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LIE DERIVATIVES OF SECTIONS OF NATURAL VECTOR
BUNDLES

PETER W. MICHOR

Dedicated to the memory of Joseph A. Wolf

ABSTRACT. Time derivatives of pullbacks and push forwards along smooth
curves of diffeomorphism of sections of natural vector bundles are com-
puted in terms of Lie derivatives along adapted non-autonomous vector
fields by extending a key lemma in [4]. There is also the analogous result
about the first non-vanishing derivative of higher order.

1. INTRODUCTION

The following is an adaptation of the rather well known method of Lie
derivation along mapping N — M as explained for differential forms in [6),
31.11] and more generally for purely covariant tensor fields in [5, 12.2-12.5].
It is used in by now classical proofs of the Poincaré lemma and the theorem
of Darboux, see e.g. [7] and [9]. Namely, we prove the the following corollary
Bl of [4, Lemma 6]; the need for this result arose during the preparation of

1.

Corollary. Let @y be a smooth curve of local diffeomorphisms. Then we get
two time dependent vector fields

Xiy = Tyt 0 Ohlugipr and Yy, = 0tliyipr 0 01!

Then for any natural vector bundle functor F and for any section s €
['(F(M)) we have the first non-vanishing derivative

(@ Orprs = i Ly,s = Lx, 95 -
(|2|) Ot(pt)«s = at(sﬁt_l)*s = —(wt)*ﬁXtS = —Ly, (sDt)*S-

We also include the analogous result for the first non-vanishing derivative
of higher order at fixed time points in Corollary
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2. BACKGROUND FROM [4]

2.1. Curves of local diffeomorphisms. Let ¢ : R x M D U, — M be a
smooth mapping where U, is an open neighborhood of {0} x M in R x M,
such that

e U, N (R x {z}) is connected for each x € M,
e ¢, is a diffeomorphism on its domain Uy, := U, N ({t} x M),
e and g = Idyy.

We say that ¢ is a curve of local diffeomorphisms though Idy;. From Lemma
2.2 below we see that if %\ocpt =0foralll <j <k, then X := %%\0% is
a well defined vector field on M. We say that X is the first non-vanishing
derivative at 0 of the curve ¢, of local diffeomorphisms. We may paraphrase

this as (OF|ow})f = kILx f.

2.2. Lemma. Let ¢ : R — M be a smooth curve. If ¢(0) =z € M, ¢(0) =
0,...,c*=1(0) = 0, then ¢®)(0) is a well defined tangent vector in Ty M
which is given by the derivation f — (foc)®)(0) at z.

Moreover, if ¢ is a local diffeomorphism defined near © € M, then v oc
has again first non-vanishing derivative at 0 which is given by (zpoc)(k) =

Tp1b.c#)(0).

Proof. The first claim is [4, Lemma 2]. The second claim follows since
tangent vectors at x are mapped by T,. O

2.3. Natural vector bundles. See [2, 6.14]. Let M f,,, denote the category
of all smooth m-dimensional manifolds and local diffeomorphisms between
them. A wector bundle functor or natural vector bundle is a functor F' which
associates a vector bundle (F' (M), par, M) to each manifold M and a vector
bundle homomorphism

Fn) 2L pov)

lpM lIDN
f

M N

to each f : M — N in Mf,,, which covers f and is fiber wise a linear
isomorphism. If f is the embedding of an open subset of NV then this diagram
turns out to be a pullback diagram. We also point out that f +— F(f) maps
smoothly parameterized families to smoothly parameterized families, see [2],
14.8]. Assuming this property all vector bundle functors were classified by
[8]: They correspond to linear representations of higher jet groups, they are
associated vector bundles to higher order frame bundles, see also [2], 14.8].
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Examples of vector bundle functors are tangent and cotangent bundles,
tensor bundles, densities, M — L(TM,TM), and also the trivial bundle
M x R.

2.4. Pullback of sections. Let F' be a vector bundle functor on M f,, as
described in 2.3l Let M be an m-manifold and let ¢; be a curve of local dif-
feomorphisms through Idy; on M. Then ¢, for fixed ¢, is a diffeomorphism
defined on an open subset U, of M. The mapping

F(M) <=— F(U,,) "2 F(py(U,,)) = F(M)
lpM . l B l ; lpM
M Up —=— #t(Uy,) M

is then a local vector bundle isomorphism.

We consider a section s € I'(F'(M)) of the vector bundle (F'(M),par, M)
and we define for t € R pullback and push forward as

prs=F(p;Nosop, (p)es= (o7 ") 's=F(p)osop;!.

These are local sections of the bundle F(M). If ¢; is smooth curve of
diffeomorphisms these are global sections. For each z € M the value
(prs)(z) € F(M), = py;(z) is defined, if ¢ is small enough. So in the
vector space F'(M), the expression %\o(cpf s)(z) makes sense. These fit to-
gether to a smooth section %lo(gpt)*s which is globally defined and is an
element of I'(F'(M)), by the following argument:

For z € M there exists € > 0 and an open neighborhoods U C V of z with
the closure U compact in V' such that ¢}s is a smooth section in T'(F(V))
for each t € (—¢,¢). Since (—¢,¢) x V 3 (t,y) — ¢fs(y) € F(V) is smooth,
the curve t — ¢fs € I'(F(V)) is smooth into the Fréchet space I'(F(V')) by
[3, Lemma 30.8.1] with derivative dypfs € T'(F(V)).

