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THE ESSENTIAL NORM OF TOEPLITZ OPERATORS BETWEEN BERGMAN

SPACES INDUCED BY DOUBLING WEIGHTS

PEIYING HUANG AND GUANGFU CAO†

ABSTRACT. This paper investigates the essential norm of Toeplitz operators Tµ acting from the

Bergman space A
p
ω to A

q
ω (1 < p ≤ q < ∞) on the unit ball, where µ is a positive Borel measure and

ω ∈ D (a class of doubling weights). Leveraging the geometric properties of Carleson blocks and

the structure of radial doubling weights, we establish sharp estimates for the essential norm in terms

of the asymptotic behavior of µ near the boundary. As a consequence, we resolve the boundedness-

to-compactness transition for these operators when 1 < q < p < ∞, showing that the essential

norm vanishes exactly. These results generalize classical theorems for the unweighted Bergman

space (ω ≡ 1) and provide a unified framework for studying Toeplitz operators under both radial and

non-radial doubling weights in higher-dimensional settings.

Keywords: Bergman space, essential norm, Toeplitz operator, doubling weight.

1. INTRODUCTION

Let B be the open unit ball of Cn and S denote its boundary. Let ω be a weight, that is, a

non-negative, measurable and integrable function, defined on [0, 1). For 1 ≤ p < ∞, the radially

weighted Bergman spaces A
p
ω consists of holomorphic functions f ∈ H(B) satisfying

‖ f ‖p
A

p
ω

:=

∫

B

| f (z)|pω(z) dV(z) < ∞,

where dV is the normalized volume measure on B. Notably, when p = 2, A2
ω becomes a Hilbert

space with its canonical inner product 〈·, ·〉A2
ω

defined through the standard integral representation.

Recall that the reproducing kernel

Bωz (ξ) =
1

2n!

∑

γ∈Nn

(n − 1 + |γ|)!
γ!ω2n+2|γ|−1

〈ξ, z〉γ,

where 〈·, ·〉 is the standard inner product on Cn, and ωk :=
∫ 1

0
rkω(r) dr.

The Toeplitz operator Tµ with symbol µ, a given positive Borel measure, is defined by

Tµ f (z) :=

∫

B

f (ξ)Bωz (ξ) dµ(ξ).

Luecking [9] introduced Toeplitz operators Tµ with measures as symbols and characterized their

Schatten class membership on the unit disk D. These operators play a pivotal role across diverse

disciplines, with foundational applications spanning mathematical physics (e.g. [1,5]), probability,

complex analysis and operator theory (e.g. [2, 11, 12, 25]).

In this paper, we will restrict our attention to a special class of weights called (radially) doubling

weights, defined as follows.

Definition 1. Let ω be a weight on [0, 1) and ω̂(r) :=
∫ 1

r
ω(t) dt, r ∈ [0, 1). We say that:
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• ω ∈ D̂, if there exists C ≥ 1 such that

ω̂(r) ≤ Cω̂

(

1 + r

2

)

, ∀ 0 ≤ r < 1;

• ω ∈ Ď, if there exist C,K > 1 such that

ω̂(r) ≥ Cω̂

(

1 − 1 − r

K

)

, ∀ 0 ≤ r < 1. (1)

Denote

Kω := inf {K : K satisfies the above condition (1)} .
We defineD := D̂ ∩ Ď.

A radial and continuous weight ω is regular if there exists C > 0 and δ ∈ (0, 1) such that

1

C
<

ω̂(r)

(1 − r)ω(r)
< C, for r ∈ (δ, 1).

We denote the collection of regular radial weights by R. It is easy to see that R ⊆ D. The weight

class D̂ was introduced by Peláez in [14], where he systematically studied the weighted Bergman

spaces A
p
ω(D). For further details on D̂, D and operator theory on weighted Bergman spaces in-

duced by these classes, we refer readers to [14–21].

For any z ∈ B \ {0}, let Pz be the orthogonal projection of Cn onto the one-dimensional subspace

[z] := {λz : λ ∈ C} generated by z, and let P⊥z be the orthogonal projection from Cn onto Cn ⊖ [z].

Explicitly,

Pz(w) =
〈w, z〉
|z|2 z, P⊥z (w) = w − 〈w, z〉|z|2 z, w ∈ B.

For z = 0, we define P0(w) = 0 and P⊥0 (w) = w. The pseudo-hyperbolic distance between z, w ∈ B
is given by

ρ(z,w) =

∣

∣

∣

∣

∣

∣

∣

z − Pz(w) −
√

1 − |z|2P⊥z (w)

1 − 〈w, z〉

∣

∣

∣

∣

∣

∣

∣

.

