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Abstract

We investigate the effect of rainbow gravity on Klein-Gordon (KG) bosons in the

background of the magnetized Bonnor-Melvin (BM) spacetime with a cosmological

constant. We first show that the very existence of the sinusoidal term sin2(
√
2Λ r),

in the BM space-time metric, suggests that sin2(
√
2Λ r) ∈ [0, 1], which conse-

quently restricts the range of the radial coordinate r to r ∈ [0, π/
√
2Λ ]. More-

over, we show that at r = 0 and r = π/
√
2Λ , the magnetized BM-spacetime

introduces domain walls (infinitely impenetrable hard walls) within which the KG

bosonic fields are allowed to move. Interestingly, the magnetized BM-spacetime

introduces not only two domain walls but a series of domain walls. However,

we focus on the range r ∈ [0, π/
√
2Λ ]. A quantum particle remains indefi-

nitely confined within this range and cannot be found elsewhere. Based on these

findings, we report the effects of rainbow gravity on KG bosonic fields in BM-

spacetime. We use three pairs of rainbow functions: f(χ) = 1
1−β̃|E| , h(χ) = 1;

f(χ) = (1 − β̃|E|)−1, h(χ) = 1; and f(χ) = 1, h(χ) =
√

1− β̃|E|υ , with

υ = 1, 2. Here, χ = |E|/Ep, β̃ = β/Ep, and β is the rainbow parameter. We

found that while the pairs (f, h) in the first and third cases fully comply with the

theory of rainbow gravity and ensure that Ep is the maximum possible energy for

particles and antiparticles, the second pair does not show any response to the effects

of rainbow gravity. Moreover, the fascinating properties of this magnetized space-

time background can be useful for modeling magnetic domain walls in condensed

matter systems. We show that the corresponding bosonic states can form magne-

tized, spinning vortices in monolayer materials, and these vortices can be driven by

adjusting an out-of-plane aligned magnetic field.

Keywords: Klein-Gordon bosons; Magnetized Bonnor-Melvin spacetime; Rainbow

gravity; Domain walls.

1 Introduction

From stars and accretion disks to galactic nuclei and intergalactic regions, magnetic

fields have played a crucial role in a wide variety of phenomena of astrophysical in-

terest. The study of these phenomena in the context of general relativity is inspired

by their existence in the vicinity of compact massive objects in strong gravitational

fields. The Bonner-Melvin (BM) universe, which describes a static cylindrically

symmetric magnetic field (aligned with the symmetric axis) immersed in its own

gravitational field, represents an interesting exact solution (among many admissible

solutions) of the Einstein-Maxwell equation [1–3]. The magnetic field is known

to contribute to the momentum-energy tensor, hence it curves the spacetime fabric

and decreases away from the axis so that it does not collapse on itself. To counter

this collapse and restore balance for a homogeneous field, a non-vanishing positive

cosmological constant is incorporated into the solution. That is, the BM magnetic

spacetime metric with a nonzero cosmological constant Λ > 0, expressed in units

* E-mail: omar.mustafa@emu.edu.tr (Corr. Author)
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where ~ = 1 = c [1], reads

ds2 = −dt2 + dr2 + α2 sin2
(√

2Λ r
)

dϕ2 + dz2, (1.1)

where Λ has dimensions of inverse length squared, and the magnetic field is given

byH =
√
Λ α sin

(√
2Λ r

)

. Here, α is an integration constant [1] and represents

a cosmic string parameter related to the deficit angle of the conical spacetime where

0 < α2 = 1 − η/2π < 1, with η being the linear mass density of the cosmic

string [4, 5]. Žofka [1] has reported that when
√
2Λ r = π, the circumference

of the rings r = const. vanishes, suggesting that this is the location of an axis

of some sort. In the current methodical proposal, we shall show that this is the

exact location of an infinite hard wall (i.e., domain wall, one of the topological

defects), as we investigate Klein-Gordon (KG) test particles/antiparticles in such a

BM-spacetime with a cosmological constant.

In fact, the grand unified theory has predicted some topological defects in the space-

time fabric [6–9], which include, but are not limited to, domain walls [7, 8]. Topo-

logical defects are known to modify the spectroscopic structure and dynamics of

quantum mechanical particles [10–25]. The exploration of the intricate and intrigu-

ing effects of gravitational fields on quantum mechanical systems forms a strong

stimulus and motivation to investigate different quantum mechanical systems in the

background of different spacetime fabrics. The BM-spacetime [1–3, 26–29] is one

of such spacetime fabrics.

