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While the high-temperature spin diffusion in spin chains with random local fields has been the subject of
numerous studies concerning the phenomenon of many-body localization (MBL), the energy diffusion in the
same models has been much less explored. We show that energy diffusion is faster at weak random fields but
becomes essentially equal at strong fields; hence, both diffusions determine the slowest relaxation time scale
(Thouless time) in the system. Numerically reachable finite-size systems reveal the anomalously large distribu-
tion of diffusion constants with respect to actual field configurations. Despite the exponential-like dependence
of diffusion on field strength, results for the sensitivity to twisted boundary conditions are incompatible with
the Thouless criterion for localization and the presumable transition to MBL, at least for numerically reachable
sizes. In contrast, we find indications for the scenario of subdiffusive transport, in particular in the dynamical
diffusivity response.

I. INTRODUCTION

The localization and absence of diffusion in systems of non-
interacting fermions are by now well-established phenomena
since the original proposal [1], with well-understood scaling
properties of the related diffusion-localization transition, both
explained theoretically [2, 3] as well as confirmed numerically
(for a review see [4, 5]). In contrast, the introduction of inter-
action and the corresponding problem of many-body localiza-
tion (MBL) [6] remains a hard challenge despite nearly two
decades of intensive studies. Still, several qualitative features
and markers of the MBL regime have been well identified and
established, predominantly via numerical studies of the ’stan-
dard’ model of MBL, i.e., the anisotropic Heisenberg chain
with random local fields. At large field strength W > W ∗

typically one finds the change in level and spectral statistics
[7–11], logarithmic growth of entanglement entropy [12–14],
strong suppression of spin diffusion [15–20], and generally
nonergodic correlations [21–25]. However, the fundamental
question of whether the MBL remains stable in the thermo-
dynamic limit and long times [10, 26–29], and related ques-
tion whether the MBL regime emerges either as the (dynami-
cal) phase transition or more like glassy crossover at marginal
W ∼ W ∗(L) which can depend on the system size L, is still
unanswered.

So far, numerical studies of high-T spin d.c. conductivity
σ0
s and the corresponding spin diffusion constant D0

s estab-
lished exponential-like dependence on the disorder strength
W [16, 19, 20, 30–32], which appears consistent with the
related exponential increase of the Thouless time τTh(W )
[10, 26]. However, due to the modest system length L
reachable numerically, results are heavily influenced by large
random-field sample-to-sample variations [28, 32, 33]. This
contrasts analogous transport results for Heisenberg chains
with quasiperiodic fields [34], where fluctuations are mini-
mal. In such systems, one can also identify MBL-like be-
havior (e.g., exponential-like dependence of transport proper-
ties on disordered strength W ) [35–42], being also realized
experimentally in cold-atom systems [43, 44]. Recently, the

debate of the MBL regime has been revived by the analytical
study indicating that even at large disorder, the transport is not
localized but rather subdiffusive [45], having the origin in in-
sulating/blocking regions and related Griffiths effects already
considered in MBL models [17, 46, 47].

In contrast to the spin diffusion D0
s (or particle diffusion

in the equivalent model of interacting spinless fermions),
the energy diffusion D0

e (and related thermal conductivity
[20, 48]) in disordered spin chains remains relatively unex-
plored. While for a weak disorder, it is expected and also
found to be much larger/faster [49], few studies of larger dis-
orders yield conflicting messages [50, 51]. The relation be-
tween both diffusions is relevant since the relaxation time to
the equilibrium (referred as the Thouless time, also closely re-
lated to the concept of Thouless energy [52]) is supposed to be
given as by the longest τTh ∝ L2/D0 [10, 11, 53, 54] being
determined either by D0

s or D0
e . To treat both diffusions on the

same level, we derive the corresponding Einstein relation for
D0

e , which allows us to follow numerically in finite systems
the energy diffusion up to the same accuracy as D0

s . In the
following, we show that at larger W , both diffusion constants
are becoming nearly equal; hence both are relevant to τTh.