The Bergman metric β(·, ·) on B is defined as

β(z,w) :=
1

2
log

1 + ρ(z,w)

1 − ρ(z,w)
, z,w ∈ B,

and the Bergman metric ball centered at z with radius r > 0 is

D(z, r) := {w ∈ B : β(z,w) < r} .
To be more explicit on our results, we recall the Carleson measure associated with the weight ω.

For any ξ, τ ∈ B, define the nonisotropic metric d(ξ, τ) = |1 − 〈ξ, τ〉| 12 . For r ∈ (0, 1) and ζ ∈ S, let

Q(ζ, r) = {τ ∈ S : d(ζ, τ) ≤ r}.
Q(ζ, r) is a ball in S. More information about d(·, ·) and Q(ζ, r) can be found in [22, 26].

For a ∈ B\{0}, define Qa = Q( a
|a| ,
√

1 − |a|) and the associated Carleson block

S a = S (Qa) =

{

z ∈ B :
z

|z| ∈ Qa, |a| < |z| < 1

}

.

For a = 0, set Qa = S and S a = B. The measure of a set E ⊂ B with respect to ω is given

by ω(E) =
∫

E
ω(z)dV(z). Further details on Carleson block and related analysis can be found

in [7, 22, 26].
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Throughout this paper, the letter C denotes a constant whose value may vary between different

occurrences but remains independent of relevant parameters. The notation A . B signifies that

A ≤ CB for some positive constant C. Similarly, A ≃ B means A . B and B . A.

We summarize key properties of doubling weights below.

Lemma 1. Let ω be a radial weight and define ω∗(z) :=
∫ 1

|z| ω(s) log s
|z| s ds for z ∈ B \ {0}. Then the

following conditions are equivalent:

(i) ω ∈ D̂;

(ii) ω∗(z) ≃ (1 − |z|)ω̂(z) as |z| → 1;

(iii) There exist C = C(ω) > 0 and β = β(ω) > 0 such that

ω̂(r) ≤ C

(

1 − r

1 − t

)β

ω̂(t), 0 ≤ r ≤ t < 1.

Proof. The assertions follow from [21, Lemma A]. �

Lemma 2. ( [6, Lemma 2.2]) Let ω ∈ D̂. Then:

(i) For any α > −2, (1 − r)αω∗(r) ∈ R;

(ii) ω(S a) ≃ (1 − |a|)nω̂(a);

(iii) ω̂(z) ≃ ω̂(a), if 1 − |z| ≃ 1 − |a|.
Lemma 3. Let ω ∈ D̂. Then:

(i) For all z ∈ B, ‖Bωz ‖H∞ ≃ 1
ω(S z)
, where H∞ is the space of all bounded holomorphic functions

on B.

(ii) For all z ∈ B and 1 < p < ∞, ‖Bωz ‖Ap
ω
≃ 1

ω(S z)
1− 1

p
.

(iii) There exist constants C = C(ω) > 0 and δ = δ(ω) ∈ (0, 1) such that |Bωa (z)| ≥ C
ω(S a)

, z ∈ S aδ ,

a ∈ B \ {0}, where aδ = (1 − δ(1 − |a|)) a
|a| .

Proof. The first statement is a consequence of [6, Lemma 2.3]; the last two statements follow

from [6, Lemma 3.2]. �

Lemma 4. ( [6, Lemma 2.4]) Suppose that 1 < p, q < ∞ and ω ∈ D̂. If µ is a positive Borel

measure and Tµ : A
p
ω → A

q
ω is bounded, then Tµ is compact if and only if for every sequence { fk}

bounded in A
p
ω that converges to 0 uniformly on compact subsets of B,

lim
k→∞
‖Tµ fk‖Ap

ω
= 0.

Lemma 5. ( [7, Lemma 4]) Let 0 < p < ∞, ω ∈ D̂. When |rz| > 1
4
,

Mp
p(r, Bωz ) ≈

∫ r|z|

0

1

ω̂(t)p(1 − t)np−n+1
dt.

Lemma 6. Let ω be a radial weight. Then ω ∈ Ď if and only if there exist C = C(ω) > 0 and

α = α(ω) > 0 such that

ω̂(t) ≤ C

(

1 − t

1 − r

)α

ω̂(r), 0 ≤ r ≤ t < 1.

