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Dynamical mean-field analysis of adaptive Langevin diffusions:
Replica-symmetric fixed point and empirical Bayes

Zhou Fan? Justin Ko! Bruno Loureirof Yue M. Lu$ Yandi Shen?

Abstract

In many applications of statistical estimation via sampling, one may wish to sample from a high-
dimensional target distribution that is adaptively evolving to the samples already seen. We study an
example of such dynamics, given by a Langevin diffusion for posterior sampling in a Bayesian linear
regression model with i.i.d. regression design, whose prior continuously adapts to the Langevin trajectory
via a maximum marginal-likelihood scheme. Results of dynamical mean-field theory (DMFT) developed
in our companion paper establish a precise high-dimensional asymptotic limit for the joint evolution of
the prior parameter and law of the Langevin sample. In this work, we carry out an analysis of the
equations that describe this DMFT limit, under conditions of approximate time-translation-invariance
which include, in particular, settings where the posterior law satisfies a log-Sobolev inequality. In such
settings, we show that this adaptive Langevin trajectory converges on a dimension-independent time
horizon to an equilibrium state that is characterized by a system of scalar fixed-point equations, and the
associated prior parameter converges to a critical point of a replica-symmetric limit for the model free
energy. As a by-product of our analyses, we obtain a new dynamical proof that this replica-symmetric
limit for the free energy is exact, in models having a possibly misspecified prior and where a log-Sobolev
inequality holds for the posterior law.
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1 Introduction

Parameter estimation via Monte Carlo sampling is a common paradigm in statistical learning, arising for
example in stochastic implementations of Expectation-Maximization estimation in latent variable models
[1,2], and contrastive-divergence [3] and diffusion-based learning [4-7] of generative models for data. In these
applications, one wishes to learn a parameter using Monte Carlo samples from an associated distribution
on a high-dimensional space. Monte Carlo methods whose target distribution continuously adapts to the
learned parameter are natural for such tasks, and we refer to [8-12] for several recent proposals of this form.

The goal of our current work is to study the learning dynamics in a particular (classical) instance of this
paradigm, namely the estimation of the distribution of regression coefficients in a high-dimensional regression
model [13,14]. We will focus on the linear model

y=X0"+¢

with a latent and high-dimensional coefficient vector 8* € R%, whose coordinates have an unknown “prior”
distribution g,. Estimation of this prior distribution is a classical example of empirical Bayes inference [15,16],
and arises ubiquitously in genetic association analyses where g, represents the distribution of genetic effect
sizes in linear mixed models for complex traits [17-24]. Two recent works [10,25] have established the
statistical consistency of nonparametric maximum marginal-likelihood estimators of g, in settings of high-
dimensional regression designs X € R"*? as n,d — oo. However, direct computation of this maximum
marginal-likelihood estimate is intractable for general regression designs, motivating approaches based on
approximate posterior inference schemes.

We will investigate in this work a parametric analogue of a learning procedure proposed in [10], modeling
the prior distribution via a parametric model g(-,«) and applying an adaptive diffusion to estimate the
parameter a € RX. This procedure will take the form of a Langevin diffusion

40" = Vo log Py a1)(6" | X, y)dt + v2db' (1)



for sampling from the posterior distribution Py(. 5+)(8 | X,y) of the regression coefficients, under a prior law
g(-,a') whose parameter evolves according to a coupled continuous-time dynamics

dat = g(af, % Ed: 59t_>dt. 2)

Here G(-) is a map that implements gradient-based maximum marginal-likelihood learning of « via the
empirical distribution of coordinates of 8%, and we defer a discussion of this motivation to Section 2. The
procedure may be understood as an approximation to an idealized dynamics

da! = G(at, P(6"))dt (3)

where P(6") denotes the average law of the coordinates 6%, ..., 6. For these idealized dynamics, the analyses
of [10] may be adapted to show that the prior parameter a! converges to a fixed point of the marginal
log-likelihood, under certain conditions for the noise and regression design. Related results have also been
shown recently in more general latent variable models in [8,9,12,26], which, in addition, provide convergence
guarantees for particle approximations of the McKean-Vlasov type daf = G(af, ﬁ 2?21 Z%:l (59;n,t)dt,

having M parallel sampling chains {6%'};>0,...,{0'};5¢ for the latent variable 8 € R? in the limit
M — oo.

The aforementioned results are not fully satisfactory in our context of a high-dimensional regression
model, and leave open the following two interesting questions about the original dynamics (1-2):

1. Single chain propagation-of-chaos. In the limit of increasing dimensions d — oo, are the idealized
dynamics (3) well-approximated by (2) using just a single Langevin chain {8'};>0 in R9?

~

2. Characterization of fized points. Can the fixed points @ of (2) be explicitly characterized? Does
(2) exhibit dimension-free convergence to these fixed points, and in what settings is the fixed point
representing the maximum marginal-likelihood estimator of o unique?

The purpose of our work is to provide answers to these questions in the context of an i.i.d. regression design.
Question 1 is addressed in our companion paper [27], which build upon the recent results of [28,29] to
formalize a dynamical mean-field theory (DMFT) approximation of (2) by (3) over dimension-independent
time horizons t € [0,7T], for a general class of such adaptive Langevin dynamics procedures. Our current
paper addresses Question 2 by carrying out an analysis of the resulting DMFT system, under an assumption
of a uniform log-Sobolev inequality for the posterior law.

1.1 Summary of results

Our main results provide an analysis of the DMFT equations that approximate the empirical Bayes Langevin
dynamics (1-2) in the high-dimensional limit as n,d — oo proportionally. En route to this analysis, we obtain
also new results for the DMFT approximation of the standard non-adaptive Langevin diffusion (1) with a
fixed prior ¢g(-) = g( -, ). We summarize these results as follows:

1. In the setting of a non-adaptive Langevin diffusion, we formalize a condition of approzrimate time-
translation-invariance (TTI) for the DMFT system. We perform an analysis of the dynamical fixed-
point equations for the DMFT correlation and response functions under this condition, and show
that they recover the static fixed-point equations for the free energy and posterior mean-squared-error
predicted by a replica-symmetric ansatz [30,31].

2. We show that a log-Sobolev inequality (LSI) for the posterior law provides a sufficient condition to
guarantee the above approximate-TTI property for the DMFT system, and we discuss several settings
of log-concavity, high noise, or large sample size where such an LSI holds. As a consequence, we obtain
a new dynamical proof of the validity of the replica-symmetric predictions for the free energy and MSE
in the Bayesian linear model with a possibly misspecified prior law, under such an LSI condition.



3. When the LSI holds uniformly over the posterior laws corresponding to the deterministic DMFT
trajectory of {a'};>0, we show that the empirical Bayes estimate @' converges on a dimension-free
time horizon to a critical point a® of the replica-symmetric limit for the free energy. This is explicitly
characterized by a system of scalar fixed-point equations, and we discuss examples of models where
this critical point may or may not be unique.

We present and discuss these results and examples in further detail in Section 2.

1.2 Further related literature

Approximating the dynamical behavior of many degrees-of-freedom by an effective single-particle problem
interacting self-consistently with its environment is an old idea in the statistical physics literature. Relevant
to our work is the development of this idea in the context of disordered systems, and in particular the study
of high-dimensional Langevin dynamics of soft-spin variants of the Sherrington-Kirkpatrick model [32,33]
and the spherical p-spin model [34-37]. Mathematical proofs of these approximations were first shown for
such models in the works of [38-40] using large deviations techniques, and more recently in generalized
linear models close to our setting by [28,29] using different methods around Approximate Message Passing
algorithms and iterative Gaussian conditioning. In recent years, DMFT analyses have been applied to study
Langevin dynamics and gradient-based optimization in many statistical models and applications, including
Gaussian mixture classification [41], matrix and tensor PCA [42-44], phase retrieval and generalized linear
models [45,46], and learning in perceptron and neural network models [47-52]. These analyses have uncovered
surprising phenomena about the efficacy of gradient-based methods and relationships to landscape complexity
for high-dimensional non-convex problems [42].

Understanding the long-time behavior of DMFT systems, in particular in low-temperature regimes char-
acterized by aging or metastability, has been a primary goal in both the physics and mathematics literature
since the original inception of these methods (see [53,54] and references within for a review). Mathematically
rigorous analyses of long-time dynamics have been obtained previously for spherical 2-spin models in [55]
and related statistical models in [44,56] by leveraging the rotational invariance of these models. However,
such analyses of DMFT are (to our knowledge) quite rare in more general settings. Our work takes a step
towards filling this gap, by providing a rigorous analysis of the DMFT approximation to Langevin dynamics
in a more general model without a rotationally invariant prior, in settings where approximate-TTI holds.

As a by-product of our analyses, we obtain a new proof of a replica formula [57] for the free energy
and posterior MSE in the Bayesian linear model. This proof is different from several existing proofs of this
result [58-62] and from the Gaussian interpolation methods of Guerra-Talagrand [63,64], and is based instead
on deducing a static fixed-point equation from the dynamical fixed-point equations of DMFT. Our current
result is specific to a high-temperature regime where a LSI holds for the posterior law, but it applies to models
where the prior law is misspecified [30,31,65]. In this misspecified context, the closest mathematical result of
which we are aware is [66] which proved the replica-symmetric predictions in a setting where the posterior is
log-concave. A complete large deviations analysis of the free energy in a related rank-one matrix estimation
model with misspecified prior and noise was carried out in [67], showing that in general the asymptotic free
energy is characterized by a Parisi-type variational problem whose solution may not be replica-symmetric.
Our results imply for the linear model that this solution must be replica-symmetric under our assumed
condition of a LSI for the posterior law.

In the context of adaptive empirical Bayes Langevin dynamics, our results complement the previous
analyses of [10] for more general regression designs, and of [8,12] in general latent variable models. We
deduce a dimension-free convergence rate, in contrast to the results of [10] that established convergence
(for a nonparametric variant of this algorithm) on a time horizon growing linearly with n,d, and without
employing a time-dependent and decaying learning rate as in [12]. Under the additional mean-field structure
of our current model, we are able to establish convergence of a single-chain implementation of the empirical
Bayes Langevin dynamics using (2), rather than for an idealized dynamics as studied in [10,12] or for an
implementation using M parallel chains as studied in [8]. We are also able to give an explicit characterization
and analysis of the fixed points to which the dynamics of {a'};>¢ may converge.
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Notational conventions

In the context of the posterior law P, (6 | X,y) for a given prior g(-), we will write

(£(0)) =E[f(6) | X,y]

for the posterior expectation conditioning on the “quenched” variables X,y. In the context of Langevin
dynamics, we will write similarly

(f(6") =E[f(6") | X,y]
also for an expectation conditioning on X,y. In some arguments it is convenient to consider the expectation
also conditioned on the initial condition 6°, and we will denote this by

(f(0)x =E[f(6") | X,y, 6" =x].

We reserve E and P for the full expectation and probability also over X,y, 0% €.

Constants C,C’, ¢, ¢’ > 0 throughout are independent of the dimensions n,d. For any random variable &
in a complete and separable normed vector space (M, || - ||), we will use P(§) to denote its law. Po(M) is
the space of probability distributions P on (M, || - ||) such that E¢p||€[|? < 0o, and W1 (-) and Wa(-) denote
the Wasserstein-1 and Wasserstein-2 metrics on Pa(M).

For f : R = R, Vf € R? is its gradient, V2f € R¥*? its Hessian, and V3 f € R4*%*? the symmetric
tensor of its 3*%-order partial derivatives. For f : R x RE — R, 9y f(#,a) and V. f(6, ) denote its partial
derivatives with respect to # € R and a € RX. || - |5 is the Euclidean norm for vectors and vectorized
Euclidean norm for matrices and tensors. Tr M and ||M]|op are the matrix trace and Euclidean operator
norm. C([0,T],R%) is the space of continuous functions f : [0, 7] — R¢ equipped with the norm of uniform
convergence || flloo = supsejo 7y 1 (t)l|2- Ck(R?,R™) is the space of functions f : RY — R™ that are k-
times continuously-differentiable. For two probability densities p,q on R?, Dk (pllq) = [q(logq — logp)
is the Kullback-Leibler divergence. For a scalar random variable X, Var X = EX? — (EX)? and Ent X =
EX log X — EX logEX. For a random vector X € R¥, CovX = EXX T — (EX)(EX)T € RFxk,

2 Model and main results

2.1 Bayesian linear model and adaptive Langevin dynamics

We study a linear model

y=X6"+eeR" (4)
with random effects * € R%. Modeling 6%, ..., 05 o~ g for a prior density g(-) on the real line and modeling
e ~ N(0,0%I) as Gaussian noise, Bayesian inference for 8* is based upon the posterior density

1 1 1 d
P61 X.3) = 5 oy 0 g Iy~ X8 ) 11560 6



Here P, (y | X) is the marginal likelihood of y (i.e. model evidence or partition function), given by

d
Py 1) = [ e (5o lv - X6l ) [T o000, )

j=1

We will study (overdamped) Langevin dynamics for sampling from the posterior density (5) in two
settings, the first in which the prior law g(-) is fixed but may be misspecified, and the second in which this
prior law may adapt to the Langevin trajectory to implement empirical Bayes learning from the observed
data (X,y). In the former setting, we consider the Langevin dynamics

d
1
46" = ve(—wly—xetng +Zlogg(e§)>dt+\/§dbt (7)
j=1

where {b'};> is a standard Brownian motion on R?. In the latter setting, we will model the prior via a
parametric model

{9(-,a): a e R} (8)
and consider the empirical Bayes Langevin dynamics
1 d
46" = Vg (—Wlly —X0'3+ ) logg(6}, af)> dt +v2db? (9)
j=1
1< ]
dat = v, (d Zlogg(a;, a') — R(&ﬂ)dt. (10)
j=1

The equation (10) describes a continuous-time evolution of the prior parameter o € R¥ that is coupled to
the Langevin diffusion (9) of the posterior sample, and R : RX — R is a possible smooth regularizer. (In
this work, we will be interested mostly in the behavior of these dynamics when R(«) = 0, and we introduce
R() for theoretical purposes to confine the dynamics of @' in certain examples.)

To motivate the dynamics (9-10) as a procedure that implements maximum marginal-likelihood learning
of a € R¥ | we may consider the free energy (i.e. negative marginal log-likelihood)

~ 1
Fla) = — 5 10gPy(.)(y | X) (11)

as a function of the prior parameter o € RX. By the Gibbs variational principle (c.f. [68, Proposition 4.7]),

F(a)= inf 12
(a) qeg(Rd)V(q,a) (12)

where P, (R9) is the space of all probability densities on R?, and

1 1

d
_ 1 o 2 ) n 2
Ve =3 [ (5lv - X0 jglloggw],a)+1ogq<0>)q<o>do+leogzm (13)

is the Gibbs free energy corresponding to the prior g(-) = g(-,a). We propose to implement maximum-
likelihood learning of a € R¥ by minimizing the regularized Gibbs free energy V (g, ) + R(c) jointly over
(g, @), via a gradient flow in the Wasserstein-2 geometry for ¢ € P,(R?) and the standard Euclidean geometry
for o € RX. The resulting gradient flow equations take the form

d
d 1
30 = —d-grady V(g a") = Vo {qt(e)ve (wny = X0l5 = > _logg(6;, at))] +Tr Vga:(6),  (14)

@ 2
d
%at = Vo [V(q, o) + R(ah)] = va( / é ;log 9(0;,0") ¢:(6)d6 — R(at)>. (15)



In (14), we identify grad};VQV(q, «) with the Fokker-Planck equation for the density evolution of 8% under the
Langevin diffusion (7) with prior law g(-) = g( -, a), via its variational interpretation put forth in [69]. Then
(9-10) may be understood as a particle implementation of (14-15) that uses a single Langevin trajectory
{6'};>0 to simulate the dynamics of ¢; in (14), and that uses the empirical distribution 52?21 (59; to

approximate the expectation over 8 ~ ¢; in the dynamics of o! in (15). An algorithm similar to (9-10) was
introduced in [10], with some additional reparametrization ideas to allow for nonparametric modeling of the
prior g(-). Here, to simplify technical considerations, we restrict our study to parametric prior models of the
form (8).

2.2 DMFT equations

The empirical Bayes Langevin diffusion (9-10) is an example of a general class of adaptive Langevin diffusions
that we study in our companion work [27]. In particular, the gradient equation (10) for at is a function of
the empirical distribution of coordinates 8¢,

dat = g(at,;ia(,;)dt

where G : RE x Py(R) — RX is the gradient map
g(Oé, P) = EONP[VQ 10g 9(07 a)] - VR(OZ)

Our analyses will rely on a system of dynamical mean-field theory (DMFT) equations, formalized in [27] and
building upon the results of [28,29], that describes a deterministic evolution of a prior parameter a! € R¥
and a univariate law P(6") € P»(R) that approximate (&', 4 Z?Zl 5‘9;) in the large system limit n,d — oo.
This approximation will hold under the following assumptions, which we assume throughout this work.
Assumption 2.1 (Linear model and initial conditions).
(a) (Asymptotic scaling) lim, 400 5 = 0 € (0,00).
(b) (Random design) X = (z;;) € R"*? has independent entries satisfying E[z;;] = 0, E[z

|V dzi;]|4, < C for a constant C' > 0, where || - ||, is the sub-Gaussian norm.

w] = é, and

(¢) (Bayesian linear model) 8*, e are independent of each other and of X, and y = X0* + €. The entries of
0%, e are distributed as

05,...,05 ”dg*, 51,...,5n%ij\/'(0,02) (16)

for some 02 > 0 and probability density g, (both fixed and independent of n,d), where g, satisfies the
log-Sobolev inequality

Ento- g, [f(07)?] < CLst Eg- g, [(f/(6%))7] for all f € C*(R). (17)
(d) (Initial conditions) The initialization 8 is independent of X, 8*, €, and

09,...,09 % g (18)

for some probability density go (fixed and independent of n,d) with finite entropy f go log go and finite
moment-generating-function in a nelghborhood of 0. The initialization a° satisfies limy, 400 al =l
a.s. for a deterministic parameter a® € RX.

Assumption 2.2 (Prior model and regularizer).

(a) In the context of a fixed prior, g() is strictly positive and thrice continuously-differentiable, and
(log g)""(0) is uniformly Holder continuous over 6 € R. For a constant C' > 0 and all § € R,

[(logg) (0)] < C(1+10]),  [(logg)"(O)| <C,  [(logg)”(0)] <C,

and for some constants rg,co > 0,

—(log 9)"(6) > co for all |8] > rg.



(b) In the context of an adaptive prior, g(6, @) is strictly positive, R(«) is nonnegative, and both are thrice
continuously-differentiable. For a constant C' > 0 and all (6, a) € R x RX|
IV (0.0)l0g g(6, a)ll2 < C(1 +[0] + [la2),

[VR(a)[l2 < C(1+ [jal2)- (19)

Furthermore, for each compact subset S C RX, 0 — V‘E’@,a) log g(0, «) is Holder-continuous uniformly
over (0,a) € R x S, and for some constants C(.S),7(S5), co(S) > 0,
1V%.0) log g(8, @)ll2 < C(S), [[Vig,a) log (6, )|z < C(S) for all (6, ) € R x S,
—021log g(0, ) > co(S) for all |8] > ro(S) and o € S, (20)
[VZR(a)|l2 < C(S), [VER(a)|l2 < C(S) for all a € S.

In particular, Assumption 2.2(b) requires that g(-) = g(-,a) satisfies Assumption 2.2(a) for each fixed
prior parameter o € R¥. We assume the LSI condition (17) for the true prior g. to ensure concentration of
the free energy (c.f. Proposition 4.11), and we clarify that the conditions of Assumption 2.2(a) imply that
the modeled prior g(-) must also satisfy an LST of the form (17), as reviewed in Lemma C.1.

Under the above Assumptions 2.1 and 2.2(b), the DMFT limit for (9-10) is described by the following
construction: Let

0* ~ g., 0° ~go, £~ N(0,0%) (21)

denote independent scalar variables with the distributions (16) and (18), and let § = lim % be as in As-
sumption 2.1. Let {b'};>0, {u'}i>0, and (w*, {w'};>0) be centered univariate Gaussian processes indepen-
dent of each other and of (6*,6°,¢), where {b'};>¢ is a standard Brownian motion on R, and {u'};>o and
(w*, {w'};>0) have covariance kernels

Elu'u®] = C,(t, s), E[w'w®] = Cy(t, s), Elw'w*] = Cy(t, *), E[(w*)?] = Cy(x, *) (22)

defined self-consistently in (28) below. We consider a system of stochastic differential equations

t
40" = {_%(at —6) + o logg(6", o) +/ Ry (t,s)(0° — 07)ds +u'|at + V2 bt (23)
0
aot _ 5 9 . . aet t Iaesl ,
d<8u5) = {_ <02 — Oy logg(¢", o )) BN +/S R,(t,s )ausds}dt (24)

for univariate processes {6'};>¢ and {gTGZ}tzszo adapted to the filtration F¢ := F({b*}s<t, {u®}s<s, 0%, 0°),
with the initial conditions

oLk
ou®

010 = 6°, =1

t=s

These are driven by a deterministic and continuous R¥-valued process {at};>¢ representing the asymptotic
Y > g Y

limit of {@'}¢>¢. We consider likewise univariate processes {n'};>o and {%}Qszo defined by

1t
'r]t = 02 Rg(t .S) (77 + w — E)dS — (25)
0
ont 1 ¢ on*
s = "2 [/s Ro(t: ') gz s' = R, Sﬂ (26)

adapted to the filtration F,' := F({w*}s<¢, w*,e). The deterministic process {a'};>o above is defined self-
consistently by

%at = G(a*,P(8Y)), G(a,P) = Egp[Valogg(,a)] — VR() (27)



with initial condition af|;—g = a® given in Assumption 2.2, where P(6?) is the law of 6’ in (23). The
covariance and response functions Cy, C,,, Rg, I, are also defined for all ¢ > s > 0 self-consistently via the
above processes by

Co(t,s) =E[0'0°], Cy(t,*) =E[0'0*], Cy(x,*) = E[(6%)?],

Culty) = SB[t + " — <)o"+ — )] (28)
Rg(t,s):E[%}, Rn(ta ) E[SZ)S]

This DMFT system (22-28) describes the n,d — oo limit of the empirical Bayes Langevin dynamics
(9-10). In the setting of a fixed prior g(-) = g(-,a"), the DMFT limit for the standard Langevin diffusion
(7) is the same, upon replacing G(a, P) in (27) by G(a, P) = 0 so that af = o for all t > 0.

Fixing any time horizon T > 0, let us set

and denote by
P(0", {ot}te[O,T]) € P2(R x C([0,T],R)), P(n"e, {nt}te[o,T]) € P2(R xR x C([0,7],R))

the joint laws of sample paths (6*,{0"},cio,77) and (9*,e,{n'}ico,r)) in this DMFT system. We write

9;, 0%, ci,m; i for the coordinates of 8*,60,e,m* = X0*,n' = X6, and W2 for Wasserstein-2 convergence

in the spaces P2(R x C([0,T],R)) and P2(R x R x C([0,7T],R)) as n,d — oco. The main result we will use
from our companion work [27] is summarized in the following theorem.

Theorem 2.3. (a) Suppose Assumptions 2.1 and 2.2(a) hold, and identify g(-) = g(-,a°). Let {6'};>0 be
the solution to the dynamics (7) with fized prior g(-), and denote n* = X0* and nt = XO0'. Then for
each fited T > 0, there exists a solution up to time T of the DMFT system (22-28) with (27) replaced
by G(a,P) = 0, such that almost surely as n,d — oo,

N I w. X
wam” P(6*, {0} 1ep0.11)s —Z cen(ntheos — PO e {0 o) (29)

n

(b) Suppose Assumptions 2.1 and 2.2(b) hold, and let {0',a'}i>¢ be the solution to the empirical Bayes
Langevin dynamics (9-10). Then for each fized T > 0, there exists a solution up to time T of the DMFT
system (22-28) such that almost surely as n,d — 0o, (29) holds and also

{at}te[oj] — {at}te[O,T] mn C([O,T],RK).

