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Abstract—For a controllable linear time-varying (LTV)
pair (At,Bt) and Qt positive semidefinite, we derive the
Markov kernel κ for the Itô diffusion

dxt = Atxtdt+
√
2Btdwt

with an accompanying killing of probability mass at rate
1

2
x
⊤
Qtx. This Markov kernel is the Green’s function for

the linear reaction-advection-diffusion partial differential
equation

∂tκ = −〈∇x, κAtx〉+ 〈BtB
⊤
t ,∇2

xκ〉 −
1

2
x
⊤
Qtxκ.

Our result generalizes the recently derived kernel for the
special case (At,Bt) = (0, I), and depends on the solu-
tion of an associated Riccati matrix ODE. A consequence
of this result is that the linear quadratic non-Gaussian
Schrödinger bridge is exactly solvable. This means that the
problem of steering a controlled LTV diffusion from a given
non-Gaussian distribution to another over a fixed deadline
while minimizing an expected quadratic cost can be solved
using dynamic Sinkhorn recursions performed with the
derived kernel. The endpoint non-Gaussian distributions
are only required to have finite second moments, and are
arbitrary otherwise.

Our derivation for the (At,Bt)-parametrized kernel pur-
sues a new idea that relies on finding a state-time de-
pendent distance-like functional given by the solution of
a deterministic optimal control problem. This technique
breaks away from existing methods, such as generalizing
Hermite polynomials or Weyl calculus, which have seen
limited success in the reaction-diffusion context. Our tech-
nique uncovers a new connection between Markov kernels,
distances, and optimal control. This connection is of inter-
est beyond its immediate application in solving the linear
quadratic Schrödinger bridge problem.

Index Terms— Markov kernel, stochastic optimal control,
non-Gaussian distribution, Green’s function, Schrödinger
bridge.
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I. INTRODUCTION

Markov kernels

κ(t0,x, t,y), 0 ≤ t0 ≤ t <∞, x,y ∈ R
n,

play a central role in the analysis [1, Ch. 1] and control [2]–

[5], [6, Ch. V-VI] of Markov diffusion processes. Often but not

always, they can be interpreted as transition probability, which

are measurable maps sending Borel probability measures1

supported on subsets of Rn to itself. A well-known example

is the (Euclidean) heat kernel [7, p. 44-47]

κHeat(t0,x, t,y) :=
1

(4π (t− t0))
n/2

exp

(
− |x− y|2
4 (t− t0)

)
,

(1)

which is the transition probability for the Itô process

dxt =
√
2 dwt, wt ∈ R

n, (2)

where wt is the standard Wiener process, and | · | denotes the

Euclidean norm.

A more general example of interest in systems-control is

the Markov kernel

κLinear (t0,x, t,y) = (4π (t− t0))
−n/2

det (Γtt0)
−1/2

exp

(
− (Φtt0x− y)

⊤
Γ
−1
tt0 (Φtt0x− y)

4 (t− t0)

)
, (3)

which is the transition probability for the Itô process

dxt = Atxt dt+
√
2Btdwt, wt ∈ R

m, (4)

where (At,Bt) is a uniformly controllable matrix-valued

trajectory pair in (Rn×n,Rn×m) that is bounded and contin-

uous in t ∈ [t0,∞), and the state transition matrix Φtτ :=
Φ(t, τ)∀t0 ≤ τ ≤ t. Here, uniformly controllable means posi-

tive definiteness of the associated finite horizon controllability

Gramian Γtt0 , i.e.,

Γtt0 :=

∫ t

t0

ΦtτBτB
⊤
τ Φ

⊤
tτdτ ≻ 0, 0 ≤ t0 ≤ t <∞.

As expected, (3) reduces to (1) for (At,Bt) = (0, I).
Both (1) and (3) are instances of κ that are transition

probabilities, and satisfy κ ≥ 0,
∫
Rn κdy = 1. They solve

1endowed with the topology of weak convergence
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Kolmogorov’s forward partial differential equation (PDE) ini-

tial value problem with Dirac delta initial condition:

∂tκ = Lκ, κ(t0,x, t0,y) = δ(x− y), (5)

where L is an advection-diffusion spatial operator induced by

the drift and diffusion coefficients of the underlying Itô pro-

cess. For example, for the Itô process (2), Lκ ≡ ∆xκ (standard

Laplacian). For (4), Lκ ≡ −〈∇x, κAtx〉+BtB
⊤
t ∆xκ.

More generally, for the Itô process

dxt = f(t,xt)dt+ g(t,xt)dwt,

with Lipschitz f , uniformly lower bounded G := gg⊤, and

|f |+ |g| ≤ c (1 + |x|) uniformly in t for some constant c > 0,

we have Lκ ≡ 〈∇x, κf〉+∆Gκ where the weighted Laplacian

∆G :=
∑

i,j ∂
2
xixj

(κGij). At this level of generality, closed-

form formula for the transition probability κ such as (1) or

(3) are not available.

A typical situation where the Markov kernel κ is not a

transition probability is when the underlying Itô process, in

addition to drift and diffusion, also allows the creation or

killing of probability mass at a rate q(xt) for some bounded

measurable q. In such cases, κ is a measurable map that sends

nonnegative Borel measures2 supported on subsets of Rn to

itself. Then, (5) gets replaced with

∂tκ = (L− q)κ, κ(t0,x, t0,y) = δ(x− y), (6)

where L is an advection-diffusion operator as before (q =
0 case) and L − q becomes a reaction-advection-diffusion

operator. We say that q is the reaction rate.

For both (5) and (6), the Markov kernel κ can be seen as

the Green’s function of the associated linear PDE initial value

problem. Thus, a closed-form handle on κ helps solve the

associated prediction problem in the sense if the initial state

x0 ∼ µ0 (symbol ∼ denotes “follows the statistics of”) then

xt ∼
∫
Rn κ(t0,x, t,y)dµ0(y).

Compared to (5), explicit formula for κ in (6) are less

known. Recently, a closed-form formula for κ in the case

L ≡ ∆x and convex quadratic q(xt) was found using Hermite

polynomials [5] and Weyl calculus [8]. Motivation behind

these studies came from the Schrödinger bridge problem

(SBP) with quadratic state cost q(xt) := 1
2x

⊤
t Qxt, Q � 0,

which are stochastic optimal control problems of the form:

inf
(µu,u)

∫

Rn

∫ t1

t0

{
1

2
|u|2 + 1

2
(xu

t )
⊤
Qxu

t

}
dt dµu(xu

t ) (7a)

subject to dxu

t = ut (t,x
u

t ) dt+
√
2 dwt, (7b)

xu

t (t = t0) ∼ µ0, xu

t (t = t1) ∼ µ1, (7c)

where the deadline [t0, t1], the state cost weight matrix Q �
0, and the endpoint statistics µ0, µ1 are given as problem data.

Problem (7) has the interpretation of linear quadratic (LQ)

optimal control synthesis for steering non-Gaussian state

statistics over a given finite horizon. The existence-uniqueness

of solution for (7) is guaranteed provided µ0, µ1 have finite

second moments. Solution of (7) for Gaussian µ0, µ1 was

detailed in [9, Sec. III] in a more general setting with (7b)

2still endowed with the topology of weak convergence

replaced by the controlled linear time-varying (LTV) dynam-

ics:

dxu

t = (Atx
u

t +Btut) dt+
√
2Bt dwt, (8)

wherein as before, (At,Bt) is controllable matrix-valued tra-

jectory pair in (Rn×n,Rn×m) that is bounded and continuous

in t ∈ [t0, t1].
Writing the conditions of optimality for (7) followed by

certain change-of-variables, it can be shown [5, Sec. 3] that

solving problem (7) leads to computing the “propagator” a.k.a.

the action of the Green’s function∫

Rn

κ(t0,x, t,y)ϕ̂0(y)dy,

where κ solves (6), and ϕ̂0 is a suitable measurable function.