On the other hand, in rainbow gravity (RG), the energy of the probe particle is

known to affect the spacetime background in the ultra-high-energy regime (i.e., ul-

traviolet regime, e.g., (cf., e.g., [30–36])) so that it modifies the standard relativistic

energy-momentum dispersion relation (MDR) in the ultraviolet regime into

E2f (χ)2 − p2h(χ)2 = m2
◦, (1.2)

which is in fact a common suggestion of most approaches to quantum gravity (such

as string field theory, loop quantum gravity, and non-commutative geometry [37–

39], respectively). Consequently, the BM-spacetime background under rainbow

gravity is modified to read

ds2 = − dt2

f (χ)2
+

1

h (χ)2

(

dr2 + α2 sin2
(√

2Λ r
)

dϕ2 + dz2
)

, (1.3)

where f(χ) and h(χ) are called rainbow functions that satisfy lim
χ→0

f (χ) =

1 = lim
χ→0

h (χ), with 0 ≤ χ = |E|/Ep ≤ 1 (to retrieve the standard energy-

momentum dispersion relation in the infrared regime). At this point, one should

notice that χ = |E|/Ep is a fine-tuned rainbow gravity parameter that allows rain-

bow gravity to affect relativistic particles and antiparticles alike (e.g., [36, 40, 41]).

Moreover, the rainbow functions are chosen so that they secure the Planck energy

Ep as a threshold between quantum and classical descriptions and establish another

invariant in addition to the speed of light.

Very recently, the effects of rainbow gravity on scalar bosonic and oscillator fields

in BM-spacetime, as described in (1.3), have been investigated [4]. The study

employed the Magueijo-Smolin rainbow function pair f (χ) = 1/
(

1− β̃ |E|
)

,

h (χ) = 1, developed in the context of the varying speed of light hypothesis [42],

1
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as well as an alternative pair, f (χ) = (1− β̃ |E|)−1 = h (χ), introduced in [30].

While the latter does not lead to a varying speed of light, it has been considered a

possible resolution to the horizon problem. Here, β̃ = β/Ep, where β is the rain-

bow parameter. In this work, we undertake a thorough reexamination of the problem

and meticulously discuss and report our points of view on this issue. Our objective

is to derive exact solutions with well-defined boundary conditions for Klein-Gordon

quantum particles and antiparticles in the gravitational field of a magnetized BM-

spacetime background within the framework of rainbow gravity (1.3).

The very existence of the sinusoidal term, sin(
√
2Λ r)2, in the BM-spacetime met-

ric (1.3) suggests that sin(
√
2Λ r)2 ∈ [0, 1] and consequently introduces some

restrictions on the allowed range of the radial coordinate r, so
√
2Λ r = κπ; κ ∈

Z ⇒ r = κπ/
√
2Λ ; κ = 0, 1, 2, · · ·. Having the radial coordinate origin at

r = 0, for κ = 0, would necessarily suggest that κ = 1 ⇒ r = π/
√
2Λ is

the location of the upper limit for the range of r so that r ∈ [0, π/
√
2Λ ]. The

upper bound indicates that the system’s dynamics are profoundly determined by

the cosmological constant. This would in fact agree with Žofka’s [1] proposal

that
√
2Λ r = π is the location of an axis of some sort. In Section 2, we shall

show that
√
2Λ r = π is the location of a domain wall (infinite impenetrable wall)

that restricts the motion of particles within the range r ∈ [0, π/
√
2Λ ]. We show

this through some analysis of the effective potential introduced by the gravitational

field of the BM-spacetime. That is, we shall not follow the commonly used as-

sumption that r << 1 → sin(r) ∼ r ⇒ tan(r) ∼ r (e.g. [4, 5]). Such an

assumption, in our opinion, is not valid because it not only changes the dynamics

of the quantum mechanical system at hand, but also eliminates the domain wall

introduced by the BM-spacetime. The effect of rainbow gravity is discussed in

Section 3, where we use three pairs of rainbow functions. In addition to the two

rainbow functions mentioned above, f (χ) = 1/
(

1− β̃ |E|
)

, h(χ) = 1 and

f (χ) =
(

1− β̃ |E|
)−1

= h (χ), we also use the loop quantum gravity-motivated

pairs [43, 44], f(χ) = 1, h (χ) =
√

1− β̃(|E|)υ ; υ = 1, 2. The latter pairs are

found to completely comply with the rainbow gravity theory because they ensure

that the Planck energy Ep is the maximum possible energy for particles and an-

tiparticles (e.g., [40, 41, 45]). We conclude in Section 4.

2 Preliminary analysis of the effective grav-

itational potential

We start (as in [4]) with rescaling the coordinates in (1.3) so that
√
2Λ r → r and√

2Λ ϕ → ϕ so that we can rewrite the BM-spacetime in the RG metric as

ds2 = − dt2

f (χ)2
+

1

h (χ)2

(

dz2 +
1

2Λ

[

dr2 + α2 sin2 (r) dϕ2
]

)

. (2.1)

For which the contravariant metric tensor gµν has the non-vanishing elements

g00 = −f(χ)2, g11 = 2Λh(χ)2, g22 =
2Λh(χ)2

α2 sin(r)2
, g33 = h(χ)2, (2.2)

and the determinant of the covariant metric tensor is given by

det(gµν ) = g = − α2 sin(r)2

4Λ2h(χ)6f(χ)2
.