Both parts of this theorem follow from [27, Theorem 2.5], and we explain the details of the reduction
to [27, Theorem 2.5] in Appendix A. The above solutions to the DMFT systems are unique in certain
domains of exponential growth for {a'} and for the correlation and response functions, and we refer readers
to [27, Theorem 2.4] for details of this uniqueness claim.

For our analyses of dynamics with fixed prior g(-) in the setting of Theorem 2.3(a), we will require a
second result from [27] that gives an interpretation for the DMFT response functions Ry(t, s) and R, (¢, s) as
coordinate averages of single-particle responses in the Langevin diffusion (7). We defer a statement of this
result to Section 4.1.

2.3 Replica-symmetric characterization of equilibrium for a fixed prior

This and the next section describe the main results of our current paper. We discuss results pertaining to the
dynamics (7) with a fixed prior g(-) in this section, and results pertaining to the empirical Bayes dynamics
(9-10) in Section 2.4 to follow.



2.3.1 Approximately-TTI DMFT systems

We first introduce a set of conditions for the correlation and response functions of the DMFT system
that characterize an approximate time-translation-invariance (TTI) property. Under these conditions, we
establish convergence of the joint law of (6*,60%) in the DMFT equations to a replica-symmetric fixed point
as t — o0.

Definition 2.4. In the setting of a fixed prior g(-) [i.e. with G(a, P) = 0 in (27)], the solution of the DMFT
system (22-28) is approzimately-TTI if it satisfies the following conditions:

1. There exists a scalar value cg(x) € R and functions ctgt‘,cni : [0,00) — R such that, for some ¢ :
[0,00) — [0, 00) satisfying lims_, o £(s) = 0 and for all ¢ > s > 0,

£(s), (30)
£(s), (31)
£(s). (32)

00) > 0 and finite positive measures jg, f1,, supported on

|Col(t, s) — g (t — s)|
Cy(t,s) — ¢/ (t — )
[Co(s, %) — co(*)|

| /\

I/\ I/\

Furthermore, there exist values cj(c0), ¢ (

[t,00) for some ¢ > 0 (strictly) such that

G =i+ [T, G =dieo+ [ @, @)
2. There exist functions 7§, rf" : [0,00) — R such that, for some & : [0,00) — [0,00) satisfying

lim; o (t) =0,
/0 Ro(t, 5) — ri¥i(t — s)[ds < 2(2), (34)
/0 |R,(t,s) — r;ti(t —s)|ds < g(t). (35)

tti tti Lttt Ltti

Furthermore, 4", 7", ¢y, ¢;)" satisfy the fluctuation-dissipation relations

) = = (o), ) = i (). (36)

We show that if the DMFT system is approximately-TTI in the above sense, then its ¢ — co limit is
characterized by a system of “static” scalar fixed-point equations. To describe this characterization, consider
a scalar Gaussian convolution model

y=0"+zcR. (37)
Let .
Poall 1) = 55y g o0 (-3 = 07)9(0) (38)

be the posterior distribution of 8 in this model, assuming a prior law 8 ~ g(-) and independent Gaussian

noise z ~ N(0,w™1), where
0= [\[o e (<5 07)a0ras (39)

denotes the marginal density of y under these assumptions. Let the true model be y = 6* 4 z with 8* ~ g,
and independent noise z ~ AV(0,w;!), and denote by

Pg* ,w*;g,w(9*7 0) (40)
the joint law of the true parameter 6* and a posterior sample 6 under the generating process

0* ~ g., 2 ~N(0,w;!) (independent) = y=0"+2z = 0|y~ Pow(- |Yy) (41)

10



(where 0 | y is defined with misspecified prior law g(-) and misspecified noise variance w=!). We write
(f())g,w for the posterior average with respect to Py, (- | y) depending implicitly on y, and E,_,,. f(y) for
the expectation under the true model y = 6* + z. Thus, an expectation over the joint law Py, . .4 in (40)
takes the form

E 0= .0)~Py. g f(07,0) = Eg 0 (F(67,0))g.0

Theorem 2.5. Suppose Assumptions 2.1 and 2.2(a) hold. Consider the Langevin diffusion (7) with a
fized prior g(-), and suppose that the corresponding solution of the DMFT system in Theorem 2.3(a) is
approximately-TTI. Define, from the quantities of Definition 2.4,

mse = ¢ (0) — i (0), mse, = E[0*%] — 2¢4 (%) + it (c0),
O tti tti ot o i tti 2 (42)
ymse = F(C (0) — ¢ (0)), ymse, = ?(2677 (0) — ¢ (0)) — 02

Then there are unique values w,w, > 0 (given mse, mse, ) for which mse, mse,,w,w, satisfy the fized-point
equations

w = 0(c% +mse) ", wy = 8(c? 4+ mse,) ", (43)
mse = Eg_, [((6 — <9>g7w)2>g7w}, mse, = By, [(0" — <9>g,w)2}-
The quantities ymse, ymse, are related to these fized points by
2 4
ymse = o (17%), ymse, = o +%(§*72>. (44)
Furthermore, letting P(6*,0%) be the joint law of (0%,0%) in the DMFT system, as t — oo,
P(6,6") ™% Py ooigo (45)

Remark 2.6. Let (f(0)) and (f(6,6’)) denote the expectation over independent samples 8,6" ~ P, (- | X,y)
from the posterior law (5) with a fixed prior ¢g(-). Then the asymptotic overlaps

lim d=*(878), lim d=*(676"), lim d~*(876%)

n,d— oo n,d—oo n,d—oo

are predicted in the DMFT system, respectively, by

cg'(0) = lim Cy(t,1),  cj'(00) = lim Co(t,t+7),  co() = lim Cy(t,*).

t,7—00

Thus mse and mse, as defined in (42) represent the DMFT predictions for

im d7'(|6 - (0)]5),  lim dM[6" —(O)].

n,d— oo
Similarly, one may check that ymse and ymse, as defined in (42) represent the DMFT predictions for

lm (X0 - X(@O)[F),  lim_nl[X6" - X(0)]3.

n,d— oo

These fixed-point equations (43) that characterize mse and mse, coincide with those derived via the replica
method (with misspecified prior) under a replica-symmetric ansatz, c.f. [30,31,65].

We clarify that Theorem 2.5 does not claim that the joint solution (mse, mse,,w,w,) of the fixed-point
equations (43) is unique. In settings with multiple such fixed points, the theorem pertains to the specific
choice of this fixed point that arises from the ¢ — oo limit of the DMFT dynamics.

11



2.3.2 Asymptotic MSE and free energy under a posterior LSI

To motivate Definition 2.4, it is illustrative to consider the example of a fixed Gaussian prior g(-), where the
Langevin diffusion for 6" is a linear Ornstein-Uhlenbeck process. Then Cy, C,,, Ry, R, of the DMFT system
may be computed explicitly, as we show in Appendix B, and it is directly checked from their explicit forms
that the DMFT system is indeed approximately-TTT.

Generalizing this Gaussian prior example, we consider a setting where the posterior distribution (5)
satisfies a log-Sobolev inequality.

Assumption 2.7. There exists a constant Cpgr > 0 and a X-dependent event £(X) holding almost surely
for all large n, d, for which

(a) (LSI for posterior) On £(X), for all y € R™, the posterior distribution P,(0 | X,y) satisfies
Ent[f(0)* | X,y] < Crst E[[VF(0)]3 | X, y] for all f € C'(R). (46)
(b) (LSI for larger noise) On &(X), for every noise variance 62 € [02,00), (46) holds also for the posterior
law P, (6 | X,y) defined with 62 in place of o2 (with a uniform constant Crg; > 0 for all 52 > 02).

For clarity of interpretation, we list in the following proposition three concrete settings in which these
LSI conditions hold by currently known techniques. A proof of Proposition 2.8 is given in Appendix C.

Proposition 2.8. Suppose X satisfies Assumption 2.1(a-b), and g(-) satisfies Assumption 2.2(a). Let
C,ro,co > 0 be the constants of Assumption 2.2(a), and define

2.01 (grg(co + C)2>
= exp .
Co TCo

Co

Suppose, in addition, that at least one of the following conditions hold:

(a) (global log-concavity) —(log g)"(0) > co for all € R, or

(b) (high noise) 02 > Co(4v/51{5 > 1} + (/5 +1)?1{5 < 1}), or

(c) (large sample size) § > 1 and (v/§ —1)2 > 4CoCV/5.

Then Assumption 2.7 holds for a constant Cpsr > 0 depending only on §,C,rg, cg.

Under the posterior LSI condition of Assumption 2.7(a), we verify that the solution of the DMFT system
must be approximately-TTT in the sense of Definition 2.4.

Theorem 2.9. Consider the dynamics (7) with a fixed prior g(-), and suppose Assumptions 2.1, 2.2(a), and
2.7(a) hold. Then the DMFT system given by Theorem 2.3(a) is approximately-TTI, where the statements
of Definition 2.4 hold with €(t) = Ce™ and some constants C,c > 0.

As a consequence, we obtain the following corollary showing that the asymptotic free energy and mean-
squared-errors associated to the posterior distribution Py(@ | X,y) in the linear model (with a possibly
misspecified prior) are given by their replica-symmetric predictions, and furthermore the joint empirical
distribution of coordinates of 8* and a posterior sample 8 ~ P,(- | X,y) converges to the preceding law
Pg. w.:gw In the scalar Gaussian convolution model. (Our analysis for the free energy uses an I-MMSE
relation, for which we require the posterior LSI condition of Assumption 2.7(b) for an extended range of
noise variances.)

Corollary 2.10. Suppose Assumptions 2.1, 2.2(a), and 2.7(a) hold for dynamics (7) with a fized prior
g(+). Let Py(y | X) be the marginal likelihood of y in (6), let (f(6)) denote the posterior expectation under
Py(0 | X,y), and define

MSE =d (|0 = (0)[3), ~ MSE. =d""|6" — (6)]3 (47)
YMSE = n~1(||X6 — (X0)[|2),  YMSE. =n![|X6" — (X6)]2.

Let mse, mse,, w, w, ymse, ymse, be as defined by (42-43) for the corresponding (approzimately-TTI) DMFT
system, let Py ,(y) be the marginal density of y in (89), and let E,, . denote the expectation over y = 0* +z
in (37) with 0* ~ g, and z ~ N'(0,w; ) .

12



(a) Almost surely,

lim MSE = mse, lim MSE, = mse,,
n,d—o0 n,d—o0
lim YMSE = ymse, lim YMSE, = ymse,,
n,d—oo n,d— oo
1 d 2
j=

(b) If furthermore Assumption 2.7(b) holds, then almost surely,

mggloo é logPy(y | X) =E,, . logPgu(y) + % (6 + log 2% —dlog 2:;—6 +(1- 6)% + wo? (w% - 2)) .
As discussed in Remark 2.6, the fixed-point equations characterizing these limits of the mean-squared-
error quantities MSE, MSE,, YMSE, YMSE, are those derived via the replica method under an assumption
of replica symmetry. One may verify that the limit of the free energy in part (b) agrees also with the replica
prediction that was computed in [31, Eq. (20)].
The proof of Theorem 2.5 is given in Section 3, and the proofs of Theorem 2.9 and Corollary 2.10 are
given in Section 4.

2.4 Convergence of empirical Bayes Langevin dynamics

We now discuss results pertaining to the empirical Bayes Langevin dynamics (9-10) with a data-adaptive
evolution of the prior law.

2.4.1 A general condition for dimension-free convergence

We impose the following strengthening of Assumption 2.7, ensuring that {a'};>o of the DMFT solution
remains confined to a bounded domain where the posterior log-Sobolev conditions of Assumption 2.7 hold
uniformly.

Assumption 2.11. Let {a'};>¢ be the a-component of the DMFT system. There exists a compact subset
S C RX such that
at € S for all t > 0.

Furthermore, there exists a (bounded) open neighborhood O O S and an X-dependent event £(X) on which
the statements of Assumption 2.7(a—b) hold with a uniform constant Crs; > 0 for every prior g € {g(-, ) :
a € O}.

Under this condition, we will show dimension-free convergence of the prior parameter {a'};>¢ to a fixed
point of the replica-symmetric free energy. To state this result, let us recall the free energy

_ !

Fla) =~

IOg Pg(',a)(y ‘ X)

of the linear model from (11), and denote by

F(a) = —Eq, o, 10g Py o) (V) - % <5 Flog 2T~ 5log 20 4 (1- ) + wo? (2 — 2)) (49)
w w X Wi
its asymptotic limit prescribed by Corollary 2.10, both viewed as a function of & € O C R¥. Here, the fixed
points (w,ws) = (w(a),ws(a)) implicitly depend on « and are well-defined by Theorem 2.9 for all a € O.
Recalling the law Py, . .4..,(0%,0) from (40), let us abbreviate this law with ¢ = ¢(-,«) and fixed points
(w(@), wi(a)) as
Po = Pg*,w*(a);g(',a),w(a)~ (50)
We write 6 ~ P, as shorthand for the #-marginal of (6*,6) ~ P,. We write also (-),, for the expectation under
the posterior law Py(. 4)(0 | X,y) in the linear model. The following lemma strengthens Corollary 2.10(b)
to convergence of F(«) and its gradient, uniformly over the compact subset S C O containing {a‘}¢>¢, and
shows also that a true prior parameter a* € O must be a global minimizer of F(«).

13



Lemma 2.12. Suppose Assumptions 2.1, 2.2(b), and 2.11 hold, and let S C O C RE be the domains of
Assumption 2.11. Then

(a) F(a) and F(o) are continuously differentiable on O with gradients
~ 1Y
VF(a) = _<d Z Valogg(8;, a)> , VF(a) = —Egp,[Valogg(l, a). (51)
=1 a

(b) Almost surely

lim sup|F(a) — F(a)| =0, lim sup||[VE(a)— VF(a)|, =0.

n,d—00 o8 n,d—00 oS

(c) If g« () = g(-,a*) for some a* € O, then F(a*) = infaeo Fla).

We now show that under the uniform LSI condition of Assumption 2.11, the DMFT solution {a'};>0
converges as t — oo to a critical point a® of the asymptotic free energy F'(«) (with possible additional
regularization by R(«)). Consequently, for a dimension-independent time horizon 7' > 0 and large system
sizes n, d, the learned prior parameter a” will be close to a™, and the Langevin sample 67 will have entrywise
statistics close to those in the scalar Gaussian convolution model described by Theorem 2.5 for the limiting
prior g(-) = g(-, ™).

Theorem 2.13. Suppose Assumptions 2.1, 2.2(b), and 2.11 hold. Let O C R¥ be as in Assumption 2.11,
define F(a) for a € O by (49), and denote

Crit ={a € S: VF(a) + VR(a) = 0}.

Consider the empirical Bayes Langevin dynamics (9-10), and let {a'}i>o be the deterministic approzimation
of {@'}¢>¢ in the solution of the DMFT system in Theorem 2.3(b). Then {a'}i>o satisfies

lim dist(a’, Crit) = 0.
t—o0
In particular, if all points of Crit are isolated, then there exists a limit

a® = lim o' € Crit. (52)
t—o00
Consequently, for any € > 0, there exists a time horizon T := T(e) > 0 independent of n,d such that for
any fized t > T (e), the solution {(0",a")}i>0 of (9-10) satisfies almost surely

d
. SV , 1
limsup ||a" — ||z < &, lim sup Ws (d 221(5(9;_%), Paoo> <e. (53)
=

n,d— oo n,d— oo

The proof of Theorem 2.13 is given in Section 5.

Supposing that g.(-) = g(-,a*) for a true prior parameter o* € O, in settings where R(a) = 0 and
the critical point a* € Crit of F(«) is unique, Lemma 2.12(c) ensures that o® = «o*, and Theorem 2.13
then provides a guarantee for estimation of this true prior parameter as n,d — co. In general, F'(«) may
have multiple critical points. Theorem 2.13 ensures convergence to a point a® € Crit that is specified
deterministically by the initial conditions of Assumption 2.1(d), and successful learning of o* may require
multiple initializations from different starting values of a°. We discuss both types of settings in the following
examples.

2.4.2 Examples

We develop some further implications of Theorem 2.13 in a few specific examples of parametric models for
g(+,a). We explore also via numerical simulation the convergence of (6%, a'), the landscape of the replica-
symmetric free energy F(«), and the nature of its critical point set Crit in a few settings where a posterior

log-Sobolev inequality may not hold.
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Example 2.14. Consider the Gaussian prior

(0,00 =\ 2 exp (200 - )

with varying mean o € R and a fixed and known prior variance w *, and suppose g. () = g(#, a*). Consider
the empirical Bayes dynamics driven by

G(a,P) = Egp[da log g(0, )]

in (27), with no regularizer (i.e. R(a) = 0).
We verify in Section 5.2 that Assumptions 2.2(b) and 2.11 hold for this example, for a subset O C R
containing «*. The posterior mean in the Gaussian convolution model (37) is given explicitly by

wo w

6 La)w .
<>g(’)’ w0+wa+w0+wy

Then the condition «a € Crit is 0 = VF(«) = Egp,_ [wo(a — 0)], i.e.

Wo w wo w

@ =Bopo [0] = By . [(D)g(.0) ] = Eg. [wo +wa + wo +wy - wo —i—wa + wo +wa*’

so Crit consists of the unique critical point o*. Theorem 2.13 then holds with a®> = a*, i.e. over a dimension-
independent time horizon, at converges to a* (in the limit n,d — oo followed by t — oo as described in
Theorem 2.13), and the empirical distribution of coordinates of the Langevin sample 8% converges to that of
the posterior distribution for the true prior N'(a*,wy b. O

Example 2.15. Consider more generally a log-concave location prior

9(0. @) = exp (= f(0 — &)

where @ € R and f : R — R is a fixed strongly convex function, such that f is thrice continuously-
differentiable with Holder-continuous third derivative, and

floy=0,  Czf"2)zc, [f@)<C

for some constants C,cop > 0 and all z € R. Suppose again g.(0) = ¢g(6,a"), and consider the empirical
Bayes dynamics driven by
Q(a, P) = EONP[aa IOg 9(67 a)]

with no regularizer.

We verify in Section 5.2 that Assumptions 2.2(b) and 2.11 hold for this example, for a subset O C R
containing o*. Furthermore, we show in Section 5.2 via an adaptation of the Brascamp-Lieb argument
of [8, Theorem 3] that F'(«) must be strongly convex on O. Hence, Crit consists again of the unique critical
point a = «*, and Theorem 2.13 holds for a® = o*. O

We next consider two canonical examples where the prior g(6, «) is a Gaussian mixture model that is
not log-concave in 0, and where the landscape of F'(«) is also not necessarily convex in a. We will check the
uniform log-Sobolev condition of Assumption 2.11 and also characterize analytically the landscape of the
free energy F(c) for sufficiently large § = lim %, and explore by simulation the learning dynamics and free
energy landscape for some smaller values of §.

The sub-level sets of F'(«) may not be bounded in these examples. To confine {a'};>0 to a bounded subset
of R we introduce an additional regularizer: Fix a radius D > 0, and let B(D) = {a € R¥ : |jal]s < D}
be the open ball of radius D. For a smooth function r : [0,00) — [0, 00) having bounded derivatives of all
orders and satisfying

r(z)=0forall z € [0,D], r(x)>x—Dforallz>D+1, 7r'(z)>0forallz> D, (54)
we fix the regularizer R : RX — R as

R(a) = r([lall2)- (55)

15



Note that R(a) = 0 for all @ € B(D), so adding such a regularizer does not change the critical points
a € CritNB(D). We show in Proposition 5.2 of Section 5.2 that adding such a regularizer indeed confines
the dynamics of {a'};>0 to a bounded domain.

We will study analytically a large-§ limit under a reparametrization of the noise variance o2 by s? = 02 /6,
corresponding to a rescaling of the regression design X to have entries of variance 1/n and a rescaling of
the noise € to have entries N(0,52). The setting § — oo with fixed s2 > 0 is a limiting regime in which
each coordinate of the posterior distribution of @ does not contract around its mode, the Bayes-optimal
mean-squared-error for estimating @ remains bounded away from 0, and the landscape of F(«) approaches
(up to an additive constant) the log-likelihood landscape in the scalar Gaussian convolution model y = 6 + z
where 0 ~ g(-,a) and z ~ N(0, s%). We denote by

Gs2 (a) = _Eg*,s*2 UOg Pg(-.,oz),s*2 (y)] (56)

the negative population log-likelihood in this model as a function of the prior parameter «, when the true
distribution of y is given by y = 8* + z with 0* ~ g,.

Proposition 2.16. Suppose Assumptions 2.1 and 2.2(b) hold, and the regularizer R(«) is given by (54-55)
with o® € B(D). Fiz s> = 02/, and define

Critg = {a € B(D) : VG4 («) = 0}.
2

Then, for any s*> > 0, there exists a constant &y = 6o(s%) > 0 and a function ¢ : [§g,00) — (0,00) with
lims_yo0 £(0) = 0 such that if 6 > do, then Assumption 2.11 holds. Furthermore,

1. Fach point of CritNB(D) belongs to a ball of radius ¢(0) around some point of Critg.

2. For each point o € Critg where VG2 () is non-singular, there is evactly one point of Crit in the ball
of radius 1(6) around c.

In particular, if g« = g(-,a*) for some a* € B(D), and if a* is the unique point of Critg and V2G g2 (a*) is
non-singular, then a* is also the unique point of Crit N B(D).

Example 2.17. Consider a K-component Gaussian mixture prior

K
o(0.0) = kz_lpk\/; exp (<20 - 00)?)

with fixed mixture weights pi,...,px and variances wj Lo ,wf}l, parametrized by the mixture means
o € RE. Let us suppose that g.(d) = g(f,a*) for some a* € RX, and the variances wy!, ... ,wj_(l are
distinct. We consider the empirical Bayes dynamics driven by

G(a,P) = Epp[Valogg(d, a)] — VR(a),

where R(a) is a regularizer of the form (54-55) for which o, a* € B(D).

We verify in Section 5.2 that Assumption 2.2(b) holds. Then, for fixed s> > 0 and all sufficiently large
0, Proposition 2.16 ensures that the confinement and log-Sobolev conditions of Assumption 2.11 also hold,
and the proposition further establishes a 1-to-1 correspondence between the critical points of F and the
(non-singular) critical points of G,2(«) in B(D). We note that, here, G,2(«) is the negative population
log-likelihood in the Gaussian mixture model

1 1

2wyt + 52)

K
Poans2(y) = Db exp (- (v~ a)?) (57)
k=1

21 (wy t + 52)

having the same mixture means a € RX as the prior, and elevated mixture variances wk_l + s2. The
optimization landscape of G42(«) is well-studied in the literature, see e.g. [70-73|, and in general G4 («)
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Figure 1: Simulations for the Gaussian mixture prior model %N’ (a1, 1)+ %J\/ (a2,0.25) of Example 2.17, with
true mixture means a* = (1,—1) and linear model noise variance o2 = §s? for s = 0.5. Empirical Bayes
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Langevin dynamics is run for a single instance (X, y) with max(n, d) = 5000, initialization 0? N (0,1), and
an Euler-Maruyama discretization of the dynamics. (a—e) Landscape of the replica-symmetric free energy
F(«) plotted (for visual clarity) as log(F(a)—F(a*)+1073), for § € {4,2,1,0.5,0.25}. Two stable fixed points
of 0 = VF(«) are depicted in red, with star indicating the true parameter a* = (—1,1) and circle indicating
a second fixed point af near (1,—1). Sample paths {@'};>0 from two different initial states @° are shown
in blue and green. (f) Mean-squared-error " — 6*||3 across iterations for these same two initial states, at
§ = 1. The predicted value for a posterior sample 8 ~ Py o)(- | X,y) is 1]|0 — 6*|3 ~ mse(a) + mse,(a),
depicted by dashed lines for a € {af, a*}.

may have local minimizers in B(D) that are different from «*. In such settings, Proposition 2.16 implies
that Crit must also have critical points different from a* for large 4.