If ¢; = FIX is the flow of a vector field X on M the section
,CXs = %‘o(FliX)*S

is called the Lie derivative of s along X. The Lie derivative satisfies Lx Ly —
LyLx = Lixy]; see [2, 6.20].

2.5. Lemma. [4, Lemma 6] Let ¢; be a smooth curve of local diffeomorphisms
through Idy; with first non-vanishing derivative k!X = 8f|0<pt. Then for any
vector bundle functor F and for any section s € T'(F(M)) we have the first
non-vanishing derivative

k'Lxs = OF|ogls.
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3. THE RESULTS
3.1. Corollary. Let ¢ be a smooth curve of (local) diffeomorphisms. Con-
sider the two time dependent (locally defined) vector fields
Xy, = Ter.' 001 and Yiy = Oleypr 0 oy

Then for any vector bundle functor F and for any section s € T'(F(M)) we
have

(1) Orprs = @i Ly;s = Lx, @1 -
(2) Or(pr)es = 00y )'s = —(p1)aLx,s = —Ly; (pr)es -
Proof. Let @1 = ¢ locpt+t0, a smooth curve of (local) diffeomorphisms

through Idy;. We have
OloBt = Otlowr, 0 Praty = Ty 0 Otlowerey = Tpry 0 Ohleotpr = Xu -
By Lemma 2.5 we we get that
Lx,,5 = OhlteBrs = Ohlio (015" 0 1)*s = Diliopf (01 )*s
= Lx, 1,5 = 8t|t0<p;k(<pt_01)*8 which is part of ().

For the second part of () we consider @; = iy, 090;)1, another smooth
curve of local diffeomorphisms through Id,;. Here we have, again by Lemma

2.5
Otlo@r = O¢loi+t, 090;01 = Ofsotpt © 90;)1 =Y.
Ly, s = 0ilo@rs = Otlo(Prate 0 0y )*s = Oelo(pry' ) Pritys
= (1) Delowi 405 »
since (cpt_ol)* :T(F(M)) — T'(F(M)) is bounded linear,
= (got_ol)*@tho ;s which implies the second part of ().
To show (2]) note first that
0= 8;(1d) = (¢, ' opr) = (Depr ') oot + Tipy ' 0 Dpipy
at(‘ﬂt_l) = —T<Pt_1 o(Oepr) O‘Pt_l
Tpiod(p; ) = —(p) o, ' = Y,
(Dvpr VY opr = =To; ' o(Ohpr) = =X,

Hence, replacing ¢ by ¢, Lin (@) replaces X; by —Y; and Y; by —X; and
noting that (¢;)ss = (¢; })*s transforms () into (2). O

First non-vanishing derivatives of order higher than one makes sense only
at discrete time points and not along whole curves of diffeomorphism which
would turn out to be constant. The result is as follows.
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3.2. Corollary. Let ¢ be a smooth curve of diffeomorphisms which for a
fixed time tg has a first non-vanishing derivative k!= = aﬂm Yy, it 1S a vector
field along the diffeomorphism py,

TM

= l’””'

M—M

Qot()
Consider the two (now autonomous) vector fields
X = T(p,;)loE and Y = Eogp;)l

Then for any vector bundle functor F' and for any section s € I'(F(M)) we
have the fist non-vanishing derivatives at time tg

(3) o prs = Koy Lys = k!Lx ¢ s .
(@) Ol (pr)es = Oflo (07 1) s = =kl pto)xLxs = =KLy (prg)es -

Proof. We consider ¢; = gpgjl 0 Ytity, a smooth curve of local diffeomor-
phisms through Id,s. By the second part of Lemma it has the following
first non-vanishing derivatives at tg

OFlo@r = OFo(wsy" © Prrty) = Tepse' 0 Of gt = K1Tpy 0= = kIX .
Then Lemma may be applied as follows:
KILxs = Ofly@rs = O Lo (01" 0 01)"s = OF 1o 05 (93" ) s
= kllxyis= 6t|t0<pf(<pt_01)*8 which is part of (3]).

For the second part of ([3) we consider ¢ = @114, 0 ¥y, ! another smooth
curve through Idys. As above we have:

O lo@t = OFlo@r+t, © 901;)1 = 0l et 090;)1 = klZ oy = kY.
KLy s = 0f|o@fs = OF|o(@rr OﬁPt_Ol)*S = aﬂO(‘Pt_ol)*@HoS
= (15 ) O loPt 15
since ((’D;)l)* :I(F(M)) — I'(F(M)) is bounded linear,
= (@%1)*85\% ¢y s which implies the second part of (3)).

To show () note first that for the first non-vanishing derivatives at to we
have

0= 0f [t (Id) = OF [s, (07 " 001) = (OF |0y ") © 1y + TCPt_Ol 0 O |1t
Ol (0 ") = =Ty 0(Of [0 01) © P75
Tty 0 Of 1o (07 ") = —(OF ltospr) 0 g = =Y
(OFltor ") ooty = =Ty o(OF g pt) = =X
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Hence, replacing ¢y, by (’%1 in ([B) replaces X by —Y and Y by —X and
noting that (4, )«s = ((pt_ol)*s transforms (@) into (). O
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