Then, the KG-equation

1√−g
∂µ

√
−g gµν ∂ν ψ(t, r, ϕ, z) =M2 ψ(t, r, ϕ, z), (2.3)

where M = m◦ is the rest mass energy (also called the rest energy). We now use

the substitution

ψ(t, r, ϕ, z) = ei(mϕ+k z−Et)ψ(r)

to eventually yield

ψ′′ (r) +
1

tan (r)
ψ′ (r) +

(

λ− m̃2

sin (r)2

)

ψ (r) = 0, (2.4)

with

m̃ =
m

α
, and λ =

f (χ)2 E2 −M2

2Λh (χ)2
− k2

2Λ
, (2.5)

where m̃ = ι used in [4] is the magnetic quantum number. For more details on

(2.4), the reader is advised to visit Sections 1 and 2 of [4].

At this point, we wish to elaborate on the effective potential governing the motion

of KG particles in BM-spacetime and discuss the validity of the range of radial

coordinate r. To do so, we first need to remove the first-order derivative using the

substitution

ψ (r) =
U (r)

√

sin (r)
.

Which in turn should satisfy the regular textbook conditions that ψ(r) and U(r)

are finite everywhere and at least U (0) = 0. This would allow us to obtain

U ′′ (r) +

(

λ̃−
(

m̃2 − 1/4
)

sin (r)2

)

U (r) = 0, λ̃ = λ+
1

4
. (2.6)

This equation resembles the one-dimensional form of the radial Schrödinger equa-

tion with an effective radial potential given by

Veff (r) =

(

m̃2 − 1/4
)

sin (r)2
. (2.7)

This effective potential exhibits distinct behaviors depending on the value of r and

the magnetic quantum number m, as documented in Fig. 1(a) and Fig. 1(b). It

is obvious that this effective potential function is characterized by singularities at

r = κπ; Z ∋ κ = 0, π, 2π, · · · (also clearly observed in Fig. 1(a) and Fig. 1(b)).

One should also observe that while this effective potential manifestly introduces a

repulsive core for
(

m̃2 − 1/4
)

> 0 =⇒ |m| ≥ 1, (with a repulsive gravitational

force field that increases as |m| increases), it becomes attractive for m = 0 (and

extremely attractive for r << 1, as is obvious in Figs. 1(c) and 1(d)). More-

over, since λ̃ ≡ λ̃(E2) is the corresponding eigenvalue for the one-dimensional

Schrödinger-like KG equation (2.6), one should require that λ̃ ≡ λ̃(E2) > 0 in

order to be able to account for KG particles, E = E+ = +|E|, and antiparticles

E = E− = −|E|, bound states. However, for the eigenvalues λ̃ ≡ λ̃(E2) < 0

(i.e., the only allowed eigenvalues for m = 0, as is clear from Fig. 1(c) and 1(d)),

we have

λ̃ ≡ λ̃
(

E2
)

< 0 ⇒ λ̃ =
E2

2Λ
+

1

4
⇒ E2 = −2Λ

(

|λ̃|+ 1

4

)

, (2.8)

using (2.5) and (2.6) for massless KG-particle/antiparticle in no rainbow grav-

ity, f(χ) = 1 = h(χ), and k = 0. Therefore, we have E = ±iω =

±i
√

2Λ
(

|λ̃|+ 1
4

)

, and the corresponding states cannot be steady states be-

cause these modes grow or decay over time since ψ ∝ e−iEt (with decay time

τ = 1
|ℑE| ). In this study, we are only interested in KG particles/antiparticles

that are confined to move within the impenetrable infinite domain walls (i.e.,

r ∈ [0, π]) generated by the BM-spacetime, and carrying the magnetic quantum

numbers m = ±1,±2, · · ·. Furthermore, the effective potential (2.7) suggests

that, for m ≥ 1, multiple domain walls at r = κπ (within which KG particles

and antiparticles are destined/allowed to move) are manifestly introduced by the

gravitational field produced by the magnetized BM-spacetime. Yet, the quantum

mechanical solution within the range r ∈ [0, π] would be the same solution for

r ∈ [π, 2π], r ∈ [2π, 3π], · · ·, as we shall witness in the following section. How-

ever, a quantum particle moving within r ∈ [0, π] is indefinitely trapped therein as

a consequence of the domain walls introduced by the BM-spacetime fabric. There-

fore, it is unlikely for this quantum particle to be found moving within the subse-

quent domain walls governing the radial ranges r ∈ [π, 2π], r ∈ [2π, 3π], · · ·. In

the current study, therefore, we focus on the KG-particles in BM-spacetime moving

within r ∈ [0, π].

