,,). Using (@), we see that a.s. there is a unique i, € I such
that
R = sup R(w;) = R(wi,)
iel

and moreover we can find a (random) ¢ € (0, R) such that

sup R(w;) < R-—e.
i€\ {i+}

As a consequence, the restriction of O to [R — ¢, R] coincides with the restriction of O,
to the same interval, and we have

L, =10 (wi,), Vz e [R—¢, R]. (10)

2.2 Areas of spheres in the Brownian plane

The Brownian plane was introduced in [5] and further discussed in [6] and we refer to these
two papers for additional information. It is convenient to view the Brownian plane as a
pointed measure metric space (BP, D, Vol, p) where Do, is the distance on BP, Vol stands
for the volume measure on BP and p is the distinguished point. The Brownian plane enjoys
the following remarkable scale invariance property: For every A > 0, (BP, ADy, A*Vol, p)
has the same distribution as (BP, Do, Vol, p).

Recall from (II) the definition of the profile of distances I" in BP. The scale invariance
property entails that, for every A > 0, the scaled measure '™ defined by I’(A)(A) =
AT (A7 A) has the same distribution as T

Let us prove Proposition [l which was stated in Section [l

Proof of Proposition [I. We rely on the construction of the Brownian plane in [6, Section
3.2]. This construction involves a nine-dimensional Bessel process X = (X;);>0 started
at 0, and, conditionally on X, two independent Poisson point measures N, and N on
Ry x S with intensity

2146 (w)>0ydt Nx, (dw),
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in such a way that the profile of distances I" is the sum of the occupation measures of all
atoms of No and N/ (we refer to [6] for more details).

To make the connection with super-Brownian motion, we recall the notation introduced
at the end of Section [Z1] and we use the conditional distribution of w;, given R(w;,) =17
(for any = > 0). This conditional distribution is No(- | R = r) and is described in [6]
Theorem 2.1]: it involves the nine-dimensional Bessel process X and, conditionally on X,
two independent Poisson point measures N and N on Ry x S with intensity

2 1[077.1"} (t)l{g(w)>0} dt Nxt (dw)

where 7, = sup{t > 0 : X; = r}. In this description, the measure 4 — [14(R —
z) O, (dz) is equal to the sum of the occupation measures of all atoms of A" and N”.

If we compare the two representations described above (using also Lemma 3.3 in [6]
to see that atoms of Ny and N/, in [1,00) x & do not contribute to the values of T’
near 0), we easily get that we can couple w;, and a Brownian plane (BP, Dy,) in such a
way that there is a (random) &’ > 0 such that the restriction of the profile of distances
I" to [0,€'] is equal to the restriction of the measure A — [14(R — z)O,,, (dz) to the
same interval. However, we know that the latter measure has a continuously differentiable
density (equal to ¢r_,(w;,)) on [0,£'] and that this density vanishes at 0 together with
its derivative, and is positive on (0,e A '] thanks to (I0). This shows that the profile
of distances T" has a continuously differentiable density on [0,& A €’], which vanishes at 0
together with its derivative and is positive on (0,& A €’]. Proposition [l now follows by the
scale invariance of the profile of distances. O

The scale invariance of the random measure I' readily implies a similar scale invariance
property for its density (L3°),>0: for every A > 0 and x > 0, LS has the same distribution
as A3L°. We also notice that E[ fol Lgedz] = E[I'([0,1])] is equal to the mean volume of
the unit ball in the Brownian plane, which is finite (we can bound this volume by the
volume of the hull of radius 1, which has a finite first moment by [6]). It follows that
E[LX] = cx®, with a constant ¢ € (0,00) (one can in fact compute ¢ = 8/21, but we will

not need this).

Proposition 4. The finite-dimensional marginal distributions of the process ()\_3LR_)\$);B20
converge when X | 0 to the finite-dimensional marginal distributions of (L3°)z>0-

Proof. We use the preceding coupling obtained in the proof of Proposition [Il under which
we have
LY =lp_»(w;,), Vo € [0,€].

T
By combining this with (I0) we get
LY =L, Vo € [0,e A€']. (11)

Then, if 0 <x; <2y <--- < ), and g is a bounded continuous function on R?, we get

ATp

ElgALr—xzys-- s A Lg_xs,)] — E[gA LY, .., ATPLY )] = 0,

by (1) and dominated convergence. On the other hand, the scale invariance of the
Brownian plane shows that, for every A > 0,

Elg(AT°LSS,, .-, APLSy ) = Elg(Ly, ..., L)

Az xr1?