Due to the strong dependence of d.c. transport on par-
ticular random-field configurations, it is important to eval-
uate numerically the diffusion in reachable finite-size sep-
arately for individual samples and establish whether their
properties (also as the test of the ergodicity) comply with
the expected eigenstate-thermalization hypothesis (ETH) and
random-matrix theory (RMT) universality [55, 56]. We study
this by the Thouless approach [53] relating the d.c. trans-
port (or its absence, i.e., localization) to the flux (twisted-
boundary) sensitivity. Instead of averaging over random filed
configurations, we investigate distributions of diffusion val-
ues, which become very broad and far from standard Gaus-
sian distribution, i.e., at larger W distributions become closer
to log-normal distribution [32] with long tails which might
be signatures of Griffiths effects and of the related subdiffu-
sive scenario [45]. Nevertheless, much clearer support for the
subdiffusion emerges from the dynamical diffusion response
which reveals D(ω) ∼ D0 + c|ω|α with α < 1 [17, 46]
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in a wide range of ω at large W , which is contrast to case
of quasiperiodic potential [34], where we find systematically
α ∼ 1.

II. SPIN AND ENERGY DIFFUSION

We study the ’standard’ model for MBL, i.e., a spin chain
described by the XXZ Heisenberg model with random local
fields,

H =
∑
l

[
J

2
(e−iφS+

l+1S
−
l +H.c.) + J∆Sz

l+1S
z
l + wlS

z
l

]
,

(1)
with S = 1/2 spin operators and random fields
wl ∈ [−W,W ] with the uniform probability distribution. We
consider the chain with L sites and periodic boundary con-
ditions numerically. To allow the Thouless approach to test
transport properties via sensitivity to (twisted) boundary con-
ditions, as well the validity of RMT universality, [34, 53] we
introduce in general a finite flux φ ̸= 0. As with most MBL
studies, we fix for convenience in numerical studies the (Ising)
interaction corresponding to the isotropic case ∆ = 1 and use
J = 1 as the unit of energy. Within the MBL problem, we
are interested in the dynamical transport properties at finite
temperature T > 0, and as usual, for simplicity, we deal with
the T → ∞ limit. While d.c. transport quantities (i.e., the
spin conductivity σ0

s and thermal conductivity κ0) vanish at
T → ∞, the related diffusion constants do not and remain
highly nontrivial quantities to determine.

The dynamical spin diffusivity at T → ∞ and the Ein-
stein relation to the (dynamical) spin conductivity σs(ω) can
be conveniently derived [57, 58] via the dynamical suscepti-
bility χq(ω) and the related relaxation function ϕq(ω),

χq(ω) =
1

β

∫ ∞

0

dteiωt ⟨[Sz
−q(t), S

z
q ]⟩ , Sz

q =
1√
L

∑
l

eiqlSz
l ,

ϕq(ω) =
χq(ω)− χ0

q

ω
=

−χ0
q

ω +Mq(ω)
. (2)

In the hydrodynamic regime q → 0 [58] Mq(ω) ∼
iq2σs(ω)/χ

0
q = iq2Ds(ω), leading to the dynamical spin dif-

fusion

Ds(ω) =
σs(ω)

χ0
s

=
π

Lχ̃0
s

∫ ∞

0

dt ⟨js(t)js⟩

=
π

Lχ̃0
sNst

∑
m ̸=n

|⟨m|js|n⟩|2δ(ω − em + en) . (3)

In the last equation, Ds(ω) is expressed directly in terms of
spin-current matrix elements among many-body (MB) eigen-
states |n⟩, |m⟩ and Nst representing the total number of MB
states. The spin current js and high-T static susceptibility
χ0
s = χ0

q→0 = χ̃0
s/T are within the considered model (1)

given by

js = −J

2

∑
l

(ie−iφS+
l+1S

−
l +H.c.) , χ̃0

s = ⟨Sz
−qS

z
q ⟩ =

1

4
.