In other words, the state cost-to-go manifests as a reaction rate

in the PDE for the Markov kernel. Then, knowing a closed-

form formula for κ facilitates the solution of (7) with generic

non-Gaussian µ0, µ1 having finite second moments. This is

what was accomplished in [5], [8].
A natural question is whether such a closed-form formula

for κ can be derived when (7b) is replaced by (8). Finding such

κ would enable solving LQ SBPs with generic non-Gaussian

µ0, µ1 having finite second moments. From a probabilistic

point of view, this κ is the Markov kernel of the Itô process

(4) with quadratic creation or killing of probability mass with

rate q(xt) :=
1
2x

⊤
t Qxt, Q � 0. In this work, we derive this

Markov kernel in the more general setting of time-varying

weight matrices (see Assumptions A1-A2 in Sec. IV).
Contributions: This work makes two concrete contributions.

• The first contribution is the solution of a specific problem.

We deduce the Markov kernel for the Itô diffusion (4)

with killing rate 1
2x

⊤Qtx for Qt � 0. We explain how

integral transforms defined by this kernel help in solving

the generic LQ SBP.

• The second contribution is methodological. To derive

the aforesaid kernel, we propose a new technique that

involves identifying a deterministic optimal control prob-

lem from the Itô diffusion, solving the same to find a

distance function, and then to identify the Markov kernel

in a structure defined by the same. We provide computa-

tional details to demonstrate that the proposed technique

systematically recovers Markov kernels of interest: old

and new.

Related works: In Table I, we contrast the technical contri-

bution of this work vis-à-vis the related works in the literature.
Of particular relevance are [5], [8], [10], [11], all of which

consider the quadratic state cost in the cost-to-go. The develop-

ments in [10], [11] focused on µ0, µ1 Gaussian, and that case

did not require the kernel, thanks to linear dynamics preserving

the Gaussianity. On the other hand, the works [5], [8] derived

the kernel only for (At,Bt) = (0, I) and constant Q � 0.
Neither the Hermite polynomials in [5] nor the Weyl

calculus computation in [8] generalize in any obvious way

for deriving the κ in the LQ setting of our interest. In this

work, we chart a new path motivated by a basic observation

on the structure of the Markov kernels, distances and certain

deterministic optimal control problems.



3

Ref. (At,Bt) Qt � 0 Distributions µ0, µ1 Markov kernel κ

[12], [13] (0, I) 0 generic (1)

[14] generic 0 Gaussian (3)

[10], [11] generic generic Gaussian n/a

[4] generic 0 generic (3)

[5], [8] (0, I) fixed Q � 0 generic [5, (A.22)], [8, (43)]

This work generic generic generic (36)

TABLE I: Comparison of related works on LQ SBP.

Organization: In Sec. II, we motivate the postulated form

(see (9)) for the Markov kernel of interest in terms of a

distance function. In Sec. III, we re-visit the known Markov

kernels to demonstrate that the distance function appearing in

our postulated form can be obtained by solving an associated

deterministic optimal control problem.

Motivated by the structural observations made in Sections

II and III, we next follow the computational template: Markov

kernel←− distance function←− deterministic optimal control

problem, to derive the Markov kernel for the Itô diffusion (4)

with rate of killing 1
2x

⊤Qtx for Qt � 0. In particular, the

corresponding distance is derived in Sec. IV-A, which we then

use to compute the Markov kernel of interest in Sec. IV-B. Our

main result is Theorem 1. In Sec. IV-C, we explain how the

derived kernel helps to solve the LQ SBP with non-Gaussian

endpoints. Sec. V concludes the work.

II. MARKOV KERNELS AND DISTANCES

Both (1) and (3) are of the form

κ = c (t, t0) exp

(
−1

2
dist2tt0 (x,y)

)
(9)

for some suitable distance function

disttt0 : Rn × R
n 7→ R≥0.

The subscript tt0 signifies the distance function’s parametric

dependence on t, t0.

Because (1) and (3) are both transition probabilities, the

distance function disttt0 uniquely determines κ. Once disttt0
is identified, the pre-factor c (t, t0), and hence κ is completely

determined by the normalization condition
∫
Rn κdy = 1.

Interestingly, the κ associated with problem (7) derived

in [5], [8] is also of the form (9) even though κ then is

not a transition probability, and c(t, t0) does not follow from

normalization.

These exemplars hint that for controlled dynamics over Rn,

the distance function might be induced by some principle of

least action.

That Markov kernels are related to distances is in itself not a

new observation. The most well-known result relating kernels

and distances is Varadhan’s formula [15]–[17] which says that

the heat kernel κM
Heat on a complete Riemannian manifoldM

satisfies

lim
t↓t0

t log κM
Heat (t0,x, t,y) = −

1

2
dist2 (x,y) (10)

uniformly on every compact subsets ofM×M, where dist is

the minimal geodesic distance connecting x,y ∈M. In other

words, dist can be recovered as the short time asymptotic of

the heat kernel on M. In the context of Varadhan’s formula

(10), the L in (5) is the Laplace-Beltrami operator on M.

For specific manifolds, few exact or asymptotic relations are

also known [18, Ch. VI], [19], [20, Ch. 5]:

κH
3

Heat (t0,x, t,y) =
1

(4π(t− t0))
3/2

dist(x,y)

sinhdist(x,y)

× exp

(
−t− dist2(x,y)

4(t− t0)

)
, (11a)

κH
n

Heat (t0,x, t,y) ∼
1

(4π(t− t0))
n/2

(
dist(x,y)

sinh dist(x,y)

)(n−1)/2

× exp

(
−dist2(x,y)

4(t− t0)

)
, (11b)

κS
n

Heat (t0,x, t,y) ∼
1

(4π(t− t0))
n/2

(
dist(x,y)

sin dist(x,y)

)(n−1)/2

× exp

(
−dist2(x,y)

4(t− t0)

)
, (11c)

where Hn, Sn denote the n dimensional hyperbolic manifold

and the sphere, respectively. The symbol ∼ in (11) denotes

asymptotic equivalence.

In contrast, the form (9) that we focus on is rather specific,

and is for a flat geometry. It is then natural to speculate that

disttt0 may arise from the finite horizon reachability constraint

over [t0, t] imposed by the controlled dynamics, i.e., disttt0
is of sub-Riemannian or Carnot-Carathéodory type [21]–[23].

This motivates us to formulate disttt0 as the minimal value of

an action integral explained next.

III. DISTANCES FROM OPTIMAL CONTROL

We postulate that for κ of the form (9), the disttt0 is induced

by a deterministic optimal control problem (OCP) of particular

structure. The objective for this OCP is

1

2
dist2tt0(x,y) = min

uτ

∫ t

t0

(
1

2
|uτ |2 + q(zτ )

)
dτ. (12)

The constraint for this OCP is a controlled ODE obtained by

replacing dwτ in the underlying Itô diffusion with a controlled

drift uτ dτ , and boundary conditions zτ (τ = t0) = x,

zτ (τ = t) = y. Notice that in objective (12), the state cost q
is the rate of creation or killing of probability mass. Let us

verify this postulate for known cases discussed before.

Heat kernel (1). Here q ≡ 0, and dwτ 7→ u dτ in (2) gives

the controlled ODE żτ =
√
2uτ where dot denotes derivative

w.r.t. τ ∈ [t0, t]. This leads to the deterministic OCP

1

2
dist2tt0(x,y) =min

uτ

∫ t

t0

1

2
|uτ |2dτ (13a)

żτ =
√
2 uτ , (13b)

zτ (τ = t0) = x, zτ (τ = t) = y. (13c)

For solving (13), we apply the Pontryagin’s minimum prin-

ciple to get the optimal control uopt
τ = −

√
2λopt

τ where

λopt
τ is the optimal costate. The optimal state z̈opt

τ = 0, or
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żopt
τ = −2λopt

τ = α, or equivalently zopt
τ = ατ + β for

some constant α,β ∈ Rn.