Proof. Adapt the proof of [14, Lemma 2.1] with minor adjustments. �

Lemma 7. ( [13, Lemma 4]) Let ω, ν ∈ D, and denote σ = σω,ν = ων̂/ω̂. Then σ̂ ≃ ν̂ on [0, 1),

and consequently σ ∈ D.
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Lemma 8. Let 0 < p < ∞, ω ∈ D, and −α < κ < ∞, where α = α(ω) > 0 is as in Lemma 6. Then

∫

B

| f (z)|p(1 − |z|)κω(z) dV(z) ≃
∫

B

| f (z)|p(1 − |z|)κ−1ω̂(z) dV(z), f ∈ H(B). (2)

Proof. The function (1 − | · |)κ−1ω̂ is a weight for each κ > −α by Lemma 6. For the left-hand side

of (2), expressing the integral in polar coordinates and applying integration by parts shows that

∫

B

| f (z)|p(1 − |z|)κω(z) dV(z) ≃
∫ 1

0

r2n−1dr

∫

S

| f (rζ)|p (1 − r)κω(r) dσ(ζ)

=

∫ 1

0

r2n−1(1 − r)κω(r)Mp
p(r, f ) dr

= −
∫ 1

0

r2n−1Mp
p(r, f ) d

(∫ 1

r

(1 − t)κω(t)dt

)

=

∫ 1

0

∂
(

r2n−1M
p

P
(r, f )

)

∂r

(∫ 1

r

(1 − t)κω(t) dt

)

dr,

where Mp(r, f ) =
(∫

S
| f (rζ)|p dσ(ζ)

)
1
p

and dσ is the normalized area measure on S. Applying the

analogous treatment to the right-hand side of (2) yields

∫

B

| f (z)|p(1 − |z|)κ−1ω̂(z) dV(z) =

∫ 1

0

∂
(

r2n−1M
p

P
(r, f )

)

∂r

(∫ 1

r

(1 − t)κ−1ω̂(t) dt

)

dr.

Now, we just need to prove

∫ 1

0

∂
(

r2n−1M
p

P
(r, f )

)

∂r

(∫ 1

r

(1 − t)κω(t) dt

)

dr ≃
∫ 1

0

∂
(

r2n−1M
p

P
(r, f )

)

∂r

(∫ 1

r

(1 − t)κ−1ω̂(t) dt

)

dr,

which can be simplifed to show that

∫ 1

r

(1 − t)κω(t) dt ≃
∫ 1

r

(1 − t)κ−1ω̂(t) dt. (3)

From one hand, since ω ∈ D̂, according to integration by parts and Lemma 1, we get

∫ 1

r

(1 − t)κω(t) dt = −
∫ 1

r

(1 − t)κ dω̂(t)

= (1 − r)κω̂(r) − κ
∫ 1

r

(1 − t)κ−1ω̂(t)dt

. (1 − r)κω̂(r) − κω̂(r)

(1 − r)β

∫ 1

r

(1 − t)κ+β−1dt

= (1 − r)κω̂(r) − κω̂(r)

(1 − r)β
(1 − r)κ+β

κ + β

≃ (1 − r)κω̂(r),
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and
∫ 1

r

(1 − t)κ−1ω̂(t) dt &
ω̂(r)

(1 − r)β

∫ 1

r

(1 − t)κ+β−1 dt

=

ω̂(r)

(1 − r)β
(1 − r)κ+β

κ + β

≃ (1 − r)κω̂(r).

Combining Lemma 1 with Lemma 7, we obtain

∫ 1

r

(1 − t)κω(t) dt &
ω̂(r)

(1 − r)β

∫ 1

r

(1 − t)κ+βω(t)

ω̂(t)
dt

≃ ω̂(r)

(1 − r)β
(1 − r)κ+β

= (1 − r)κω̂(r).

From the other hand, since ω ∈ Ď, Lemma 6 implies that

∫ 1

r

(1 − t)κ−1ω̂(t) dt .
ω̂(r)

(1 − r)α

∫ 1

r

(1 − t)κ+α−1 dt

=

ω̂(r)

(1 − r)α
(1 − r)κ+α

κ + α

= (1 − r)κω̂(r).