(4)

While the above Einstein relation for spin diffusion, Eq. (3),
has been derived and used before [34, 59], it is convenient to
follow the same steps for the energy density modulation hq ,
to derive the expression for energy diffusivity De(ω)

hq =
1√
L

∑
l

eiqlhl, H =
∑
l

hl , (5)

arriving in the hydrodynamic regime q → 0 to

De(ω) =
σe(ω)

χ0
e

=
π

Lχ̃0
e

∫ ∞

0

dt eiωt⟨je(t)je⟩

=
π

Lχ̃0
ϵNst

∑
m ̸=n

|⟨m|je|n⟩|2δ(ω − em + en) , (6)

with the energy current [60] je =
∑

l jel = i
∑

l[hl, hl+1]
and static T → ∞ energy susceptibility χ̃0

ϵ given by

χ̃0
e = ⟨h−qhq⟩ =

J2

8
+

J2∆2

16
+

W 2

12
, (7)

jel = −JSz
l j

l+1
l−1 +

[
J∆

(
Sz
l+2 + Sz

l−1

)
+

wl + wl+1

2

]
jl+1
l ,

jml = −J

2

(
ie−iφ(m−l)S+

mS−
l +H.c

)
. (8)

Note that jml is related to the spin current js =
∑

ℓ j
l+1
l .

III. TESTING RESULTS VS. RANDOM-MATRIX THEORY

Small systems up to L ≤ 18 sites with the dimension
of the Hilbert space Nst ∼ 5.104 allow the application of
the full exact-diagonalization (ED) of the Hamiltonian (1),
and consequently, the explicit evaluation of matrix elements
js,emn = ⟨m|js,e|n⟩, needed in Eq. (3) and Eq. (6). More-
over, at finite flux φ ̸= 0 (note that at φ = 0 all diagonal
elements vanish, i.e. jnn = 0), one can test whether the
particular samples, i.e., finite-size systems with chosen field
configurations wl, satisfy the ETH universality, in analogy to
the previous study of quasiperiodic potentials [34]. For the
present case of random wl, the universality in the ergodic
regime and φ ̸= 0 is expected to obey RMT and the Gaus-
sian orthogonal ensemble (GOE). In particular, one expects
Y = |jmn|2/|jnn|2 ∼ 1 when the average is performed in the
narrow enough range of eigenstates |em − en| → 0. At the
same time, fluctuations should be Gaussian, e.g., with the kur-
tosis Q = |jnn|4/(|jnn|2)2 = 3. Since the variations between
different random samples are large even for intermediate W
[32], it is important to test RMT for individual wl configura-
tions.

For the spin transport the relevant criterion for localiza-
tion [53] is the sensitivity R of MB energies to flux jsnn =
den(φ)/dφ [61, 62]. Changing the boundary conditions from
PBC to antiperiodic ones [53] with δφ = π/L and combined
with Eq. (3) gives [34]

R ≡
δφ

√
(den(φ)/dφ)2

∆e
=

δφ

√
(jsnn)

2

∆e
≃

√
δφ χ̃0

sD0
s

Y∆ϵ
.

(9)
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Figure 1. RMT markers vs. random-field strength W for the spin cur-
rent matrix elements (a) Ys, (b) Qs, and corresponding energy cur-
rent elements Ye, Qe (as the insets) for Nc = 10 different random-
field wl = Wηl configurations on a system of L = 18 sites. Lines
Y = 1 and Q = 3 denote the expected GOE values. (c) The corre-
sponding results for level sensitivity R vs. W with marked marginal
value R = 1.

where D0
s = Ds(ω → 0) is d.c. spin diffusion constant and

∆e = en+1 − en is the average level spacing, or equivalently,
ρ = 1/∆e the MB density of states. We note that the Thou-
less criterion, applied to the noninteracting Anderson model
[53], requires R < 1 for localization, but as well that that R
decreases/vanishes with increasing L. It is also evident that in
the finite-L system with R < 1, one generally cannot expect
the validity of RMT universality since the MB levels do not
vary enough with φ to satisfy the concept of avoided cross-
ing. Consequently, the level sensitivity R ∼ 1 is analogous
to the criterion of merging the Heisenberg vs. Thouless time
τH ∼ τTh [10], where τH ∼ 1/∆e and τTh ∼ L2/D0

s .