Using (13c), we find α = (x − y)/(t0 − t), and λopt
τ =

−α/2 = (x−y)/2(t− t0). Hence the optimal value in (13a):

1

2
dist2tt0(x,y) =

1

2
· 2|λopt

τ |2 · (t− t0) =
|x− y|2
4(t− t0)

,

which indeed transcribes (1) into the form (9). The normal-

ization condition for κ leads to evaluating a Gaussian integral,

which determines the pre-factor

c(t, t0) = (4π(t− t0))
−n/2.

Linear kernel (3). Here q ≡ 0, and dwτ 7→ udτ in (4) yields

the deterministic OCP

1

2
dist2tt0(x,y) =min

uτ

∫ t

t0

1

2
|uτ |2dτ (14a)

żτ = Aτzτ +
√
2Bτuτ , (14b)

zτ (τ = t0) = x, zτ (τ = t) = y. (14c)

Problem (14) is that of minimum effort state steering for

controllable linear system, and its solution is commonplace in

optimal control textbooks; see e.g., [24, p. 194]. The optimal

value in (14a):

1

2
dist2tt0(x,y) =

(Φtt0x− y)⊤ Γ
−1
tt0 (Φtt0x− y)

4 (t− t0)
,

which indeed transcribes (3) into the form (9). As before, the

normalization condition for κ determines the pre-factor

c(t, t0) = (4π (t− t0))
−n/2

det (Γtt0)
−1/2

via Gaussian integral.

The kernel in [5], [8]. The kernel derived in [5], [8] cor-

responds to the Itô diffusion (2) with reaction rate 1
2z

⊤Qz,

Q � 0. Without loss of generality [5, Sec. 4.1], we consider

state coordinates where a given Q ≻ 0 is diagonalized to

yield the diagonal matrix 2D ≻ 0. The factor 2 scaling

is unimportant but kept for consistency with [5, Sec. 4].

Importantly, the Laplacian operator is invariant under this

change of coordinates. For the case Q � 0, we refer the

readers to [5, Sec. 4.3].

In the new state coordinates, q ≡ 1
2z

⊤
τ 2Dzτ , and dwτ 7→

u dτ in (2) gives the following modified version of the OCP

(13):

1

2
dist2tt0(x,y) =min

uτ

∫ t

t0

(
1

2
|uτ |2 +

1

2
z⊤
τ 2Dzτ

)
dτ (15a)

żτ =
√
2 uτ , (15b)

zτ (τ = t0) = x, zτ (τ = t) = y. (15c)

Applying Pontryagin’s minimum principle, we get the optimal

control uopt
τ = −

√
2λopt

τ , the optimal costate ODE λ̇opt
τ =

−2Dzopt
τ , and the optimal state ODE

z̈opt
τ = −2λ̇opt

τ = 4Dzopt
τ . (16)

Letting ωi := 2
√
Dii for all i = 1, . . . , n, we solve for the

components of (16) as
(
zoptτ

)
i
= aie

ωiτ + bie
−ωiτ , (17)

and use (15c) to determine the constants

ai =
−xie

−ωit + yie
−ωit0

2 sinh (ωi (t− t0))
, bi =

xie
ωit − yie

ωit0

2 sinh (ωi (t− t0))
. (18)

Hence the optimal value in (15a):

1

2
dist2tt0(x,y)

=

∫ t

t0

(
1

2
|uopt

τ |2 +
1

4

n∑

i=1

ω2
i

((
zoptτ

)
i

)2
)
dτ

=

∫ t

t0

(
1

4
|zopt

τ |2 +
1

4

n∑

i=1

ω2
i

((
zoptτ

)
i

)2
)
dτ

=
1

2

n∑

i=1

ωi

(
x2
i + y2i

)
cosh (ωi(t− t0))− 2ωixiyi

2 sinh (ωi(t− t0))
, (19)

where we have used (17)-(18) followed by algebraic simplifi-

cation using the identity sinh(2(·)) = 2 sinh(·) cosh(·).
We note that the expression (19) indeed transcribes the

Markov kernel in [8, Eq. (43)] or that in [5, Eq. (A.22)]

into the form (9). Since this Markov kernel is not a transition

probability, the normalization condition no longer holds, and

the pre-factor

c(t, t0) =
n∏

i=1

(
ωi

4π sinh (ωi(t− t0))

)1/2

(20)

does not follow from there. However, having determined (19),

the pre-factor (20) can be obtained by substituting (9) with

(19) in (6). See Appendix A for details of this simple but

non-trivial computation.

IV. DISTANCE AND KERNEL FOR LQ NON-GAUSSIAN

DISTRIBUTION STEERING

Having seen three exemplars for the computational pipeline:

Markov kernel κ←− dist←− deterministic OCP,

we now apply the same to derive κ for the Itô diffusion (4) with

reaction rate q(z) ≡ 1
2z

⊤Qτz, τ ∈ [t0, t]. For convenience,

let B̂τ :=
√
2Bτ .

Our standing assumptions are:

A1. (Aτ ,Bτ ), and thus
(
Aτ , B̂τ

)
, is controllable matrix-

valued trajectory pair in (Rn×n,Rn×m) that is bounded and

continuous in τ ∈ [t0, t].
A2. the matricial trajectory Qτ � 0 is continuous and bounded

w.r.t. τ ∈ [t0, t], and Qs ≻ 0 for some s ∈ [t0, t].
Finding the Markov kernel κ in this setting enables the

solution of the LQ SBP with generic non-Gaussian endpoint

distributions having finite second moments, i.e., the solution

of the problem:

inf
(µu,u)

∫

Rn

∫ t1

t0

{
1

2
|u|2 + 1

2
(xu

t )
⊤
Qtx

u

t

}
dt dµu(xu

t )

(21a)
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subject to dxu

t = (Atx
u

t +Btut) dt+
√
2Bt dwt,

(21b)

xu

t (t = t0) ∼ µ0, xu

t (t = t1) ∼ µ1. (21c)

For µ0, µ1 with finite second moments, the existence-

uniqueness for the solution of (21) is guaranteed. This follows

from transcribing (21) to a stochastic calculus of variations

problem involving the relative entropy a.k.a. the Kullback-

Leibler divergence DKL (· ‖ ·) minimization:

min
P∈Π01

DKL


P ‖

exp
(
− 1

4

∫ t1
t0

x⊤Qtx dt
)
W

Z


 (22)

where

Π01 := {M ∈ M (C ([t0, t1] ;Rn)) |M has marginal µk

at time tk ∀k ∈ {0, 1}}, (23)

the M (C ([t0, t1] ;Rn)) is the set of probability measures on

the path space C ([t0, t1] ;Rn) generated by the Itô diffusion

(4), the W ∈M (C ([t0, t1] ;Rn)) is the Wiener measure, and

the Z is a normalizing constant. Problem (22) seeks to find

the most likely measure-valued path generated by (4) w.r.t. a

weighted Wiener (i.e., Gibbs) measure defined by the quadratic

state cost, with endpoint marginal constraints given by the

problem data µ0, µ1. For the equivalence of the formulations

(21) and (22), see e.g., [25]–[27], [28, Sec. 4.1]. The existence-

uniqueness of solution for (22) is a consequence of strict

convexity of DKL (· ‖ ·) w.r.t. the first argument.
Unlike the three kernels in Sec. III, the κ for problem (21)

is not known. Moreover, previously mentioned approaches

(Hermite polynomials, Weyl calculus) to compute κ that works

for simpler cases no longer generalize in any obvious way. We

postulate that the form (9) for the Markov kernel holds here

as well. In Sections IV-A-IV-B, we will verify the same. In

Section IV-C, we will explain how the resulting kernel helps

to solve the LQ SBP (21).

A. Getting dist

Inspired by the instances in Sec. III, we define dist through

the following deterministic OCP:

1

2
dist2tt0(x,y) =min

uτ

∫ t

t0

(
1

2
|uτ |2 +

1

2
z⊤
τ Qτzτ

)
dτ (24a)

żτ = Aτzτ +
√
2Bτuτ , (24b)

zτ (τ = t0) = x, zτ (τ = t) = y. (24c)

This is an atypical linear quadratic OCP in that when x,y are

not too close to the origin, the optimal state trajectory trades

off the soft penalty (state cost-to-go) in deviating away from

origin with that of meeting the hard endpoint constraints (24c)

within the given deadline.
We need the following result from [29, p. 140-141] para-

phrased below to suit our notations.