We depict in Figure 1 a simulation of the landscape of F(a) and the dynamics (9-10) across a range of
values § € [0.25,4], in a simple setting of N (a,1) + 3N (a2,0.25) with K = 2 mixture components and
true mixture means o* = (—1,1). The Almeida-Thouless condition for stability of the replica-symmetric
phase was computed in [31, Eq. (25)] to be (in our notation)

w2

1= =By [Var, ., [0]%] > 0 (58)
where g(-) = g(-, @) and (w,w.) = (w(@),ws(a)). We have verified that this condition holds at each tested
§ > 0 and parameter a € RX depicted in Figure 1, and thus we conjecture that the depicted replica-
symmetric free energy function F(«) is indeed the correct asymptotic limit of —%log Poay(y | X) as
n,d — oo (even in settings where our assumption of a log-Sobolev inequality for the posterior law may not
hold). We observe, not only for large § but across a range of values ¢ € [0.25,4], that the landscape F(«)
has two local minimizers, one fixed at the true parameter a* = (—1,1) and a second minimizer af whose
location depends on §. As § decreases, this second minimizer approaches (1, —1) — characterizing a prior
law with mixture means matching those of g. = g(-,a*) but with the mixture variances reversed — and
the free energy difference F(a!) — F(a*) approaches 0, indicating that it becomes increasingly difficult to
distinguish af from the true parameter a*. The dynamics {@'};>0 follow a smooth trajectory to one of af
or a*, depending on the initial state a°.
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Figure 2: Simulations for the Gaussian mixture prior model p; ()N (0,0.04) + p2(a)N(0, 1) + p3(a) N (0, 25)
of Example 2.18, with true weights p(a*) = (0.6,0.2,0.2) and linear model noise variance o2 = J§s? for

s = 0.2. Empirical Bayes Langevin dynamics are run for two initializations @° with random 9? ESNg (0,1)
(black and blue), and an initialization @” near o* with ground truth 9? = 07 (green). The remaining setup is
the same as in Figure 1. (a—e) Landscape of the replica-symmetric free energy F(«) for § € {4,2,1,0.75,0.5},
plotted as log(F(a) — F(a*) 4+ 1072) in the coordinates p(«) on the simplex. The unique critical point p(a*)
is depicted as the red star. Sample paths of {p(a’)};>0 are shown in green, black, and blue. (f) Mean-
squared-error %[|0" — 6*[|3 across iterations for these same three initial states, at 6 = 0.75. The predicted
value of mse(a*) + mse,(a*) for a posterior sample is depicted by the dashed line.

Example 2.18. Consider a K + 1-component Gaussian mixture prior

K Qg
_ Wi _Y%k g — )2 S
9(0.0) = 3 pelo)y 5 exp (510 - m)?). pele) =
with fixed means pyo,...,x and variances wg Lo ,wi_{l, parametrized instead by the mixture weights
pr(a) = e /(e® 4 ... + e*). Let us suppose that g.(f) = g(#,a*) for some a* € RE*! and the pa-
rameter pairs (uo,wo), - .-, (K, wk) are distinct. We again consider the dynamics driven by

G(a, P) = Egp[Valogg(0, )] = VR(a),

where R(a) is a regularizer of the form (54-55) such that o, a* € B(D). This parametrization is over-
parametrized by a single parameter — however, defining the K-dimensional linear subspace F = {a €
REFL ¢ g + ... + ax = 0}, a direct calculation (c.f. Section 5.2) verifies that V,logg(f,a) € E and
VR(a) € E if a € E. Thus, initializing a° € E ensures &' € E for all t > 0, and we may apply our preceding
results upon identifying E isometrically with R,

We verify in Section 5.2 that Assumption 2.2(b) holds. Then again for fixed s> > 0 and all large d,
Proposition 2.16 ensures that Assumption 2.11 also holds, and there is a 1-to-1 correspondence between
the critical points of F' and G,2(«) on B(D). Here, G4 (a) is the negative population log-likelihood of the
Gaussian mixture model

K

Pg(-,w),s_2 (y) = Z pk(a)

k=0

1

m (y — ﬂk)2>' (59)

exp(—————
P ( 2wyt + s2)
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Letting S = {(po,-.-,Px) :Po+...+px =1, po,...,pK > 0} be the open probability simplex, the mapping
a € E— p(a) € S is a 1-to-1 smooth parametrization with smooth inverse, and the function G2 is strictly
convex in the parametrization by (po,...,px) € S. Thus p* = p(a*) € S is the unique critical point where
VpGs2 = 0, and the Hessian V;G s2 is nonsingular at p*. This implies that a* € E is also the unique critical
point where VG2 = 0, and V22 is also non-singular at o*. So for large &, Proposition 2.16 ensures that
o must be the unique point of CritNB(D).

Figure 2 depicts the simulated landscape of F(a) and dynamics (9-10) in a scaled-mixture-of-normals
model p; (a)N(0,0.04) + p2 ()N (0, 1) + p3(a)N (0, 25) with all components having mean 0, across a range of
values 0 € [0.5,4], and with true weights p(a*) = (0.6,0.2,0.2). (We have again verified that the Almeida-
Thouless stability condition (58) holds at each depicted § > 0 and parameter value a € R¥ in these figures.)
We observe for all tested values § € [0.5,4] that o* is the unique local minimizer and critical point of F(c).
However, as § decreases, the landscape of F(«) flattens around a* along a direction representing a family of
priors g( -, ) having the same first two moments as g( -, @*), reflecting that the problem of learning g( -, a*)
beyond its second moment becomes increasingly ill-conditioned. The learned parameter {@'}>¢ successfully
converges to a* from several different initial states @° when § > 0.75, with mixing of Langevin dynamics
becoming increasingly slower as § decreases. For § = 0.5, the learned parameter {a'};>¢ fails to converge
to a* under the tested time horizon from random initializations of 8°, but does converge to o* under a
ground-truth initialization 8° = * and a° close to a*.

3 Analysis of approximately-TTI DMFT systems

In this section, we prove Theorem 2.5 on the equilibrium properties of the solution to the DMFT equations
under an assumption of approximate time-translation-invariance (from an out-of-equilibrium initialization).
We assume throughout this section that Assumptions 2.1 and 2.2(a) hold, and that the solution to the DMFT
system in Theorem 2.3(a) approximating the dynamics (7) with the fixed prior g(-) is approximately-TTI
in the sense of Definition 2.4. We denote by {6'};>0, {n'}+>0, and Cy, C,, Ry, R,, the components of this
DMFT solution.

3.1 Analysis of #-equation

We first derive, from analysis of the evolution (23) for {6'};>0, a representamon of ¢f(0), citi(00), cp() in

terms of ¢i(0 ), ci¥i(00), assuming a condition ¢i'(0) — ¢ft(c0) < 6/0? which ensures long-time stability of
{0'}¢>0 under (23). This condition will be checked in our subsequent analysis of the evolution of {n'};>.
i i _ 2 i i 2 i
Ij:(}elmma 8.1. Suppose ci¥i(0) — cl¥i(oco) < §/0®. Set w = 6/0% — (ci¥(0) — cl¥i(00)) and w, = w?/cif(c0).
en

51 (0) = Eg. w. (%) g, ¢57(00) = By, w0, (0)5.0r  Co() = Eg. 0. [(0)g,007]- (60)

The main idea of the proof is to apply the explicit form of c¢§ in (33) together with its fluctuation
dissipation relation with rt“ n (36) to approximate Cy, Ry at large times by correlation and response

functions CHM), RéM) that admit an interpretation as the effect of marginalization over auxiliary variables
(z%,...,2%,) in a Markovian joint evolution of (%, z!,...,x%,) conditional on §*. In contrast to the original
high-dimensional dynamics of {'};>¢ in R? here M does not depend on (n,d), and the dynamics of
{a},...,2%,} will be decoupled given {6'};>0. This decoupling allows us to provide a simple explicit form
for the @-marginal of the stationary distribution of (0, z1,...,za) conditional on #*, which in the limit
M — oo will match the conditional distribution 6 | 8* under the limit law Py, o ... (6, 6%).

To implement this idea, we will exhibit a coupling of the processes {6'};>¢ driven by Cy, Ry and
{05 7, }+>0 driven by Cy (M) R M) from time Ty onwards, and then analyze the convergence of {05 7, }+>0
under the equivalent Markowan representation of its dynamics. The main technical challenge is to ensure ei-
ther that the discretization error (M) obtained by approximating Cy, Rg by C, (M) R(M) does not compound
exponentially over time, or that the convergence time of {6 M,To}tZO in the equlvalent Markovian dynamics
is independent of the approximation dimension M. We will take the first approach here, by adapting ideas
around sticky and reflection couplings developed in [74,75] to a setting of non-Markovian DMFT dynamics
for {Ht}tzo and {02]6\/[,T0}t20'
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3.1.1 Comparison with an auxiliary process

Let us fix a positive integer M and define two sequences {a,, }*_, and {c,,}M_; by

2
m c
m = f =0,...,M, = m—1s0m,)) f =1,...,M 61
a L+\/]\7[orm . tn([@m—1, am)) for m (61)
where 1, is given in Definition 2.4. We set
M Mo o
M _ 2 _—am,T M _ m —am|t—s —am (t+s tti
R >(T)fz_zlcme , )(t,s)fz_la(e =5l — gmam(tH9)) 4 clfi(00).
A direct calculation of the covariance shows that
M t
C’,(,M) (t,s) = E[ulus,]  for ul, =2+ Z cm/ e am=3)\/2dps | (62)
- 0
where z ~ N(0, ¢} (00)) and {bf }¢>0, . . ., {b}; }+>0 are standard Brownian motions independent of each other

and of z. In particular, C’T(,M) (t,s) is a positive-semidefinite covariance kernel on [0, 00).
For convenience, let us set

. g .
U(9,6%) = ——5(6 = 6%) + (log 9)'(0),
so the DMFT equation (23) reads
t
a9* = [U(et,e*) + / Ry (t,5)(0° — 0%)ds + ut] dt + V2 dbt. (63)
0

Let {u,}+>0 be a centered Gaussian process with covariance kernel CéM), defined in the probability space
of {u’,0"};>¢ and independent of #*. Fixing a time Ty > 0, let {b'};>7, be a standard Brownian motion ini-
tialized at ™ = 0, independent, of {u'};>0, 6*, and {6"}cjo,r]. We consider an auxiliary process {64, 1, }r>0
defined by

051, = 0" for t € [0, Tp],

_ 64
A6y 1, = U0 1,0 / RIM(t — 5) (031, — 07)ds + ub, | dt + V2db" for ¢ > Ty. (69

We proceed to construct a coupling of {ul,};>0 with {u'};>¢ and of {b'};>7, with {b* — b70};>7, defining
the DMFT solution {6'};>0, to yield a coupling of {0} 1, }¢>7, With {0°};>7,.

Lemma 3.2. For any M, Ty, T > 0, there exists a coupling of {u’,}i>0 and {u'}i>¢ such that

sup  E(ub, —uh)? < e(M) +VTe(Tp),
te[To, To+T]

where (M) does not depend on Ty, T and £(Ty) does not depend on M, T, and limp;_oo (M) = 0 and
limr, 00 £(Tp) = 0.
Proof. Define the covariance kernel C{° (t, s) = [ (emelt=sl — emat+9)) 4 (da) + ¢it(00) representing the
M — oo limit of (62). We will couple Gaussian processes with covariance kernels (C’7(7M)7 07(700)) and with
(Cr(,oo), C,,) respectively.

Coupling of (C’T(,M)7 C’,(fo)). Let M’ > M be any positive integer for which v/M’ is an integer multiple of

VM, and let {a, }M and {ém M| be the sequences as defined above with M " in place of M. Note then
that the grid points {a]} 1, are a subset of the grid points {a;}},. Let

M’

ub, =2+ Z G / @i(t=2)\/2 dbg (65)
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where z ~ NV(0, c}¥(c0)) and {1 }>0, - - . {bh }+>0 are standard Brownian motions independent of each other

and of z. Then (62) shows that {u; };>0 has covariance C’( 0. Now, for each j =1,..., M, let

I ={i:a;_1 < a; <aj}, bchl / ~2
i€l S

and set
M t
uhy =z + Z ¢ / ef‘”(t*s)\/idb;.
j=1 70
Then {b! };>0, ..., {b%; }+>0 are standard Brownian motions independent of each other and of z, so (62) shows

(M
also that {u' }t>0 is a Gaussian process with covariance C ),

We may now bound

E[(ul; — uby)?] <4E Yooé / —ai(t- S)dbs }

za >an
+4E ZZQ/ i(t— Sdbz ZCJ/ —a;(t— S)dbs :|

j=li€l;

Since ay = ¢ + VM, the first term equals 35, o, 276/ = 30 o, var Mo ([@io1, @), which is at most
some ¢1 (M) satisfying limas—,oc €1 (M) = 0, by finiteness of the measure y,. The second term is bounded as

chz/ —a; (t— a)dbé ch/ —a;(t— é)dbs :|

j=li€l;
M t . 2
B et )]
j=1iel; 70 Zlelj é%
M ¢ ~
=2 Z/ (e - =5 e‘“-"s)zds < 2(I+11),
j=1iel; 7Y \/ Zeefj 5%

where

j=1i€l; j=1li€l;

- Z Z/ et o) ds, = Z Z/ \/ﬁ)%_%ﬁd&

Let A =1/v/ M be the spacing of {aj}jM:O. Then, since |d; — a;| < A and @; < a; for all ¢ € I},

I<ZZ/CB2¢IJ 15 2A2d$<2/ i 72a] 18 2A2d ()Z / —2aj_1s 2A2d8
i€l

Jj=1li€l;

where we use Zlel éla; = it Pa([@i-1,@:)) = py(laj—1,a5)) = ¢3/a; in (x). Evaluating this integral,
for an absolute constant C' > 0,

M 2

2 CJ

A*> s
j=1

j—1 j=1

Q

A2 2 oA?
= Za—] < —5 ([, 00)) < &5(M)

<.

: _ : 2 _ a; =2 2 =2 525 N2
wh((ler;le limps 00 €2(M) = 0. For I, since ¢; = ZEEI,- 72y, we have |Cj72£el,- ¢l < AZete ¢ /ae = Acj/ay,
and hence

neytys 80T Ve O (G N @ A5 A S

) 2
‘ 2a; Zze]_,» C
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where limy; o £3(M) = 0. In summary, we have shown that sup,sqE[(u}, — u};,)?] < (M) for some
e(M)—0as M — oo.

Now note that for any fixed Ty and T, {uﬁV[/}te[TO,TO+T] has covariance kernel Cy(,M) that converges
uniformly to 07(700) over [Ty, To+T] as M’ — co. It is direct to check from its definitions that C,goo) satisfies the
condition (235) of Lemma D.1. So by Lemma D.1, there exists a coupling of {u}; }+e(r, 7, +7] and a Gaussian
process {utoo}tE[To,To-‘rT] with covariance {C’f,oo)(t, 5)} s te[To,To+1) Such that SUDe [Ty Ty +7] E(u, —ul)? — 0
as M’ — oo. Combining this with the above bound sup;> E[(u}; — u};)?] < (M) and taking M" — oo
shows sup;er, 7,47 E(uhy — ub,)? < e(M).

Coupling of (C,(,OO), C,). By the approximation (31) for C,, in Definition 2.4, we have for any ¢t > s > 0
that -

Cy(ts5) = ORI o) < =(s) + [ ey (o),

so there exists a (different) function £(Tp) with limp, o0 €(T0) = 0 such that

sup |Cy(t,8) — O (L, 9)| < e(To).
s,t€[To,To+T)

Here O,(f"’) satisfies (235) for a constant Cy > 0 depending only on i, so by Lemma D.1, there exists
a coupling of {ul_}iemy m+1) With {u'}icir, y+1), the latter having covariance {C)(t, s)}s.ie[ry,m+1], for
which sup,¢ 7, 7,471 E(ub, — u')? < C(\/Te(Tp) + £(Tp)) for a constant C' > 0.

Combining these two couplings yields a coupling of {u}}ieim, m+1) With {u'}ieim 747 such that
SUDse 7, 1o 1) B(Uhy — u)? < e(M) + C(\/Te(To) + £(Tp)), and extending this arbitrarily to a full cou-
pling of {u},};>0 and {u'};>¢ and adjusting the value of e(7p) shows the lemma. O

Lemma 3.3. Suppose ct"(0) — c;“fi(oo) < §/c?. Then for any M, Ty, T > 0, there exists a coupling of the
processes {0'}i>0 and {04 1, }i>0 defined by (63) and (64) such that

sup  E|0" — 03, | < (M) + VT e(Ty),
te[0,To+T]

where (M) does not depend on Ty, T and £(Ty) does not depend on M, T, and limyr—oo (M) = 0 and
1imTD_)OO E(Tg) =0.

Proof. To ease notation, let us write 8 = 0%, and @' = uf,. We couple {u'};>o and {@'}¢>0 according to
Lemma 3.2. By definition, {6"};c(o,1,] and {ét}te[O’Tg] coincide up to time Tp.

To construct the coupling of 8¢ and 6 for times ¢ € [To, To + T'], we adapt the ideas of [74,75]: Fix some
e >0, and let h : [0,00) — [0,1] be a function such that h(0) = 0, h(z) > 0 for z > 0, h(z) =1 for x > ¢,
and both z — h(x) and x — /1 — h(z)? are Lipschitz. Let {b'};>7, and {b};>7, be two standard Brownian
motions initialized at b7° = 5™ = 0, independent of each other and of {u'};>0, {@'};>0, 8%, and {60} ecro,10)-
We define a coupling of {0*};>7, and {0'};>7, by the joint evolutions, for ¢ > Tp,

t
a9t = [U(et, 0*) +/ Ry (t,5)(0° — 0%)ds + ut] dt + h(|0" — §))v2 dbt + \/2(1 — h(j6t — Gt))2) dbt,
0

t
gt _ gt o* M s _ p* ~t t_ pt t 7} it
dgt = [U(e ,6%) +/0 RIM(t — 5)(6° — 0%)ds + @ ]dt — h(|6t — 6))vV2db* + \/2(1 — h(|6t — 6t])2) db'.
Thus the coupling of the Brownian motions defining these processes is by reflection at times ¢t > Ty where
|6t —6"| > £, and it transitions to a synchronous coupling as |§* —6*| — 0. Lévy’s characterization of Brownian

motion shows that the resulting marginal laws of {6'};>7, and {#*};>7, indeed coincide with those of (63)
and (64).
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Let us write as shorthand

ftzet—at

¢
ot =U (0", 0%) —|—/ R,(t,s)(0° — 0*)ds + u’
0

¢
ot =U(0",0") + /0 ROM(t — 5)(0° — 0%)ds + "
We derive a SDE for |¢!| that is analogous to [75, Eq. (66)]: For any ¢ > Tp, since d¢f = (vf — o%)dt +
2v/2h(|€8|)dbt, Tt6’s formula yields

d(€)? = 2¢![(v* — B*)dt 4 2v/2h(|€1])db"] + 8h(|€F])%dt.

For a small constant § > 0, let Sz : [0,00) — [0,00) be a twice continuously-differentiable approximation
to the square root, satisfying Sg(z) = /z for x > B, supg<, <45 [S5(2)| < O, supg<, <5 [S5(2)] < cp1/2
and supg<,< 4 |54 ()| < CB~3/2 for a universal constant C' > 0. (A specific construction is given in [75, Eq.
(68)].) Then again by Itd’s formula, for any ¢ > T,

dSs((€")?) = S5((¢")?) [QSt(vt —0')dt + 4V2E h(|€" )b’ + Sh(létl)zdt} +1685((¢")*)(€")*h(I€"])* dt. (66)

We may take the limit 5 — 0 via a dominated convergence argument: Applying ng (x) =2~ 2/2 for x> 8

and the bound |5} ()] < CB7Y/2 for & < B, we have [S5((£")*)EH(v" — )| < max(C,1/2)[v" — 3'|. Since

vt — o' is continuous and hence integrable over [Ty, t], by dominated convergence

i [ S50 =00 [t st = it = [ SED

B8—0 To Ty

(v* — o%)dt.

Applying the Lipschitz bound h(|¢t]) < h(0) + C|¢t| = C¢t| and a similar dominated convergence argument
for the other terms of (66), we obtain in the limit 5 — 0 that for ¢t > Ty,

dle'] = sign(€")(v* — 0')dt + 2v/2sign(€")h(|€])av*

which is the analogue of [75, Eq. (66)]. (There is no term corresponding to a local time of £ at 0 that would
instead arise under a pure reflection coupling.)

Now let A : [0,00) — [0,00) be any continuously-differentiable function, and let f : [0,00) — [0,00) be
any continuously-differentiable function with absolutely continuous first derivative (for which It6’s formula
applies, c.f. [76, Theorem 71]), and satisfying f'(r) € [0,1] and f”(r) <0 for all » > 0. Set

t
b=t At — s)|€°|ds.
r |§|+/0 (t— 5)[€%]ds

Then drt = d|&f| + [A(0)|¢Y] + fot A'(t — s)|€%|ds] dt. Applying It6’s formula and taking expectations gives,
for t > Ty,

CEr(r) =E[7/() (siem(e) (o o) + AO)Je'| + / A'(t = s)[*1ds) + 47" (rR(ED?]. (67)

Let us define & : [0,00) — R by

H(T‘) — inf { _(logg)l(i)_—i_y(logg)/(y) . ‘x o y| _ T’} (68)

so that [—(log g)(0") + (log ¢')(6%)]/€* > k(|€!]). Let us set also

t
A, = / (I8 (t,5) = RO (¢ = )] - Elo* — 67 )ds + Elu’ — ). (69)
0
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Then, under our assumption f/(r) € [0, 1], we have the bound
E[f/(r")sign(¢) (0" ~ 3)]
= B[71)simn(€") (— Spt — (~ (1o g)'(¢") + (105 4) (71)
! (M) —g s _ s s ! s) — (M) — s s _ 0")ds ut — ot
o [ RIOGE=(00= 805+ [ (Ry(r5) = RO = 90) 07— 07)ds+ (uf — )

<~ JZBL I = B DIEN + B[ () [ ROV = s)ilas] + A

Applying this to (67), for all t > Ty,

S 7)< B[ (05— A©) 70— £ 0mEDIE + 47 r)A(E)]

FE[f/() /O (A(t — 5) + ROt — ))[€°]ds] + A (70)

Let us now choose the functions A(-) and f(-). For some small enough ¢y € (0,¢), let

- M
A(0) = % — ¢o, A(r) = A(0)e™ 07 — / 6_60(7—_8)( Z cfne_ams)ds.
m=1

o 0

This choice of A(7) satisfies A'(7) = —coA(T) — M 2 e77 ie.

m=1"~"m
A'(1) + R (1) = —co A(7). (71)

We will require that A(7) > 0 for all 7 > 0. To check this condition, observe that explicitly evaluating the
integral defining A(7) yields

M 2 M 2 M 2
ecoT —(am—co)T J Cm J Cm L
A(r E 27—00—2 272—00—5 — T
am — Co g am — Co g am L —Co
m=1 m=1 m=1

the last inequality using a, > ¢ > ¢p. Further bounding Zf\le 2 Jam = Z%Zl,un([am_l,am)) <
fin([t,00)) = €i(0) — ¢!ti(00), this shows T A(T) > 5 — o — ﬁ(cffi(O) — cf1(00)). Then by the given
assumption that ¢i(0) — ¢¥i(co) < 6/0?, we obtain A(7) > 0 for a sufficiently small choice of ¢y € (0,1)
and all 7 > 0, as desired. Applying (71) and A(0) = §/0? — ¢o into (70), and recalling the definition

rt =& + fo (t — 9)|€°|ds, we get for all t > Ty that

&Ef(f“t) SE| —cof'(r')r' = f/(r")s(IEDIE] + 4f" (r)R(E])? | + A (72)

=F(rt &)

We next proceed to bound the above quantity E[F(r?, £%)]. Observe that under the convexity-at-infinity
condition for —log g(#) in Assumption 2.2(a), there must exist constants Rg, kg > 0 for which

k(r) > —kg for all r > 0, k(r) > 0 for all r > Ry. (73)

Let us denote k_(r) = max(—«(r),0). Then —x(r)r < x_(r)r and x_(r)r € [0, koRp] for all » > 0. Recall
the constant € > 0 for which h(x) =1 when = > ¢, and define K : (g,00) — [0, Ko Ro] by

K(r) = sup E[/ﬁ,(\ft|)|§t\ ‘ rt=r, € > 8]
t>Tp
Then define f: R — R by

B , B 71 max(r,2k0Ro/co)
f(0) =0, f'(r) =exp 1 K(s)ds) for r > 0.
0

24



2 p2
Note that f/(r) is absolutely continuous as required, with f’(r) € [¢1,1] for all » > 0 where ¢; = exp(— “2001:0 ),

and f”(r) = —2K(r)f'(r)1{r < 250Ro/co} < 0. By these definitions, for any r > ¢ and ¢ > T}, we have
B, €) | 7' = 161 > &) < E[—cof () + /(€ DIE + 47" GHR(EN? | =rJe'] > <]
E[—cof (r)r + ' (nK (1) + 4f"(r) | ' =1, J¢!] > e]

When r > 2koRp/co we may apply f”(r) = 0 and K(r) < koRo < cor/2, to bound this above by

—(co/2)f'(r)r. When r € (e,2k0Ro/co) we may instead apply f”(r) = —2K(r)f'(r) to see that this equals
—cof'(r)r. Thus for all r > ¢ and ¢t > Ty,

E[F(r', &) | r' =r[€'] > e] < —(co/2) [ (r)r.