In Fig. 1, we present results for RMT markers for the spin
current, Ys, Qs and the energy current Ye, Qe, as well as the
level sensitivity R, evaluated according to Eq. (9). Results
are obtained via ED in the chain with L = 18 sites for a few
(Nc = 10) fixed random configurations ηl = [−1, 1] with
fields wl = Wηl steadily increasing with W . The sums over
eigenstates in Eq. (3) are here performed over one-quarter of
states, i.e., Ñst = Nst/4 states in the middle of the MB spec-
trum. The presented results offer some nontrivial conclusions:
(a) The variation of RMT markers vs. W in Figs. 1(a,b) are
quite similar for spin and energy current matrix elements. (b)
The deviations for GOE values Ys,e ∼ 1 and Qs,e ∼ 3 ap-
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R

Disorder strength W
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W = 1.0
W = 1.5
W = 2.0

W = 2.5
W = 3.0
W = 3.5
W = 4.0

R

System size L

Figure 2. Level sensitivity R (averaged over random field configu-
rations): (a) vs. W for different L: for L = 14 − 18 obtained via
direct ED, and for L = 20 − 28 via MCLM with approximated ∆e
(see text for details), (b) the same averaged R vs. L for different W .

pear in each sample quite simultaneously with the crossover at
R ∼ 1. (c) While the sample-sample fluctuations of d.c. val-
ues D0

s,e are already substantial at intermediate W ∼ 1.5− 2
(see the discussion below), each sample still reveals Qs,e ∼ 3.
This allows the conclusion that for fixed wl configurations, the
variations of calculated d.c. values within rather broad MB
spectrum en (one quarter of) are quite modest.

The breakdown with increasing W of GOE for Y , Q mark-
ers, as well as the marginal criterion R(W ) ∼ 1, depends on
the particular sample, but even more pronounced is the de-
pendence on the system length L. In Fig. 2, we present the
variation of sample averaged values R vs. W for different L
and vs. L for different W . Results for D0

s on L = 14, 16, 18
chains are obtained using Eq. (9) with ED and finite φ > 0
(Nc = 10 samples), while L = 20, 24, 28 are evaluated via
micro-canonical Lanczos method (MCLM) (Nc = 100 sam-
ples), explained in more detail later. In the latter case, the
corresponding ∆e in Eq. (9) can be approximated by L ≫ 1
density of states 1/∆e = ρ(e) at e = 0, i.e.,

ρ(e) =
Nst√
2πσH

exp
(
−e2/2σ2

H

)
→ ∆e =

√
2πσH

Nst
, (10)

where Nst =
(

L
L/2

)
and σH can be evaluated analytically by

high-T moments expansion of H ,

σ2
H = ⟨H2⟩ = L

(
J2

16
(2 + ∆) +

W 2

32

)
. (11)

We note that MCLM results at larger W > 3.5 might already
be affected by finite δω resolution. Still, we find even at the
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largest W ∼ 4 clearly R > 1 for the largest available L, as
well as increasing R(L). Importantly, such behavior does not
conform to Thouless’s criterion for localization.

IV. DISTRIBUTION OF DIFFUSION CONSTANTS

In the following, we present and analyze results for dy-
namical spin and energy diffusion Ds,e(ω) as well as corre-
sponding d.c. values D0

s,e, obtained via ED in systems with
L ≤ 18, but also using upgraded microcanonical Lanczos
method (MCLM) [31, 60, 63, 64] with high δω resolution,
allowing to reach considerably larger L ≤ 28. The method
(now with φ = 0) evaluates dynamical current correlations,
Eq. (3) and Eq. (6), within a microcanonical state correspond-
ing to energy E . The latter is chosen in the middle of the
MB spectrum, i.e., E ∼ 0, and with small energy dispersion
σE < δω ∼ ∆Espan/ML, obtained via large number of Lanc-
zos iterations ML, whereby ∆Espan is the system MB en-
ergy span. In the following, we present results for L ≤ 28
sites in the Sz

tot = 0 sector, with the number of MB states
Nst ∼ 107 states. Using ML ∼ 5 · 105 Lanczos steps, we
reach δω ∼ 10−4 frequency resolution.