The desired conclusion is therefore immediately obtained. �

Proposition 1. Let 0 < q < ∞, 1
q
+

1
q′ = 1 and ω ∈ D. Take h = ω̂

− 1
qq′ , then

∫

B

|Bωz (ξ)|h(z)qω(z) dV(z) . h(ξ)q, ξ ∈ B (4)

and
∫

B

|Bωz (ξ)|h(ξ)q′ω(ξ) dV(ξ) . h(z)q′ , z ∈ B. (5)

Proof. Take h = ω̂
− 1

qq′ , then

∫ 1

t

h(s)q′ω(s) ds =

∫ 1

t

ω̂(s)−
1
qω(s) ds

= −
∫ 1

t

ω̂(s)−
1
q dω̂(s)

= ω̂(t)
1
q′

for 0 ≤ t < 1. Therefore, the fact ω ∈ Ď and Lemma 6 yields

∫ r

0

∫ 1

t
h(s)q′ω(s) ds

ω̂(t)(1 − t)
dt ≃

∫ r

0

dt

ω̂(t)
1
q (1 − t)

.
1

ω̂(r)
1
q

= h(r)q′ , 0 ≤ r < 1. (6)
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On the other hand, owing to ω ∈ D̂, we may Lemma 5 and asymptotic inequality (6) to deduce
∫

B

|Bωz (ξ)|h(ξ)q′ω(ξ) dV(ξ) ≃
∫ 1

0

s2n−1ds

∫

S

|Bωz (sη)|h(s)q′ω(s) dσ(η)

≃
∫ 1

0

s2n−1h(s)q′ω(s)M1
1

(

s, Bωz

)

ds

≃
∫ 1

0

s2n−1h(s)q′ω(s) ds

∫ s|z|

0

1

(1 − t) ˆω(t)
dt

≤
∫ |z|

0

∫ 1

t
h(s)q′ω(s) ds

ω̂(t)(1 − t)
dt

. h(z)q′ , z ∈ B.
As symmetry, a reasoning similar to that above yields (4). �

Auxiliary results will be needed to deduce our main result. The following theorem, proven in [6],

is essential for our analysis.

Theorem A. Let 1 < p, q < ∞, ω ∈ D, and µ be a positive Borel measure on B. The following

assertions hold.

(I) If 1 < p ≤ q < ∞, then:

(i) Tµ : A
p
ω → A

q
ω is bounded if and only if

‖Tµ‖ ≃ sup
z∈B

µ(S z)

ω(S z)
1+ 1

p
− 1

q

< ∞,

which is equivalent to µ being a
(

s
p
− s

q
+ s

)

-Carleson measure for As
ω for some (or

equivalently, for all) 0 < s < ∞.

(ii) Tµ : A
p
ω → A

q
ω is compact if and only if

lim
|z|→1

µ(S z)

ω(S z)
1+ 1

p
− 1

q

= 0.

(II) If 1 < q < p < ∞, then Tµ : A
p
ω → A

q
ω is bounded if and only if it is compact.

A distinctive feature of the proof in [6, Theorem 1.3] is its reliance on Carleson squares, diverging

from the traditional use of the (pseudo-)hyperbolic ball techniques in weighted Bergman space

analysis. For any weight ω ∈ R and parameter β ∈ (0, 1), there exists a constant C = C(β, ω) > 0

such that

C−1ω (D (a, β(1 − |a|))) ≤ ω (S a) ≤ Cω (D (a, β(1 − |a|))) , ∀ a ∈ B.
Hence, a

(

s
p
− s

q
+ s

)

-Carleson measure for As
ω can be equivalently characterized either Carleson

blocks or (pseudo-)hyperbolic balls. Therefore, for ω ∈ R, Theorem A (I) can be restated as

follows:

Theorem A (I) (Restated). If 1 < p ≤ q < ∞, ω ∈ R and µ be a positive Borel measure on B. The

following assertions are equivalent.

(i) Tµ : A
p
ω → A

q
ω is bounded.

(ii) ‖Tµ‖ ≃ supz∈B
µ(D(z,r))

ω(D(z,r))
1
p−

1
q +1
< ∞.
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(iii) µ is a
(

s
p
− s

q
+ s

)

-Carleson measure for As
ω for some (or equivalently, for all) 0 < s < ∞.

Furthermore, if Tµ : A
p
ω → A

q
ω is bounded, then the equivalence

sup
z∈B

µ(S z)

ω(S z)
1
p
− 1

q
+1
≃ sup

z∈B

µ(D(z, r))

ω(D(z, r))
1
p
− 1

q
+1

(7)

holds for 1 < p ≤ q < ∞ and ω ∈ R.

Recall that the essential norm of a bounded linear operator T : X → Y is the distance from T to

the space of compact operators. Namely,

‖T‖e = inf
{‖T − K‖ : K is compact from X to Y

}

.

The essential norm of a linear operator T , is intrinsically linked to its boundedness and compact-

ness. Specifically, we know that ‖T‖e < +∞ if and only if T is bounded, and ‖T‖e = 0 if and only

if T is compact. Consequently, estimating ‖T‖e provides a criteria for determining whether T is

bounded or compact. The study of essential norms for operators on holomorphic function spaces

is of significant importance in complex analysis and operator theory, see [3, 4, 10, 23, 24] and the

references therein for related works.