The desired result follows. ]



3 The time reversal argument

We consider the one-dimensional stochastic differential equation
dZs = 4dBs + b(Z,) ds, (12)

where B stands for a linear Brownian motion and the function b(z) was defined in (8.
From [14, Section 6], we know that the solution to (I2)) is a recurrent diffusion process

whose unique invariant probability measure is 7(dz) = 6(z) dx where
3
2 x
0(z) = Cpi(2/2)” exp(~55),

the function p; is given by (), and C' is the appropriate normalizing constant. It will be
convenient to introduce a collection of probability measures (P;),cr such that, under P,
the process (Zs)s>0 solves (I2)) with initial value Zy = .

We also introduce another process (Ws)ser indexed by R, which is distributed under
the probability measure P as the stationary solution to (IZ2): for every t € R, the process
(Wits)s>0 is distributed as the solution to (I2]) with initial distribution 7. It is then well
known that (W;)ser is time reversible, meaning that, for every ¢ € R, (W;_g)ser has the
same distribution as (Ws)ser (see e.g. [9, Section 11]).

Lemma 5. We have [, |z|m(dz) < oo and [pxw(dz) < 0.

Proof. The first assertion is immediate since the function = — p;(x/2) is bounded. Let us
prove the second assertion. In the proof that follows, ¢ denotes a positive constant that
may change from line to line. From formula (), we get

p1(z/2) = cA(6*1/3 g),

with A(z) = —2€2°/3 (zAi(22) + Ai'(22)). It follows that
3

2
/Rxﬂ'(dx) = c/]RxA(671/3 g) exp(—§—6)dx
4 3
= c/ x A(z)? exp(—i) dz
R 3
= c/ z (zAi(z?) + A (2?))? dz
R
Then,
/ z (zAi(2?) + Al (22))? d
R
= / z (zAi(z?) + A (2%))? dz — / z (—zAi(z?) + A (2%))* dz
0 0
= 4/ x Ai(2?) Ail (2?) da
0
which is negative since the function Ai is positive and monotone decreasing on [0,00). O

From Lemma [l and the ergodic theorem we have P a.s.,

t 0
lim / Wydu = —oc0 , lim / W, du = —oo.
t—oo Jo t——o00 J¢

We set

D := {SER:WE (—oo,s),/tsWudu<0},

D* = {SGR:WE (s,oo),/thdu<0}.



For every x € R, we also set

v(x) = IP’I<V75 > 0,/0tZudu< 0).

It is then easy to verify that v(x) > 0 if and only if x < 0.

In the remaining part of this section, we fix a > 0 (many of the random quantities that
we will introduce will depend on a, although this will not be apparent in the notation).
For every t € R, we set

T; = sup{se [t,00) : /:Wuduz —a}.

By construction, P a.s., we have T; < oo, tTt Wy,du = —a and, for every r > Tj,
J{ Wudu < —a, so that [7, W, du < 0, and thus T; € D*. In particular we must have
Wr, < 0.

Similarly, we set, for every t € R,
t
= inf {s € (—oo,t] : / Wy, du > —a}.
S

Then Ty € D and we have again Wr+ < 0. The mapping D > ¢ — T; € D" is a bijection
from D onto D*, whose inverse is D* 3 s — T, € D.

We then observe that the set D := {t € D : W, < 0 and Wy, < 0} is open. Indeed,
suppose that s € D. Then, for € > 0 small enough (such that W, < 0 for r € [s,s + €]),
it is immediate that f8+5 Wy du < 0 for every t < s+ ¢, so that s + ¢ € D and Wy, < 0.
Furthermore, a simple argument shows that Ts, . — 75 as € | 0, so that we have also
Wr,,. < 0 for € > 0 small enough. It follows that s + ¢ € D if ¢ is small enough. A
similar argument, left to the reader, shows that s — ¢ € D if € is small enough, and we
have proved that D is open.

We can also set D* := ={seD*":Wy<0and Wr: <0}. A symmetrlc argument shows
that D* is open and the mapping t — T} is a bijection from D onto D*.