For any r > 0, on the event |¢| < e (which occurs with probability 1 when r* < ¢ since A(t) > 0), let us use
F1R(IEF])? < 0 and —f'(r*)s(|€*])I€'] < ero to bound

E[F(rt, &) | rt =7, |€] < €] < —cof'(r)r + ero-
Combining these cases and taking the full expectation over 1{|€!| > &} and over rt, we get for all ¢t > Ty that
E[F(r',6")] < —(co/2)ELf (r')r'] + ero.
Applying f/(rt) > ¢ and rt > f(rt) and putting this bound into (72), for all ¢ € [Ty, Ty + T,

—E 2)E Ay
Fr') < —(coer /2)Ef(r )+€Ko+t€[TI(I)1%z<+T] "

Since f(rT0) = f(0) = 0, this differential inequality yields for all ¢ € [Ty, Ty + T7,

1 — e—(coc1/2)(t—To) 2
Ef(r') < (6/@0 +  max }A ) (

Ko+ max At).
te[To, To+T ]

<
coc1/2 ~ coct te[To, To+T

Since also r* < ¢; f(r") from the lower bound f'(r) > ¢1, this gives Ert < (2/c)(eko + maxeerr, 1y+1) At)-
Applying that A(t) > 0 for all ¢ > 0, we have |¢!| < r?, so this gives finally
max E|§* — 0" = max E|§ | < (2/co)<5fi0 + max At>.
tG[T(),T0+T] tG[T() To+ tG[T(],To+T]

We may choose € such that exg < max;e[qy 1,477 A¢- Thus, to conclude the proof, it remains to show

sup Ay < (M) + VT e(Tp). (74)
te[To,To+T)

We note that under Definition 2.4, E|§* — 6*| < [E(8* — 0*)2]1/2 = (Cy(t,t) — 2Cy(t,*) + EO**)1/2 < C for a
constant C' > 0 and all ¢ > 0. Then for the first term of A, by property (35) of Definition 2.4,

t
/\Rn(t,s)ngM)(t—s)|~E|0570*|ds
<c/ Ry (t,s) — vt - \ds+C/ [Pt — 5) — ROD (¢ — 5)ds
< Ce(t /|rm —s) — RM(t — s)|ds

where here lim;_, o, £(t) = 0. Recalling the sequences {a,,}M_,, {c,n}M_, defining R%M),

i M > —a‘r —am T
7“f7t(7')—R,(7 )()—/ ae Zce

- Z e e e [ e
Ay —1 a:a>ans
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hence using the fact that h(a) = ae~*7 satisfies |h/(a)| < 2¢=%7/2 and |4y — @m_1| = 1/V'M,

Am t t
/ (/ |ae™T — ame_amT|dT),u,,(da) —|—/ </ ae_aTdT),u,,(da)
A —1 0 a:a>ans 0

Am—1

o

t
/0 ‘T;tl(T) — R%M)(T)|d7'

m=1

o

m=1

M Am
i L )+ e o)
4 -

IA

Am—1

IN

W“n([ba \/M)) + Nn([ma OO)) < E(M)a

where limp;_o (M) = 0. This bounds the first term of A; by e(M) + Ct - £(t). Bounding also the second
term E|u’ — 4| of A; by Lemma 3.2, we have

sup Ay <e(M)+VTe(Ty)+ sup  Ct-e(t)
te[To, To+T) te[To, To+T)

which implies (74) upon adjusting €(7p). This completes the proof. O

Adapting part of the previous argument, we record here a uniform bound on E(#%)* for the solution
{0'}+>0 of the DMFT equation.

Lemma 3.4. Suppose ci'(0) — ci¥'(00) < §/0®. Then sup,soE(0")* < C and sup,oE(03,1,)* < C for a
constant C' > 0 and all M, Ty > 0.

Proof. We prove the statement for {6'};>0. Let A : [0,00) — [0,00) be defined by

4] ¢ 4
A0) =5 —co,  A(r) = A()e™ ™" — / 0Tl (5)ds
7 0
for a small enough constant ¢y € (0,¢). Here, by the conditions of Definition 2.4, rii(s) = —cffi'(s) —

fLOO ae”**dpy(a), and the same argument as in the preceding proof verifies that inf ¢ ooy A(7) is bounded
below by a positive constant for a sufficiently small choice of ¢g € (0,¢) and all 7 > 0.

Let f : R — [0,00) be a smooth approximation to the absolute value, satisfying f(z) = |z| for all |z| > 1,
and 14 f'(z) -z > f(z) > |z|, | f(z)| <1, and |f”(z)| < C for all z € R and an absolute constant C' > 0. Let
0t = 6* — 6%, and set r = f(6!) + fof A(t — 5)f(6°)ds. Then by the DMFT equation (23) and It&’s formula,

_ S5 - t _
dot = {—ﬁf)t + (log g)'(0%) + /0 R, (t,s)0°ds + ut] dt +v2db',
ar' = (88" + ["(0")dt + |A0) f(0") + /Ot Al(t = 5)f(0%)ds|at,
d(rt) = 4(r)3drt 4 12(r")2 £/ (6%)%dt.

Applying 7t > 0 and the bounds f/(0)0¢ > f(0!) — 1, |f'(6%)] < 1, |6°] < f(6°), and |f"(6")| < C from the
definition of f(-), this gives

d t\4
— <
tIE(r ) E

A6’ (—;Z[f(et) — 1)+ 1) log) () + [ IRy (0.9 F0°)ds + u'+ C

+A(0)f(ét)+/o A’(t—s)f(éS)ds> +12(rt)21.

26



Then, using A(0) = 6/0% — co and A'(t — s) + rii(t — s) = —coA(t — s) from the definition of A(-),

d
—E(r)* <E
G Pr)t =

4@%3<—awﬂ+;2+f%¢xkggyw%41£|Rnuw>—ﬁfu—snfwﬂdyuuﬂ+c>+42wwﬂ.

When |0¢| > 1, we must have f/(0%) = sign(6*) = |6!|/(6" — 6*). Recalling the function #(r) from (68), let us
bound in this case

(01089 (0) — (1og g (0°)) = o ~ELCLELBIE) 1) < o,

where ko Ry is the deterministic upper bound for —#k(r)r. For |6] < 1, let us apply instead the Lipschitz
bound | f/(0%)[(log g)' (%) — (log g)'(#*)]| < L where L is the Lipschitz constant of (log g)’ under Assumption
2.2(a). We also apply |R,(t,s) — rii(t — s)| < e(t) from Definition 2.4, and fot f(6%)ds < 7t/ inf,cpo,00) A(T)
by the definition of 7!, where we recall that inf ¢0,00) A(7) is bounded below by a positive constant. Thus,
for some constant C’ > 0, this yields
d

&E(th < —deoB(r)' + CE () (r)" + (r')* (1 + |(log 9)' (67)] + |u']) + (")?].
Since u' is a centered Gaussian variable, we note that E(uf)* = 3[E(u*)?]? = 3C(t,t)? which is bounded
uniformly for all + > 0 under Definition 2.4. Also E[|(log g)'(6*)|%] is finite by the Lipschitz continuity of
(log g)’ and finiteness of moments of #* under Assumption 2.1. Then by Hélder’s inequality, E[(r)3(1 +
|(log ¢)"(6)] + |uf]) + (r)?] < C(E[(r})*]?/* + E[(r*)*]*/?) for some C' > 0. Thus, for some C,T,R > 0
sufficiently large depending on C”, ¢g, the above implies

d d

EIE(W)4 < CE(rh)4, £Ii3(7“t)4 < —4coB(r')* + coB(r")* < 0 whenever ¢t > T and E(r%)* > R.
This implies that sup,soE(r*)* is bounded by a constant depending only on C,T, R. Then sup,,E(6")* is
also bounded since 6" = 0 4+ 6* and |0*| < f(0") < r'.

The argument to bound E(6y,7,)?* is the same upon replacing R, (¢, s) and u’ by RT(,M)(t7 s) and ul, for

s,t > Ty, and we omit the details for brevity. O

3.1.2 Convergence of the auxiliary process

Extending the definition (40) of Py, ..., let P22, . denote the law of a triple (6*,0,0") where 6*,0 are
generated according to (41) defining Py, «..g. and ¢ is a second independent copy of 6 drawn from the

posterior measure conditional on y.

M

Lemma 3.5. Suppose ci''(0) — c!ti(c0) < 6/02. Fiz any M, Ty > 0, set w™) =5/0? =32 2 /an, and

w) = (w(M))Q/cffi(oo), and let {0%; 1, }1>0 be the process (64). Then for any T,T' > 0,

To+T pTo+T+T’ ®2 —cT —cT’
A GO )’Pg*.wxwm) < OV (=T 4 ¢—<T')

for some constants C,c > 0 not depending on M, Ty, T, T".

Proof. Let z ~ N(0, ¢j'(00)) and let {b'}i>7, and {b, }i>0 for m =1,..., M be M + 1 standard Brownian
motions. These are all independent of each other, of §*, and of {6"},c[o 7. We note that the law of {93/[’710 H>o0
defined by (64) coincides with the marginal law of {6}, 1, }+>0 in the joint process

0.1, = 6" for t € [0, Tp),

M
0% 7, = _%(egwo —0%) + (logg) (Ohsm,) + 2+ > cmxﬁn] dt + v2db" for t > Ty, (75)
m=1
dzt, = [—amal, + e (01, — 07)]dt +vV2db, for 1 <m < M, ¢ >0 (76)
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with initial conditions 2§ = ... = 2%, = 0. Indeed, given {0} 1, }i>0, the equations (76) for {x},}/>0 are

linear and have the explicit solutions
t t
zt =cp / e~ (=903, 1 — 0%)ds + / e am =)\ /2dp3,. (77)
0 0

Substituting these solutions into (75) gives (64), upon identifying u}, = z + Znﬂle Cm fot e~am(t=5)/2.dbs .
Here {u’;}+>0 is a centered Gaussian process independent of 6* and {b'};>r,, with covariance kernel exactly
C7(7M)(t, s) by (62). Thus the marginal law of {6} 7, }:+>0 coincides with the definition in (64).

For t > Tp, let a* = (0} 1, 21, . .., 2}) and b* = (b',b%,...,b%,). Conditional on 6* and z, the evolution
of {z'}4>1, defined by (75-76) is a standard (Markovian) Langevin diffusion given by

dat = —VH(z' | 6%, 2)dt + V2 db

with Hamiltonian

H(z|0",2)=H(0,21,...,zp | 0%, 2) (78)
- (% M‘ffn)w 6*)” —log g () 9+M‘“”(Cm(e o) )
—w(M)
(M)

M
W 0t — D2 Am (Cm g ey _ o\
(0 =0 = 2/w)? —logg(6) + Y ( 0 — 0% xm) +const.,  (79)

for an additive constant not depending on = (6,z1,...,25). Note that the given condition c%ti(O) —
ctfi(c0) < 6/0? implies that w™) > 0 strictly.

Convergence of {z'};>7, in Wasserstein-1 to a stationary law then follows from the results of [74]: For
any = (0,21,...,za) and o’ = (0,2}, ...,2%,), we have

(z—a") (VH(z | 0%,2) = VH(2" | 0%,2)) = (0 — 0')(—(log 9)' (0) + (log 9)'(¢")) + (z — 2') " L(z — a)

where 5
>z —C1 —CMm
—C1 a1
L= .
—CMm aps

By the positivity of the Schur complement w®™) = §/02 — Zi\le o fam > 6/ — (ci(0) — ci¥i(o0))

and of a,, > ¢, this matrix L is strictly positive-definite, with smallest eigenvalue bounded away from 0
independently of M. Then, recalling the function x(r) from (68),
(x—2") " (VH(z | 0°,2) = VH(z" | 0%, 2)) > (0 — 0")*k(10 — 0']) + c[lx — 2|3

for a constant ¢ > 0. Recalling also that x(r) is positive for all » > Ry and some Ry > 0, and considering
separately the cases where |0 — 0’| < Ry and |0 — 6’| > Ry, this verifies that

/

f (x — ") (VH(x | 6%,2) — VH(2' | 0%, 2))

> C
lz—a’[la=r |z — 2'||3

for all » > R{, and some constants ¢, R{, > 0. Then by [74, Corollary 3], the Langevin diffusion {z'};>7, has
the unique stationary law
P(x) x exp(—H(z | 6%, 2)). (80)

Let us write °° ~ P> and (f(x2*)) for a sample and Gibbs average under this stationary law. Let us write
also Wy () for the Wasserstein-1 distance conditional on 6*, 2, and P(z70*7T | 270 = x) for the conditional
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law of 2701 given 6*, 2 and the initial condition 27° = x. Then also by [74, Corollary 2 and 3], there exist

constants C, ¢ > 0 such that for any T > 0,
Wi(P(@™FT |20 = ), P) < Ce™T W1 (6, P%) < Ce™ " ([|z]l2 + (||2>]2))-
Similarly, for any 7" > 0,
W (P T | 2ToHT = ), P) < e (|la]lz + (2> 2))-

Combining the two conditional couplings that attain these Wasserstein-1 bounds, and taking the average
over the sample path {z'};>7, (which we denote by (f(z")), still conditional on 6*, z),

Wi (P(2™H T, 2T THT) (P)®2) < O(e" + =T )(([|2"[l2) + (™ ll2) + (12> |l2))

where (P>)®? is the law of two independent samples from P>°. The explicit form (77) for each {zf };>0
implies that {|z¢,|) < ¢ fot e =9 ((105,.1, 1) + 167])ds + (am)~*/2, and hence

t
() < CVAL (14 16° 4 [ e -(65 7, s)
0
for a constant C' > 0. Then, taking the full expectation over 6*, z and applying E(|6}, 1, |) < C' by Lemma
3.4, we get E(||zt|]2) < C'v/M for a constant C' > 0 and all ¢ > 0. Then, applying this above gives

EW, (P(z70HT ot 4T (p2)®2) < OVM (e 4+ e=T) (81)

for some (different) constants C, ¢ > 0.

Finally, note that the stationary law P>°(x) defined by (80) with Hamiltonian (79) describes a joint law
(conditional on 6*,z) of (0,21,...,2p) where x,, | 6 is Gaussian and independent across m = 1,..., M,
and 0 has marginal law given exactly by P(f | y) in the Gaussian convolution model (37) with obser-
vation y = 0* + z/w™). Here, the noise variable z/w™) is Gaussian with variance cffi(oo)/((,u(]‘/[))2 =

(wy(ﬂM))_l, so the joint law of §* and the (6, 6’)-marginals of the conditional law (P>°)®? given (6%, 2) is pre-

cisely Piﬁwiw;g,w (- Then, taking the (0,0")-marginals of the coupling (conditional on 6*, z) that attains

Wi (P(xTotT g To+T+T") (P>)®2) and combining with the identity coupling of 8%, we have

Wi (PO, 034 T 050t pe2 ) < Wy (P(aTotT g ToATHT") (pooy&2y,

M,To gewi™ g0
Taking the full expectation over 6%, z on both sides and applying the bound (81) shows the lemma. O
Lemma 3.6. Suppose ci*(0) — cif'(c0) < 6/0®. For any M >0, let
M
W) =507 = 3" & fan, M = (@)2/clf(00),
m=1
w = 5/02 — (cffi(O) — cffi(oo))7 Wy = w2/cf7ti(oo).

Then limpr— o0 Wl(PiZ’dM);g’w(M)’ Pi%w*;g,w) =0.
Proof. Let (6*,0,0") ~ Pg’fw*;gyw, i.e. 6,6 are two independent draws from the posterior law P, (0 | y) in

the scalar Gaussian convolution model (37) where y = 0* 4+ w*~ /22 and z ~ N(0,1). Let (-)g.w be average
over 6,6 conditional on #*, z, and let F be the class of 1-Lipschitz functions f(6*,6,0’). Then, for any
ferF,

[ £(0%,0,0") exp(—£[(0% + w22 — 0)2 + (0" + w122 — 0")2])g(0)g(6")d(6,0")
Jexp(—%[(0* + W22 —0)2 (0 + w122 — 0)2))g(0)g(67)d(6, 6)

Eg*,w* <f(9*,879/)>g,w =E
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where E on the right side is over 0* ~ g, and z ~ N(0,1). Writing (-) for (-)4. and ko for its associated
posterior covariance, the above is continuously-differentiable in (w,w*) with

DLE(f(0%,0.0')) = E[@ (f(e*, 0,0), —%[(9* Fw T2 )2 (07w 9’)2])}
O E(£(07,0,0) = B[ (£(67,0,0), 510" +w' ™72 = 0) + (0" + /22 = 0]}

By the 1-Lipschitz bound for f and the identity Var X = %E[(X — X")?] where X' is an independent copy
of X, we have ko(f(0*,0,0"), f(6%,0,0")) < C(k2(0,0) + k2(60',0")) for an absolute constant C' > 0. Then,
applying Cauchy-Schwarz to ko(-) above, we get that (w wi) > By, 0, (f(6%,0,0")) 4. is locally Lipschitz-
continuous umformly over f € F. Since limy oo M 2ty = pin([t,0)) = citi(0) — ¢ifi(o0), we have
lim sy o0 (W), w! )) = (w,wy). Then this local Lipschitz continuity implies as desired

W

hm Wl(Pg (M) P®2 . ) = hm sup Eg*,w* <f(9*, 9, 9I)>g’w — ]Eg*,wfﬂM) <f(9*,979l)>g7w(M) = 0

19w w(M)? " G Wi g,w M"‘X’fe]-'

We now complete the proof of Lemma 3.1.
Proof of Lemma 3.1. By Lemmas 3.3, 3.5, and 3.6, for any M, Ty, T,T" > 0,
Wi (P(0*,0T0FT gTotTHT") p82 | ) < (M) +2VT + 17 e(Tp) + CVM(e™" +e=T).

Setting T' = T" = t, choosing Ty = Tp(t) so that lim;_,« Tp(t) = oo and limy_,00 V2t £(Tp(t)) = 0, and taking
t — oo followed by M — oo, this shows

lim Wy(P(6",0T0 M+ gTo0+20) pe2 ) =0.

t—o0

Gx,Wx3g,w

In particular, we have the weak convergence in distribution of (6*,To("Ft gTo()+2t) o P2 Lemma
3.4 implies that (6*,0To()+t gTo(M)+2t) j5 yniformly bounded in L* and hence uniformly integrable in L2, so
this implies

Jim Wy (P(0*,9ToFt gTo(M)+2ty pa2 y — (82)

G, Wx3g,W

Then, under Definition 2.4 and by definition of the law P® we have as desired

G« w* 39,w?
cg(0) = lim Cy(To(t) +1t,To(t) +1) = lim E[(67F)?] = Eq. . (6%) g
chi(o0) = lim Cy(To(t) +t, To(t) + 2t) = Jim E[@Tv(t)+t9To(t)+2t] =E,, . (0)2

t—o00 9w’

co(*) = tlggo Co(To(t) +1,%) = hm E[QTO(”HG*} =Eqg. 0. [(0)g..07]-

3.2 Analysis of n-equation
We next derive from an analysis of the evolution (25) for {n'};>0 a representation of ¢{"(0), ci!(c0) in terms
of ¢(0), ¢ (00), ca(+)-

Lemma 3.7. It holds that

dtic) = O [BO™ + 02 + cjfi(00) — 2cy(+) cgti(O) i)

0 (1+072(cf1(0) = chfi(o0))” 1o 2(c(0) — (o)) [ (%)
iy = O B0+ 0%+ cjfi(00) — 2cp(x

n ( ) (1 —|—0‘2( tetl(o) m(oo)))Q’ (84)

and in particular c¢f(0) — ¢t (c0) < 6/0.
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The argument is similar to the analysis of {6'};>0, where we may approximate the dynamics of {n’};>o
at large times by a Markovian joint evolution of a system (n',z!,...,2%,). Our argument here is simpler
than before, as the dynamics of (n,z%,...,2%,) will be linear, from which we may explicitly analyze the
convergence of ¢ and show that it is independent of M; thus we will apply a simple Gronwall argument to

bound the propagation of the discretization error (M) over time.
3.2.1 Comparison with an auxiliary process
We again fix a positive integer M, and define {a,,}¥_, and {c,,,}*!_; by

2
m ¢,

form=0,..., M, = Gm—1, Qm
NiTi po([am—1, am))

m
with pg now instead of j,. For convenience, let us introduce ¢ = n* + w* — ¢ and v* = —w' 4+ w* — ¢, so the
DMFT equation (25) for {n'}:>o is equivalently

Ay, = L+

t
&= —%/ Ry(t,s)E%ds + o' (85)
0

Here, {v'};>0 is a centered Gaussian process with covariance E[v'v®] = Cy(t, s) —Cy(t, *) — Cp(s, *) +E(0*)* +
2
o°. We set

M M o
M — QT M Cm/ —a —s —am s i
R‘(g )(7') = Z e T C’é )(t,s) = Z —m (gmamlt=sl _ gmam(tHs)y 4 ot (o0)

m=1 m=1_""
and define an auxiliary process {£}; 1, }>o0 by
v, =€ for t €[0,Tp)
1 t
55\4,% =—= ; R((,M) (t— s){j/l,Tods + vl for t > Ty (86)

where {v},}:>0 is a centered Gaussian process with covariance E[v},v3,] = CéM)(t, s) —2co(x) +E(6%)? + 02,
defined in the probability space of {¢!};>0. (We check in the proof of Lemma 3.10 below that this is indeed
a positive-semidefinite covariance kernel.) We note that the process {53/[’%}@0 may be discontinuous at Tp;
this is inconsequential for our subsequent analysis.