2. MAIN RESULTS AND PROOFS

A careful inspection of the Theorem A (II) in hand states that Tµ : A
p
ω → A

q
ω is bounded if and

only if it is compact whenever 1 < q < p < ∞, and hence its essential norm is either 0 or +∞.

Consequently, it suffices to consider the case 1 < p ≤ q < ∞.

With above preparations we can state the main result of this paper.

Theorem 1. Let 1 < p ≤ q < ∞, ω ∈ D and µ be a positive Borel measure on B. If Tµ : A
p
ω → A

q
ω

is bounded, then

∥

∥

∥Tµ
∥

∥

∥

e
≃ lim sup

|z|→1

µ(S z)

ω(S z)
1+ 1

p
− 1

q

.

Proof of the lower estimate. For fixed a ∈ B, we define functions fa(z) and ga(z) as following:

fa(z) =
Bωa (z)1+ 1

p
− 1

q

∥

∥

∥

∥

(Bωa )1+ 1
p
− 1

q

∥

∥

∥

∥

A
p
ω

and ga(z) =
Bωa (z)1+ 1

p
− 1

q

∥

∥

∥

∥

(Bωa )1+ 1
p
− 1

q

∥

∥

∥

∥

A
q′
ω

,

where 1
q
+

1
q′ = 1. Note that fa ∈ A

p
ω and ga ∈ A

q′
ω with ‖ fa‖Ap

ω
= ‖ga‖Aq′

ω
= 1. Let s = 1 + 1

p
− 1

q
, then

by Lemma 3 (ii),

∥

∥

∥

∥

(Bωa )1+ 1
p
− 1

q

∥

∥

∥

∥

A
p
ω

=

(∫

B

|Bωa (z)|
(

1+ 1
p
− 1

q

)

pω(z)dV(z)

)
1
p

=

∥

∥

∥Bωa

∥

∥

∥

s

A
sp
ω
=

1

ω(S a)1− 1
q

.

Further, using Lemma 3 (i), for |z| ≤ r < 1,

| fa(z)| . ω(S a)1− 1
q ‖Bωra‖

1+ 1
p
− 1

q

H∞ ≃ ω(S a)1− 1
q

ω(S ra)1+ 1
p
− 1

q

.

This yields that { fa} is bounded in A
p
ω and converges to 0 uniformly on compact subsets of B as

|a| → 1. Let K be an arbitrary compact operator from A
p
ω into A

q
ω. Then ‖K fa‖Aq

ω
→ 0 as |a| → 1.
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By the Cauchy-Schwarz inequality,

∣

∣

∣

∣

∣

∫

B

K fa(z)ga(z)ω(z) dV(z)

∣

∣

∣

∣

∣

=

∣

∣

∣〈K fa, ga〉A2
ω

∣

∣

∣ ≤ ‖K fa‖Aq
ω
‖ga‖Aq′

ω
→ 0 as |a| → 1.

Since Tµ : A
p
ω → A

q
ω is bounded, by the triangular inequality and Hölder’s inequality,

∣

∣

∣

∣

∣

∫

B

Tµ fa(z)ga(z)ω(z) dV(z)

∣

∣

∣

∣

∣

−
∣

∣

∣

∣

∣

∫

B

K fa(z)ga(z)ω(z) dV(z)

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

∫

B

(Tµ − K) fa(z)ga(z)ω(z) dV(z)

∣

∣

∣

∣

∣

≤
∫

B

∣

∣

∣(Tµ − K) fa(z)ga(z)ω(z)
∣

∣

∣ dV(z)

≤
(∫

B

∣

∣

∣(Tµ − K) fa(z)
∣

∣

∣

q
ω(z) dV(z)

)
1
q
(∫

B

∣

∣

∣ga(z)
∣

∣

∣

q′

ω(z) dV(z)

)
1
q′

=

∥

∥

∥(Tµ − K) fa

∥

∥

∥

A
q
ω
‖ga‖Aq′

ω

≤
∥

∥

∥Tµ − K
∥

∥

∥ .