On the other hand, it is unavoidably necessary and vital to discuss the commonly

used approximation assumption (e.g., [4, 5]) that r ≪ 1 =⇒ sin(r) ∼ r and

tan (r) ∼ r. This assumption would result in an effective potential Veff (r) =
(

m̃2 − 1/4
)

/r2 as shown in Figs. 1(e) and 1(f). It is clear that none of the ef-

fective potentials in 1(e) and 1(f) can support KG bound states because of the ar-

guments we have discussed above. This kind of approximation would effectively

2



Figure 1: (a) Effective potential (2.7) for the magnetic quantum number |m| ≥ 1 with r ∈ [0, π], (b) for m̃ = 1 with r ∈ [0, 4π], (c) for m = 0 with r ∈ [0, π], (d)

for m = 0 with r ∈ [0, 4π], whereas the effective potential (2.7) with the asymptotic limit r << 1 ⇒ sin(r) = r = tan(r) (used in [4]) (e) for |m| ≥ 1, and (f) for

m = 0.

transform the effective potential (2.7) that supports bound states (without those for

m = 0) into an effective potential that does not support any bound states (in the

one-dimensional quantum mechanical textbook language, so to speak). One should,

therefore, feel very reluctant to suggest a hard wall at some r = r◦, e.g., [4, 5], (a

hard wall that is not manifestly introduced by the gravitational field of the magne-

tized BM-spacetime) and used the asymptotic form of Bessel functions of the first

kind,

Jι (rΘ) ∼
rΘ→∞

cos
(

rΘ− ιπ

2
− π

4

)

, (2.9)

where their Θ =
√
λ and ι = m̃ above, as clearly stated by Abramowitz and

Stegun [46]. Here, we should observe that this asymptotic form is valid for

r → ∞. This would not only immediately contradict the initial assumption that

r ≪ 1 =⇒ sin(r) ∼ r, but also change the physically allowed range of validity

of the radial coordinate form 0 ≤ r ≤ π to 0 ≤ r ≪ 1. Moreover, the assumption

of a hard wall (i.e., domain wall) at some r = r◦ << 1 is not manifestly

introduced by the BM-spacetime fabric but rather a hypothetical unrealistic one. It

is therefore interesting to meticulously investigate rainbow gravity effects on KG

particles/antiparticles in BM-spacetime with cosmological constant. We do so in

the sequel.

3 Rainbow gravity effects

In this section, we shall use the effective potential in (2.7) and elaborate on the

validity of the solution for the one-dimensional Schrödinger-like radial equation

(2.6) above. In so doing, we use the first change of variable x = sin(r) to obtain

(

x2 − 1
)

U ′′ (x) + xU ′ (r) +
[

m̃2 − 1/4

x2
− λ̃

]

U (x) = 0. (3.1)

Using yet another change of variables y = x2 we obtain

(

y2 − y
)

U ′′ (y) +
(

y − 1

2

)

U ′ (r) +

[

M̃

y
− λ̃

4

]

U (y) = 0, (3.2)

where

M̃ =
m̃2

4
− 1

16
. (3.3)

The power series solution

U (y) =
∞
∑

j=0

Aj y
j+σ (3.4)

of which, when substituted into (3.2), would eventually yield

∞
∑

j=0

Aj

[

(j + σ)2 − λ̃

4

]

yj+σ

+
∞
∑

j=0

Aj+1

[

M̃ − (j + σ + 1)

(

j + σ +
1

2

)]

yj+σ

+ A0

[

M̃ − σ

(

σ − 1

2

)]

yσ−1 = 0.

(3.5)

Next, A0 6= 0 would necessarily imply that

M̃ − σ

(

σ − 1

2

)

= 0 =⇒ σ =
1

4
± |m̃|

2
. (3.6)

Obviously, we shall adopt σ = 1
4
+

|m̃|
2

so that the radial function U (y) −→ 0

as y −→ 0 for both limits r ∈ [0, π] =⇒ sin (0) = 0 = sin (π) (note that

r ∈ [0, π] is the allowed range for the particle’s motion in an infinite textbook-like

potential well of width L = π). Hence, we obtain

Aj

[

(j + σ)2 − λ̃

4

]

+ Aj+1

[

M̃ − (j + σ + 1)

(

j + σ +
1

2

)]

= 0, (3.7)

which would provide for j ≥ 0 the correlation between the coefficients of the power

series in (3.4). Moreover, we now truncate the power series to a polynomial of order

n ≥ 0 by the requirement that ∀j = n we have An+1 = 0 and An 6= 0. The

latter would imply that

(n+ σ)2− λ̃

4
= 0 =⇒ λ̃ =

(

2n+ |m̃|+ 1

2

)2

; m = ±1,±2, · · · . (3.8)

Moreover, our U(y) now reads

U (y) = C y|m̃|/2+1/4
n
∑

j=0

Aj y
j

=⇒ U (r) = C sin (r)|m̃|+1/2
n
∑

j=0

Aj y
j ,

(3.9)
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Figure 2: The figure shows the energy levels for KG particles and antiparticles given by (3.18) so that we plot (a) E against β̃ for m = 1 and n = 0, 1, 2, 3, 4, (b) E

against the cosmological constant Λ for m = 1, n = 0, 1, 2, 3, 4 and β̃ = 0.5, and (c) E against the cosmological constant Λ for n = 0, m = 1, 2, 3, 4, 5 and β̃ = 0.5.