Lemma 3.8. For any M, Ty, T > 0, there exists a coupling of {§'}1>0 and {€} 1, }e>0 such that

sup  E(&" — &y p,)? < CeCT(e(M) + VT e(Ty))
te[0,To+T)

where (M) does not depend on To, T and £(Ty) does not depend on M, T, and limp; oo (M) = 0 and
1imTD_>OO €(T0) =0.

Proof. Applying the approximation (30) and arguments analogous to Lemma 3.2, we have that

sup  [E[vi,v3] — E[v'o]]
s,t€[To, To+T]

< sup  |CSM(t8) = Colt,s)| + [ea(x) — Co(t,¥)| + |ca(x) — Cals, *)| < (M) + &(Tp),
S,tE[T@,To-‘rT]

and hence there exists a coupling of {vf; 7, }+>0 and {v*};>0 such that

sup  E(v! —vl,)? <e(M) + VTe(Ty).
tE[T07T0+T]
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We bound &' — &}, 7, under this coupling of {v*};>¢ with {v},};>0: Let us write &= s, - We have & = ¢t
for t € [0, Tp), while for t € [Ty, To + T7,

E(¢' &2 < 3[E( / R{ (—s)le” ~E¥lds) +B( / [Ro(t, )~ RSOt - s)lIE°|ds) +EG! —vhy)?] (87

From the explicit definition of RQM (t — s), the first term of (87) satisfies
(M - 2 t -
B [ 18- ler - &1as)” =5( / B @ - s)llg" — Es)” < 0 [ E(e - &)2s

To

for a constant C' > 0. Following the argument used to bound (74), the second term of (87) is bounded by
e(M) + Ce(t)? where e(t) — 0 as t — oo, while the third term is bounded by (M) + VT e(Tp) under the
above coupling. Then by Gronwall’s inequality,

sup  E(¢f — &) < cefT (S(M) +  sup () + \/Te(TO)),

te[To,To+T] te[To,To+T]

which implies the lemma upon adjusting £(Tp). O

3.2.2 Convergence of the auxiliary process
Lemma 3.9. The value 0% = E0** + cii(c0) — 2cq(*) + o2 is positive.

Proof. Let {6'};>0 be the Langevin diffusion (7) for which the DMFT system of Theorem 2.5 is the large-
(n,d) limit. By Theorem 4.3 to follow,

d
Co(t,s) — Cp(t, %) — Cy(s,*) + E(0*)* = lim El; Z (0F — 07)(05 — 9:)]
i=1

n,d— oo

Since {0'};>¢ is Markovian (conditional on X, y, 8*), we have for all t > s that

1 d
93_9*
|-=[i

hence Cy(t, s) — Cp(t, *) — Cp(s, ) +E(6%)% > 0. Setting s = ¢/2 and taking the limit ¢ — oo under Definition
2.4 shows cii(00) — 2¢q(*) + E6** > 0, and the lemma follows. O

ld
Bl g 200000 —00)

=1

d

Z (05 —67)

=1

0°,X,y, 0"

Lemma 3.10. Let ¢ = (cq,...,cpm), A = diag(ay, ...
Gaussian law N(0,3r) with

,an), A= A+cc' /o2, and consider the 2-dimensional

2 2
v = (PM Hé%) 7 Ky = 0% - l—cTA_lc/U2] , par=ka +c AT
KM Pm

where 0%, = E(0*)? 4 cifi(00) — 2¢(x) + 2. Then there exists an error (T) not depending on Ty, M and
satisfying imrp_ o €(T) = 0, such that for any M, Ty, T,T' > 0,

Wa(PERTE T N (0, 801)) < e(T) +e(T7).

Proof. Let z ~ N(0,0%), where 0% > 0 by Lemma 3.9, and let {b!,};>0 for m = 1,..., M be standard
Brownian motions. We assume these are independent of each other and of {ft}te[o,T]- Then the law of
{€3s.1, }t>0 coincides with the marginal law of {€}; 1, }+>0 in the joint process

fjt\LTo = ¢ for t €0, Tp)

M
Sty = D Cmh, + 2 for t > Ty (88)
m=1
dal, = —[amal, + cm&iyp,/o?]dt + V2dbt for 1 <m < M, t>0 (89)
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with initial conditions 2 = ... = 2%, = 0. Indeed, given {£}; 1, }r>0, the equations (89) for {z,}i>0 have

the explicit solutions

1 t t
th ==~ | emem " TIE s + / e~ =9)y/2db;,
0 0

and substituting this into (88) gives (86) upon identifying v}, = z + fot M e =)\ /2dbs L Tt s

direct to check that {v},};>0 thus defined has covariance CéM)(t, s) — 2cq(x) +E(6%)% 4 02, so this coincides
with the law of {£}, 1, }+>0 defined by (86).

Let us denote & = Eumy o = (2l,...,2%), and b* = (bf,...,b,). For t > Ty, the evolution of
(€', 2") € RM+1 is a (Markovian) Ornstein-Uhlenbeck process. Substituting (88) into (89), we have

dat = —[Az? 4 cz/0?)dt + V2 dbt for t > T,

where ¢ = (c1,...,car) and A = A+ cc' Jo? with A = diag(ay,...,ap). This has the solution, for t > Tp,
2t = e AE=T0) ,To | %A—l(e—A(t—Tg) —I)c—|—/t e~ M=) /2 qp
To
Substituting back into (88),
£ =cTe METo)pTo o 2[1 + %cTA_l(e_A(t_TO) - I)c} + /t e M=02dbe for t > Ty, (90)

To

Here, we note that the equation (85) implies that {£'};>0 is itself a Gaussian process (given by a linear
functional of {v'};>¢), so 70 with coordinates

T(] TO
ol — / e o) esds 4 / e~ To=2)\/2 b, (91)
0 0

=Un =V

is a Gaussian vector. Consequently, the form (90) shows that for any 7,7 > 0, (70+7T T0+T+T") hag a
centered bivariate Gaussian law. To conclude the proof of the lemma, it suffices to show

E(ETFT)] = oyl [EIE™TTH)) = piy| < e(T) +2(T") (92)
[BETATERHTH] — kpy] < (T) + (1) (93)

for some errors €(1'),e(7”) that hold uniformly over all M, Ty > 0.
For (92), we may compute from the solution (90) that

. 1 2
E[(§T0+T)2] — CTefATE[xTo(xTo)T]efATC+O_% 1+ 7CTA71(67AT _ I)C + CTAfl(I _ 672AT)C.
g

=I

=II

Observe that ||[A~1/2¢||3 < 2%21 2 Jam = an\le 10 ([am—1,am)) < pg([t, 00)). Hence [|[A~1/2¢||y < C for a
constant C' > 0 not depending on M. Since also Apin(A) > ¢ > 0, we have ||e=2T||,, < e T, so

I — pi| < e(T)

for an error £(T") not depending on M. To bound I, write 270 = U+V where U,V € RM have the coordinates
U, Vim in (91). Then, from the bound E[(u " 270)?] < 2E[(u"U)?]+2E[(u " V)?] for each unit vector u € RM
we have

IEL"® (27°) Tllop < 21E[UT llop + 2 EVV lop-
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For the second term, ||[E[VV T]||op = || diag(a;,} (1 — e~ T0))|lop < ¢ =1 For the first term,

M o To 2
Cm — Qo —S) ¢S
BUU Yoy <BITIE=E Y ([ e ®igras)

g
=1

M. 2 T T,
< Z LZ/O efa’"(Tofs)ds-/ efam(Tofs)IE(ﬁs)st.

0

Noting that E(¢%)? = (0%/6)C,(t,t) < C for all t+ > 0 under Definition 2.4, this gives [|[E[UU]|lop <

c’ Z,Ale c2 /a2, < C'up([t,00))/t. Combining these bounds shows ||E[zT(z70)T]|,, < C for a constant

C > 0 not depending on M, Ty. Then, combining with the previous bounds ||A_1/2u|\2 < Cand A\pin(A) > ¢,
this shows [I| < (7)), so [E[(¢T0+T)2] — p2,| < &(T). The bound for E[(¢70+T+T7)2] in (92) holds similarly.
For (93), we may compute similarly from (90)

E[(£T0+T)5TO+T+T’] _ uTefAT]E[xTO (xTO)T]efA(TJrT’)u
1 / 1
+o0%- |1+ ;uTA_l(e_A(T*'T ) — I)u} [1 + EUTA_l(e_AT - I)u}

+ uTAfl(efAT' o efA(2T+T'))u7

and the arguments to show (93) from this form are the same as above. O

Lemma 3.11. Consider the 2-dimensional Gaussian law N(0,X) with

o (P e CE 4o aieo) () 5 L d0) —cio)
T ke )T T T 2 0) — i e0)? T T T T 02 (0) — i (0))

Then limp— o0 || v — oollop = 0.

M 2
Proof. This follows from noting that ¢' A~tc = T +U¥;"§Nf’”/ :2’"'/a via the Sherman-Morrison identity, and
m=1"m m
SM 2 g — [ no(da) = c4i(0) — cffi(co) as M — oo. O

We now complete the proof of Lemma 3.7.
Proof of Lemma 3.7. By Lemmas 3.8, 3.10, and 3.11, it holds that
Wa(PETHT, €0 TH) N (0,200)) < Ce“TH (M) + VT + T7e(Th)) + &(T) + £(T") + £(M).

Taking first the limit M — oo, then choosing T'= T = t and Ty = Tp(t) such that lim; o To(t) = oo
and lim;_, o, €2€1/2t £(Tp(t)) = 0 and taking t — oo, this shows Wy(P(¢T®+t ¢To()+26) A7(0, %)) — 0 as
t — oco. Under Definition 2.4, this implies

4 4
O ttiry _ 1300 O o To(t)+t\2] _ 2

¢ (0) = Jim —C(To(t) + 1, To(t) + 1) = lim B[(™0*)?) = p,
4 4

O tti — i 2 % To(t)+t ¢ To(t)+2t] _

5 Cn (00) = lim —Cy(To(t) +1,To(t) +2¢) = lim E[ S ] = Fioo

This shows the desired forms of ¢{(0) and cf*(c0), and we have also from these forms that

ti tti _ 9 o 2(cg(0) — c5''(0)) —
' (0) = e (00) = 5 | T a(a(0) = (o)) | < o7
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3.3 Completing the proof

Proof of Theorem 2.5. By Lemmas 3.1 and 3.7, we have five equations (60), (83), (84) for the five variables
(0, cffi(00), co (%), ¢i1(0), ¢t (00). Defining mse, mse, by (42), these equations show
. 4 5 4]
_ tt1 0 _ bt — _ _ —
w (C ( ) Cn (OO)) o2 + (Cgtl(O) . cgtl(oo)) o2 + mse’
w? ) B )

ctti(o0) TR o2+ co(00) — 2cp(x) 02 + mse,’

Wy =

as well as

mse = cg'(0) — ¢ (00) = Eqg, . [(#*)g.0 — (0)5.0] = Eg. 0. {(0 = (0)g,0)*) g0
mse, = Ef** — 2Eg. 0. [07(0)g,0] + Eqg. . <9>§,w =By, w. (0" - <9>Q,W)2'

This verifies that the fixed-point equations (43) hold, where it is clear that w,w, are uniquely defined from
mse, mse, via (43). Defining ymse, ymse, by (42), we have also from the above forms of w,w. that

4 2
ymse = 2= (e4f1(0) — i (oc)) = 2 (1 - 22-),
4 4
ymse* = J7(20%“(0) — c%ti(oo)) —ol =024 w% (wi* — 2)7

verifying (44). Finally, the statement (45) is a consequence of (82) shown in the proof of Lemma 3.1. O

4 Analysis of fixed-prior Langevin dynamics under LSI

In this section, we prove Theorem 2.9 and Corollary 2.10 that verify Definition 2.4 and deduce the replica-
symmetric limits for the Bayes-optimal mean-squared-errors and free energy, under Assumption 2.7 of a
log-Sobolev inequality (LSI) for the posterior law.

4.1 Preliminaries
4.1.1 Properties of Langevin dynamics
We review in this section two general results on a Langevin diffusion of the form

det = vU(8")dt + V2 db! (94)
with an equilibrium measure eV(®). The first is a fluctuation-dissipation relation for its correlation and
response functions at equilibrium, and the second is a Bismut-Elworthy-Li representation for the spatial
derivative of its Markov semigroup. For bounded observables, similar fluctuation-dissipation theorems have
been stated and shown in [77,78] and Bismut-Elworthy-Li formulae in [79,80]. We give versions of these
results here for a class of unbounded observables which may have linear growth

A={f e C?*R4R): Vf, V2f are globally bounded},
and a class of drift coefficients

B={U e C3(R%R) : V2U, V3U are globally bounded and Hélder continuous}, (95)

drawing upon some analyses of our companion work [27, Appendix A].
We write
Pf(0) =E[f(6")|6°=6], Lf(8)=VU'Vf(6)+TrV’f(8)

for the Markov semigroup and infinitesimal generator associated to (94). It is shown in [27, Proposition A.2]
that
feAUecB = VP f(0),V?P,f(0) are uniformly bounded over ¢ € [0,T], 8 € R? (96)

for any fixed T' > 0. In particular, P;f € A for each fixed ¢t > 0.
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Lemma 4.1. Suppose U € B, and (94) has the unique stationary distribution q(8) = eV®) with finite third
moments. Let {0'};>0 be the solution to (94) with initial condition 8° = x, and let A € A and B € B.

(a) Define the response function R%g(t,s) = Ps(VBTVP,_ A)(x). Then R%z(t,s) satisfies the following
condition: Fiz any continuous bounded function h : [0,00) — R. For each ¢ > 0, let {6°};>¢ denote
the solution of the perturbed dynamics

46" = V[U(8"°) + ch(t) B(6°)]dt + V2 db'

with the same initial condition ¢ = x. Then for any t > 0,

lim * (E[A(0) | 67 = x] ~ E[A(6") | 6° = x]) = /0 % (¢, $)h(s)ds.

e—=0 ¢

efine the correlation function ,S) = = x]. en for any t > s > 0, averaging
b) D th lati tion C%p(t E[A(6Y)B(6°) | 8° Th t>s>0 '
over an initial condition X ~ q drawn from the stationary distribution,

O0tBxnqChp(t,s) = —ExqRAp(t, ).

Proof. Part (a) is an application of [27, Proposition A.1] of our companion paper (specialized to this setting
of dynamics with a fixed and non-adaptive prior).

For part (b), we will use also from [27, Proposition A.2] that for A € A, we have ;A = LP,A. Since
the dynamics (103) are Markovian with stationary distribution ¢(@), we have

Ex~qChp(t,s) = Exwz[E[A(et_s) | 6° = x| B(x)] = Ex~q(B - P—sA)[x].

To differentiate under the integral in ¢, note that 9;(B - P,_sA) = B-LP,_,A. By the uniform boundedness
of VP,A, V2P, A over t € [0,T], the Lipschitz-continuity of VB, VU, and finiteness of third moments of ¢,
we have that (B - LP;A)[x] is uniformly integrable with respect to x ~ ¢ over t € [0,7]. Thus dominated
convergence applies to show

OExqChp(t,s) = 0\Exq(B - P_sA)[xX]| = Exq(B - LP,_sA)[x].

On the other hand, using also that both VBTV P, A and B - LP, A are integrable with respect to x ~ ¢, we
have via integration-by-parts

ExgR55(t,8) = Exag(VBTVP,_ A)x] = / q(8)(VB'VP,_,A)[0)d0

d
—~ [ B®)Y0jlady(Pi-.)(6)a0
j=1

/ B(0) [q Tr V2(Pi—sA) + V(P,_sA) " Vq](6)d6
/q ) [Tr VZ(P_yA) + V(Pi—sA) " Viogq](6)d6

= —Exq(B-LP,_ A)[x].

Lemma 4.2. Suppose U € B, and consider the solution (6%, V) € R? x R¥X4 to
det = VU (8?)dt + v/2db, dvt = [V2U (9| Vidt (97)

with initial condition (0°,V°) = (x,1), adapted to the canonical filtration of the Brownian motion {b'};>¢.
Then for any f € A and any t > 0,

VP, f(x) =E[V'T Vf(6")](6°V®) = (x,1)] (98)
— L t ! sT 3hs
_ tﬁE[f(e )/0 v*Tdb
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Proof. The first identity (98) is the statement of [27, Eq. (184)] (again specialized to this setting of dynamics
with a fixed and non-adaptive prior).

For the second identity (99), we use from [27, Proposition A.2] that for f € A and any fixed t > 0,
(5,0) — P,_sf(0) is C' in s € [0,t] and C? in 0, with 9;P,_sf(0) = —LP,_4f(0). Then It6’s formula
applied to g(s,0) = P, f(0) gives

ty t\ 0 ¢ s s S ¢ s s\ T s ¢ T 2 s s s
f(9)—g(t,0)—g(079)+/0 D.g(s,6°)d +/0 Vog(s.6°)d6 +/0 Tr V3g(s, 0°)d
t t
:Ptf(x)—i—/ (aS+L)Pt,Sf(08)ds+\/§/ VP,_,f(6°)"db*
0 0
= P,f(x)+ x/i/ VP,_.f(6°)"Tdb".
0

Since V2U is bounded, {Vt}te[O,T] is bounded over finite time horizons, so fot VsTdb?® is a martingale.
Multiplying both sides by this martingale and taking expectations gives

E[f(@t)/t VTdb* | (69, V0) = (x,I)} _ \@/tE[VSTVPt_Sf(OS) | (6°, V) = (x, I)]ds.
0 0

Since P;f € A, we may apply (98) with P;_.f in place of f to get

t t
/ E[V*'VP_,f(6°) | (8°,V°) = (x,I)]ds = / VP (Pi_sf)(x)ds =t - VP f(x).
0 0
Substituting above and rearranging shows (99). O

4.1.2 Interpretation of the DMFT correlation and response

We remark that under Assumption 2.2(a), the log-posterior density logP4(0 | X,y) belongs to the function
class B, and P4(@ | X, y) is the unique stationary distribution of (7). Fixing X,y, 8*, consider the coordinate
functions

V6

ej(O) = 9]‘, 6;(0) = 9;, Z‘Z(a) = ?([XH]Z — yz) (100)
(Here, e; is a constant function not depending on 6.) We define their associated correlation and response
matrices

Cg(t, 5) = (CBO (t’ 3))?,k=1’ Cg(t, *) = (Cgfe;; (tvo))jk=17 Rg(t, 5) = (Reo (tv S))?,k:l

€j€k €j€k

Cn(tv S) = (CGO (t7 5))?,1@':17 Rn(ta S) = (Reo (tv 3))?,k=1

TjTk TjTk

(101)

where Cz‘jg(t, s) and RZ‘JB(t, s) are the correlation and response functions as defined in Lemma 4.1 for these
coordinate functions, under the dynamics (7) with fixed prior g(-) and the given initial condition ° of
Assumption 2.1.

The following result is a direct application of [27, Theorem 2.8].

Theorem 4.3 ( [27]). Suppose Assumptions 2.1 and 2.2(a) hold, and let Cy, Cy, Ry, R, be the correlation
and response functions of the DMFT system in Theorem 2.8(a) approximating the dynamics (7). Then
almost surely as n,d — oo,

d™ ' Tr Cy(t,s) — Cy(t, s), d™ Tr Cy(t, %) — Cy(t, %), n~tTrC,(t, s) — Cy(t, )
d ' TrRy(t, s) — Ro(t, s), n~'Tr R, (t,s) — R,(t,s).

37



4.2 Posterior bounds and Wasserstein-2 convergence

Fixing the prior ¢g(-) and the data (X,y), let us write for convenience
d
1 2
0(6) = P61 X,3) i exp (=gl ~ X6+ Do (6)) (102
j=1
for the posterior density. The Langevin diffusion (7) with this fixed prior is then
dé* = Vlog q(6*)dt + v2dbt. (103)
We will use the notations
(f(0)) =Eogf(0)],  Pif(x)=(f(6")x =E[f(6")]6° =x]

where the former is an average under the posterior law ¢(-) conditional on X,y, and the latter is an average
over {6'};>¢ solving (103) conditional on X,y and also the initial condition 8° = x. We write as shorthand

Pi(x) = (0")x = (Piex, ..., Pieg)[x] € R%.

We reserve (f(6')) for the expectation conditional on X,y but averaging also over 6°.
For constants Cp, Crsr > 0, define the (X, 6*, €)-dependent event

€(Co,Cus) = {IXlop < Co, 1673, 13 < Cod, the LST (46) holds for ¢(6) }. (104)

Note that under Assumptions 2.1 and 2.7(a), this event holds almost surely for all large n,d for some
sufficiently large choices of constants Cy, Cps; > 0. All subsequent constants C,C’,c,¢’ > 0 in this section
may change from instance to instance, and are dimension-free and depend only on

Co, Crs1 above, 8,02, g, of Assumption 2.1, C,cg, o of Assumption 2.2(a), and log g(0). (105)
We record the following elementary bounds for the posterior expectation (f(0)) = Eg~qf(0).

Lemma 4.4. Suppose Assumption 2.2(a) holds. Then on the event where ||X|lop < Cy, there exists a
constant C' > 0 for which

(l813) < Cd+ lyl3), (106)
(IVlogq()]13) < C(d+ [ly[|3), (107)
V210g ¢(6)|lop < C. (108)

In particular, on E(Co, Crs1), for a constant C' > 0 we have {||0||3) < C'd and (||V1ogq(8)|3) < C'd.

Proof. (108) is immediate from the form of log ¢(@), the bound || X||o, < Cp, and Assumption 2.2(a).

For (106), write E4, P, for the expectation and probability over the prior § ~ g and 6; ud g.- We note
that under Assumption 2.2(a), we have

log 9(6) = log g(0) + 8(log g)'( / / (log 9)" (w)dudz < C(1 +16]) — (co/2)(6] — r0)? < C" — 62

for some constants C, C’, ¢’ > 0 depending only on the constants of Assumption 2.2(a) and on log g(0). Then
g is subgaussian, and for some constants C, ¢ > 0 (c.f. [81, Eq. (3.1)])

E,)0]3 < Cd,  Py[||0]13 — E, |02 > du] < Ce ™ for all u > 1. (109)

q(o)_;exp( Iy - xeng)ﬁ Z_Eg[exp(“y;g"”%)}

Write
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We have by Jensen’s inequality —log Z < E,[|ly —X0||3/20?] < C(d+|ly||3+E,||6]13) < C'(d+|y|3). Then
for any M > 0, also bounding the exponential from above by 1,

1 / 2
(lel31{1613 > MY) < B, [I0131{l613 > M}] < IR, [|0|31{ 6] > M)

Integrating the tail bound (109) shows that this is less than d+ ||y||3 for M = C(d+||y||%) and a sufficiently
large choice of constant C' > 0. Thus

1613) < M+ 6311613 > M}) < C'(d+ [1y]3)

This shows (106). Since Vloggq(@) is C-Lipschitz by (108), and ||[Vloggq(0)|2 < 2||XTy/o?|3 + 2d -

(log g)'(0)2 < C(d + ||lyl|3), the statement (107) follows from (106). O

Remark 4.5. In a later proof, we will require that (106) holds in a form

(16113) < Cd+ (C/o?)lly |3 (110)

for all large noise variances o2 > 0, where C' > 0 is a constant not depending on ¢2. This may be seen

from the above arguments: Writing now C,C’ > 0 for constants not depending on o2, the above shows
—logZ < (C"/o?)(d+|ly|3), and hence (||0]31{||0]]3 > M}) < d+[ly[|3/0? for M = Cd + (C/o?)||yl[3 with
a sufficiently large choice of constant C' > 0.