Suppose that s € D. Then

t+e
Wydu ~ eW;
t e—0
and
Tt+s
Wodu ~ (Tpe — To)Wr,
T, e—0
and since [ W, du = —a = trﬁf Wy, du, it follows that

(Tove = T)) Wr, _~ eWs.
Hence the mapping r — T, is differentiable at ¢, and its derivative is Wy/Wr,.

Let g be a measurable function from R, into R, let ® be a nonnegative measurable
function on the space W of all finite paths, and let F' be a nonnegative measurable
function on the space C'(R4,R) of all continuous functions from R, into R;. The change
of variables s = T; (t = T) shows that

oo
E| / dt g(t) Wil 15() @(Wry 2y : 0 S w < Ty — ) F(Wrysr -7 > 0)]
B[ [ dsg(T) WLl 15, () ©(Wiu 10 S w5 = T F(Way 572 0)]. (13)

We can in fact replace 15(t) by 1p(t) in the LHS of (I3]), and similarly 15, (s) by 1p«(s)
in the RHS of (I3)). The point is that we have both a.s.

/_OO l{Wt:()} dt =0 and /_OO l{Wtho} dt = 0,
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where the second equality can be derived by an absolute continuity argument and prop-
erties of linear Brownian motion showing that, for every fixed ¢, there are a.s. no s >t
such that [’ W, dr = —a and Wy = 0 (see e.g. Lachal [10]).

Suppose that ® has the additional property that ®(w) = 0 if () > M, for some
M >0, and take g = 1[_4 4}, where A > 0. By stationarity, the LHS of (3] (with 15(t)
replaced by 1p(t)) is equal to

2AE[|Wo| 1p(0) (W, : 0 < u < Tp) F(Wrysr i 7 > 0)].

On the other hand, our assumption on ® implies that, if ®(Ws_, : 0 < u < s—T) # 0,
we have s — M < Ty < s and thus 1_4 4)(7%) is bounded above by 1{_4 41a(s) and

s

bounded below by 1(_ 44 a7,4)(s). Hence, the RHS of (I3) is bounded above by
(24 + M)E[[Wo| 1p+(0) ®(W_ : 0 < u < —T5) F(W;.: 7 > 0)]

and bounded below by the same quantity with (24 + M) replaced by (24 — M). If we
multiply the resulting bounds by 1/2A and let A — oo, we arrive at the formula

E[|WO| 1p(0) ®(Wry—u:0 < u < To) F(Waysr i 7 > 0)}
= E||Wo| 10+ (0) ®(W_y : 0 < u < —Tg) F(W, 7> 0)]. (14)

Clearly, this formula remains valid without the extra assumption we made on ® (replace
®(w) by ®(w) 1, <n} and let n — oo). Taking F' = 1 and ®(w) = ¢(w(0)) for a
nonnegative measurable function ¢ : R — R, we get

E|[Wol 10(0) ¢(Wr,)| = E|[Wo| 10-(0) o(Wp)] .

Note that P(0 € D|(W,),>0) = P(0 € D*| (W, )r<0) = 7(Wp), by the Markov property.
It follows that

E|[Wol7(Wo) ¢(Wr,)| = E|[[Wol v(Wo) ¢(Wo) .

Hence, under the (suitably normalized) initial distribution |y|y(y)7(dy), W, has the
same distribution as Wj.

We set u(dy) = co |ly|y(y) m(dy), where the constant ¢y > 0 is chosen so that u is a
probability measure. We introduce the probability measure P, under which the process
(Zs)s>0 is a solution to (I2)) with initial distribution p. We also set

£:sup{8€ [0, 00) :/OSZuduz—a},

and write = for the event

E:{/Otsts<0, w>0}.

Proposition 6. The following properties hold under IP,.

1. The two processes (Z¢—y)o<u<e and (Zy)o<u<e have the same distribution. In
particular Z¢ is distributed according to p.

2. The processes (Z¢—v)o<u<e and (Z£+r)r20 are conditionally independent given Zg,
and, for every x < 0, the conditional distribution of (Z¢yy)r>0 knowing Z¢ = x is the
distribution of (Z,)r>o0 under Py(- | Z).