and our radial wave function ψ (r) would, consequently, read

ψ (y) =
U (y)

y1/4
= C y|m̃|/2

n
∑

j=0

Aj y
j

=⇒ ψn,m (r) = C sin (r)|m̃|
n
∑

j=0

Aj y
j ,

(3.10)

where y = x2 = sin (r)2. At this point, it is interesting to mention that the

polynomial in (3.9) is a hypergeometric polynomial. However, it is obvious that

our U(r), in (3.9), satisfies the textbook conditions U(0) = 0 = U(π). Similarly,

ψ(0) = 0 = ψ(π). The result (3.8), along with (2.5), (2.6), and (3.3), would imply

that

f (χ)2 E2 = h (χ)2 Gnm +M2;

Gnm = 2Λ (2n+ |m̃|) (2n+ |m̃|+ 1) + k2.
(3.11)

Notably, in no rainbow gravity β = 0, one obtains

E± = ±
√

G̃nm ;

G̃nm = Gnm +M2.
(3.12)

This result demonstrates that the magnetic domain walls, influenced by the cos-

mological constant Λ, induce cyclotron motion in the particle, giving rise to quan-

tum oscillatory behavior (as detailed in [28]), while preserving the symmetry of

the energy spectrum around the zero energy, (E = 0). To investigate the effects

of rainbow gravity on KG-test particles/antiparticles, three different pairs of rain-

bow functions are to be used here: (i) f (χ) = (1− βχ)−1, h (χ) = 1, (ii)

f (χ) = (1− βχ)−1 = h (χ), and (iii) f(χ) = 1, h (χ) =
√
1− βχυ ;

υ = 1, 2, where 0 ≤ χ = E/Ep ≤ 1. At this point, one should observe the

limitations imposed upon the allowed values of χ that necessarily and mandatorily

enforce the condition that 0 ≤ χ = |E| /Ep ≤ 1 (and not χ = E/Ep to ac-

count for particles’ and antiparticles’ energies alike). This would in turn allow us to

rewrite the rainbow functions pairs as (i) f (χ) =
(

1− β̃ |E|
)−1

, h (χ) = 1, (ii)

f (χ) =
(

1− β̃ |E|
)−1

= h (χ), and (iii) f(χ) = 1, h (χ) =
√

1− β̃ |E|υ ;

υ = 1, 2 with β̃ = β/Ep.

3.1 Rainbow functions pair f (χ) =
(

1− β̃ |E|
)−1

,

h (χ) = 1

The substitution of the pair of rainbow functions f (χ) =
(

1− β̃ |E|
)−1

and

h (χ) = 1 in the result (3.11) yields

E2 = G̃nm

(

1− β̃ |E|
)2

; G̃nm = Gnm +M2. (3.13)

One should notice that |E| = E+ and |E| = −E− for the test particles’ and

antiparticles’, respectively. Therefore, it would result in

E2
+

(

1− β̃2G̃nm

)

+ 2β̃ G̃nmE+ − G̃nm = 0, (3.14)

to imply

E+ =
−β̃ G̃nm +

√

G̃nm
(

1− β̃2G̃nm

) =⇒ E+ =

√

G̃nm

1 + β̃
√

G̃nm

(3.15)

for particles, and

E2
−
(

1− β̃2G̃nm

)

− 2β̃ G̃nmE− − G̃nm = 0, (3.16)

to yield

E− =
β̃ G̃nm −

√

G̃nm
(

1− β̃2G̃nm

) = −
√

G̃nm

1 + β̃
√

G̃nm

(3.17)

for the antiparticles. One may very well cast the corresponding energies as

Enm = ±
√

G̃nm

1 + β̃
√

G̃nm

(3.18)

It is obvious that the energies for the KG particles and antiparticles are symmetric

with respect to the value E = 0. Yet, it is interesting to note that the asymptotic

convergence tendency of the values of |E±| as Λ ≫ 1 is |E±| ∼ 2 = 1/β̃ =

Ep/β. This would, in turn, result in |E±| ≤ Ep =⇒ |E±|max = Ep (for

βmin = 1). This is documented in Figure 2.

3.2 Rainbow functions pair f (χ) =
(

1− β̃ |E|
)−1

= h (χ)

Upon the substitution of such rainbow functions pair in the result (3.11) on obtains

E2(1− β̃2M2) + 2M2β̃|E| − G̃nm = 0. (3.19)

We now follow the same recipe as above and report

E+ =
−β̃M2 +

√

β̃2M2 + G̃nm(1− β̃2M2)

(1− β̃2M2)
, (3.20)

and

E− =
β̃M2 −

√

β̃2M2 + G̃nm(1 − β̃2M2)

(1− β̃2M2)
. (3.21)

The symmetrization of the energy levels with respect to theE = 0 value is obvious.