Proposition 1. [29, p. 140-141] Suppose there exists sym-

metric matrix K1 such that the solution map3
Π(τ,K1, t) of

3The mapping Π(τ,K1, t) is understood as the solution of (25a) at any
τ ∈ [t0, t] solved backward in time with initial condition (25b).

the Riccati matrix ODE initial value problem

K̇τ = −A⊤
τ Kτ −KτAτ +KτB̂τB̂

⊤
τ Kτ −Qτ , (25a)

Kτ=t = K1, (25b)

exists for all τ ∈ [t0, t]. Let

Âτ := Aτ − B̂τ B̂
⊤
τ Π(τ,K1, t) ∀τ ∈ [t0, t]. (26)

Then the differentiable trajectory zτ minimizes

η =

∫ t

t0

(
1

2
|uτ |2 +

1

2
z⊤
τ Qτzτ

)
dτ

subject to żτ = Aτzτ + B̂τuτ ,

zτ=t0 = x, zτ=t = y,

if and only if it also minimizes

η̂ =

∫ t

t0

1

2
|vτ |2dτ

subject to żτ = Âτzτ + B̂τvτ ,

zτ=t0 = x, zτ=t = y.

Additionally, along any trajectory satisfying the boundary

conditions, we have

η = η̂ +
1

2
x⊤

Π(t0,K1, t)x−
1

2
y⊤K1y. (27)

Remark 1 (Existence, uniqueness and positive semi-definite-

ness of Π). Proposition 1 does not assume the controllability

of (24b). However, under our standing controllability assump-

tion A1 and the positive semi-definiteness assumption for Qτ

∀τ ∈ [t0, t] in A2, the existence-uniqueness of the mapping

Π is guaranteed for all τ ∈ [t0, t]. Furthermore, the unique

solution Π(τ,K1, t) � 0 for any K1 � 0. See e.g., [30, Thm.

8-10].

Remark 2 (Strict positive definiteness of Π). The assumption

Qs ≻ 0 for some s ∈ [t0, t], stated in the latter part of A2,

further ensures that Π(τ,K1, t) ≻ 0 for any K1 � 0. This is

a consequence of the matrix variations of constants formula

[29, p. 59, exercise 1 in p. 162], [31, Sec. II].

Since the optimal η̂ in Proposition 1 is the cost for minimum

energy state transfer from x at t0 to y at t over the LTV system

matrix pair (Âτ , B̂τ ), we have

η̂opt =
1

2

(
Φ̂tt0x− y

)⊤
Γ̂
−1
tt0

(
Φ̂tt0x− y

)
, (28)

where Φ̂tt0 is the state transition matrix from t0 to t for

the state matrix Âτ in (26). Likewise, Γ̂tt0 in (28) is the

controllability Gramian for the pair (Âτ , B̂τ ).
To see why (28) is well-defined, recall that for linear

systems, controllability remains invariant under state feedback.

Specifically, the following Proposition 2 holds. For its proof in

the LTV setting, see [32]; the proof in the linear time-invariant

setting appeared earlier in [33, Thm. 3] .

Proposition 2. [32] Let Âτ be given by (26). If the LTV

system defined by the pair (Aτ , B̂τ ) is controllable, then so

is the LTV system defined by the pair (Âτ , B̂τ ).
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From Proposition 2, it follows that Γtt0 ≻ 0 implies Γ̂tt0 ≻
0. In particular, Γ̂tt0 is non-singular, and (28) is well-defined.

Since the optimal η in (27), and thus the optimal value in

(24a) must be independent of K1, we can set K1 ≡ 0 without

loss of generality. Combining this observation with (28), we

find the optimal value in (24a) as

1

2
dist2tt0(x,y) =

1

2

(
x

y

)⊤
Mtt0

(
x

y

)
, (29)

where

Mtt0 :=



Φ̂

⊤
tt0Γ̂

−1
tt0 Φ̂tt0 +Π(t0,0, t) −Φ̂⊤

tt0Γ̂
−1
tt0

−Γ̂−1
tt0 Φ̂tt0 Γ̂

−1
tt0


. (30)

Using the Schur complement lemma, we can check that

Mtt0 ≻ 0, as expected. Specifically, from (30), note that

Γ̂
−1
tt0 ≻ 0, (31a)

Φ̂
⊤
tt0 Γ̂

−1
tt0 Φ̂tt0 +Π(t0,0, t)−

(
−Φ̂⊤

tt0 Γ̂
−1
tt0

)
Γ̂tt0

(
−Γ̂−1

tt0 Φ̂tt0

)

= Π(t0,0, t) ≻ 0, (31b)

thanks to Remark 2.

The formulae (29)-(30) generalize the previously known

result in [5], [8] for zero prior dynamics. In particular, the

previously known result can be recovered from (29)-(30) as

follows (proof in Appendix B).

Proposition 3. When Qτ = 2D ≻ 0 (constant positive

diagonal matrix) and (Aτ , B̂τ ) ≡ (0,
√
2I) ∀τ ∈ [t0, t], the

formulas (29)-(30) reduce to (19).

B. Getting κ

Now that we have determined the distance functional in the

generic LQ setting given by (29)-(30), what remains in finding

κ in the postulated form (9), i.e., in the form

κ (t0,x, t,y) = c(t, t0) exp

(
−1

2

(
x

y

)⊤

Mtt0

(
x

y

))
, (32)

is to compute the pre-factor c(t, t0). Unique identification of

c(t, t0) serves the dual purpose of uniquely determining the

kernel as well as verifying the postulated form (9).

As was the case in the last example in Sec. III, here κ is

not a transition probability kernel and
∫
κ 6= 1. Thus, the pre-

factor c(t, t0) cannot be determined from normalization. To

find c(t, t0), the idea now is to substitute (9) with (29) in (6)

and invoke the initial condition.

Specifically, here

Lκ ≡ −〈∇x, κAtx〉+BtB
⊤
t ∆xκ,

so L is an advection-diffusion operator. Also, recall that the

reaction rate q(x) ≡ 1
2x

⊤Qτx with Qτ satisfying Assump-

tion A2. So (6) becomes an reaction-advection-diffusion PDE

initial value problem

∂tκ = −〈∇x, κAtx〉+ 〈BtB
⊤
t ,∇2

xκ〉 −
1

2
x⊤Qtxκ, (33a)

κ(t0,x, t0,y) = δ(x− y), (33b)

where ∇2
x denotes the Hessian w.r.t. x.

We now state our main result in the following theorem

(proof in Appendix C).

Theorem 1 (Kernel for LQ non-Gaussian steering). For τ ∈
[t0, t], consider assumptions A1-A2. Let

θ(τ) := traceAτ + 〈BτB
⊤
τ , Φ̂⊤

τt0Γ̂
−1
τt0Φ̂τt0 +Π(t0,0, τ)〉,

(34a)

= trace
(
Aτ +BτB

⊤
τ M11(τ, t0)

)
, (34b)

a := (2π)−n/2 lim
t↓t0

det

(
M

1/2
11 (t, t0) exp

∫ t

t0

(Aτ+

BτB
⊤
τ M11(τ, t0)

)
dτ

)
, (35)

where Φ̂τt0 , Γ̂τt0 ,Π(t0,0, τ) are as in Sec. IV-A, and exp
denotes the matrix exponential. The matrix M11(τ, t0) ap-

pearing in (34b) and (35) is the (1, 1) block of Mτt0 given by

(30). Then the Markov kernel κ solving the reaction-advection-

diffusion PDE initial value problem (33) is

κ (t0,x, t,y) =a exp

(
−
∫ t

t0

θ(s)ds

)

× exp

(
−1

2

(
x

y

)⊤
Mtt0

(
x

y

))
, (36)

where Mtt0 ≻ 0 is given by (30).