It has been previously numerically established, at least for
the spin diffusion D0

s [32], that results reveal a broad distribu-
tion of values in reachable systems L ≲ 28. The latter can-
not be captured within a simple Gaussian distribution even at
intermediate W ∼ 2, becoming closer to the log-normal dis-
tribution up to the (here numerically) reachable W ∗ ≲ 4. We
note that such anomalous distributions are very distinct from
the Anderson model of noninteracting particles in higher di-
mension D > 1, where due to large reachable sizes LD ∼ 107

[31] evidently yield already self-averaged results.
We present in Fig. 3(a) different ways of presentation of the

distribution of results. (1) If we assume fixed W and generate
wl = Wηl with ηl = [−1, 1] within the box, this yields one
distribution of D0

s vs. W (denoted with red color). (2) One
can employ the normalized η̃l by requiring

∑
l η̃

2
l /L = 1/3,

and this simple renormalization already reduces the fluctua-
tions of D0 by a factor ∼ 2 (denoted with blue color). (3)
One can present the above ”renormalized” results vs. effec-
tive W̃ = W/(η̄2/3) where η̄2 = (1/L)

∑
l η

2
l . The latter

representation is finally used in Fig. 3(b,c) to display com-
plete results obtained via MCLM for L = 24 sites for diffu-
sion constants D0

s as well as D0
e , respectively. The insets also

show the comparison with corresponding results for L = 20
and L = 28. In Figs. 3(b,c) and in the insets, we also show the
lines corresponding to R = 1 [following from Eq. (9) with ∆e
given by Eq. (10)], i.e., the expected limit of the breakdown
of GOE and of the (macroscopic) relevance of our finite-size
results. Our results also conclude that D0

s and D0
e reveal qual-

itatively very similar dependence on W .
In the following, we present results at renormalized W , i.e.,

with fixed
∑

l η̃
2
l /L = 1/3. In Fig. 4, we show one of our cen-

tral results, i.e., the cumulative distribution function (CDF)
for the spin and energy diffusion constants, D0

s and D0
e , ob-

tained via MCLM on L = 24 sites. In the same figure, we
also show a direct comparison between both of them for dif-
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L = 20
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Figure 3. (a) Different presentations of the distribution of d.c. spin
diffusion values D0

s : (1) vs. unrenormalized W , (2) using renor-
malized variance

∑
l η

2
l /L = 1/3, and (3) presenting results vs.

effective W̃ = W/(η̄2/3) (see text for details). (b) and (c) shows
the distribution of results for D0

s and D0
e , respectively, vs. effective

W̃ obtained via MCLM for L = 24, while the inset displays also the
comparison with L = 20 and L = 28 results. Solid lines refer to the
level sensitivity R = 1, i.e., the estimated limit of validity of GOE.
Dashed lines in panels (b,c) depict ∝ exp(−bW/J) with b = 2.5.

ferent system sizes L = 20 , 24 28, but for restricted values
of W . The CDF (obtained from Ns = 100 different ran-
dom field samples) shows similar qualitative shapes and the
exponential-type dependence on W . Note also that despite
the reduction due to normalization of η̃ (by a factor ∼ 2), the
CDF develops from Gaussian-like at W ≲ 2 to much broader
ones of the log-normal type at W > 2. Finally, a direct com-
parison of both diffusions, D0

s and D0
e , presented in Fig. 4(c),

reveals that D0
e is considerably larger for weak W ≤ 1.5.

This agrees with the previous results [49] and can be easily
explained by noting that spin and energy transport are qualita-
tively different in the pure limit W → 0. Namely, at W = 0,
the XXZ model (1) is integrable, and the energy transport (due
to conserved je) is ballistic/dissipationless. At the same time,
the spin current js is not conserved but still superdiffusive at
considered ∆ = 1. Consequently, these differences are also
reflected in the diffusions D0

s and D0
e at weaker W . On the

other hand, at larger W > 1.5, both diffusions are becoming
quantitatively equal. A qualitative explanation for this sim-
ilarity can be found in the expression for je, Eq. (8), where
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Figure 4. Cumulative distribution function (CDF) for (a) d.c. spin
diffusion D0

s , (b) d.c. energy diffusion D0
e , obtained via MCLM on

L = 24 sites for different W = 0.5−4, and (c) the direct comparison
between both for W = 1.0, 2.0, 3.0, 4.0, including also L = 20 , 28
results.

the dominating term at large W is jel ∼ (wl + wl+1)j
l+1
l /2

which involves just local spin current. Since also in the corre-
sponding susceptibility, the term χ̃0

e ∼ W 2/12 is dominating,
both diffusions are closely related.