3. Forb >0, let Hy := inf{t >0: [} Z.dr = —b}. Then Zp, is distributed according
to w.

Proof. 1. By taking F' =1 in (I4)), and then conditioning on (W, ),>¢ in the LHS and on
(Wy)r<o in the RHS, we arrive at

E|[[Wo| v(Wo) ®(Wr, -y : 0 < w < Ty)| = E[[Wo| y(Wo) &(W_ : 0 < u < ~T5)].  (15)
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However, since (Wy)ser and (W_g)scr have the same distribution, one easily gets that
E[[Wo| 7(Wo) ®(W_, : 0 < u < ~T5)| = E[|Wo| 7(Wo) B(W, : 0 < u < T),
and thus
E|[Wo| 4(Wo) ®(Wry— 0 < u < Tp)| = E[[Wo| v(Wo) ®(W, : 0 < u < Tp)].

The desired result follows since, by construction, the distribution of ((Zs)s>0, &) under P,
coincides with the distribution of ((Ws)s>0, 7o) under the probability measure which has
density co|Wo|y(Wp) with respect to P.

2. Similarly, we have

B [®(Ze 010 < u <& F(Zgrr 7> 0)|
= o B[ |Wo| Y(Wo) @(Wry—u : 0 < u < To) F(Wrysr 7> 0)]
= ¢ || Wo| 1p(0) ®(Wr, 1 0 < u < To) F(Wrypp i 7> 0)]
= coE[[Wo| 1p+(0) (W _y : 0 < u < —T5) F(W, i 7 > 0)}

= o B[|Wol 7(Wo) @(W_y : 0 < u < —T5) Ewg [F(Z, : 7 > 0) | ]|

= o B|[Wolv(Wo) @(Wry—u : 0 < u < To) By [F(Zy 7 > 0) | E]}

= B, [0(Ze 0 <u< OBy [F(Z, 7 >0) | ],

We used (4] in the third equality, then the Markov property of W at time 0, and (I3 in
the fifth equality.

3. We may assume that b < a. We then observe that
S
§—H, :sup{s € 10,¢] : / Ze_pdr > b—a}.
0

Writing Z'(u) = Z¢_,, for 0 < u < &, it follows that

S
Zu, =2 (£ — Hp) = Z’(sup{s €10,¢]: / Zldr > b— a}),
0
which is distributed according to u by part 1 of the proposition. U

Suppose now that Z is a solution to (I2)) with an arbitrary initial distribution, and
keep the notation H, = inf{t > 0 : fg Z,dr = —b}. In view of future applications, we
would like to say that the distribution of Zp, is close to p in total variation when b is
large. We content ourselves with a slightly weaker result.

Proposition 7. Let Z be a solution to (I2)) and let € > 0. The following holds for every
large enough ¢ > 0. If k. is a random variable independent of Z and uniformly distributed
over [c, 2c|, the total variation distance between p and the distribution of Zy, is less than
€.

Proof. We use a standard coupling argument (see [8, Lemma 23.17]). We may consider
a process Z , which solves (I2]) with initial distribution u, such that Z and Z are coupled
in the following way: The random variable T := inf{t > 0 : Z, = Z;} is a.s. finite, and
Z, = Z, for every t > T. We then choose a constant M > 0 such that the probability of
the event

T T
Ay = {TgM,/ |Zs|ds§M,/ |Zs|ds§M}
0 0

is at least 1 — /4.
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Set H, = inf{t > 0 : I Z,dr = —c}, and suppose that ¢ is large enough so that the
probability of the event
Ba == {H, > 2M, H, > 2M)}

is at least 1 — /4. Then, on the event Ay; N By, for every u > 4M, we have H, > T and
thus

~ b ¢ T T _
Hu:inf{tzT:/ st,s:—u}:inf{tZT:/ st,S:—u—i—/ sts—/ sts}
0 0 0 0

= y—-X,

where X := fOT Zsds — fOT Z,ds, and we note that the condition u > 4M ensures that
H, x>T.

Let ¢ : R — [0,1] be a Borel function. Still on the event Ay N By, we get, for
c>4M,

[ ()~ ot25)) du= [ (o) ~ olZu,_)) du < 21X < a0t

Finally (as we may assume that x. is also independent of Z ), we get

4M €
_<_

‘E[lAMmBM(QO(ZHm) - (‘O(Zﬁnc))” = c 2

when c is large, independently of the choice of ¢. Since P(Ay N Bys) > 1 —¢/2, it follows
that

[El(e(Zn,)) —Elo(Z )] <,

which completes the proof since the distribution of Z 7 1s p by the preceding proposition.
’ O

Remark. We can slightly extend Proposition [ as follows. Suppose that Z is Markov
with respect to a filtration (G;)t>0, and let Y be a Gp-measurable random variable. Then,
the distribution of Zp, ., will again be close to y in total variation when c is large. This
follows by a minor modification of the preceding proof.