The kernel (36) significantly extends the results in [5], [8]

to the generic LQ case. The corollary next (proof in Appendix

D) recovers the previously known special case.

Corollary 2. [Kernel in [5], [8] as special case of (36)]

When Qτ = 2D ≻ 0 (constant positive diagonal matrix) and

(Aτ , B̂τ ) ≡ (0,
√
2I) ∀τ ∈ [t0, t], the kernel (36) reduces to

that in [8, Eq. (43)] or that in [5, Eq. (A.22)].

Remark 3. Using assumptions A1-A2 and the standard (ε, δ)
definition of limit, it is not too difficult to show that the upper

limit in (35) exists. In special cases such as Corollary 2

above, the limit in (35) can be evaluated in closed form, as

shown in Appendix D. Importantly, the limit in (35) cannot be

distributed to the determinant and the exponential factors; see

the computation in (85).

The following properties are immediate from the expression

of the kernel (36):

• (spatial symmetry) κ (t0,x, t,y) = κ (t0,y, t,x) ∀x,y ∈
Rn,

• (positivity) κ (t0,x, t,y) > 0 since from (35), a > 0.

We next discuss how the derived kernel helps in solving the

LQ SBP (21).

C. Using κ to solve LQ SBP with non-Gaussian µ0, µ1

Using the derived kernel (36), we define the integral trans-

forms

ϕ̂0 7→ T01ϕ̂0 :=

∫

Rn

κ (t0,x, t1,y) ϕ̂0(y)dy, (37a)
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ϕ1 7→ T10ϕ1 :=

∫

Rn

κ (t1,x, t0,y)ϕ1(y)dy, (37b)

for measurable ϕ̂0(·), ϕ1(·). These integral transforms help

solve the LQ SBP (21) as follows.

Suppose that the endpoint measures µ0, µ1 in (21c) are

absolutely continuous with respective probability density func-

tions (PDFs) ρ0, ρ1. Standard computation shows that the

necessary conditions for optimality for (21) yield a pair of

second order coupled nonlinear PDEs:

∂tρ
u

opt +∇x ·
(
ρuopt

(
Atx+BtB

⊤
t ∇xS

))

= 〈BtB
⊤
t ,∇2

xρ
u

opt〉, (38a)

∂tS + 〈∇xS,Atx〉+
1

2

〈
∇xS,BtB

⊤
t ∇xS

〉

+
〈
BtB

⊤
t ,∇2

xS
〉
=

1

2
x⊤Qtx, (38b)

ρuopt (t = t0, ·) = ρ0(·), ρuopt (t = t1, ·) = ρ1(·), (38c)

in unknown primal-dual pair
(
ρuopt(t,x), S(t,x)

)
, i.e., the

optimally controlled joint state PDF and the value function.

The Hopf-Cole transform [34], [35] given by

(
ρuopt, S

)
7→ (ϕ̂, ϕ) :=

(
ρuopt exp (−S) , expS

)
, (39)

recasts (38) to a pair of boundary-coupled linear PDEs:

∂tϕ̂ = −〈∇x, ϕ̂Atx〉+ 〈BtB
⊤
t ,∇2

xϕ̂〉 −
1

2
x⊤Qtxϕ̂, (40a)

∂tϕ = −〈∇xϕ,Atx〉 − 〈BtB
⊤
t ,∇2

xϕ〉+
1

2
x⊤Qtxϕ, (40b)

ϕ̂(t0, ·)ϕ(t0, ·) = ρ0(·), ϕ̂(t1, ·)ϕ(t1, ·) = ρ1(·). (40c)

We note that the PDE (40a) is precisely the forward reaction-

advection-diffusion PDE (33a), and the PDE (40b) is the

associated backward reaction-advection-diffusion PDE.

The solution of (40) recovers the solution of (21). Specif-

ically, ∀t ∈ [t0, t1], the optimally controlled joint state

PDF ρuopt(t,x) = ϕ̂(t,x)ϕ(t,x), and the optimal control

uopt(t,x) = B⊤
t ∇xS(t,x) = B⊤

t ∇x logϕ(t,x).
For k ∈ {0, 1}, letting ϕ̂k(·) := ϕ̂(tk, ·), ϕk(·) := ϕ(tk, ·),

the system (40) can be solved by the dynamic Sinkhorn

recursion:

ϕ̂0
T01−−→ ϕ̂1

ρ1/ϕ̂1−−−−→ ϕ1
T10−−→ ϕ0

ρ0/ϕ0−−−−→ (ϕ̂0)next , (41)

involving the integral transforms (37). The recursion (41) is

known [36], [37] to be contractive w.r.t. Hilbert’s projec-

tive metric [38], [39]. For different variants of the dynamic

Sinkhorn recursions in the SBP context, we refer the readers

to [2], [4], [28], [40]. For discussions on (41) in the special

case (At,Bt) ≡ (0, I), see [5, Sec. 3.2].

From computational point of view, having a handle for the

kernel (36) helps us to apply T01, T10 in (37) during each

pass of the recursion (41). This in turn helps to solve the

LQ SBP (21) with arbitrary non-Gaussian µ0, µ1 having finite

second moments. The solution for (21) when both µ0, µ1 are

Gaussians, appeared in [11] and did not need to derive the

kernel. However, the techniques and results in [11] are difficult

to generalize for non-Gaussian µ0, µ1. This is what motivated

our derivation for the kernel.

Remark 4. If the kernel κ in (37) were not available, an

alternative way to implement T01, T10 in (41) is to apply

the Feynman-Kac path integral [41, Ch. 8.2], [42, Ch. 3.3]

resulting in randomized numerical approximations for ϕ̂1, ϕ0.

For instance, the Feynman-Kac path integral representation

for (37b) is

T10ϕ1(x)

=E

[
ϕ1 (xt1) exp

(
−
∫ t1

t

1

2
x⊤
τ Qτxτdτ

)
| xt = x

]
, (42)

and the conditional expectation can be approximated by Monte

Carlo simulation. Having an explicit handle on κ removes the

need for such randomized approximation of the deterministic

functions ϕ̂1, ϕ0.

To further understand the action of the derived kernel, notice

that combining (36) and (37a) yields

T01ϕ̂0 = a exp

(
−
∫ t

t0

θ(s)ds

)
exp

(
−1

2
x⊤M11 (t, t0)x

)

∫

Rn

exp

(
−1

2
y⊤M22 (t, t0)y + 〈−M⊤

12 (t, t0)x,y〉
)
ϕ̂0(y)dy,

(43)

and likewise for T10ϕ1, where M11,M12,M22 refer to the

respective blocks of (30). For suitably smooth ϕ̂0, the integral

in (43) can be evaluated using Lemma 1 in Appendix A. We

close with an example of such computation.

Example 1 (Mixture-of-Gaussian ϕ̂0). For fixed nc ∈ N, let

ϕ̂0 be an nc component conic mixture-of-Gaussians, i.e.,

ϕ̂0(y) =

nc∑

i=1

wi exp

(
−1

2
(y −mi)

⊤
Σ

−1
i (y −mi)

)
,

where wi > 0, mi ∈ Rn, Σi ≻ 0 ∀i ∈ [nc]. Then (43) gives

T01ϕ̂0 = a exp

(
−
∫ t

t0

θ(s)ds

)

× exp

(
−1

2
x⊤M11 (t, t0)x

) nc∑

i=1

wi exp

(
−1

2
m⊤

i Σ
−1
i mi

)

∫

Rn

exp

(
−1

2
y⊤
(
M22 (t, t0) +Σ

−1
i

)
y

+〈−M⊤
12 (t, t0)x+Σ

−1
i mi,y〉

)
dy

= a (2π)
n/2

exp

(
−
∫ t

t0

θ(s)ds

)

× exp

(
−1

2
x⊤M11 (t, t0)x

) nc∑

i=1

wi√
det
(
M22 (t, t0) +Σ

−1
i

)

×exp
{
− 1

2
m⊤

i Σ
−1
i mi +

1

2

(
−M⊤

12 (t, t0)x+Σ
−1
i mi

)⊤

(
M22 (t, t0) +Σ

−1
i

) (
−M⊤

12 (t, t0)x+Σ
−1
i mi

)}
,

(44)

where the last equality uses Lemma 1.
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V. CONCLUDING REMARKS