V. EVIDENCE FOR SUBDIFFUSION

The observed exponential-like dependence at larger
W > 1.5 of both D0

s ∼ D0
e ∝ exp(−bW/J) with b ∼ 2.5

indicates that we are dealing with slow, incoherent trans-
port. It was previously shown [32] that such behavior can
be viewed as (essentially single-site) resonating islands sat-
isfying |wl − wl+d| ≲ ζ, separated by nonresonant islands
|wl − wl+m| > ζ, where (m = 1, d− 1). The effective ex-
change between resonant sites is then given by

|Jeff
l | ∝ Jd

2d|wl+1wl+2 · · ·wl+d−1|
∼

[
J

2W
ln

W

ζ

]d
. (12)
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Figure 5. System size L dependence of spin diffusion D0
s for W =

1, 2, 3. Shown are MCLM (ED) results for L ≥ 20 (L ≤ 18) and
three Nc = 3 different configurations. The dotted lines are guides to
the eye, denoting general trend with L.

Notably, the scenario of such transport is qualitatively differ-
ent from the apparently similar treatment of the hopping of
noninteracting particles as in the higher-dimensional Ander-
son model. Namely, there the resonant condition would re-
quire ζ ∼ Jeff

l , which cannot be satisfied self-consistently for
larger W [31], leading finally to well-established localization
above critical W > Wc. This is not the case for the MBL
problem, where the resonant condition is effectively weak-
ened by possible energy difference due to the interaction term,
i.e., ζ ∝ ∆J ≫ Jeff

l . This leads to the effective exchange dis-
tance d ∝ W/ζ and finally D0

s ∝ ⟨Jeff
l ⟩ ∝ exp(−b̃W/ζ)

where b̃ ∼ ln[(2W/J)/ ln (W/ζ)], which for relevant W ∼
W ∗ ∼ 4 and ∆ = 1 comes close to observed b̃ ∼ b ∼ 2.5.

The above simple scenario for diffusion in MBL sys-
tems has implications. Namely, it should apply also to spin
chains with quasiperiodic (QP) fields studied both theoreti-
cally/numerically [34–42], as well as experimentally [43, 44].
Indeed, similar exponential dependence on field strength W
has been found for D0

s in QP systems [34]. With the essential
difference that in the latter deterministic case (the absence of
randomness), there are no significant (up to boundary effects)
variations of D0

s with actual field configuration. In contrast,
for random but uncorrelated fields, as discussed in this study,
there are large variations in Jeff

l resulting in variations of the
effective distance between resonant islands d, as well as wl in
the localized regions. These ingredients are the argument for
the Griffiths scenario leading to domination and blocking of
longer insulating islands [17, 32, 46, 47]. Furthermore, such
arguments are also the basis for the analytical study support-
ing the subdiffusive transport in the thermodynamic limit [45].

One can expect the signatures of subdiffusion in the dis-
tributions of d.c. D0

s,e as well as in the dynamical response
Ds,e(ω). Previous consideration of the toy model [32] hints
that Griffiths effect of large insulating islands should show up
in the enhanced low-diffusion tails in CDF and slow reduction
of the average and typical d.c. diffusion values with increas-
ing L. Still, even the toy model reveals that very large sizes,
L ≫ 100, are needed to establish this trend clearly. In our
studies, we have a rather small span, 14 ≤ L ≤ 28. Hence, the
variation of D0

s,e with L, as presented in Fig. 5 for a few field
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Figure 6. Dynamical (a) spin and (b) energy diffusivity Ds,e(ω) in
the log-log scale, calculated for a single field configuration and W =
0.5 − 3.5 on chains with different lengths, i.e., L = 18 using ED,
and L = 20− 28 employing MCLM.

configurations and chosen W , do not reveal a pronounced L
dependence for smaller W ≤ 2.0, but apparently more visible
reduction with L for larger W ≥ 3.0.