In Figure 3, we observe that there is no tendency for the energies to converge to

|E|max = Ep, but, on the contrary, the energies grow with a growing cosmological

constant Λ. Here, in addition to the fact that this pair of rainbow gravity functions

may solve the horizon problem but does not produce a varying c (as mentioned

in [30]), it does not comply with the rainbow gravity theory that |E| ≤ Ep.
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Figure 3: The figure shows the energy levels for KG particles and antiparticles given by (3.19), where we plot (a) E against β̃ for m = 1 and n = 0, 1, 2, 3, 4, (b)

E against the cosmological constant Λ for m = 1, n = 0, 1, 2, 3, 4, and β̃ = 0.5, and (c) E against the cosmological constant Λ for n = 0, m = 1, 2, 3, 4, 5, and

β̃ = 0.5.

Figure 4: The figure shows the energy levels for KG particles and antiparticles given by (3.22), so that we plot (a) E against β̃ for m = 1 and n = 0, 1, 2, 3, 4, (b) E

against the cosmological constant Λ for m = 1, n = 0, 1, 2, 3, 4 and β̃ = 0.5, and (c) E against the cosmological constant Λ for n = 0, m = 1, 2, 3, 4, 5 and β̃ = 0.5.

Figure 5: The figure shows the energy levels for KG particles and antiparticles given by (3.25), so that we plot (a) E against β̃ for m = 1 and n = 0, 1, 2, 3, 4, (b) E

against the cosmological constant Λ for m = 1, n = 0, 1, 2, 3, 4 and β̃ = 0.5, and (c) E against the cosmological constant Λ for n = 0, m = 1, 2, 3, 4, 5 and β̃ = 0.5.

3.3 Rainbow functions pair f(χ) = 1, h (χ) =
√

1− β̃(|E|)υ ; υ = 1, 2

Such rainbow function pairs are loop quantum gravity-motivated pairs [43, 44] that

are found to completely comply with rainbow gravity since they ensure that the

Planck energy Ep is the maximum possible energy for particles and antiparticles

(e.g., [40,41,45]). It is therefore interesting to investigate their performance on KG

particles/antiparticles in magnetized BM-spacetime. We start with υ = 1, and the

result in (3.11) would imply that

E2 + β̃ Gnm |E| − G̃nm = 0. (3.22)

In this case, one obtains

E+ =
−β̃ Gnm

2
+

1

2

√

β̃2 G2
nm + 4G̃nm (3.23)

and

E− =
β̃Gnm

2
− 1

2

√

β̃2G2
nm + 4G̃nm (3.24)

These energy levels are plotted in Figure 4. We observe that as the cosmologi-

cal constant Λ → ∞, our result in (3.22) would imply that |E|max ∼ 1/β̃ =

2. This is clearly the tendency of the asymptotic convergence of the KG parti-

cles/antiparticles energies in BM-spacetime, as observed in Figure 4. We now con-

sider υ = 2 to obtain

E2 =
G̃nm

1 + β̃ Gnm

⇒ E± = ±
√

G̃nm

1 + β̃ Gnm

. (3.25)

The corresponding energy levels are plotted in Figure 5, which in turn documents

the asymptotic tendency of the energy levels as the cosmological constant Λ →
∞ ⇒ |E|max ∼

√

1/β̃ =
√
2 ≈ 1.41 (as mandated by (3.25)).

5



Figure 6: The figure shows the radial wave functions ψ(r) in (3.10), for α = 0.9, β̃ = 0.5, M = 1 = k and m = 1, 2, 3, 4 we plot ψ(r) so that (a) for n = 0, (b)

for n = 1, and (c) for n = 2.

4 Concluding remarks and open problems

In this work, we have investigated the effect of the gravitational field produced by

Bonner-Melvin spacetime, with a cosmological constant, in rainbow gravity on the

Klein-Gordon bosons. We have shown that such a particular spacetime manifestly

and unavoidably introduces domain walls at r = 0, π. This, in turn, would not only

agree with Žofka’s [1] proposal that
√
2Λ r = π (i.e., with our rour =

√
2Λ r of

Žofka) as the location of an axis of some sort, but it also very well identifies it as a

domain wall (one of the known topological defects). In fact, the very existence of

the sinusoidal term, sin(
√
2Λ r)2, in the BM-spacetime metric (1.3) suggests that

sin(
√
2Λ r)2 ∈ [0, 1] introduces the singularities associated with r = 0, π and

consequently and effectively generates two domain walls, at r = 0, π, that confine

KG particles/antiparticles to move within.

We have shown, with brute force evidence, that the commonly used approximation

assumption that r << 1 → sin(r) ∼ r ⇒ tan(r) ∼ r (e.g. [4, 5]) is not

valid because it would change not only the dynamics of the quantum mechanical

system at hand but also eliminate the domain walls, the very characterization of the

magnetized BM spacetime (mentioned above and documented in Figures 1(a) and

1(b)).