4 A representation for the process of local times

Recall that (L;)zer are the local times of the super-Brownian motion X started at dy,
and R = sup{z > 0: L, > 0}. We have L, > 0 for every x € [0, R). We write L, for the
derivative of L, (when z = 0, we define Ly as the right derivative at 0, see [18]).

For every t > 0, set

T(t) :== inf{x >0: /Ow(Ly)—l/?’ dy > t},

which makes sense and belongs to [0, R) because

R 1/3
)y = o,

by [14, Proposition 18]. We set E(t) = L;q) for every t > 0. Then, according to [14}
Proposition 18], we have

L(t) = L(0) exp ( /O "Zs) ds). (16)

where the process (Z(s))s>0 solves the equation (IZ)) with initial value Z(0) = Lo/ (Lo)%/>.
We also note that, for ¢ € [0, c0),

()= [ (L) s,

0
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and in particular, by letting ¢ — oo,

R— /OOO(E(S))V?’ ds.

Then, for z € (0, R],

Lpy = E(/ORx(Ly)—l/s dy) = L(inf {¢: /Ot(is)l/sds > R-z})
= f)(sup {t : /OO(ES)I/?’ds > x}) (17)

In order to state the next proposition, we introduce a process (W*(t)):cr with contin-
uous sample paths, whose law can be characterized as follows. For every b > 0, if

0
Sp := inf {t <0: / W*(s)ds > —b}
t

we have S, > —oo a.s., the process (W*(Sp, + t))¢>0 is distributed (under the probability
measure P) as (Z;)¢>0 under P, and moreover Sy = 0. The existence of a process
satisfying these properties is easy from Proposition [ (to define (W*(Sp + t))i>0 start
from a process (Z]);>o distributed as the solution of (I2)) with initial distribution s, then
take Sp := —inf{t > 0: [j Z.ds = —b}, and define W*(Sj + u) = Z/, for every u > 0 —
this construction can be made consistently when b varies thanks to point 3. of Proposition
[6). Note in particular that the distribution of W*(0) is u.
We also define, for every t € R,

A*(t) = exp (/Ot W*(s) ds).

Note that ¢~ [1 Wds converges a.s. to [ m(dr) < 0, and in particular A*(t) tends to 0
exponentially fast as t — oo, a.s.

Proposition 8. For every x > 0, set
. { [T As 013
T, =supqz € R: A*(s)/?ds >z .
z

The process (L3°)z>0 has the same distribution as the process (A*(7;))z>0. More precisely,
the pair (L, L) y>0 has the same distribution as (A*(72), —A*(72)?3W*(12))e>0-

Proof. For every A > 0, let 8\ be a positive random variable independent of the super-
Brownian motion X and such that —log 6, is uniformly distributed over [X,2)\]. From
Proposition E], we get that the finite-dimensional marginal distributions of the process
(05°Lp_g,2)a>0 converge to those of (L3°),>0 when A — co. We will use (IT7) to study
(9;3LR,9A33)9320 when A — oco. We fix e > 0 and M > 0. We first choose K > 1 large
enough so that the bound

K1/3/0 A*(s)Y3ds > M (18)

holds with probability at least 1 — €.
By (), we have for every > 0 and A > 0 such that §yz < R,

0,°Lp_gye = 0,° E(sup {t : Am(9A3E(5))1/3ds > x}) (19)

Define _

e = inf{t > 0:0,3L(t) = K}
where inf @ = co. We have ¢y x < oo on the event {L(0) > K63}, and (since L(0) =
Ly > 0 a.s.) we may assume that A > 0 is large enough so that the probability of the

12



event {L(0) > 3K} is at least 1 —e. From now on we argue on this event. By (IB), we
have for every r > 0,

E(C)\7K +7r)= E(C)\7K) exp (/CH—T Z(s) ds) = K65 exp (/07‘ Z(C)\7K +5) ds). (20)

CX

Then (conditionally on the event {L(0) > K63}), we know that (Z(C)\7K + 5))s>0 solves
(I2) with initial value

Z(C)\7K) = Z(inf {t >0: 9;3E(0) exp (/Ot Z(s)ds) = K})

= Z(inf {t >0: /Ot Z(s)ds = log(K/L(0)) + 3log6?)\}).