Hence,

lim sup
|a|→1

∣

∣

∣

∣

∣

∫

B

Tµ fa(z)ga(z)ω(z) dV(z)

∣

∣

∣

∣

∣

≤
∥

∥

∥Tµ − K
∥

∥

∥ . (8)

Now, we deal with the left-hand side of the inequality (8). Using Fubini’s theorem, and also the

dominated converge theorem, we see that

∫

B

Tµ fa(z)ga(z)ω(z) dV(z) =

∫

B

(∫

B

fa(ξ)Bωz (ξ) dµ(ξ)

)

ga(z)ω(z) dV(z)

=

∫

B

(∫

B

fa(ξ)Bωξ (z) dµ(ξ)

)

ga(z)ω(z) dV(z)

=

∫

B

fa(ξ) dµ(ξ)

∫

B

ga(z)Bωξ (z)ω(z) dV(z)

=

∫

B

fa(ξ) dµ(ξ)

∫

B

ga(z)Bω
ξ
(z)ω(z) dV(z)

=

∫

B

fa(ξ)ga(ξ) dµ(ξ)

=

∫

B

fa(z)ga(z) dµ(z).

Consequently, using Lemma 3 (ii) again, we deduce

∥

∥

∥Tµ − K
∥

∥

∥ ≥ lim sup
|a|→1

∣

∣

∣

∣

∣

∫

B

fa(z)ga(z) dµ(z)

∣

∣

∣

∣

∣

≃ ω(S a)1+ 1
p
− 1

q

∫

B

∣

∣

∣Bωa (z)
∣

∣

∣

2
(

1+ 1
p
− 1

q

)

dµ(z).
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Let δ ∈ (0, 1) be the constant in Lemma 3 (iii), then

µ
(

S aδ

)

=

∫

S aδ

dµ(z) . ω(S a)2(1+ 1
p−

1
q )

∫

S aδ

∣

∣

∣Bωa (z)
∣

∣

∣

2
(

1+ 1
p
− 1

q

)

dµ(z)

≤ ω(S a)2(1+ 1
p
− 1

q
)

∫

B

∣

∣

∣Bωa (z)
∣

∣

∣

2
(

1+ 1
p
− 1

q

)

dµ(z)

for a ∈ B \ {0}, which together with Lemma 2 (iii) gives

µ
(

S aδ

)

ω(S aδ)
1+ 1

p
− 1

q

. ω(S a)1+ 1
p
− 1

q

∫

B

∣

∣

∣Bωa (z)
∣

∣

∣

2
(

1+ 1
p
− 1

q

)

dµ(z).

Bearing in mind Theorem A (I) and the boundness of Tµ, we may take the supremum of |aδ| over

the interval (1 − δ, 1), then

sup
1−δ<|aδ |<1

µ
(

S aδ

)

ω(S aδ)
1+ 1

p
− 1

q

. ω(S a)1+ 1
p
− 1

q

∫

B

∣

∣

∣Bωa (z)
∣

∣

∣

2
(

1+ 1
p−

1
q

)

dµ(z).

Then we get

lim sup
|a|→1

µ (S a)

ω(S a)1+ 1
p
− 1

q

. lim sup
|a|→1

ω(S a)1+ 1
p
− 1

q

∫

B

∣

∣

∣Bωa (z)
∣

∣

∣

2
(

1+ 1
p
− 1

q

)

dµ(z) .
∥

∥

∥Tµ − K
∥

∥

∥ .

Since the compact operator K from A
p
ω into A

q
ω is arbitrary, it follows that

lim sup
|a|→1

µ (S a)

ω(S a)1+ 1
p
− 1

q

.

∥

∥

∥Tµ
∥

∥

∥

e
.

This finishes the proof of the lower estimate. �

Proof of the upper estimate. For any fixed 0 < t < 1 and f ∈ A
p
ω, split the integral Tµ f into two

parts:

Tµ f (z) =

∫

B

f (ξ)Bωz (ξ) dµ(ξ)

=

∫

tB

f (ξ)Bωz (ξ) dµ(ξ) +

∫

B−tB

f (ξ)Bωz (ξ) dµ(ξ)

= T1 f (z) + T2 f (z),

where

T1 f (z) =

∫

tB

f (ξ)Bωz (ξ) dµ(ξ),

T2 f (z) =

∫

B−tB

f (ξ)Bωz (ξ) dµ(ξ).

We first claim that T1 : A
p
ω → A

q
ω is compact. By Lemma 4, it suffices to prove that for arbi-

trary uniformly bounded sequence { fk} ⊆ A
p
ω converging to 0 uniformly on compact subsets of B,
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‖T1 fk‖Aq
ω
→ 0 as k →∞. With Lemma 3 (i), one readily sees that

|T1 fk(z)| ≤
∫

tB

∣

∣

∣ fk(ξ)Bωz (ξ)
∣

∣

∣ dµ(ξ)

≤ µ(B)
∥

∥

∥Bωtz

∥

∥

∥

H∞
sup
|ξ|<t

| fk(ξ)|

.
µ(B)

ω(S tz)
sup
|ξ|<t

| fk(ξ)|.