In contrast, one expects more pronounced effects in the dy-
namical diffusivity Ds,e(ω) since results cover a much larger
dynamical range, taking into account also ω > δω ∼ 10−4.
As the signature of subdiffusion one can identify the de-
pendence D(ω) ∼ D0 + c|ω|α with α < 1 [17, 46] in
the low ω < ω∗ range. Such behavior implies that even
with vanishing (or very small) D0, the d.c. polarizability
χp ∝

∫
dωDs(ω)/ω

2 [20] is diverging, in contrast to the lo-
calization defined by χp < ∞ requiring α ≥ 1. Numerical
investigation of finite systems indicated that Ds,e(ω) [and re-
lated conductivity σs(ω)] at ω ∼ O(0.1) is indeed consistent
with α ≃ 1 [16, 19, 60, 65]. A similar conclusion (in a sim-
ilar frequency range) can be reached by analysis of the short
wave-length q → π response (i.e., the so-called imbalance)
[25, 32, 66]. Here, contrary, we show that a closer analy-
sis of ω ≪ 1 (obtained with upgraded MCLM method with
δω ∼ 10−4 resolution) indicates that random-field results are
generally at larger W consistent with α < 1. The latter con-
trasts the QP field results, for which α ≃ 1 is reported down
to ω → 0.

In Fig. 6, we present numerical results for dynamical
Ds,e(ω), obtained for single field configurations but differ-
ent W = 0.5 − 3.5 on different systems sizes L = 18 − 28.
While L = 18 can reached by ED directly evaluating Eq. (3),
L ≥ 20 results are obtained via MCLM with finite frequency
resolution δω ∼ 10−4. Apart from fluctuations in MCLM re-
sults, being the consequence of finite δω as well of restricted
sampling over initial microcanonical energies E , results are
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Figure 7. Dynamical spin diffusivity Ds(ω) (in log-log scale) for
several random field configurations with few W , calculated on L =
28 chain. Each panel represents a different wl configuration. The
dashed line corresponds to the subdiffusive α = 0.5 power law.

consistent, provided that we input the same field configura-
tions wl. The dependence of MCLM results on specific wl

configurations is presented in Fig. 7 for two different field
configurations. For reference, we also plot lines with char-
acteristic α = 0.5 subdiffusion exponent. It is evident that for
larger W ≥ 2.0, we find evidence for α < 1 but with a shrink-
ing range ω < ω∗(W ) with increasing W . As apparent from
Fig. 7, for larger W ≥ 3 the subdiffusive range ω∗(W ) is ap-
proaching numerically limiting δω, while the overall ω > ω∗

dependence is then closer to the power law with α ≲ 1.
Finally, to show the difference between the QP and random-

field model, we present a detailed analysis of the Ds(ω) spec-
tra. Firstly, in Fig. 8(a,b), we show (in log-log and normal
scale, respectively) fits to D(ω) ∼ D0 + c|ω|α with differ-
ent α < 1 within ω < ω∗ range with shrinking ω∗(W ). On
the other hand, the results for QP at low-ω are different. In
Fig. 8(c) we show MCLM results for L = 27 system with QP
potential [34] wl = W cos(ql + ϕ0) with (nearly) irrational
q/(2π) = 11/27 ∼ (3 −

√
5)/2 and ϕ0 = 0. For all consid-

ered values W , we observe consistently linear ω dependence,
i.e., α ∼ 1 also in the most relevant ω ≪ 1 regime.

VI. SUMMARY

Besides the more frequently discussed spin diffusion, we
investigate in this paper the energy diffusion within the XXZ
Heisenberg spin chain, which is subject to random local fields.
The memory-function approach in the hydrodynamic regime
allows the derivation of appropriate Einstein relations, ex-
pressing diffusion response in terms of spin and energy cur-
rent correlations, respectively. Following numerical results
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Figure 8. Dynamical spin diffusivity Ds(ω), calculated via MCLM
for (a,b) random-field model (in log-log and normal scale, re-
spectively) for one field configuration and L = 24. Dashed
lines represent fits to the D0 + c|ω|α with (top to bottom) α =
0.61 , 0.58 , 0.64 , 0.83. (c) Ds(ω) for quasiperiodic system (L =
27). See text for details.

on finite systems with up to L = 28 sites for both dynami-
cal diffusivities Ds,e(ω) as well for d.c. diffusion constants
D0

s,e reveal some essential similarities but as well differences.
Static D0

s,e show strong exponential-like dependence on the
field strength W but also pronounced dependence and vari-
ation with the actual random field configurations wl. While
energy diffusion is evidently faster, i.e. D0

e > D0
s at weak

W < 1.5 [49], both diffusion become (up to numerical reso-
lution) nearly equal at larger W > 2.0, both governed by the

incoherent spin transport. This conclusion is important in rela-
tion to frequently discussed Thouless time determined by the
slowest diffusion τTh = L2/D0, where our results indicate
that at large disorders, both diffusions are equally important.