Notice that, by construction, —3log 6y is uniformly distributed over [3A, 6], and so we
know from Proposition [[l and the subsequent remark that the distribution of Z(cy ) is
close to pu in total variation when A is large. It follows that, for A large, we can couple

(Z(CAK + 5))s>0 with (IW*(s))s>0 in such a way that we have

Z(eax +5) =W7(s)

for every s > 0, except possibly on an event of probability at most €. Under this coupling,
and using (20)), we get that, except on an event of probability at most 2e, we have both
ey k < oo and, for every r > 0,

05 Liea + ) = Kexp ( / W*(s) ds) = K A%(r). (21)
0
Discarding another event of probability at most ¢, we know that (I8]) holds, so that
/ (KA*(s)/3ds > M (22)
0
and then, by (21I]),
/ (0:3L(s))/3ds > M,
C\,K

so that, for every x € (0, M],

sup {t >0: /t (9;35(3))1/3(18 > x} =c) K +sup {z >0: /

C/\7K+Z

[e.9]

(9;35(3))1/3&9 > x}

=c) K +sup {z >0: /:O(KA*(S))U?’ ds > m},
using (2I)) again. From (I9]), the last display and (2II), we get, for x € (0, M],
0,°Lp_g,c = 9;3E(6)\7K + Sup{z >0: /:O(KA*(S))U?’ ds > ﬂ:})
= KA*(sup {z >0: /;O(KA:)U3 ds > x})

and we can replace z > 0 by z € R in the last line because of (22)).

At this point, set b = log K, and observe that A*(Sy +t) = K exp(fgs;”ﬂ W*(s)ds),
from which it follows that the process (KA*(t))icr has the same distribution as (A*(Sp +
t))ter. It easily follows that the process

(KA*(sup{z eR: /:O(KA;‘)U?’ ds > x}))

has the same distribution as the process (A*(7;))ze(0,Mm]-
Summarizing, for every large enough A, except on a set of probability at most 3e,
(0;3L R—6xx)ze(0,m] coincides with a process which has the same finite-dimensional marginals

z€(0,M]

as the process (A*(7;))ze(0,m]- Since the finite-dimensional marginals of (05x°LRr_6,2)2>0
converge to those of (L3°);>0 when A — oo, it follows that (L3°),e(0,ar) has the same
distribution as (A*(7))ze(0,m], giving the first assertion of the proposition. The second
assertion follows by differentiating the mapping = — A*(7}). O
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5 The stochastic differential equation for areas of
spheres

With a slight abuse of notation, for every w € R and A > 0, we write IP,, 5 for a probability
measure under which the pair (Zs, Ag)s>0 is such that (Z5)s>0 is distributed as the solution
of (I2) with initial value w, and

As:)\exp<—/OSZrdr).

Proposition 9. The process (W* (1), A*(7}))z>0 is a time-homogeneous Markov process,

whose transition kernels (Il)sso are given by

[ T2, 4@, X)) (!, X) = Eualio(Zn,. A )

where

ns := inf {r >0: / (A3 du > s}.
0

Proof. We fix a > 0 and use the notation
t
T .= sup{s >0: / W*(u)du > —a}.
0
Note in particular that fOT(a) W*(u) du = —a. By Proposition [6] we have

(W*(T(“) B S))ogng(a) 2 ( : )ogsgﬂa)'

We can in fact extend this identity as

*((a) (:) *
(w(r 5))320 (w (S))szo‘ (23)
To justify this, let b > 0, and recall the notation S, = inf{t <0 : fto W*(s)ds > —b}. Us-
ing the fact that (W*(Sy+t)):>0 has the same distribution as (W*(s))s>0, and Proposition
again, we get

(W*(T(“) - 8))o§s§T<a)_sb - (W*(T(a+b) - s))ogs§T<a+b> < ( * S))0§s§T<a+">'

(For the first identity, note that, if W (1) := W*(Sp +u), we have T(@+0) = 7@ _ &, with
an obvious notation, and W (T(¢+%) — 5) = W*(T(®) — 5).) Then we just have to let b1 oo

to get (23).
We then set, for every s > 0,

K(a)(s) = A*(T(a) — 8) = exp (/(]T(a)s W*(r) dr)