This yields ‖T1 fk‖Aq
ω
→ 0 as k →∞, and then T1 should be compact.

We next consider T2. By the fact χD(ξ,r)(u) = χD(u,r)(ξ), applying [26, Lemma 2.24] and Fubini’s

theorem, we deduce

|T2 f (z)| ≤
∫

B−tB

∣

∣

∣ f (ξ)Bωz (ξ)
∣

∣

∣ dµ(ξ)

.

∫

B−tB

1

(1 − |ξ|)n+1

∫

D(ξ,r)

∣

∣

∣ f (u)Bωz (u)
∣

∣

∣ dV(u)dµ(ξ)

=

∫

B−tB

1

(1 − |ξ|)n+1

∫

B

χD(ξ,r)(u)
∣

∣

∣ f (u)Bωz (u)
∣

∣

∣ dV(u)dµ(ξ)

=

∫

B

∣

∣

∣ f (u)Bωz (u)
∣

∣

∣ dV(u)

∫

B−tB

χD(u,r)(ξ)

(1 − |ξ|)n+1
dµ(ξ).

Note that β(u, ξ) < r, then 1 − |u| ≃ 1 − |ξ| by [26, Lemma 2.20] and hence ω̂(u) ≃ ω̂(ξ) by Lemma

2 (iii). This together with Lemma 2 (ii) gives

|T2 f (z)| .
∫

B

∣

∣

∣ f (u)Bωz (u)
∣

∣

∣

(1 − |u|)−1+
(

1
p
− 1

q

)

n
ω̂(u)1+ 1

p
− 1

q

(1 − |u|)−1+
(

1
p−

1
q

)

n ω̂(u)1+ 1
p−

1
q

dV(u)

∫

B−tB

χD(u,r)(ξ)

(1 − |ξ|)n+1
dµ(ξ)

≃
∫

B

∣

∣

∣ f (u)Bωz (u)
∣

∣

∣ (1 − |u|)−1+
(

1
p
− 1

q

)

n ω̂(u)1+ 1
p
− 1

q dV(u)

∫

B−tB

χD(u,r)(ξ)
[

(1 − |ξ|)n ω̂(ξ)
]1+ 1

p
− 1

q

dµ(ξ)

≃
∫

B

∣

∣

∣ f (u)Bωz (u)
∣

∣

∣ (1 − |u|)−1+
(

1
p
− 1

q

)

n
ω̂(u)1+ 1

p
− 1

q dV(u)

∫

B−tB

χD(u,r)(ξ)

ω(S ξ)
1+ 1

p
− 1

q

dµ(ξ)

≤ sup
u∈D(ξ,r)
ξ∈B−tB

µ (D(u, r))

ω(S u)1+ 1
p
− 1

q

∫

B

∣

∣

∣ f (u)Bωz (u)
∣

∣

∣ (1 − |u|)−1+
(

1
p
− 1

q

)

n ω̂(u)1+ 1
p
− 1

q dV(u)

≃ sup
u∈D(ξ,r)
ξ∈B−tB

µ (D(u, r))

ω(S u)1+ 1
p
− 1

q

∫

B

∣

∣

∣ f (u)Bωz (u)
∣

∣

∣ (1 − |u|)
(

1
p
− 1

q

)

(n+1) ω(u)1+ 1
p
− 1

q dV(u),

where the last asymptotic equality follows by employing Lemma 8. Set

T f (z) :=

∫

B

∣

∣

∣ f (u)Bωz (u)
∣

∣

∣ (1 − |u|)
(

1
p
− 1

q

)

(n+1) ω(u)1+ 1
p
− 1

q dV(u).

Then

‖T2 f ‖Aq
ω
. sup

u∈D(ξ,r)
ξ∈B−tB

µ (D(u, r))

ω(S u)1+ 1
p
− 1

q

‖T f ‖Lq
ω

(9)

and we proceed to estimate the norm ‖T f ‖Lq
ω

for f ∈ A
p
ω.
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Now, Hölder’s inequality together with (5) in Proposition 1 show that

T f (z) =

∫

B

∣

∣

∣ f (u)Bωz (u)
∣

∣

∣ h(u)

h(u)
(1 − |u|)

(

1
p
− 1

q

)

(n+1)
ω(u)1+ 1

p
− 1

q dV(u)

≤
(∫

B

∣

∣

∣Bωz (u)
∣

∣

∣ h(u)q′ω(u) dV(u)

)
1
q′



















∫

B

∣

∣

∣Bωz (u)
∣

∣

∣ | f (u)|q(1 − |u|)
(

q

p
−1

)

(n+1)ω(u)
q

p

h(u)q
dV(u)



















1
q

.h(z)



















∫

B

∣

∣

∣Bωz (u)
∣

∣

∣ | f (u)|q(1 − |u|)
(

q

p−1
)

(n+1)ω(u)
q

p

h(u)q
dV(u)



















1
q

.