The Thouless approach relating the particle/spin transport
to the sensitivity R to the imposed flux (or twisted boundary
conditions) allows, besides the direct test of (Thouless) local-
ization criteria, also the closer investigation of whether the
finite-size systems comply with the ETH and RMT universal-
ity expected for normal ergodic systems. Here, it should be
stressed that even at intermediate W , where transport prop-
erties reveal considerable variations with actual field config-
urations, the properties of current matrix elements within in-
dividual samples satisfy well the criteria of GOE universality.
In our finite systems, the breakdown of GOE and RMT can
be directly related to crossover in the level sensitivity R ∼ 1.
On the other hand, at the same disorder, the observed system-
atic growth R with L gives a clear message that this is still
not localization (MBL), at least not within the (numerically)
reachable regime W ≲ 4.

Due to modest system sizes L ≤ 28, the values of the d.c.
diffusion constants D0

s,e show large fluctuations between dif-
ferent field configurations at the same effective strength W .
We can partly reduce these variations (at the same W ) by
fixing/renormalizing the random amplitudes

∑
l η̃

2
l = 1/3.

Still, at larger W , the distributions of D0
s,e are becoming non-

Gaussian, i.e., closer to log-normal distribution, even with
pronounced tails.

The behavior at large W offers the analogy with the Grif-
fiths scenario of large transport fluctuations due to small res-
onant islands separated by long (and sample-dependent) non-
resonant regions. This possibility can be tested by compar-
ing analogous results for the model with quasiperiodic fields,
where, due to deterministic potential, the Griffiths scenario
is not expected. Indeed, by evaluating and analyzing the dy-
namical diffusivity Ds(ω) ∼ D0

s + c|ω|α for QP fields we
get at larger W universally α ∼ 1 coexisting with nonzero,
but exponentially decaying dc D0

s(W ) [34]. In clear contrast,
random fields typically reveal α < 1, characteristic for subd-
iffusion [45] and the Griffiths effects [17, 46]. Still, the latter
scenario also requires diminishing D0

s with L, which remains
a hard numerical challenge, and we only marginally confirm
it.
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[44] H. P. Lüschen, P. Bordia, S. Scherg, F. Alet, E. Altman,
U. Schneider, and I. Bloch, Observation of Slow Dynamics near
the Many-Body Localization Transition in One-Dimensional
Quasiperiodic Systems, Phys. Rev. Lett. 119, 260401 (2017).

[45] W. De Roeck, L. Giacomin, F. Huveneers, and O. Prosniak, Ab-
sence of Normal Heat Conduction in Strongly Disordered Inter-
acting Quantum Chains, arXiv (2024), arXiv:2408.04338.

[46] S. Gopalakrishnan, K. Agarwal, E. A. Demler, D. A. Huse, and
M. Knap, Griffiths effects and slow dynamics in nearly many-
body localized systems, Phys. Rev. B 93, 134206 (2016).
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[52] M. Serbyn, Z. Papić, and D. A. Abanin, Thouless energy and
multifractality across the many-body localization transition,
Phys. Rev. B 96, 104201 (2017).

[53] J. T. Edwards and D. J. Thouless, Numerical studies of localiza-
tion in structurally disordered systems, J. Phys. C: Solid State
Phys. 5, 807 (1972).

[54] P. Sierant, M. Lewenstein, A. Scardicchio, L. Vidmar, and
J. Zakrzewski, Many-Body Localization in the Age of Classical
Computing, Rep. Prog. Phys. 88, 026502 (2025).

[55] M. Wilkinson, Diffusion and dissipation in complex quantum
systems, Phys. Rev. A 41, 4645 (1990).

[56] L. D’Alessio, Y. Kafri, A. Polkovnikov, and M. Rigol, From
quantum chaos and eigenstate thermalization to statistical me-
chanics and thermodynamics, Adv. Phys. 65, 239 (2016).

[57] H. Mori, Transport, collective motion, and Brownian motion,
Prog. Theor. Phys. 33, 423 (1965).

[58] D. Forster, Hydrodynamic Fluctuations, Broken Symmetry and
Correlation Functions (Taylor - Francis Group, CRC Press,
1975).
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