=e %exp (/T(a)s W*(r) d?“)

T(a)
=e %exp ( - /OS W*(T(“) —r) dr)
=e %exp ( - /OS VAR (r) dr) (24)

where we have set Z' (r) == W*(T@ —r) for every r > 0.
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From (23]), we see that (7(a) (r),K(a) (r))r>0 has the same distribution as (Z,, A;)y>0
under [ p(dw) Py, .~a. We then set

1@ .= A*(s)/3 ds.
T(a)

Let z > 0. On the event where I(® < z, we have
Ty = sup{z <T@ . / A*(s)Y3ds > x}
and thus
T(a) [ee)
T(@) — * :inf{s >0: / A*(u)1/3du2x—/ A*(u)/? du}
T(@)—g T(a)
= inf{s >0: / K(a)(u)l/?’du >x— I(“)}.
0
Still on the same event, we have
AN (7)) = K(a)(T(a) —7) = A (inf {s >0: / K(a)(u)1/3 du > x — I(“)})
0

(

and, if we write nxa) =T T, we also get, for every y > x,

A () = K () = X (imf {5 > 0 /O K ) du > y - 1@})

e (ng(ca) + inf {s >0: /7755‘”

S (77;“) + inf {s >0: / K(a)(ngf) +u) P du>y— x}), (25)
0

7@ 4 —(a)(u)1/3 du>y — x})

and similarly

Wi(ry) =2 () = 7' () +inf {s > 0 /O K0 4 u)? du >y~ x}). (26)

Let us then consider the filtration (G;):>o defined by
G = 0(7(“’(r),K(“)(r) 0<r< t) v U(A*(T(“) +5):s> O).

By convention, we set 77&1) = oo if I(@ > 2. Note that the event {I @ < x} is Go-
measurable.

By ([@3), (7@1) (t))e>0 has the same distribution as (W*(¢))¢>0 and is thus distributed as
the solution of (I2]) with initial distribution p. It follows that (7@1) (t),K(a) (t))e>0 is (time-
homogeneous) Markov with respect to the filtration (G;):>0, and its transition kernels O,
s > 0, are specified by saying that ©,((w, A),-) is the distribution of (Z;, As) under Py, ).
Moreover (7((1) (O),K(a) (0)) is distributed according to p(dw)d.—a(dA), by (24).

Observe that n&“) is a stopping time of the filtration (G:):>0, and that, on the event
where I(? < z, ([25) and (26) express (7(a) (ng(/a)),K(a) (ng(/a))) in terms of néa) and the
shifted process

Z" 0+, K0 + w)uzo.
An application of the strong Markov property shows that, on the event {I (@) < x}, condi-
tionally on the o-field gm(c“)’ the distribution of the pair (7((1) (m(,“)),K(“) (771(;1))) is the law
of (Z

Ny—a?

A;,_,) under P_) which by definition is

() K ()
1, ((Z ), K @), ).

15



Consider now 0 < 1 < 9 < -+ < zp = x and y > x. By the preceding observations,
we have

E[p(W*(r), A*(r)) F((W* (7)), A (72 i) Lz <any]
=E[p(Z” (), K (o) F(Z ), K 0D 1j<r) Lriorany)
11,0 (Z @), K ) F(Z 0, K 0D 1<) Lstorcany]
[Ty aip (W (), A (7)) P (W (7)), A (2 ik ) Lrior <y
and we just have to let a 1 0o to get the Markov property as stated in the proposition. O

We can now easily derive Theorem [2

Proof of Theorem [2. Recall that L5° > 0, for every x > 0, a.s. From Propositions [§ and
[ we readily obtain that (L5°, L3°),>0 is Markov with transition kernels given by

A) = / Ty ((—~2/32, 0), d(w!, N)) Ta(N, =N2/30),

for every £ > 0, z € R and every Borel subset A of (0,00) x R. Since we have also
o0

o = .80 = 0, this suffices to get the desired Markov property. O

Recall the notation (F;)¢>¢ for the (completion of the) canonical filtration of (L§)¢>o.
For ¢ > 0, we also set F; := F.y for every t > 0.