Under such BM-spacetime domain wall settings, we have discussed the effects of

rainbow gravity on KG particles/antiparticles using the rainbow function pairs (i)

f (χ) = 1/
(

1− β̃ |E|
)

, h(χ) = 1, (ii) f(χ) =
(

1− β̃ |E|
)−1

= f(χ), and

(iii) f(χ) = 1, h (χ) =
√

1− β̃(|E|)υ ; υ = 1, 2 . The rainbow function pairs

in (i) and (iii) are found to fully comply with the rainbow gravity theory for they

ensure that the Planck energy Ep is the maximum possible energy for particles and

antiparticles (e.g., [40, 41, 45]). However, the pair of rainbow functions in (ii) is

found to have no response to rainbow gravity at all for massless KG particles and

antiparticles and a mild response to rainbow gravity for KG particles and antiparti-

cles with M 6= 0.

In connection with the radial wave functions ψn,m(r) in (3.10), moreover, it is

convenient and interesting to report, with A0 = 1, that

ψ0,m(r) = C sin(r)|m̃|; for n = 0, (4.1)

ψ1,m(r) = C sin(r)|m̃| [1 +A1 sin(r)2
]

; for n = 1, (4.2)

ψ2,m(r) = C sin(r)|m̃| [1 + A1 sin(r)2 + A2 sin(r)4
]

; for n = 2. (4.3)

Where for each value of n one should use the correlation (3.7) so that

A1 = −2|m̃|+ 3

2|m̃|+ 2
, for n = 1, and (4.4)

A1 = −2|m̃|+ 5

|m̃|+ 1
, A2 =

4m̃2 + 24|m̃|+ 35

4(|m̃|+ 1)(|m̃|+ 2)
, forn = 2. (4.5)

A sample of the first three radial wave functions is plotted in Figure 6. The general

behavior of which fits very well the textbook one. However, we should be aware

that our hypergeometric polynomial of order n in (3.10) is of even powers of sin(r).

This would immediately suggest the correlation between the radial quantum number

nr (i.e., the number of nodes in the radial wave function) and the order n of the

hypergeometric polynomial to read nr = 2n. This correlation is very clear in

Figure 6, where one observes no nodes for n = 0 = nr (see Fig. 6(a)), two

nodes for n = 1 ⇒ nr = 2 (see Fig. 6(b)), and four nodes for n = 2 ⇒
nr = 4 (see Fig. 6(c)). Our analysis reveals that, while domain walls constrain the

radial motion, both the angular motion and the linear motion along the z direction

remain permissible, regardless of whether the particles are massless or massive.

This suggests that the magnetic background can enable the formation of rotating

matter rings (with |m̃| 6= 0), which may be static with k = 0 or in motion with k 6=
0, across both extremely high-energy and low-energy regimes. This phenomenon

arises from the fact that the effects of rainbow gravity do not affect the radially

allowed region, in which the test fields are confined, despite potentially influencing

the symmetry breaking between particle and antiparticle energy levels near zero

energy.

On the other hand, magnetic domain walls are intrinsic features of condensed mat-

ter systems, emerging from spatial variations in magnetization within ferromagnetic

or antiferromagnetic materials. These domain walls are crucial for understanding

phenomena such as magnetoresistance, spintronics, and topological effects in low-

dimensional systems. In some condensed matter systems, the dynamics of these

domain walls can exhibit similarities to cosmological magnetic structures, where

field configurations display topologically nontrivial behavior. Models of the cosmo-

logical magnetic universe, particularly those describing large-scale structures such

as cosmic domain walls, provide a conceptual framework for exploring the dynam-

ics of domain walls in condensed matter systems. The resemblance between the

behavior of domain walls in condensed matter systems and those in cosmological

contexts suggests that cosmological models, such as the 2+1-dimensional magnetic

BM spacetime, can be adapted to investigate the underlying physics of magnetic do-

main walls, offering insights into their formation and evolution in material systems

under extreme conditions. The 2+1-dimensional magnetic BM spacetime (without

point-like defect) is given by [28]:

ds2 = −c2dt2 + dr2 + α2 sin2
(√

2Λ r
)

dϕ2. (C.1)

This model can aid in understanding the dynamics of magnetic domain walls un-

der various physical conditions. The effect of an out-of-plane magnetic field in

this spacetime background can be described through the angular component of the

electromagnetic vector potential [47, 48]:

Aϕ = α sin
(√

2Λ r
)

f(r) ≈ α
√
2Λ r f(r) for Λ ≪ 1.

As Λ → 0, the Gaussian curvature of the spacetime, K = 2Λ, tends to zero except

at r = 0. In this regime, the system may describe conditions where either the mag-

netic field is weak or the spacetime curvature is nearly vanishing, which holds when

Λ ≪ 1. This approximation can be particularly useful for understanding the dy-

namics of charge carriers or photonic modes in weak magnetic fields, potentially ex-

plaining discrepancies between theoretical predictions and experimental results that

may arise due to weak magnetic fields or a minimal baseline potential (nonzero).