Lemma 4.6. Suppose Assumption 2.2(a) holds. Let {0'};>¢ be the solution to (9) with initial condition
0° ~ qo, let q;(0%) be the law of 8, and let Wy (-) the Wasserstein-2 distance, all conditional on X, 0%, €
(and averaging over 8°). Then on the event E(Co, CLsi), there ezists a constant C > 0 such that

Wal(gi, q) < Ce™ /st Wy (qo,q) for all t > 0. (111)

Proof. For t € [0,1] we may apply a simple synchronous coupling and Gronwall argument: Let {6'};>¢ and
{6"},>0 be the solutions of (9) with initial conditions 8° ~ gy and 8° ~ ¢, coupled by the same Brownian
motion. Then <L[|(6° — 8%)||, < [|(6" — 8Y)]2 = ||V1ogq(8") — Viogq(8")||» < C||@" — 6|5 by definition of
the Langevin equation (9) and by (108). Hence

167 — 8"l < e*)[6” — 6°]l2. (112)

Letting (6°,6°) be the coupling of (go,q) for which (||8° — 8°||2) = Wa(qo, q)?, we have that (8%,6") is a
coupling of (g, q), so

Wa(ar, q)° < (|10 — 6°]13) < e*7([|6° — 6°|13) = €*“" W (g0, )*.

Thus Wa(q, q) < C'Wa(qo, q) for all ¢ € [0,1], which implies (111) for ¢ € [0, 1] and some C' > 0.
For ¢ > 1, under the curvature-dimension lower bound —V?1logq(8) = —L1Id for a constant L > 0 that
is implied by (108), we apply from [82, Lemma 4.2] that

L

1
<=+ Z)\w 2 =
Dkr(q1]lq) < <4a + 2) 2(90,9)°, ! . (113)

Under the LSI condition of £(Cy, CLsi), we have the exponential contraction of relative entropy (c.f. [83,
Theorem 5.2.1])
Dkr(gellq) < e 2=D/Cus1 Dy (g1 ) for all ¢ > 1. (114)

We have also the Th-transportation inequality (c.f. [83, Theorem 9.6.1])

Wa(qt,9)* < Crst Dxr(q:llq), (115)

and (111) for ¢t > 1 follows follows from combining (113), (114), and (115). O
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4.3 Properties of the correlation and response

In this section, on the event £(Cy,Crgr), we now show approximate time-translation-invariance at large
times for the correlation and response matrices Cg, C,;, Rg, R, defined in Section 4.1.2. We may write these
using our Markov semigroup notation as

Co(t.5) = ({610 P, (0) 1)

)
G k=1

C,(t,s) = (<$k(9 Py_sz;(6 >90) =1’

Ry(t,s) = (<V€k(gs)TVPt—seJ >90)] oy R,](t,s) = (<V$k(05)TVPt—sxj(05)>90):,k:1.

Lemma 4.7. Suppose Assumption 2.2(a) holds. Let Cy,C,, Ry, R, be defined for the dynamics (7), and

set
n

(1) = ((ex@Pre,(6)"

’
k=1

() = ((e(0) Py (0))

R (1) = ((Vax(6) VP (0)))

b
jk=1
n

R (r) = ((Ver(0) VPTej(0)>)d

k=1 jk=1

where (-) is expectation under the posterior law q(-). Then on E(Cy,Crsi) N {||0°|13 < Cod}, there exist
constants C,c > 0 such that for allt > s >0,

| Tr Cy(t,s) — TrCg°(t — s)| < Cde™* (116)
| TrRo(t,s) — Tt R (t — s)| < Cde™* (117)
| Tr C,)(t,s) = Tr C;°(t — 5)| < Cde™ (118)
| Tr R, (t,s) — TrR°(t — s)[ < Cde™ (119)

Proof. Momentarily let ¢; be the law of 8% conditional on (X,y) and also on a fixed initial condition 8° = x.
For any fixed ¢t > 0, denote by ! ~ ¢ a random vector such that (8%, ¢?) is a coupling of (gs,q) for which
(|6 — p!]13)x = Wa(qs, q)?, where Wo(-) is the Wasserstein-2 distance conditional on X,y and 6° = x. Then
observe that for any M-Lipschitz function f, we have

(I1F(8") = F(@")3)x < M>([|0° — &'[13)x = M*Wa(gr, 0)*. (120)

Furthermore Wa(qy,q)? < Ce Wy (dx,q)* < 2Ce=!(||x||3 + (]|@]|3)) for all £ > 0 by Lemma 4.6. Then,
applying (120) with f(x) = x and f(x) = Vlog¢(x), and applying (106-108) on the event £(Cy, Crs1), we
have the basic estimates

(16" = " 13)x < Ce™(|Ix[I3 + d), ([|VIogq(6") — Vlega(#")lI3)x < Ce™*(|x[3 + d),
(1613)x < C(lIx[I3 +d), (IV1oga(8")[3)x < C(|x]|3 + d) (121)
(le"l13) = (l1613) < Cd,  {|Vioga(¥")]3) = ([V1ogq(6)]3) < Cd.

We note that also
1P:(x) = P(%)|5 < e“"[|x — |3, (122)
1P(x) = P(x)|3 < Ce* (|13 + IX[I3 + d). (123)
Indeed, (122) follows from (112) and Jensen’s inequality. Also by Jensen’s inequality and (121),
[Pi(x) — (0)]I3 = (8" — ¢")xll3 < Ce(|Ix]|3 + ), (124)

and applying this bound for both P;(x) and P,(x) yields (123).
For (116), note that for any s,7 > 0,

d
TrCo(s+7,8) = > (e;(6°)Pre;j(6%))g0. (125)

Jj=1
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Now let g, be the law of 8° conditional on (X,y) and the given initial condition 8° of Assumption 2.2, and
let (0%, ®) be the optimal Wasserstein-2 coupling of (¢s,q) as above. Then

U

[TrCo(s+7.5) = Tr G ()| < (e (0°)Pre;(8°) — e (") Pre;j(¢°)])go

<
I
—

M=

(|85 = 25) Prej(8°)]) g0 + (|05 (Prej(8°) — Prej(9°))]) g0

< (]16° = * 130502 1P (0%)13)en” + (Ul 13) (1P (6°) — Pr(9®)II3)on

I II

Il
_

(126)

where we recall our shorthand P;(x) = (8*), € R%.
We have I < Cde=* for all s > 0 by (121) and (|| P,(8%)[|3)g0 < (||@°T7||3)g0 which follows from Jensen’s
inequality. For II, by (122) and (121), we have

(I1P-(6°) = Pr(¢*)]13) g0 < (|0 — ¢°[[3)g0 < T - Cde™".

Choosing a large enough constant s > 0, for 7 < s/sg, this gwes <HPT( ) — Pr(¢%)|12)g0 < C'de=¢'5. For
7 > 5/s0, applying instead (123) and (121) we have (|| P-(0%) — P, (¢%)[13)g0 < Ce™"({||0°]13) 60 + {||¥*]13) +
d) < C'de™“ 5. Thus, for some C, ¢ > 0,

(||P;(8%) — Pr(¢)13) g0 < Cde™* for all 5,7 > 0.

Thus also IT < C'de™“*, and applying these bounds for I and II to (126) shows (116).
For (117), note that

d d
TrRo(s+7,8) Z (0;P-€;)[0°])go, Tr Ry (7 Z (0;P-e;)[0 (127)
j=1 j=1

Let dP;(x) € R4 be the Jacobian of the vector map x — P;(x). By (98) of Lemma 4.2 applied with f = e;
for each j =1,...,d, we have

dPy(x) = (V') (128)
where (with slight extension of the notation) we write (-)x for the average over {8, V*};>( solving (97) with
initial condition (6°, V) = (x,I). For t > 1, let us write also VPse;j(x) = VP, f(x) with f = P;_1e;. Noting
that f € A by (96), we may apply (99) of Lemma 4.2 with this f. Doing so for each j = 1,...,d gives

dP,(x) = \2<Pt_1(01)(/Ol(Vs)TdbS)T>x for t > 1. (129)
In particular, )
;(@'Prej)[x] =(TrV7)x = \}Q<PT1(91)T /OI(VS)TdbS>x (130)

with the second equality holding for 7 > 1.

Now let {6%, V'};>o and {6, V'};> be the solutions to (97) with initial conditions (8°, V%) = (x,I)
and (8°, V%) = (x,T), coupled by the same Brownian motion {b’};>, and write (-)x % for the associated
average over {0%, V* 8%, V*},5, conditional on these initial conditions. By the form of (97) and by (108),
GlIVElop < [V 1og q(8) - V¥ lop < C[[V|op, s0

IV llop < eIVl = €. (131)
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Then also

d N N _ 5
&HVt — V|| <[[[V?log ¢(6") — Vlog q(6")] V|| r + [[[V*1og q(8")](V' = V)| r
< [V?1og q(8") — V*1og q(8") | 2V [lop + [V*10g ¢(8) lopl[V* = V|| .

Applying V2 log q(6") — V?log q(8") = diag((log q)"(6%) — (log q)"(6%)), the bound |[V*1og ¢(8)|lop < C from
(108), |(logg)"(8)| < C under Assumption 2.2(a), and (112),

d - - 8 : 8
FIV = Vilp < ClI0" = 0" o[V lop + CIV" = V|| < Ceflx = Ko - 7 + OV = V|| .

Integrating this bound, ~
VP = V|r < C|lx — %||2 for all ¢ € [0, 1].

So it follows from the first equality of (130) that for 7 € [0, 1],
d ~
3" 0,Pej(x) — 9;Pre;(%)| = ‘ (Te(V f)>xi‘ <VA(IVT = V7|p),_, < CVdl|x = K|2.

Hence by (127) and (121), for 7 € [0, 1],
| TrRy(s +7,5) — TrREE(7)] < CVd (]|0° — @°||2)go < C'de™, (132)

For 7 > 1, we apply instead the second equality of (130) and Cauchy-Schwarz to obtain

d
V2[> 0;Prej(x) — 0;Pre;(X)

S ‘<PT_1(91)T /Ol(VS)Tdbs P @Y /OI(VS)TdbS>x,5(
(o @[ [ ) " o))
(st @ )2 [ 1)

< V(|| P 1(6") - P (6Y) H >1/2

2\ 1/2
2>x,§c

1
/ (Vs _ Vs)'l'dbs
0
1/2

SNTE 1/2 1 S
Pea@)[)] ([ Ive - velas)
0 X,X

(0 > (133)

+ Cllx = %l | P

X,X

Note that (|[Pr—1(6)[3)x < (167[3)x < C(IXI3+d) by (121). Applying (122-128), (112), and (121),

~ 2 ~
Pr_1(6Y) — PT,l(ol)H2> < 20101 — 6205 < Ce2CT||x — |2 for all 7> 1,

~ 2 ~
Pri(6Y) = Pra(8Y) ) < Cem (10" 3) + (107 13)x + d)
< C'em7(||x||3 + ||X]|3 + d) for all 7> 2.

Choosing a large enough constant so > 0, if 7 € [1, s/s¢], then we may apply the former bound, (121), and
Cauchy-Schwarz to (133) to get
2

< CeCT\/MI@S —¢°ll2)e0 +C <||05 —@°[l2(ll¢”[2 + ﬁ)>90
< C'd(eCT + 1) < C"de ", (134)

| TrRy(s+ 7,5) — TrRg°(7) <

Z@Pej — 0jPrej(¢®)
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If 7 > s/sg, applying instead the latter bound to (133),
oo —CT S S 1/2 S S S
| TrRo(s +7,5) = TR (7)] < Ce™ VA ({16 B)o0 + (10*3) + d)* + C (116" = & lla (1" 12 + V) )
< C'de . (135)

Combining these bounds for 7 € [0,1], 7 € [1, s/s0], and 7 > s/s¢ in (132), (134), and (135) shows (117).
The arguments for C,, and R, in (118-119) are similar: For (118), recall the definitions (100) and note
that

‘TrC,,(s—&—T,s) - TI“C?,O(T)‘

<

(|(:(6°) = 2i(0)) Pra(6°)

<

I

2i(0°) Przi(0°) — z:i(¢”) Prai(e°)

),
z )

1/2 1/2 ) 1/2 1/2
e s, .8)\|2 s\ _ 2 e s 2 s\ _ s\112
< S (IX© —eB), (IXP(07) = y13),, + = (IXe = ¥l3) "~ (IXPr(69) = XPr(e)I3) |

The desired result (118) follows from the conditions ||X||op < Co, ||ly||3 < Cod, and the preceding bounds for
(126).
For (119), note that

i=1

<

-

() (Pras@) ~ Prn(e) ),

1

TrR,(s+7,8) = %( TrX[dP-(6°))X ") TrR;°(7) = %( TrX[dP-(8)]X ). (136)

00’

Let {0%, Vt},50 and {6%, V*},50 be the solutions of (97) with initial conditions (x,T) and (x,T). If 7 € [0, 1],
we apply (128) to obtain

| T X[AP (x)]XT = Tr X[APH (X)X | < (VT = V7)o - IXTX]p < VAIX]3, - (V7= VTllr), o

which leads to the bound (132) up to a different constant depending on the bound Cy for ||X|op. If 7 > 1,
we apply (129) to obtain

V2| Tr X[dP (x)X T — T X[dP(R))X|

< <’(PT1(01)—P71(51))TXTX(/1 VSTdbS> > <‘P ol)TXTX(/l(VS —VS)TdbS) > )
; x

< 112, [(1Pr-at6t) - @) [ ||VS||Fds> S (@) [ v vipan )

X, X

This can be bounded in the same way as (133), (134), and (135) up to different constants depending on the
bound Cy for || X||op. This shows (119). O

Lemma 4.8. Suppose Assumption 2.2(a) holds. Let {0'};>0 be the solution to (7). Then on the event
E(Co, Crs1) N{||6°||3 < Cod}, there exist constants C,c > 0 such that for all t > s >0,

| Tr Cy(t, s) — Ps(6°)T(0)] < Cde™(=*) (137)
| TrRy(t,s)| < Cde(t=) (138)
Tr C,(t,s) — %(XPS(BO) —y) T (X(8) —y)| < Cde= et (139)
| Tr R, (t,5)] < Cde=(t=) (140)
and furthermore
|P4(6°)"(0) — [1(0) 3] < Cde™ (141)
[(XP,(6°) —y) " (X(0) —y) — |X(8) — y|3] < Cde™ (142)
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Proof. For (137) and (141), observe that

| Tr Cy(s+7,5) — Ps(8°)7(0)] = [(0°T (P6° — (6))) 0|
S 1/2 S 1/2 —CT
< (1671130 (176" = (8)[3)g” < Cde™™",
the last inequality applying (121) and (124). Similarly
|P.(6°)7(6) = [16) 3] = [(P:6° — (8))T(6)| < [[(B) ]2 - [|P.6° — (B)]|2 < Cde™.

j:1<(8jp7-€j)[93]>90. Then by the first equality of
(130) and (131), we have | TrRy(s + 7, s)| < Cd for any 7 € [0,1]. For 7 > 1, we apply instead the second
equality of (130) where fot V#"db® is a martingale. Then ((8)T fol V*db®), = 0 for any initial condition

x € R?, so for any 7 > 1,

iajaej(x) - ‘<<PT_1(01) - <¢9>)T /OlvsTdbs>x

For (138), recall from (127) that TrRg(s + 7,8) = >

1 1/2
< (||Pr-1(6") — <‘9>||2>,1/2</0 IIVSII%d8> < Ce™ TVd(||x||2 + V),

X

the last inequality using the estimates (124) and (131). Then by (121) and Jensen’s inequality,

d
Z(ajprej)[eﬂb < C'de=c7.
90

Jj=1

| TrRo(s+7,8)| < <

Combining these cases 7 € [0,1] and 7 > 1 gives (138).
The arguments for (139), (140), and (142), are analogous to the above, and we omit these for brevity. O

4.4 The DMFT system is approximately-TTI

We now prove Theorem 2.9, that under the log-Sobolev condition of Assumption 2.7(a), the DMFT system
of Theorem 2.3(a) is approximately-TTI in the sense of Definition 2.4.

Lemma 4.9. Under Assumptions 2.1, 2.2(a), and 2.7(a), the DMFT system prescribed by Theorem 2.3(a)
satisfies the conditions of Definition 2.4 (1) with (t) = Ce™¢ for some constants C,c > 0.

Proof. We restrict to the almost sure event where the convergence statements of Theorem 4.3 hold, and
where £(Cp, Crs1) N {]|6°]|3 < Cod} holds for all large n, d.

Consider first the statements for Cy(t,s). Applying ||0°]|3 < Cod and (137) of Lemma 4.8, for some
constants C, ¢ > 0,

limsup [d~" Tr Cy(t, s) — d_lPS(BO)T<0)‘ < Ce “ for all s < t/2. (143)

n,d— oo
By Theorem 4.3, lim,, 400 d~! Tr Cy(t, s) = Cy(t, s) for all t > s > 0. Then, for each s > 0 and t > 2s,

limsupd =Py (6°)7(0) < Cy(t,s) + Ce™, liminf d~1P,(8°) " (8) > Cy(t,s) — Ce .

n,d—00 n,d—oo
Taking ¢t — oo on the right side of both statements shows that for each s > 0, there exists a limit

Go(s) == lim d—lps(eo)T<o>:tlg&c@(t,s). (144)

n,d— oo
Next, (141) of Lemma 4.8 implies for some C, ¢ > 0,

limsup |d~'Ps(6°)T(0) —d~'|[(8)[|3] < Ce™* for all s > 0. (145)

n,d— oo
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Then
limsup dH ()8 < dols) +Ce, liminf d (0] > duls) — Ce.

n,d— oo n,d—oo

Taking s — oo on the right side of both statements shows that there exists a limit

(o) == Tim d Y (B) = lim Gy(s), (146)

Now consider Cg°(7) as defined in Lemma 4.7. Let —L = fooo adE, be the spectral decomposition of —L
as a positive, self-adjoint operator on L?(g) (c.f. [83, Theorem A.4.2]), where { E, }4>0 is a family of orthogonal
projections onto an increasing family of closed linear subspaces of L?(q). In particular, Eof = (f(0)) is the
projection onto the constant functions. For each 7 > 0 and all f, g € L?(q), we then have

ergo) - [ a1 (0) Eag(0)) (147)

understood as a Stieltjes integral with respect to the bounded-variation function a — (f(0)E,g(0)) (c.f. [83
Proposition 3.1.6(iii)]). The LSI on the event £(Cp, Crg1) implies a spectral gap, i.e. the spectrum of —L is
included in {0} U [1/Cys1,00). Thus, fixing any constant ¢ € (0,1/Cpgr), we have

d d
d ' TrCP(r) = Ze] )Pre;(0)) =d~ 12 €;j(0)Epe;(0)) +d~ 12/ e~ "d(e;(0)E.e;(0))
= j=1

ey / e d(e;(8) Eues (6)),
=17

the first equality applying (147), and the second equality applying 3 (e;(0)Eoe;(0)) = >_.(0;(0;)) = RCHE
Define (n,d, X, y)-dependent scalars cg 4,mg,q > 0 and a positive measure pg g on [¢,00) by

d e d
Coa=d O3 mpg=d 'S / A(e;(0)Bucs(8)), poa(S)=d 'S / d(e;(0)Eae; (0)),  (148)
j=1"7¢ j=1"9

noting that a — d—! E;.l:l(ej(O)Eaej(O)} is nondecreasing and hence defines a valid distribution function
for pg,q. Then

d ' Tr C°(1) = cpq + / e " ug,q(da), mg.q = Ho.a([t, 00)). (149)
Applying (149) with 7 =0,
co.q+mga=d *TrC0)=d '(0]3) <C. (150)

In particular, pg 4 is finite and uniformly bounded in total variation norm for all (n,d). We claim that
7+ d~1 Tr C§°(7) is uniformly equicontinuous over all (n,d): Observe that

d ' TrC°(r) —d ' Tr C3°(7')

= a7 o7 [P, — P)(0)))

“H10113) 2 - I[Py — Pr)(O)]3)"/*
“H1015)1 2 - (16 — P (0)][5)12. (151)

[84, Theorem I1.2.1] implies ||P;(x) — x||3 < C(1 + ||x||3)t for all ¢ € [0,1] and a constant C' > 0. This and
(121) imply that the right side of (151) is at most C’|7 — 7’| for a constant C’ > 0 and all |1 — 7/| < 1, so
7+ d~ ' Tr C3°(7) is uniformly equicontinuous as claimed. We note that for any M > 0, by the relation
(149), cp.a + po,a([0,M)) + e M ug a([M,00)) > d=1 Tr C3°(7). Then setting 7 = 1/M and rearranging
yields

(1 —e Muga([M,00)) < cpa+moa—d TrCP(1/M) =d ' TrCP(0) —d ' Tr C3°(1/M).
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So this uniform equicontinuity implies that the measures j4 ¢ are uniformly tight.

Then, there exists a subsequence {(ng,dx)}r>1 of (n,d) along which pg g = pg weakly, for some finite
positive measure jiy on [1,00). Recalling also that cg 4 = d~1(|(8)[|3 — citi(c0) as n,d — oo by the definition
(146), and setting

cg (1) = g (00) + / e (), (152)

this weak convergence applied to (149) implies limy o0 di ' Tr C3°(7) = c4fi(7). Combining this with the
convergence limy_ oo d,;l TrCy(s+7,s) = Cy(s + 7,5) by Theorem 4.3, for any s,7 > 0 we have

Co(s+7,8) — ciii(r )‘ < limsup |d;, ' TrCy(s + 7,8) — d;; ' Tr C°(1)| < Ce™, (153)

k—o0

where the last inequality holds by (116). Since Cy(t,s) is non-random, this implies that cf(7) is also
non-random for every T > 0, and thus also the measure py is non-random. This shows (30).

The statement (31) follows analogously: By arguments parallel to (144) and (146), applying Theorem
4.3 and (139) and (142) shows that there exist limits

Bs) = Tm L (XP.(6) ~y) T (X(6) ~y) = Jim Cy(t.s), (154)
(o) = lim X (0) ~ vl = Jim 2(5), (155)

Note that

)
T (e 12@ )Pri(6)) =~ IX(6) ~ yI3 + Z / A (0) Euai(0)).

Defining
) 1 <
= o7 X0 = YIE sn(S) = 13 [ A OB, s = pyalfio)). (156)
i=1

we have 5
Cpn + g =0 TG (0) = — (X0 — y|3) < C. (157)

ttl(

So along some subsequence {(nk,dk)}k>1, we have ¢, — ¢ )s tnn = iy weakly for a finite positive

measure /i, on [¢,00), and limg_, nj, " Tr C°(7) = ctfi(7) for the quantity

C%ti(T) c:,“(oo)—l—/ e Ty (da).