We derived the Markov kernel for an LTV Itô diffusion

in the presence of killing of probability mass at a rate that

is convex quadratic with time-varying weight matrix. The

resulting kernel is parameterized by the LTV matrix pair

(At,Bt) and the killing weight Qt � 0, in terms of the

solution of a Riccati matrix ODE initial value problem.
The derived kernel has relevance in stochastic control: it is

the Green’s function for a reaction-advection-diffusion PDE

that appears in solving the generic linear quadratic Schrödinger

bridge problem. This problem concerns with steering a given

state distribution to another over a given finite horizon subject

to controlled LTV diffusion while minimizing a cost-to-go

that is quadratic in state and control. The solution for this

problem has appeared in prior literature for the case when

the endpoint distributions are Gaussians. It is also understood

that for non-Gaussian endpoints, the problem can be solved

via dynamic Sinkhorn recursions, which however, require

solving initial value problems involving the aforesaid reaction-

advection-diffusion PDE within each epoch of the recursion,

with updated initial conditions. By deriving the corresponding

Green’s function, our results facilitate this computation.
The results here also generalize our prior works where the

Markov kernel was derived for the special case (At,Bt) =
(0, I) using generalized Hermite polynomials and Weyl cal-

culus. However, for generic (At,Bt) and Qt � 0, those

techniques become unwieldy. To overcome this technical chal-

lenge, we pursued a new line of attack by postulating the

structure of the Markov kernel in terms of a distance func-

tion induced by an underlying deterministic optimal control

problem. Using this new technique, we demonstrated that both

new and existing results can be recovered in a conceptually

transparent manner even when the underlying Markov kernel

is not a transition probability, as is the case here. These

interconnections between the Markov kernels, distances and

optimal control, should be of independent interest.

APPENDIX

A. Derivation of (20)

Consider κ as in (9) with 1
2dist

2
tt0 given by (19). For

finding the pre-factor c(t, t0), we substitute (9) with (19) in

the reaction-diffusion PDE in (6), i.e., in

∂tκ =

(
∆x −

1

2
x⊤2Dx

)
κ

=

(
n∑

i=1

∂2
xii
− ω2

i

4
x2
ii

)
κ, (45)

since ω2
i = 4Dii for all i = 1, . . . , n. This substitution in (45),

after algebraic simplification, results in the ODE

ċ = c

(
−1

2

n∑

i=1

ωi coth (ωi(t− t0))

)
, (46)

where ċ denotes the derivative of c(t, t0) w.r.t. t.
Integrating (46) yields

log c = log a− 1

2

n∑

i=1

log sinh(ωi(t− t0)),

where log a is the numerical constant of integration. Thus,

c(t, t0) = a

n∏

i=1

1

(sinh(ωi(t− t0)))
1/2

. (47)

Combining (47) with (9) and (19), we obtain

κ(t0,x, t,y) = a

n∏

i=1

1√
sinh(ωi(t− t0))

× exp

(
−1

2

ωi

(
x2
i + y2i

)
cosh (ωi(t− t0))− 2ωixiyi

2 sinh (ωi(t− t0))

)
,

(48)

for all 0 ≤ t0 ≤ t <∞. All that remains is to find the constant

a.
Letting τ := t− t0, and invoking the initial condition in (6)

for (48), we have

δ(x− y) = a lim
τ↓0

n∏

i=1

1√
sinh(ωiτ)

× exp

(
−1

2

ωi

(
x2
i + y2i

)
cosh (ωiτ)− 2ωixiyi

2 sinh (ωiτ)

)
. (49)

Integrating both sides of (49) w.r.t. x over Rn gives

1 = a

(
lim
τ↓0

n∏

i=1

1√
sinh(ωiτ)

)
×

∫

Rn

lim
τ↓0

n∏

i=1

exp

(
−1

2

ωi

(
x2
i + y2i

)
cosh (ωiτ)− 2ωixiyi

2 sinh (ωiτ)

)
dx,

(50)

wherein the LHS used the shift property of the Dirac delta:∫
Rn δ(x− y) · 1 · dx = 1.

Since

ωi

(
x2
i + y2i

)
cosh (ωiτ)− 2ωixiyi

2 sinh (ωiτ)

=

(√
ωixi√
ωiyi

)⊤(
coth(ωiτ) −csch(ωiτ)
−csch(ωiτ) coth(ωiτ)

)(√
ωixi√
ωiyi

)

is a positive definite quadratic form, we have

0 ≤ exp

(
−1

2

ωi

(
x2
i + y2i

)
cosh (ωiτ) − 2ωixiyi

2 sinh (ωiτ)

)
≤ 1.

Hence, using the dominated convergence theorem [43, Thm.

1.13], we exchange the limit and integral in (50) to yield

1 = a lim
τ↓0

n∏

i=1

exp

(
−1

2

ωiy
2
i cosh(ωiτ)

2 sinh(ωiτ)

)

√
sinh(ωiτ)

×
(∫ ∞

−∞

exp

(
−1

2

ωix
2
i cosh(ωiτ) − 2ωixiyi

2 sinh(ωiτ)

)
dxi

)
.

(51)

We need the following auxiliary lemma.

Lemma 1 (Central identity of quantum field theory). [44, p.

2], [45, p. 15] For fixed n × n matrix A ≻ 0 and suitably

smooth f : Rn 7→ R,
∫

Rn

exp

(
−1

2
x⊤Ax

)
f(x)dx
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=

√
(2π)n

det(A)
exp

(
1

2
∇⊤

xA
−1∇x

)
f(x)

∣∣∣∣∣
x=0

, (52)

where the exponential of differential operator is un-

derstood as a power series. As a special case, for

b ∈ Rn, we have
∫
Rn exp

(
− 1

2x
⊤Ax+ 〈b,x〉

)
dx =√

(2π)n

detA exp
(
1
2b

⊤A−1b
)
. In particular, for fixed scalars a >

0, b ∈ R, we have

∫ ∞

−∞

exp

(
−1

2
ax2 + bx

)
dx =

√
2π

a
exp

(
1

2

b2

a

)
.

Using Lemma 1, the integral in (51) evaluates to
√

4π sinh(ωiτ)

ωi cosh(ωiτ)
exp

(
ωiy

2
i

4 sinh(ωiτ) cosh(ωiτ)

)
.

Substituting back this value in (51), followed by simplification

via identity: 1− cosh2(·) = − sinh2(·), gives

1 = a lim
τ↓0

n∏

i=1

√
4π

ωi cosh(ωiτ)
exp

(
−ωiy

2
i sinh(ωiτ)

4

)

= a

n∏

i=1

√
4π

ωi
. (53)

Therefore, a =
∏n

i=1

√
ωi

4π , which upon substitution in (47),

yields (20).

B. Proof of Proposition 3

As is well-known [29, p. 156], [46], for any τ ∈ [t0, t], the

solution of the Riccati ODE initial value problem (25) admits

linear fractional representation

Π(τ,K1, t) =

(Ψ21 (t, τ) +Ψ22 (t, τ)K1) (Ψ11 (t, τ) +Ψ12 (t, τ)K1)
−1

,
(54)

where

Ψtτ :=

[
Ψ11 (t, τ) Ψ12 (t, τ)
Ψ21 (t, τ) Ψ22 (t, τ)

]
∈ R

2n×2n (55)

is the state transition matrix of the linear Hamiltonian matrix

ODE
(
Ẋτ

Λ̇τ

)
=

[
Aτ −B̂τB̂

⊤
τ

−Qτ −A⊤
τ

](
Xτ

Λτ

)
, Xτ ,Λτ ∈ R

n×n.