Proposition 10. Let ¢ > 0. Then the process (Lg:’Lt,ng’rt)tzo satisfies the stochastic
differential equation

. . t t X
Lgi-t = Lgo + 4/ Lg?f—s dBZ +/ h(Lg?I—s’ Lgi—s) dS’
0 0

where B is an (Fi)-Brownian motion started at 0, and

pi(=y/2) 4

h(t,y) = _gt L IE) + -

pe(=y/2) 3

Proof. If w € R and A > 0, the process (Zy,, Ay, )s>0 is under P, ) time-homogeneous

Markov with the transition .kernels IT, of Proposition[@ We can thus combine Propositions
B and @ to get that (L%, L2 ;)i>0 has the same distribution as

y_
t

A s’_(A 5)2/3Z
(8 =(80)772,.)

5 ) s>0

under Pyy«(x) A+(rx). By construction, under the probability measure Py« (rx) px(rx), the
pair (Zs, As) satisfies the equation

dZ, = 4dB, + b(Z,) ds
dA, = —Z,A, ds.

If X, := —(As)?/32Z,, an application of It&’s formula gives
2
dXs = —4(Ag)*3dB, — (As)* b(Zs) ds + 3 (As) Y3 (Z4)? Agds
= —4 (A3 dAB, + (As)V3 h(As, X,) ds,
where we used the scaling relations

pe(z) = t72Bp(t7232) , pl(z) =t 3L (732)
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to verify that, for every z € R and ¢ > 0,

2 pi(z/2) 4
—t13p(2) + S t1/322 = —g¢!/3 2 + = t1/3,2 = h(t, —3/32).

We then use a standard time change argument. If

t
M, = —/ (As)'/8 dB,,
0

the Dubins-Schwarz theorem [17, Theorem V.1.6] shows that §; := M,, is a linear Brow-
nian motion (in the appropriate time-changed filtration). Moreover,

e Nt t
_ / (Ag)?3dB, = / VAL dM, = / Ay, dBa,
0 0 0

where the last equality follows from the formal change of variables s = n,,, which is easily
justified (we omit the details). Since we have also

yl 1/3 t
/0 ()3 (A, X5) ds = /0 h(Ages X, ) du,

we conclude that

t t
Xy, = Xo + 4/0 A, dBu +/0 h(Ay,, Xy,) du. (27)

It is now easy to see that the pair (L2;,L2%,;);>0 satisfies the equation stated in
the theorem. To justify this, recall that E[LX°] = cx® with a constant ¢ < oo, Since

(L4, L )e>0 has the same distribution as (A;,, Xy, )i>0, it follows from (27)) that
. . t .
(e e] oo oo o0
Lz—:th - Lz—: - /0 h(LeJrs’ Ls+s) ds
is a continuous martingale in the filtration (Ff )0, with quadratic variation

t
16 / L ds.
0
This martingale can be represented as
t
1 [ i, ass,
0
where B¢ is an (Fy)-Brownian motion started from 0. This completes the proof. O

We finally prove Theorem [B] which was stated in the introduction.

Proof of Theorem[3. We first observe that h(t,z) > 0 for every t > 0 and z € R. As it

is clear from (@) and (), the function = — zAi(x?) + Ai’(2?) is everywhere negative, and

since the function z — Ai(x?) is positive on R, it follows from formula (@) that h(t, z) > 0.
Then, for € > 0, the Brownian motion B¢ in Proposition [I0l can be written as

t 1
B¢ :/ ————dH?,
t 0 4 /Lgi_s s
where .
HE = 1%, - /0 WL, E2,) ds.

If 0 < & < e, it is a simple matter to verify that we must have Bf = B(i_a,)ﬂ - Bgl,e/,

and then that there exists an (F;)-Brownian motion B started at 0 such that, for every
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€ >0, Bf = Byt — B.. From Proposition [I0, we then get, for every fixed v > 0 and
0<e<u,

fe= L°°+4/ /L°dB, +/ h(L°, L) d (28)

When ¢ — 0,

L;’O—Lgo—z;/e ,/Lgost—>L3°—4/0 \/ L dB,

in probability. Hence,

/hL‘X’L‘X’

also converges in probability to a finite limit when € — 0. This implies that

/ h(LY, Lc>o ds < o0, a.s.

and, to complete the proof of (2)), we just have to let ¢ — 0 in (28)). O

Acknowledgment. I thank Patrick Cattiaux for useful comments about the time reversal
of diffusions.
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