By an argument parallel to (153) using Theorem 4.3 and (118), this shows |C(s + 7, s) — ¢ifi(1)] < Ce™,
establishing (31).
Finally, for (32), observe that by Theorem 4.3, lim,, 40 d~1Ps(6°)T0* = Cy(s, ). Noting that

limsupd~"|(Ps(6°) — (0))70*| < limsupd || P.0° — (8)|2 - [|07]|2 < Ce**

n,d—oo n,d—oo

by (124), this implies the existence of the limit

co(*):= lim d~1(0)70* = lim Cy(s, *), (158)
n,d— oo s—00
which satisfies |Cy (s, *) — cg(x)] < Ce™. This shows (32). O

Lemma 4.10. Under Assumptions 2.1, 2.2(a), and 2.7(a), the DMFT system prescribed by Theorem 2.3(a)
satisfies the conditions of Definition 2.4(2) with e(t) = Ce™" for some constants C,c > 0.
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Proof. We again restrict to the almost sure event where the convergence statements of Theorem 4.3 hold,
and where £(Co, Crs1) N {[|6°]|5 < Cod} holds for all large n, d.
Consider first Ry(t,s). By (138) of Lemma 4.8 and the convergence Ry(t,s) = lim,, 400 d 'Ry(t, s) of
Theorem 4.3,
|Ro(t,s)| < Ce for all s < t/2. (159)

For s > t/2, note that the forms of (149) and (152) imply that both d~! Tr C°(7) and c{'(7) are convex
and differentiable in 7 > 0. Then, along the subsequence {(ny,dy)}r>1 of the preceding proof, the pointwise
convergence limg_, oo d,;l Tr C°(7) = ci¥i(7) implies also limg_ d,;laT Tr C° (1) = 0,clfi(7) for each 7 > 0
(c.f. [85, Theorem 25.7]). By the fluctuation-dissipation relation of Lemma 4.1 applied with A = B = ¢,
for each j = 1,...,d, we have 9, Tr C°(7) = — Tr Rg°(7). Then, defining r§"(7) = —0,c4'(r), this shows
limy o0 dj, ' Tt R(7) = 788i(7). Combining with limy_,eo dj, ' Tr Rg(s + 7,8) = Re(s + 7, s) from Theorem
4.3, for any s,7 > 0 we have that

|Ro(s +7,8) — rgti(7)| <limsup |d, ' TrRy(s + 7,8) — d, ' TrR°(7)| < Ce™ %,

k—o0

where the last inequality applies (117). In particular, for any ¢ > 0,

|Ro(t,s) — riti(t — s)| < Ce " for all s € [t/2,1]. (160)

Together, (159) and (160) imply (34). The statement (35) follows analogously, and we omit this for brevity.
[

Proof of Theorem 2.9. This follows from Lemmas 4.9 and 4.10. O

4.5 Limit MSE and free energy

We now show Corollary 2.10 on the asymptotic values of the mean-squared-errors and the free energy.

Proposition 4.11. Suppose Assumptions 2.1, 2.2(a), and 2.7(a) hold. Let YMSE, and the marginal like-
lihood P,(y | X) be as defined in Corollary 2.10. Let E[- | X] denote the ezpectation with respect to 0} “d G

and &; N(0,02) conditioning on X. Then almost surely,

lim d *logP,(y | X) —d 'E[logP,(y | X) | X] =0, lim YMSE, —E[YMSE, | X] =0. (161)

n,d—oo n,d—oo
Proof. We condition on X throughout, and restrict to the X-dependent event
{IIX]lop < Cp and (46) holds}.

Note that by assumption, this event holds a.s. for all large n,d and does not depend on 8*, e.
For the first statement, let us consider

d
* 1 *
Z(0*,e) = log/exp <_W”X0 +e—X0|3+ ;logg(ﬁj)>d0
(which coincides with log P;(y | X) up to an additive constant) as a function of (6%, ). Then

1 1
Vo-Z(0",¢) = X (X0 +e~X(0)),  VeZ(0",e) = ——(X0" + ¢~ X(6)).

Under Assumption 2.1, note that 8* and € have independent subgaussian entries, so there are constants
C4,c > 0 such that (c.f. [81, Eq. (3.1)])

P[J|6*]5 + [lell5 > C1d] < e~ (162)
When [|0*|3 + ||l€]|3 < Cid, we have the bound (||6]|3) < Cd from (106). Applying this and || X|op < Co,

IV 6+, 2(6",€)]121{]|6" |13 + llel3 < C1d} < LVd
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for a constant L > 0. Thus Z(8*,€) is Lv/d-Lipschitz on {||0*||3 + ||€]|3 < C1d}, so its Lipschitz extension

7(6%,¢) = inf Z(x) + LVd||x — (8*,¢)|2

xERIH:[x[3<Crd

is globally Lv/d-Lipschitz on R and Z(8*,¢) = Z(6*,€) over {||0*||3 + |l€]|3 < C1d}. Under Assumption
2.1, the joint distribution of (6*, €) satisfies a log-Sobolev inequality by tensorization, implying the Lipschitz
concentration

P Z(0*,¢) — E[Z(0%, &) | X]| > td | X] < 2¢+ %/ (L7, (163)

We may bound
[EIZ(6%,€) | X] ~E[Z(6",¢) | X]|
< E[1{6°13 + el = Cra} (12(6%,¢)| +12(6"€)]) | X]
< PlI0"[3+ lell3 = Crd | X]Y2((EIZ(6%, &) | XI)/2 + (E[Z(6",€) | X])'/?)
Applying the upper bound Z(0* &) < logfexp(X:j:1 log g(6;))d@ = 0, Jensen’s inequality lower bound

Z(0%,€) > Eg[— 525 || X0* + & — X0]3] where Eg[] is the expectation over 6; g, and |Z(6%,¢) — Z(0)| =
|2(6%,€) — Z(0)| < LVd(||63 + |lel|3)"/?, we obtain

IE[Z(6%,¢) | X] — E[Z(6",¢) | X]| <B[|6°]3+ |le]l3 > C1d | X]'/*- Cd < =
for all large n, d, the last inequality applying (162). Thus (163) and (162) imply
P|Z(6%,e) — E[Z(8%,e) | X]| > td + e =<4 | X] < 2e~1" U/ (L") 4 oed,

implying the first statement of (161) by the Borel-Cantelli lemma.
For the second statement, let us write

nYMSE, (0%, ¢€) = |X0* + ¢ — X(0)||3

viewed also as a function of (6*,&). Writing ka(-) for the covariance associated to the posterior mean (-},
differentiating in (8*,€) gives, for any unit vectors u € R? and v € R",

uT Vo. [n YMSE,] = 2(X6° + ¢ — X(6)) Xu — 2 (GTXTXm (X0 + ¢ — X<9>)Txa),
g
VTV [n YMSE,] = 2(X6° + &~ X(6))Tv — (07XTv,(X0" + &~ X(0))TX0).
g

The Poincaré inequality implied by the assumed LSI for P,(6 | X,y) shows, for any vector x € RY,
re(x'0,u' @) < C|x||2.

On the event {]|0*||3 + ||e]|3 < C1d}, applying this Poincaré bound, Cauchy-Schwarz for r2(-), and | X||op <
Cy and (||@]|2) < Cd from (106), we obtain |u' Vg-[n YMSE,]| < CVd and |v'V.[n YMSE,]| < CVd for
any unit vectors u, v, and hence

IVe- eln YMSE.][21{]|6" |3 + |le|l3 < C1d} < LVd

for some constant L > 0. So n YMSE, is Lv/d-Lipschitz in (8*, ) on {||@*||3 + |l€||? < C1d}. For any (6*, ¢),
we also have the bound |n YMSE, (8*,¢)| < C(||6*]13 + |l€]|2)"/? by (106), so the second statement of (161)
follows from the same Lipschitz extension and concentration argument as above. O

Proof of Corollary 2.10(a). We restrict to the almost sure event where £(Cy, Crsr) holds for all large n,d.
Observe that by (148) and (150),

MSE = d {16 — (8)[3) = d~" ({16113 — I116)13) = ma = prallt, ),
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80 limy, g—y00 MSE = pg([,00)) = ¢i¥(0) — cffi(c0) by (152). Also
MSE. =d~"[[6" — ()] = ™" (||67[I3 — 2(6) " 6" + [|(8)3),

50 lim,, 4,00 MSE, = E[0*%] — 2¢4(%) + ctti(c0) by Assumption 2.1 and the definitions (146) and (158). Thus
MSE — mse and MSE, — mse, for the quantities mse, mse, defined in (42).
Similarly
YMSE = n~'(| X0 — X(0)[I3) = n~" ({|IX6 — y|3) - [X(8) — ¥l3).

Then by (156) and (157), lim,, 400 n™ 1| X(0) —y||3 = %cﬁ,ti(oo) and YMSE = %Mn,n([% )) — %4(057“(0)—
tti

c(00)) = ymse as defined in (42). For YMSE,, writing E[- | X] for the expectation over (6*,¢) as in

n

Proposition 4.11, observe first that
n”'E[|X(0) — y|3 | X] = n'E[|X(6) - X6*|3 | X] - 2n" 'E[e" (X(0) — X6") + 07 | X],
and Gaussian integration-by-parts gives

EleT(X(6) - X07) | X] = E[e X (6) | X] = E[{|X0 - X67[3) | X] — E[|X(8) - X6"[3 | X]
— E[(IX6 - X(6)[3) | X] = nE[YMSE | X].

Thus
E[YMSE, | X] = n 'E[|X(0) — X0*||3 | X] = n 'E[||X(8) — y||3 | X] + 2E[YMSE | X] —0?.  (164)

We remark that n=!|X(0) — y||3 and YMSE are bounded for all large n,d on the event &(Co,Crs1), by
the bound for (||@]|3) < C from (106). Thus, applying YMSE — ymse and n~!||X(0) — y||3 — %4051“(00)
as argued above and dominated convergence, the right side of (164) converges to ymse, = %4(2051“(0) —
c¥i(00)) —0? as defined in (42). Then the concentration of YMSE, established in Proposition 4.11 combined
with (164) show lim,, 4-,.c YMSE, = ymse,.

To show the last statement (48), conditional on X,6* & and averaging over the initial condition 6° ~
qo = g?d, let ¢; be the conditional law of 8. Consider a coupling of a posterior sample 8 ~ g with 8% ~ ¢;
such that (||@® — 0]3) = Wa(q, q)?, where (-) denotes the expectation under this coupling and W(-) is the
Wasserstein-2 distance, both conditional on X, 8*,e. For a given realization of (6,0) from this coupling,

considering the coordinatewise coupling of é 2?21 6(9;’9;) with é 2?21 6(9;79].) shows

1< i 1 1
Wa | 2D 00005 Owsen | =52 (05— 05)" = Sl16" = 013,
Then
1< 1< N\ 1
<W2 (d ZfS(e;,e;)v y 25(9;@-) > < (116" = 613) = =Wa(ar, 0)”.

Applying Lemmas 4.4 and 4.6, Wa(qs,q)? < Ce=“({||0]|3) + (||6°||2)) < C’de=°* on the event &£(Cy, Crsi),
for some constants C,C’, ¢ > 0. So on this event,

d d 2
_ 1 1 .
lim sup <W2 <d E (5(9}‘70;)7 E E 1 5(9;7‘%')) > S Cle t. (165)
i=1 i=

n,d— oo

Now by Theorem 2.3(a), for each fixed ¢ > 0, almost surely with respect to the randomness of both
X, 0%, e and 0°, {b'},>( defining {6'};>0, we have

n,d— oo

d 2
. 1 Z .
lim WQ <d p 5(9;79;)7 P(9 s Qt)> =0 (166)
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where P(0*, 0%) here is the law of (6*,0") in the DMFT system. To take an expectation over the randomness
of 8° and {b’};>0, note that from the definition (103), we have

t t
6t :00+/ Vo log q(8°)ds + v2b? :00+/ [%XT(y—XBS)—F(Iogg)’(HS) ds +v2b',
0 0

where (logg)’ is applied entrywise. Then on £(Cy,Crsi), by the Lipschitz continuity of (logg)’(6), this
implies for a constant C' > 0 that

t
d=12|10 ||, g/ Cd=2)16°|2ds + Ct 4+ d=/2]|0°|2 + V2d~ /2 ||bt ..
0

Then for any T' > 0, Gronwall’s inequality gives, for a constant C' > 0,

sup d~'/2(|0" |, <C’eCT(T+d 1721160y + d=1/? sup ||bt\|2> (167)
t€[0,T) t€[0,T

For any p > 1, applying

sup d |bl3) < sup d~! |bt|2p<d ! sup |bt|2p
<te[0,T] ) te[0,T] Z Z te[0,T)

and Doob’s LP-maximal inequality, we have that ((sup,co 7 d~Y|bt||2)P) is bounded by a (T, p)-dependent
constant. Similarly ((d=!||8°||2)P) is bounded by a (T, p)-dependent constant, so

(s a0'13)") <

t€[0,T]

for a constant Crj, > 0, where (-) averages over 8° and {b'};>o. Since Wa(} Z?:l 5(9;793),P(0*,0t))2
C(d=1)|0*(13 + d=1||0%||3 + E(0*)? + E(6)?), this implies on the event £(Cp, CLs1) that

2p
< sup WQ( Zé(g* o), P(0" Ht)) ><C’T7p (168)

te0,T]

for a different constant C’T!p > 0. In particular, for any fixed ¢t > 0 and p > 1, the squared Wasserstein-2
distance in (166) is uniformly bounded in L? and hence uniformly integrable with respect to (-) for all large
n, d, so dominated convergence implies, almost surely,

n’g§m< ( Zag* G 9f)> >=o. (169)

Combining (165) and (169) shows that for any fixed ¢ > 0, almost surely,

d 2
. 1 —cC *
lim sup <VV2 <d 26(0}93')7 Pg*,w*;g,w> > < C(e "+ Wa(P(67,07), Pg*,w*;g,w)2)-
j=1

n,d— oo

By Theorem 2.5, we have
tlim Wa(P(6%,6"), Py w.igw) =0

so taking the limit ¢ — oo shows (48). O

To show Corollary 2.10(b) on the asymptotic free energy, we will apply an I-MMSE argument, together
with the following proposition which guarantees continuity of mse, mse, in the noise variance ¢2. In the
later proof of Theorem 2.13, we will require also continuity in the prior parameter «; thus we establish both
statements here.
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Lemma 4.12. Suppose Assumptions 2.1 and 2.2(b) hold. Fix any open subset O C RE and suppose also
that Assumption 2.7 holds for each g € {g(-, @) : a € O}, where the constant Crg1 > 0 is uniform over a € O.
Consider any noise variance 6> > o2, and define mse(62,a), mse, (52, ) by (42) via the (approzimately-
TTI) DMFT limit of the Langevin dynamics (7) with a fized prior g(-, ) in the linear model (4) with noise
variance 2.

Then over any compact interval I C [0?,00) and compact subset S C O, mse(&

Lipschitz functions of (6%,«) € I x S.

2 2

,), mse, (64, ) are

Proof. Consider noise/prior parameters (s%,a) and (5%,&), where 2,52 > o2. Let us couple the linear

models with noise variances s and 32 by y = X6* + sz and y = X0* + 3z, where z ~ N(0,I). Fixing

X, 0%, z, let us denote
d

1 x
U(0) = —551X0" + sz — X603 + > logg(0;,a)
j=1

so that ¢(8) o< eV is the posterior law given (X,y) under parameters (s2, ). Denote similarly U(8) with

(32,a) in place of (52, ), and G(0) () as the posterior law given (X,y). We condition on X, 8* z and
restrict to the event

£'(Co, Crst) = {|Xllop < Co, [07]13, l2ll5 < Cod, (46) holds for both q and g},

which by assumption holds a.s. for all large n,d. We first derive a bound on the Wasserstein-2 distance
between ¢ and ¢, conditional on X, 6%, z.

Let {6'};>0 be the Langevin diffusion (103) with fixed prior ¢(-,«) and stationary distribution ¢(8),
initialized as 8 ~ go where go has finite second moment and finite entropy. Let us write (f(8!)) for the
expectation over 8° and {b'};>( defining (103), conditional on X, 6*,z. We apply the following argument
of [86] to bound the KL-divergence Dkr,(¢:]|§) conditional on X, 8*, z: Differentiating this KL-divergence in
time,

d o d i
g Dxelald) = a/qt(bg% —logq)
_ d . q ¢ d B d - -
*/<a‘h>(10g‘1t IOgQ)‘F/E(&%) */(a(h)(log% U+logZ).
=0

The law of 8% conditional on X, 8*,z admits a density ¢; which is described by the Fokker-Planck equation

4 = V- [a:V(logg: = U)]

t

with initial condition ¢¢|;—o = qo. Then, applying this Fokker-Planck equation and integrating by parts, we
obtain

d -
G Drulaeld =~ [ 4V (oga ~ U) V(log g, - 0)

__ / ¢ |V (log g — 0|2 — / V(0 - U) V(logq - )

< -(1/2) / ¢ |V (log g, — )3 + (1/2) / W[V (T - )3

the last step applying Cauchy-Schwarz for the second term. By the LSI for ¢, the first term (the relative
Fisher information) is lower bounded as

/qt IV(logg: — U)|3 = /Qt HVlog %HZ 2 ZCILSI

Dkr(q:]1q)-

Thus d 1 1
dp A< __ 1 p L gty 12Y
T kL(q:]|q) < 1Crs kL (q:]|q) + 5 ([IVU(0") —VU(6)3)

=A(t)

o1



Integrating this inequality shows, for some constants C,c > 0 depending only on Crg; and for any 7' > 0,

Dic(ar ) < O sup. A+~ DiwlaolD). (170)
€10,

We now specialize (170) to the initialization ¢o = ¢, and bound A(t). We have
2 d

At) < < + Z (ae log g(0", @) — 9y log g(6, @))2>.

Let C,C’,C" > 0 be constants depending on the compact sets S, I of the lemma statement and changing
from instance to instance. For o, & € S and 52,3 € I,

1 1y
=X (X0 + sz — X6") — = X T (X0* + 5z — X0

2

\3_2 — §_2| < 0\52 — §2|, |s_1 — ~_1| < C’|52 — 52\, |00 log g(0; ) — D log g(0; &)| < Clla — @2,

the last inequality holding by Assumption 2.2(b). Thus
Aft) < C[lellﬁp(lle*ﬂg +(16°]13)) + ||X||c2>pHZH§} (s* = 3°)% + Cd||a — @3-

On the event &£'(Cp,CLs1), we have {(||0%]|3) < C((||6°||3) + d) by (121), and (||@°||3) < Cd under the
initialization gy = ¢ which holds also by (121). Applying these bounds together with ||X]|,, < C, [|0*]|3 < C4d,
and ||z||3 < Cd by definition of £'(Cy, CLs1), we have

sup A(t) < C'd(s? — )% + C'd|la — &||2.
p () 2

>0

Applying this and gy = ¢ to (170), we have on the event £'(Cy, Crsr) that
sup Dt (¢:9) < Cd(s* - 5°)° + Cdl|a — a 3.
>0

By lower-semicontinuity of KL-divergence and the Th-transportation inequality for ¢ implied by the LSI
(c.f. [83, Theorem 9.6.1]),

Wa(q,4)? < CDxw(q|q) < C’hmmeKL(thq) < C'd(s* — 5% + C'd||a — al|3. (171)

This gives our desired bound on the Wasserstein-2 distance between g and ¢.
Now let (f(0)), and (f(6)); be the posterior expectations under ¢ (given y) and ¢ (given y). Then by
Jensen’s inequality,

1(6)q — (@)ll2 < Wal(q,q).
Applying |[|x]|3 = ||y /3] < [lx — ¥ll2 - [|x + y]||2 and Cauchy-Schwarz, also

{10113)g — (l113)g] < Wa(q,q \/2 (116113)q +2(/16113)¢ < CVdW2(q,)

where the last inequality applies {||0]2), < (H0||§>é/2 < CVd on £(Cy, Crst) by (121), and similarly for .
Then, denoting by MSE(s?, ) and MSE(32, &) the values of MSE as defined in Corollary 2.10 under ¢ and
G, we have

| MSE(s*, @) — MSE(5%,&)| = [d™*(|0 — (8)4l13)q — d™ (/10 — (8)4]l3)q]
< dH[([10112)q — (10112)a] + a7 [1(8)qll3 — 1{B)qll3|
ClW? (q7 (j) .2 =2 " ~
< ———2 <08 =&+ CO7|a — al|s.
< | | | 2
Similarly
| MSE. (s%, a) — MSE. (5%,a)| = [d7"(|0" — (8)4[l5 — d (10" — (8)4]l3|
<2d710%[12[1(6)q — (8)qll2 +dH[[1(B)qll5 — [1(8)4ll3]
C'Wy (Qa ‘j) o2 =2 " ~
< ——— < 0"s* =&+ C|a—al|s.
< | | | 2
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Since &£'(Cy, CLsr) holds a.s. for all large n, d, and Corollary 2.10(a) already proven shows lim,, 4—0c MSE =
mse and lim,, 4—00 MSE, = mse, a.s. at both (s, ) and (5%, &), this implies

2

| mse(s=, 2

@) —mse(3?, &), | mse.(s?, a) — mse, (5%, @)| < Ols* — 3| + Ol — a2,

2

so mse(s?, ) and mse, (s2, a) are locally Lipschitz as desired. O

Proof of Corollary 2.10(b). We apply Corollary 2.10(a) and an I-MMSE relation for mismatched Gaussian
channels. Write E[- | X] for the expectation over (6*,e) conditional on X as in Proposition 4.11. Let

0*
I(y,0") =E logP(y(| ‘ X] —EllogP,. (y | X) | X] — %(1 + log 27m0?)

be the signal-observation mutual information in the linear model (4) conditional on X, where P(y | 8*,X)
is the Gaussian likelihood of y and Py, (y | X) is the marginal likelihood (6) under the true prior g,. Then

Ellog Py (y | X) | X] = — Dxw(Py. (y | X)IIP,(y | X)) +Ellog P,. (v | X) | X]
= —Diw(Py. (v | X)[Py(y | X)) = 1(y,87) = 5 (1 +log 2m0?) (172)

where here and throughout the proof, Dky,(-) denotes the KL-divergence also conditional on X.
Let us denote the inverse noise variance by s~! = ¢2 and write

E(s,g) = E[YMSE, | X] = n'E[|X(8) — X6*|? | X] (173)

for the expected YMSE, in the linear model (4) with assumed prior g and noise variance s~1. We clarify
that this means (-) in (173) is the posterior average under the law

d
S
Py(8 | X,y) x exp |~y — X3+ 3 log g(6)
2

Jj=1

and E[- | X] is the expectation over (6* &) where € also has variance s~!. We write also I[s], Dky[s]
for the above quantities I(y,0*) and Dk, (P, (y | X)||P,(y | X)) in this model with noise variance s—*
Then [87, Theorem 2] and [88, Eq. (24)] show the I-MMSE relations

E(E(&g) - E(Sag*))'

n d
= *E(S,Q*% EDKL[S] = 2

2 Il =
ds 5] 2
For any fixed n,d and X, in the limit s — 0, it is direct to check that I[s] — 0 and Dky[s] — 0. Thus, for
I(y,0%) = Ilo—2] and Dk, (P,. (y | X)||P4(y | X)) = Dkr.[0~?] in the original model with noise variance o2,
integrating these I-MMSE relations shows

Dkt (Py. (v | X)[IP, (v | X)) + I(y.07) = = / Bl ) (174)

Assumption 2.7(b) ensures that the posterior LSI (46) holds a.s. in the model with any noise variance s~! €
[02,00). Then applying Corollary 2.10(a) already shown and the concentration of YMSE, in Proposition
4.11, we have E(s,g) — ymse,(s, g) a.s. for each s~ € (6%, 00), where ymse, (s, g) is defined by (42) via the
DMFT limit of the Langevin dynamics (7) with fixed prior g(-) in the linear model with noise variance s~!.
To apply dominated convergence, we note that on the event || X||op, < Co, by the extension (110) of (106), we
have E(s,g) < C for a constant C' > 0 uniformly over all s € [0,07?] and all n,d. Then, since ||X|op, < Co
holds a.s. for all large n,d, taking the limit n,d — oo and applying the bounded convergence theorem to
(174) shows that almost surely,
—2

0

- / ymse, (s, g)ds. (175)
0

L (Dye (P (v | X) P, (v | X))+ 1(7.67) = 2

n,d— oo d
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Let us now fix the assumed prior ¢(-), write ymse, (s) = ymse, (s, g), and let (mse(s), mse.(s),w(s),w«(s))
denote the fixed points (43) corresponding to ymse,(s). Recall the marginal density P, (y) of the scalar
channel model (39), and define

1 27 0s w W/ w
flw,ws,s) = —Eg, . logPg.(y) — 3 (26 + log o élog " +(1- 6)07* + g(w—* - 2)) (176)
_Ygge _ e Ve I Lo sl0e 2 W wiw
= 2E9 Elog/exp <w9(9 +w. '72) 29 )g(ﬁ)d@ 5 (2(5 0 log o o + S <w* 2))
=1 =11

Here, the expectations in the second line are over 6* ~ g, and z ~ A(0,1), and we have applied the explicit
form of Py (y) and evaluated E,, ., under the true model y = 6* + wy %2 with some some algebraic

simplification. We now claim that

g/os ymse, (t)dt = f(w(s),w«(s),s) (177)

for all s € (0,072). To show this, it suffices to check lim,_,o f(w(s), w(s),s) = 0 and = f(w(s),w.(s), s) =
%ymse*(s), which we may do as follows:

e Let MSE(s), MSE,(s) denote the values of MSE, MSE, in a linear model with noise variance s~*. On
the event || X||op < Co, the bound (110) implies that MSE(s), MSE.(s) < C(1+s|y||3/d) for a constant
C > 0 (independent of s) and for all s~ € (02, 00). Taking the almost sure limit as n,d — oo shows
that mse(s), mse.(s) < C. In particular, in the limit s — 0, we have that mse(s), mse,(s) remain
bounded, so w(s),wx(s) ~ ds by the fixed point relation (43). Then w(s) = 0, w.(s) = 0, w(s)/s — 4,
and w(s)/w«(s) = 1 as s — 0. Applying this to (176) shows

iig(l) fw(s),ws(s),s) =0.

e Differentiating the term I of (176) in w,w, and applying Gaussian integration-by-parts with respect to
2z ~ N(0,1), we may check that

O] = %]E((H* —0))gw — w%E((G —(0)g.w)*) g
0T = 55 B((0 = (0)g)") g

Then at the fixed points (w,w.) = (w(s),ws(s)), we have

1
aw”(w,w*):(w(s),w*(s)) = i(mse(s) + mse*(s)) -

a1

() =) () = 305 7573 mse(s).