Consequently, this approach could be valuable for modeling the behavior of charge

carriers and electromagnetic waves under various environmental conditions. Under
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the weak-field approximation, the magnetic field primarily influences the total an-

gular momentum terms. This suggests that the effective electromagnetic potential

can be approximated as Aϕ ∼ 1
α
√
2Λ r

, which remains significant at r = 0. In

this context, the field-angular momentum interactions bear a resemblance to those

of a rotating magnetic vortex. A magnetic vortex is a topological defect in which

magnetic field lines form a swirling structure around a central point, preventing the

magnetization from smoothly transitioning into a uniform state. This structure pro-

vides the vortex with unique topological stability, which is particularly relevant for

applications in information storage and spintronics. The core of the vortex typically

exhibits a distinct magnetization direction, contrasting with the surrounding spins

that align in a rotating pattern. These vortices are critical for nanotechnology and

spintronic devices, as they play an essential role in various magnetic phenomena

and applications. However, this effect vanishes when considering zero angular mo-

mentum states (S-states). In our case, without rainbow gravity effects, the regular

solution function for n = 0 and m = 1 (note that |m| 6= 0) is:

U0,1 = C sin(r)3/2. (4.6)

The radial probability density function is given by P0,1(r) =
∫ r
0 |U0,1|2r dr,

which simplifies to P0,1(r) =
∫ r
0
|C|2 sin(r)3r dr. By introducing the transfor-

mations x = r cosϕ and y = r sinϕ, we visualize the radial probability density

function as a function of position in two dimensions, as shown in Figure 7. This

figure reveals that the modes are restricted to rotating, ring-like structures (note that

|m| 6= 0), or, in other words, the bosonic states manifest as spinning vortices. It

is evident that, in principle, one can influence the behavior of these spinning vor-

tices by adjusting the out-of-plane magnetic field. This is further demonstrated by

rewriting the solution function as U(r) ∝ sin(
√
2Λ r), which indicates that the

corresponding states generate magnetized spinning vortices in monolayer materi-

als. Moreover, the 2 + 1-dimensional spacetime under consideration is charac-

Figure 7: This plot shows the radial probability density for the bosonic ground

state with n = 0 and m = 1 (noting that |m| 6= 0), as a function of position in two

dimensions. For simplicity, we set C = 1.

terized by a constant positive Gaussian curvature. Accordingly, the corresponding

surface can be effectively modeled as having a space- and frequency-dependent re-

fractive index, n. Depending on the effective curvature, the refractive index can

be negative, positive, or purely imaginary for different frequency regimes, such as

visible light frequencies or the γ-ray regime. In principle, this suggests that the

out-of-plane aligned magnetic field can effectively modulate the refractive index as

needed, thereby influencing photonic modes and the evolution of quasi-particles in

low-dimensional materials (see also [49]).
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[27] J. Veselỳ, M. Žofka, ”Cosmological magnetic field: The boost-symmetric

case” Physical Review D, 100 044059 (2019).

[28] A. Guvendi, O. Mustafa, ”Fermion-antifermion pairs in a

magnetized space-time with non-zero cosmological constant”

Nuclear Physics B, 1004 116571 (2024).

[29] A. Guvendi, F. Ahmed, S.G. Dogan, ”Relativistic fermions and vector bosons

in magnetized three-dimensional space-time with a cosmological constant”

Nuclear Physics B, 1004 116569 (2024).

[30] J. Magueijo, L. Smolin, ”Lorentz invariance with an invariant energy scale”

Physical Review Letters, 88 190403 (2002).

[31] P. Galán, G.A.M. Marugán, ”Quantum time uncertainty in a gravity’s rainbow

formalism” Physical Review D, 70 124003 (2004).

[32] G. Amelino-Camelia, ”Relativity in spacetimes with short-distance struc-

ture governed by an observer-independent (Planckian) length scale”

International Journal of Modern Physics D, 11 35–59 (2002).

[33] G. Amelino-Camelia, ”Doubly-special relativity: first results and key open

problems” International Journal of Modern Physics D, 11 1643–1669 (2002).

[34] M. Hosseinpour, H. Hassanabadi, J. Kriz, S. Hassanabadi, B.C.

Lütfüoğlu, ”Interaction of the generalized Duffin–Kemmer–Petiau equa-

tion with a non-minimal coupling under the cosmic rainbow gravity”

International Journal of Geometric Methods in Modern Physics, 18 2150224 (2021).

[35] G. Amelino-Camelia, J. Ellis, N.E. Mavromatos, D.V. Nanopoulos, S.

Sarkar, ”Tests of quantum gravity from observations of γ-ray bursts”

Nature, 393 763–765 (1998).

[36] O. Mustafa, ”PDM KG-Coulomb particles in cosmic string

rainbow gravity spacetime and a uniform magnetic field”

Physics Letters B, 839 137793 (2023).
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