(56)

For the special case in hand, the coefficient matrix in (56)

equals [
0 −2I
−2D 0

]
,

and its (backward in time) state transition matrix becomes

Ψtτ = exp

([
0 2I
2D 0

]
(t− τ)

)

=


 cosh

(

2
√
D(t− τ )

) (√
D

)−1
sinh

(

2
√
D(t− τ )

)

√
D sinh

(

2
√
D(t− τ )

)

cosh
(

2
√
D(t− τ )

)


,

(57)

where all hyperbolic functions act element-wise. To see the

last equality, it suffices to note that for 2 × 2 matrix

[
0 b
c 0

]

with b, c > 0, we have

exp

([
0 b
c 0

]
(t− τ)

)
= I

∞∑

k=0

(√
bc(t− τ)

)2k

(2k)!

+

[
0

√
b/c√

c/b 0

] ∞∑

k=0

(√
bc(t− τ)

)2k+1

(2k + 1)!

=

[
cosh(

√
bc(t− τ))

√
b/c sinh(

√
bc(t− τ))√

c/b sinh(
√
bc(t− τ)) cosh(

√
bc(t− τ))

]
.

From (54) and (57), we then get

Π(τ,0, t) = Ψ21 (t, τ) (Ψ11 (t, τ))
−1

=
√
D tanh

(
2
√
D(t− τ)

)
. (58)

Following (26), in this case, we also have

Âτ = −2Π(τ,0, t) = −2
√
D tanh

(
2
√
D(t− τ)

)
(59)

for all τ ∈ [t0, t]. From (59), Âτ and
∫ τ

t0
Âσdσ commute.

Hence the state transition matrix for the coefficient matrix Âτ

equals

Φ̂tτ = exp

(
−2
√
D

∫ t

τ

tanh
(
2
√
D(t− σ)

)
dσ

)

= exp

(
−2
√
D

∫ t−τ

0

tanh
(
2
√
Ds
)
ds

)

= exp
(
− log cosh

(
2
√
D(t− τ)

))

= sech
(
2
√
D(t− τ)

)
. (60)

Thus

Γ̂tτ =

∫ t

τ

Φ̂tσB̂σB̂
⊤
σ Φ̂

⊤
tσdσ = 2

∫ t

τ

sech2(2
√
D(t− σ))dσ

= D− 1

2 tanh(2
√
D(t− τ)),

so,

Γ̂
−1
tτ =

√
D coth(2

√
D(t− τ)). (61)

Therefore, (30) simplifies to

Mtt0=

[√
D coth

(

2
√
D(t− t0)

)

−
√
Dcsch

(

2
√
D(t− t0)

)

−
√
Dcsch

(

2
√
D(t− t0)

) √
D coth

(

2
√
D(t− t0)

)

]

(62)

which is exactly formula (4.10) in [5] derived via completely

different computation.

Substituting (62) in (29), and recalling that ωi := 2
√
Dii

for all i = 1, . . . , n, we recover (19). �
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C. Proof of Theorem 1

The proof is divided into three steps.

Step 1: Determining c(t, t0) up to a constant a.

Combining (9) with (29), we get

log κ = log c(t, t0)−
1

2

(
x

y

)⊤

Mtt0

(
x

y

)
. (63)

Applying ∂t to both sides of (63) and rearranging, gives

∂tκ = κ

(
ċ

c
− 1

2

(
x

y

)⊤

Ṁtt0

(
x

y

))
, (64)

where dot denotes derivative w.r.t. t.
Applying ∇x to both sides of (63), and using (30), we find

∇x log κ = Φ̂
⊤
tt0Γ̂

−1
tt0

(
y − Φ̂tt0x

)
−Π(t0,0, t)x, (65)

and since ∇2
x = ∇x ◦ ∇x,

∇2
x log κ = −Φ̂⊤

tt0 Γ̂
−1
tt0 Φ̂tt0 −Π(t0,0, t). (66)

We next use the identity

∇2
x log κ =

∇2
xκ

κ
− (∇x log κ) (∇x log κ)

⊤

⇒ ∇2
xκ = κ

{
(∇x log κ) (∇x log κ)

⊤
+∇2

x log κ

}
. (67)

Substituting (65) and (66) in (67), we obtain

∇2
xκ = κ

{(
Φ̂

⊤
tt0 Γ̂

−1
tt0

(
y − Φ̂tt0x

)
−Π(t0,0, t)x

)

×
(
Φ̂

⊤
tt0 Γ̂

−1
tt0

(
y − Φ̂tt0x

)
−Π(t0,0, t)x

)⊤
− Φ̂

⊤
tt0 Γ̂

−1
tt0 Φ̂tt0

−Π(t0,0, t)

}
, (68)

and thus, the diffusion term in the RHS of (33a) is

〈BtB
⊤
t ,∇2

xκ〉
=κ〈BtB

⊤
t , Φ̂⊤

tt0Γ̂
−1
tt0 (y − Φ̂tt0x)(y − Φ̂tt0x)

⊤
Γ̂
−1
tt0 Φ̂tt0

−Πx(y − Φ̂tt0x)
⊤
Γ̂
−1
tt0 Φ̂tt0 − Φ̂

⊤
tt0Γ̂

−1
tt0 (y − Φ̂tt0x)x

⊤
Π

+Πxx⊤
Π− Φ̂

⊤
tt0 Γ̂

−1
tt0 Φ̂tt0 −Π(t0,0, t)〉. (69)

We note that the advection term in the RHS of (33a) is

−〈∇x, κAtx〉 = −κ〈∇x log κ,Atx〉 − κ traceAt. (70)

Substituting (64), (65), (69) and (70) in (33a), we arrive at

ċ

c
− 1

2

(
x

y

)⊤

Ṁtt0

(
x

y

)

= −〈Φ̂⊤
tt0 Γ̂

−1
tt0 (y − Φ̂tt0x),Atx〉 − traceAt

+ 〈BtB
⊤
t , Φ̂⊤

tt0 Γ̂
−1
tt0 (y − Φ̂tt0x)(y − Φ̂tt0x)

⊤
Γ̂
−1
tt0 Φ̂tt0

−Πx(y − Φ̂tt0x)
⊤
Γ̂
−1
tt0 Φ̂tt0 − Φ̂

⊤
tt0Γ̂

−1
tt0 (y − Φ̂tt0x)x

⊤
Π

+Πxx⊤
Π− Φ̂

⊤
tt0 Γ̂

−1
tt0 Φ̂tt0 −Π(t0,0, t)〉 −

1

2
x⊤Qtx

= −θ(t)− 1

2

(
x

y

)⊤

Stt0

(
x

y

)
, (71)

where the last equality grouped the spatially independent terms

and spatially dependent (quadratic in x,y) terms, then used

the definition of θ(t) from (34a). In particular, the matrix

Stt0 =

[
S11(t, t0) S12(t, t0)
S⊤
12(t, t0) S22(t, t0)

]
∈ R

2n×2n

comprises of n× n blocks

S11(t, t0) :=− 2Φ̂⊤
tt0Γ̂

−1
tt0 Φ̂tt0Ât

− Φ̂
⊤
tt0 Γ̂

−1
tt0 Φ̂tt0B̂tB̂

⊤
t Φ̂

⊤
tt0 Γ̂

−1
tt0 Φ̂tt0

−Π(t0,0, t)B̂tB̂
⊤
t Π(t0,0, t) +Qt, (72a)

S12(t, t0) :=Γ̂
−1
tt0 Φ̂tt0

(
Ât + B̂tB̂

⊤
t Φ̂

⊤
tt0 Γ̂

−1
tt0 Φ̂tt0

)
, (72b)

S22(t, t0) :=− Γ̂
−1
tt0 Φ̂tt0B̂tB̂

⊤
t Φ̂

⊤
tt0 Γ̂

−1
tt0 . (72c)

Since (71) holds for arbitrary x,y ∈ Rn, equating the x,y
independent terms from both sides of (71), we conclude that

c solves the linear ODE

ċ = −θ(t)c. (73)

The solution of (73) is

c(t, t0) = a exp

(
−
∫ t

t0

θ(s)ds

)
, (74)

for to-be-determined constant a. In Step 2 detailed next, we

determine a.

As a by-product of the above calculation, we get Ṁtt0 =
Stt0 , but this will not be used hereafter.