Further, Fubini’s theorem and (4) in Proposition 1 give

‖T f ‖q
L

q
ω

=

∫

B

|T f (z)|q ω(z) dV(z)

.

∫

B

h(z)qω(z) dV(z)

∫

B

∣

∣

∣Bωz (u)
∣

∣

∣ | f (u)|q(1 − |u|)
(

q

p
−1

)

(n+1)ω(u)
q

p

h(u)q
dV(u)

=

∫

B

| f (u)|q(1 − |u|)
(

q

p
−1

)

(n+1)ω(u)
q

p

h(u)q
dV(u)

∫

B

∣

∣

∣Bωz (u)
∣

∣

∣ h(z)qω(z) dV(z)

.

∫

B

| f (u)|q(1 − |u|)
(

q

p
−1

)

(n+1)ω(u)
q

p dV(u).

Let W(t) =
ω̂(t)

1−t
, then Ŵ = ω̂, W ∈ R and ‖·‖Ap

W
≃ ‖·‖Ap

ω
for 0 < p < ∞. The subharmonicity of f

follows

‖T f ‖q
L

q
ω

.

∫

B

(

1

W (D(u, r))

∫

D(u,r)

| f (ζ)|pW(ζ) dV(ζ)

)
q

p

(1 − |u|)
(

q

p−1
)

(n+1)ω(u)
q

p dV(u).

Using the fact that W ∈ R, Ŵ = ω̂ and [6, Proposition 3.1], we get

W (D(u, r)) ≃ W (S u) ≃ (1 − |u|)nŴ(u) = (1 − |u|)nω̂(u).

This observation, combined with Lemma 8 shows that

‖T f ‖q
L

q
ω

.

∫

B

(

1

(1 − |u|)nω̂(u)

∫

D(u,r)

| f (ζ)|pW(ζ) dV(ζ)

)
q

p

(1 − |u|)
(

q

p
−1

)

(n+1)ω(u)
q

p dV(u)

≃
∫

B

1

(1 − |u|)n+1

(∫

D(u,r)

| f (ζ)|pW(ζ) dV(ζ)

)
q

p

dV(u)

=

∫

B

1

(1 − |u|)n+1

(∫

B

χD(u,r)(ζ)| f (ζ)|pW(ζ) dV(ζ)

)
q

p

dV(u).
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Applying Minkowski’s integral inequality to the right-hand side and recognizing that χD(u,r)(ζ) =

χD(ζ,r)(u), the above formula becomes

‖T f ‖q
L

q
ω

.















∫

B

| f (ζ)|pW(ζ) dV(ζ)

(∫

B

χD(ζ,r)(u)

(1 − |u|)n+1
dV(u)

)
p
q















q

p

≃
(∫

B

| f (ζ)|pW(ζ) dV(ζ)

)
q

p

= ‖ f ‖q
A

p

W

≃ ‖ f ‖q
A

p
ω

.

From the estimate (9), the operator norm of T2 satisfies:

‖T2‖ . sup
u∈D(ξ,r)
ξ∈B−tB

µ (D(u, r))

ω(S u)1+ 1
p
− 1

q

.

By the definition of the essential norm and subadditivity, we deduce

∥

∥

∥Tµ
∥

∥

∥

e
= ‖T1 + T2‖e ≤ ‖T2‖ . sup

u∈D(ξ,r)
ξ∈B−tB

µ (D(u, r))

ω(S u)1+ 1
p
− 1

q

. (10)

Taking t → 1, we further refine the estimate to

∥

∥

∥Tµ
∥

∥

∥

e
. lim sup

|u|→1−

µ (D(u, r))

ω(S u)1+ 1
p
− 1

q

≃ lim sup
|u|→1−

µ(S u)

ω(S u)1+ 1
p
− 1

q

. (11)

The last asymptotic equality in (11) follows from Lemma 1 and Lemma 2 (i), which asserts that

ω(S u) ≃ (1 − |u|)nω̂(u) ∈ R as |u| → 1. This completes the proof of the upper estimate. �

Remark 1. It is noteworthy that when p = q = 2, the condition ω ∈ D can be relaxed to ω ∈ D̂
and the conclusion in Theorem 1 still holds. This corresponds to the special case k = 0 of Theorem

4 in [8].
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