Step 2: Determining the constant a.

Substituting (74) and (29)-(30) in (9), letting t ↓ t0, and

invoking the initial condition (33b), we get

δ(x− y) = a lim
t↓t0

exp

(
−
∫ t

t0

θ(τ)dτ − 1

2

(
x

y

)⊤
Mtt0

(
x

y

))
.

(75)

Integrating both sides of (75) w.r.t. x, and using the shift

property of the Dirac delta:
∫
Rn δ(x − y) · 1 · dx = 1, we

obtain

1 = a

∫

Rn

lim
t↓t0

exp

(
−
∫ t

t0

θ(τ)dτ

)
exp

(
−1

2

(
x

y

)⊤
Mtt0

(
x

y

))
dx.

(76)

As noted in Sec. IV-A, Mtt0 ≻ 0, so for any x,y ∈ Rn, the

second exponential term in (76) takes values in [0, 1].
Also, under assumption A1, θ(τ) in (34a) is bounded for

0 ≤ t0 < t < ∞, and so is exp(−
∫ t

t0
θ(τ)dτ). Thus,

the product of the two exponential terms in (76) is bounded

w.r.t. x. Therefore, by dominated convergence theorem, we

exchange the order of integral and limit in (76), to find

1 = a lim
t↓t0

exp

(
−
∫ t

t0

θ(τ)dτ

)∫

Rn

exp

(
−1

2

(
x

y

)⊤
Mtt0

(
x

y

))
dx

= a lim
t↓t0

exp

(
−
∫ t

t0

θ(τ)dτ

)
exp

(
−1

2
y⊤M22(t, t0)y

)

×
∫

Rn

exp

(
−1

2
x⊤M11(t, t0)x+ 〈−M12(t, t0)y,x〉

)
dx
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= a (2π)
n
2 lim

t↓t0
exp

(
−
∫ t

t0

θ(τ)dτ

)
(detM11(t, t0))

− 1

2

exp

(
−1

2
y⊤{M22(t, t0)−M⊤

12(t, t0)M
−1
11 (t, t0)M12(t, t0)}y

)
,

(77)

wherein M11,M12,M22 are the respective n × n blocks

of (30), and the last step follows from Lemma 1. Invoking

Lemma 1 here is in turn made possible by the fact that M11

being a sum of two positive definite matrices (see (30)), is

positive definite.
Now the idea is to evaluate the limits in (77). For the

exponential of negative quadratic term, using (30), we find

M22(t, t0)−M
⊤
12(t, t0)M

−1
11 (t, t0)M12(t, t0)

=Γ̂
−1
tt0

− Γ̂
−1
tt0

Φ̂tt0

(

Φ̂
⊤
tt0Γ̂

−1
tt0

Φ̂tt0 +Π(t0,0, t)
)−1

Φ̂
⊤
tt0 Γ̂

−1

=Γ̂
−1
tt0

−
(

Φ̂
−1
tt0

Γ̂tt0

)−1(

Φ̂
⊤
tt0 Γ̂

−1
tt0

Φ̂tt0 +Π(t0,0, t)
)−1(

Γ̂tt0Φ̂
−⊤
tt0

)−1

=Γ̂
−1
tt0

−
(

Γ̂tt0 + Γ̂tt0Φ̂
−⊤
tt0

Π(t0,0, t)Φ̂
−1
tt0

Γ̂tt0

)−1
, (78)

thanks to the invertibility of Φ̂tt0 , Γ̂tt0 . Using the Woodbury

identity [47], [48, p. 19],

(
Γ̂tt0 + Γ̂tt0Φ̂

−⊤
tt0 Π(t0,0, t)Φ̂

−1
tt0 Γ̂tt0

)−1

=Γ̂
−1
tt0 − Φ̂

−⊤
tt0

(
Π

−1(t0,0, t) + Φ̂
−1
tt0 Γ̂tt0Φ̂

−⊤
tt0

)−1

Φ̂
−1
tt0 ,

(79)

which upon substituting in (78), gives

M22(t, t0)−M⊤
12(t, t0)M

−1
11 (t, t0)M12(t, t0)

=Φ̂
−⊤
tt0

(
Π

−1(t0,0, t) + Φ̂
−1
tt0 Γ̂tt0Φ̂

−⊤
tt0

)−1

Φ̂
−1
tt0 . (80)

Since Φ̂t0t0 = I, Γ̂t0t0 = 0, Π(t0,0, t0) = 0, we then have

lim
t↓t0

exp

(

−1

2
y
⊤{M22(t, t0)−M

⊤
12(t, t0)M

−1
11 (t, t0)M12(t, t0)}y

)

= exp







−1

2
y
⊤ lim

t↓t0
{Φ̂−⊤

tt0

(

Π
−1(t0,0, t) + Φ̂

−1
tt0

Γ̂tt0Φ̂
−⊤
tt0

)−1
Φ̂

−1
tt0

}
︸ ︷︷ ︸

=0

y








= 1. (81)

Therefore, (77) simplifies to

1 = a (2π)
n
2 lim

t↓t0
exp

(
−
∫ t

t0

θ(τ)dτ

)
(detM11(t, t0))

− 1

2 .

(82)

Notice that for the limit in (82) to be defined, the limit cannot

be further distributed to the exponential and determinant

factors.

Since the limit of reciprocal equals to the reciprocal of the

limit, and by Jacobi identity: exp trace(·) = det exp(·), we

re-write (82) as (35).

Step 3: Putting everything together.

Substituting (35) in (74), and then substituting the resulting

expression for c(t, t0) in (32), the statement follows. �

D. Proof of Corollary 2

Under the stated conditions, we proved in Proposition 3

that the term 1
2

(
x

y

)⊤
Mtt0

(
x

y

)
in (36) reduces to (19). What

remains is to show that the term exp
(
−
∫ t

t0
θ(s)ds

)
in (36)

reduces to

n∏

i=1

1

(sinh(ωi(t− t0)))
1/2

as found in (47), and to

compute the pre-factor a.

To this end, notice that (34a) in this case specializes to

θ(s) = trace
(
Φ̂

⊤
st0 Γ̂

−1
st0Φ̂st0 +Π(t0,0, s)

)

= trace
(√

D coth
(
2
√
D(s− t0)

))

=

n∑

i=1

√
Dii coth

(√
Dii(s− t0)

)
, (83)

where the second equality follows from (58), (60) and (61).

Then

exp

(
−
∫ t

t0

θ(s)ds

)

= lim
ε↓0

exp

(
−

n∑

i=1

√
Dii

∫ t−t0

ε

coth
(
2
√
Diiτ

)
dτ

)

=exp

(
−

n∑

i=1

1

2
log sinh

(
2
√
Dii(t− t0)

))

=

n∏

i=1

1

(sinh(ωi(t− t0)))
1/2

. (84)

In above, the first equality used (83) and a change-of-variable

s− t0 7→ τ . The second equality follows from integration and

the limit. The last equality used ωi := 2
√
Dii.

To compute the pre-factor a for this case, we note from

(62) that detM
1/2
11 (t, t0) = D1/4

(
coth

(
2
√
D(t− t0)

))1/2
.

Then using the Jacobi identity det exp(·) = exp trace(·), we

have

a = (2π)−n/2 lim
t↓t0

{
detM

1/2
11 (t, t0)

(
exp

∫ t

t0

θ(τ)dτ

)}

= (2π)−n/2D1/4 lim
t↓t0

{(
coth

(
2
√
D(t− t0)

))1/2

×
(
sinh

(
2
√
D(t− t0)

))1/2}

= (2π)−n/2D1/4 lim
t↓t0

(
cosh

(
2
√
D(t− t0)

))1/2

= (2π)−n/2D1/4, (85)

where the second equality is due to (84).

With the a given by (85), exp(−
∫ t

t0
θ(s)ds) given by (84),

and the specialization of Mtt0 as in Proposition 3, the kernel

(36) specializes to [8, Eq. (43)] or that in [5, Eq. (A.22)]. �
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