Applying mse(s) = §/w(s) —o? and mse,(s) = §/w.(s) —o? by (43) and comparing with the derivatives
of the second term II of (176), this verifies

0w f(w(s),ws(s),s) =0, O, [(w(s),ws(s),s) =0. (178)
7w*(8))7

Furthermore, direct calculation shows that at (w,w.) = (w(s

)
§o?  w(s)o? ( w(s)

)
8Sf(w(s),w*(s),8) =—+ W*(S) - 2) = 7ymse*(s)7

2 2 2

the second equality using (44). Lemma 4.12 implies that mse(s), mse.(s),w(s),w«(s) are locally Lips-
chitz, and hence absolutely continuous, over s € (0,072). Then also s — f(w(s),w«(s), s) is absolutely
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continuous, and we may differentiate by the chain rule to get

%f(w(S),w*(S), 5) = 0 f(w(s),wi(s),5) - W'(5) + D, f(W(3), wa(s), 8) - wWi(5) + O f (w(5), wa(5), 5)

= 0. f((s), wa(5), ) = 3 ymse, (s).

Combining the above arguments verifies the claim (177).
Applying (175) and (177) to (172) and writing (w,ws) = (w(072),ws(072)) for the fixed points at the
original noise variance o2, this shows

lim d 'E[logP,(y | X) | X] = — f(w,ws, 07 2) — g(l + log 27c?).

n,d— oo

Applying concentration of d~*log P, (y | X) with respect to E[- | X] which is established in Propostion 4.11,
and substituting the form of f in (176), this shows Corollary 2.10(Db). O

5 Analysis of empirical Bayes Langevin dynamics

In this section, we prove Theorem 2.13 on the adaptive empirical Bayes dynamics with time-varying prior
parameter &, and discuss further the examples of Section 2.4.2.

5.1 General analysis under uniform LSI

We introduce a few notational shorthands: Conditional on X, 0% €, let

4a(0) = Py(.0)(0 [ X,y)

be the posterior law under the prior parameter a. We write (-),, for its posterior expectation. For 6 € R?,
define

d
Po==-> 00;0,)  Pa=(Po)a (179)
j=1

ISHE

Thus P, is a (X, 8%, ¢)-dependent joint law over variables (6*,6) which satisfies

1< 1<
B0, 000 = 3 65,0000 = 33 [ 165,60 (0)06. (180)
J=1 j=1

We write 0 ~ P, as shorthand for the #-marginal of (6*,6) ~ P,,.

We note that under Assumptions 2.2(b) and 2.11, all constants in (105) are uniform over g € {g(-, @) :
a € O} for the bounded domain O of Assumption 2.11, where a uniform bound for |log ¢(0, )| follows from
|log g(0, )| < |logg(0,0)| + ||[Va(logg(0,0))|2 - |a]l2 + Clla|3 as implied by (19) of Assumption 2.2(b).
Hence the bounds of Section 4.2 hold uniformly over o € O. In particular, from (106),

Stelg<||9||§>a <Cd+|lyl3) (181)

on an event {||X|lop < Co} that holds a.s. for all large n, d.
We first prove Lemma 2.12 on the derivatives of F, F' and uniform convergence of F', VF over S C O.

Proof of Lemma 2.12. For (a), differentiating

- 1 1 \n/2 1 d
Fla) =~ 305 [ (5m03)" e (= 5o lly ~ Xl + 3 log(6;.) )0

j=1
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and applying the property (180), we have

d
1
= Z (Valog g(0j,a))a = —Egp, Valogg(d, ). (182)
For the form of VF(«a), define analogously to (176)

1 27 0 w w
J (@02, 0) = ~Eg. . 108 Py o(8) — (26 +log = — dlog — + (1= 8) - +wo?( - 2)) (183)

Wi Wi

where the dependence on « is in Pgy(. o), (y). For any o € O, let w(a),w.(a) be the fixed points w, w.
defined by (42) via the DMFT system for the dynamics (7) with fixed prior ¢ = g(-,«). (This DMFT
system is approximately-TTI for each o € O by Assumption 2.11 and Theorem 2.9, hence w(a),w.(a) are
well-defined.) Then

]
Fla) = fw(a),ws(a),a) + 5(1 + log 2ma?). (184)
By the same calculations as (178), at the fixed points (w(«@),ws(a)), we have 9, f(w(a),ws(a),a) = 0 and

Ow, f(w(a),w(a),a) = 0. By Lemma 4.12, w(«), ws () are locally Lipschitz and hence absolutely continuous
over a € 0. Then F(«) is also absolutely continuous over « € O, and differentiating by the chain rule gives

VF(a)= Vaf(w,w*,a)}

(w,wi)=(w(@),wa(a))

= *voz |:]Eg*,w* IOg Pg(‘,a),w (y):|

(w,ws)=(w(a),w(a))
w\1/2 w 9
=—-V, []Eg*’w* log/ (%) exp (_5(?/ —6)° +logg(b, a))d@}

(w,wi)=(w(@),wa(a))

By definition P, is the joint law of (*,0) under the generative process where (6*,y) are drawn from the Gaus-
sian convolution model defining this expectation Egy, .,,, and where 6 ~ P, o)., (6 | y). Hence, evaluating
V. above gives

VF(a)=—-Egp, Valogg(d, a).

For (b), let S C O be any compact subset of the domain O in Assumption 2.11, and let @ be a countable
dense subset of O. Define

E(Co, CLst) = {[IX]lop < Co, (46) holds for g, (0) = Py(. 4)(0 | X,y) for every a € O}.

Assumptions 2.1 and 2.11 ensure for some Cp, Crg; > 0 that £(Cp, Crgr) holds a.s. for all large n, d, where
this event depends only on X and not on 8*, &

We restrict to the almost-sure event where the convergence statements of Corollary 2.10 and Proposition
4.11 hold for every « € @, and where £(Cy, Crgr) holds for all large n,d. Note that Corollary 2.10 shows
F(a) — F(a) for cach o € Q. To strengthen this to uniform convergence over S, note that Assumption
2.2(b) implies 99V, log ¢g(0, o) is uniformly bounded over (6,«) € R x S, so

IValogg(0,a)lla < [[Valogg(0, )2 + C16].

Then, since V,, log g(0, @) is bounded over o € S by compactness of S, and sup,c5(||0]3)a < Cd by (181),
we have

d
1
sup [Eyp,, Valog g(8; )2 < sup 32 IValog g(8;,)|2)a

d
< sup [Valogg(0, )2 + %Z (10;1)a < C". (185)
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This shows VF () is bounded over any compact subset S C O. Then for any compact S C O, the functions
F\(a) for all n,d are equicontinuous in a neighborhood of each point @ € S, and hence are uniformly
equicontinuous over S since a finite number of such neighborhoods cover S. Then by Arzela-Ascoli, the
convergence F(a) — F(«) for each o € @ implies uniform convergence over a € S.

~ We next show the pointwise convergence VF(a) = VF(a) for each o € Q. Recalling our definition of
Pg in (179), and applying Jensen’s inequality and the convexity Wa(AP + (1 —A)P’, Q)% < AW, (P, Q)% + (1 —
MW (P’,Q)? of the squared Wasserstein-2 distance,

W2(|5a7 Pa)2 S <W2(|50» Pa)2>a-

For each o € Q, the right side converges to 0 as n,d — oo by the statement (48) of Corollary 2.10(a).
Thus limy, g—00 W2(Pa, Pa) = 0. Assumption 2.2(b) ensures that V,logg(6, ) is Lipschitz in 6, so this
Wasserstein-2 convergence implies

lim VF(a) = lim Egp, Valogg(d,a) =Eg.p,Valogg(d,a) = VF(a)

n,d—oo n,d—oo

for each a € @), as claimed.
To extend this to uniform convergence over any compact subset S C O, we differentiate (182) a second
time. Writing Var,, Cov,, for the variance and covariance under (),

d d
~ 1 1
V2F(a) = _d< E v2 logg(ﬁj,a)> 3 Covg [ g Va 1ogg(9j,a)]. (186)
j=1 a j=1

The first term is uniformly bounded over « € S, by the same argument as showing boundedness of VF (@)
above. For the second term, on the event £(Cy, Cpsy), for every unit vector v € R and o € S,

d d

Var,, [Z vV, log g(6, a)] < (CLSI/2)< Z (UTE)QVQ log g(6;, a)>2>

i=1 j=1 o
by the Poincaré inequality for g, implied by its LSI. Since 99V, log g(8, @) is bounded over « € S, the second
term of (186) is also bounded on &(Cp, Crs1). Thus V2F(a) is uniformly bounded over o € S for all large
n,d. This implies as above that for any compact S C O, the functions VEF («) for all large n, d are uniformly
equicontinuous on S, so VF(a) — VF(a) uniformly over a € S. This shows part (b).

For part (c), note that if g* = g(-, a*), then

E[F(a) | X] = E[F(a*) | X] = d"' DL(Py(.an)(y | X)IIPy(.a) (¥ | X)) >0,

~

where here Dk, (+) is the KL-divergence conditional on X. Thus o* is a minimizer of o — E[F(«) | X] over
RE. Applying the convergence F(a) — E[F(a) | X] — 0 for each a € ) from Proposition 4.11, we have also
E[F(«) | X] = F(a) for each a € Q. Note that

VoE[F(a) | X] = ~E[Eg.p, Valogg(0,0) | X],
and that sup,cs E[{([10]13)a | X] < E[sup,cs{(|0]13)a | X] < Cd on (Co, Csr), by (181). Then the argument

(185) shows also that V,E[F(«) | X] is uniformly bounded and equicontinuous over « € S, hence

lim sup [E[F(a) | X] — F(a)| = 0.

n,d—00 oS

Since a* is a minimizer of E[F(a) | X], this implies that F(a) > F(a*) for every a € S. Since this holds for
every compact subset S C O, this shows part (c). O

We proceed to prove Theorem 2.13. Let {6%,a"};>( be the solution of the adaptive Langevin equations (9—
10). Let {a'};>0 be the (deterministic) a-component of the DMFT limit of {a@'};>o prescribed by Theorem
2.3(b), and consider the SDE

d
- 1 - -
t_ 7. t)2 t ot t
46! = v, (202 ly — X6"(I3 + ) log g(6!, ))dt+ﬁdb (187)

Jj=1
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which replaces a* by af. We couple {8"};50 to {8%, @'}/ via the same initial conditions 8° = 8° and a° of
Assumption 2.1, and via the same Brownian motion {b’};>.

We write ¢; for the density of 6! conditional on X, 0%, e and averaging over éo’ where gy = gggd is the
initial density of §° = @°. In parallel to (179), we denote

d
_ 1 _
Pét, = E E 5(9;’5;)» P; = <Pét> (188)
j=1

where (-) is the average with respect to 8% ~ ¢, i.e. the average over 8° and {b'},>o. We write §* ~ P, for
the #*-marginal of a sample (6%, 0%) ~ P;.

Lemma 5.1. Under Assumptions 2.1 and 2.2(b), there exists a unique solution {0'}+>¢ to (187). Letting
q: be the above conditional density of 0%, and letting V (q, ) be the Gibbs free energy (13), almost surely

d
limsup sup — (V(qt7at) + R(at)> <0. (189)
n,d—oo tefo,7] At
Proof. Fixing Cy > 0 large enough, let
£(Co) = {IIXllop < Co, 67113, ll€ll3 < Cod}.

We restrict to the event where the almost-sure convergence statements of Theorem 2.3(b) hold and where
E(Cp) holds for all large n, d.

Since {a'};>0 is continuous, for each T' > 0, there exists a compact ball St for which af € Sy for all
t € [0,7]. By Assumption 2.2(b), (6, ) — 9plog g(0, @) restricted to ac € St is Lipschitz. Then the drift of
(187) is Lipschitz over each time horizon [0, T, so (187) admits a unique solution {ét}te[o,ﬂ (c.f. [84, Theorem
I1.1.2]) over t € [0,T] for every T > 0, and hence also over all ¢ > 0. We note that
g(0~t -0 = iXTX(Bt -0+ [89 log g(6%, ) — 9y log g(0%,a") ’ .
dt o2 J J j=1
Applying again the Lipschitz property of (6,a) — 9glogg(f, ) over o € Sy and the bound ||X|op < Co,
there is a constant C' > 0 depending on Cy, T such that

1 d = C
=St -en| <=
i )< v

Since sup;e(o 7y la* — @'[l2 — 0 by Theorem 2.3(b), a Gronwall argument implies

. 1
lim sup —

n,d—00 1[0, T] Vd
By the DMFT equation (27), the evolution of a! is given by

16 — 8'||2 + Clla* —a"|l2.

16° — 6|2 = 0. (190)

d
&at =Egtp(o)Valogg(',a') — VR(a') (191)
where P(#") is the law of the DMFT variable 6. The law ¢, of 8" satisfies the Fokker-Planck equation
d - - 1 - d _ _
§00) = 5+ [0(@95 gally X013 - 3 togg(0y.0) + 1020 (0)) | (192

j=1
Then, using (191) and (192) to differentiate V (g, at) + R(at),

2
(0)d6  (193)

2

d
e ot ey — 2 Tlo (L xae ;
5 (Ve + @) == [ o (ghally - X613 = 3 toza(ds.a") + oz a(6))

Jj=1

=FI;

t t t T 1 d n t 0 0 t
~ (Epnp(o)Valogg(6',a") = VE(@") ([ 2D Valogg(ds,a")a:(0)dd — VR(a")).
j=1
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Here, the first term FI; (the relative Fisher information) arises from differentiation in ¢; and integration-by-
parts in 8, while the second term arises from differentiation in a’. Recalling the notation (188),

d
1 - . -
/ p Z Vo logg(8;,a")q:(0)d0 = Eg:p,Va log g(0", ")
j=1
so we may write the above as

S (oo )+ R(a"))

~ 2
== Lpr, - H]Eé,wﬁtva log g(6", ) — vR(at)H

(194)
~ T ~
+ (Eétwptva log (6", @) — Egp(or) Va log g(6", at)) (Eémptva log g(6",a*) — VR(ozt)) .
=Ny
By the convexity Wa(AP + (1 — A)P’, Q)2 < AW (P, Q)% + (1 — \)W2(P’,Q)? and Jensen’s inequality,
sup Wa (P, P(0%,0)* < sup (Wa(Pg,, P(6",6")%) < ( sup Wa(Pg.,P(6%,61)*),  (195)

te[0,7T) te[0,7T) te[0,T]

where (-) is the average over 8" ~ ¢,, and P(6*,0") is the joint law of the DMFT variables (6*,6"). By
Theorem 2.3(b) and (190), for any fixed T > 0 we have

sup Wo(Pg.,P(6%,0"))* < sup 2Wa(Pg:,Pe:)? 4+ 2Ws(Pg:, P(6*,60"))* — 0 (196)
t€[0,T] t€[0,7]

almost surely as n,d — co. The same arguments as leading to (168) show that sup,cjo 7 Wa(Pg:, P(6%,0%))?
is uniformly integrable with respect to (-) for all large n,d. Then applying (196) and dominated convergence
to bound the right side of (195), we get

lim sup Wa(Py,P(6%,0%))2 = 0. (197)
’nd*)OOte[O T]

Finally, applying that (6, «) — V, log g(6, ) is uniformly Lipschitz over a € St by Assumption 2.2(b), this
Wasserstein-2 convergence implies

lim  sup |Eyop,Valogg(h,a') —Egupor)Valogg(d,a')| =0,
nd—)oote[o T

hence lim;, ¢—c0 SUPyc(o, 7] [At| = 0 for the quantity A; of (194). As the first two terms of (194) are non-
positive, this shows (189). O

Proof of Theorem 2.13. Let S C O C RX be the domains of Assumption 2.11. Fixing sufficiently large
constants Cy, Crsr > 0, define

E(Coy, Crsi) = {1 X|lop < Co, ||0*||§, HEH% < Cyd, and (46) holds for g, for every a € O}.

We restrict to the event where the almost-sure convergence statements of Theorem 2.3(b) and Lemma 2.12
hold, and where £(Cp, Cs1) holds for all large n,d. Throughout, C,C’,¢ > 0 denote constants that may
depend on Cjy, Csr and change from instance to instance.

On the event £(Cy, CLs), we first note that by It6’s formula,

. - 1 - _ d
46|12 = 2(647 {(;XT(y — X6 + (ao log g(8, at))jzl)dt + \/idbt] + (2d)dt,

and hence

SH

AR LR O SURITCAR)
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for a constant C' > 0. Under the convexity-at-infinity condition of Assumption 2.2(b), there exist constants
C, ¢ > 0 for which -9y log g(0,a') < C|0] —ch? for all § € R and o' € S. Applying this and Cauchy-Schwarz
to the above, we have for some constants C’, ¢’ > 0 that £ (d~!(|6*||3) < C" — ¢/(d"||6"||3). This implies on
E(Co, CLSI) that 5

a(1613) < ¢ (198)

for a constant C' > 0 and all ¢ > 0. The arguments leading to (168) show that for any fixed ¢ > 0, d~'(|0"|)2
is uniformly integrable with respect to (-) for all large n,d. Since £(Cp, CLs1) holds a.s. for all large n,d,
and lim,, 400 d~ 1|63 = (8%)? a.s. by Theorem 2.3(b) and (190) where 6 here is the f-component of the
limiting DMFT system, this implies also

E(#)* < C (199)

for all ¢ > 0. Furthermore, for any s < ¢, applying

- - tr - _ d
gt — g = / 55Xy = X8 + (90 1ogg(@,0)_ Jdr 4 VB(b' ~ )

Jj=1

and uniform Lipschitz continuity of § — 9plog g(,a") for o € S, we have on £(Cy, Crgr) that

t
d=12||0" — 6|, g/ Cd='2||0" — 6°||ydr + C(t — s)(1 +d~2|0°||2) + vV2d~'/2||b — b®||5.

S

Then by Gronwall’s inequality,

720"~ 6%))x < CeCU (Ot = 8)(1+ d7V2|67 ) + 72 sup b7~ B ).

rEls,t]
Then applying (198) and Doob’s maximal inequality shows
d=1(||0" — 6°||2) < C(t —s) for all s < t with t —s < 1. (200)

We now show that for a constant C > 0,
/ IVF(a') + VR(a)||2dt < C. (201)
0

We remind the reader that g; is the law of 6* (conditioned on X, 0* €) and g, is the posterior law of
under the prior g = g(-,at). On &(Cy, CLsi), the LSI for g,: and its implied Th-transportation inequality
(c.f. [83, Theorem 9.6.1]) imply for the Fisher information term FI; of (193) that

FI; > Crgi Dkr (0| gat) > CraWa(gt, Gat)?

for all t > 0. The average marginal distribution of coordinates of ot ~ q: is the ét—marginal of P, defined
in (188), and that of @ ~ g, is the f-marginal of P, as defined in (179). Considering the coordinatewise
coupling of Py, Pyt, we see that Wo(Py, Pyt )? < d=1Wa(qr, qut)?, s0

d7'F1; > CrgWa(Py, Pat)?. (202)

Applying this and the uniform Lipschitz continuity of 8 — V, log g(8, &) over a € O guaranteed by Assump-
tion 2.2(b),

- 2 _
"Egtwﬁtva log g(0",a") — Egp_, Valogg(0, a") | < C'Wa(Py,Par)? < Cd™'FL.

Then applying this as a lower bound for d~!FI; in (194), and applying also C~(a — b)? + b > coa? for a
constant ¢y > 0 and all a,b € R, we get from (194) that

d 2
— (V(qt7 o) + R(ozt)) < —COHEQN% Valogg(0,a') — VR(aY)|| + Ay

dt
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Now note from Lemma 2.12 that
Egp_, Valog g(0,a") = fVﬁ(at).

Applying sup;cjo,7) A+ — 0 and the uniform convergence Vﬁ(a) — VF(«a) over @ € S from Lemma 2.12,
this shows a strengthening of (189): for any ¢ € [0, 7],

d
limsup — (V (g, ") + R(a")) < —col| VF(a') + VR(a") 3.

n,d— o0 d

Then for any 7' > 0,

T
. / IVF(a!) + VR(a") |3 dt < limsup V(go, a°) + R(a?) — V(gr,aT) — R(a”).
0

n,d— oo

Note that by the definition of V (g, «) in (13) and the conditions of finite moments and finite entropy for go
in Assumption 2.1, V(go, a®) = V(g5?, a®) is bounded above by a constant on £(Cp, Crs;) for all large n, d.
Also by the definition (13),

1 n n
>Z=D LaT)®) 1 —log2r0?® > — log 2mo?
Viar,a) = = Dir(arllg(,a")®%) + S log 2m0* > L log2mo
which is bounded below by a constant for all T and all large n,d. Then, applying also R(a’) < C and
R(a™) > 0 and taking the limit n,d — oo followed by 7' — oo, we obtain the claimed bound (201).
Consider the set
Crit ={a €S :VF(a)+ VR(a) = 0}.

Suppose by contradiction that {a'}:>¢ has a limit point a® € S that does not belong to Crit. Lemma 2.12
implies that VF(a) + VR(«) is continuous over a € O, so ||VF(a) + VR(a)|2 > ¢ for all a € Bs(a™>) :=
{a:|Ja —a®||2 < §} and some § > 0. However, Assumption 2.2(b) and the DMFT equation (27) imply

d
Hdﬂt < Bopan [ Valog g0, at)l> + [VR@)]2 < C(1+ B + alla) <O (203)
2
for some constants C,C’" > 0 and all ¢ > 0, where the last inequality applies (199) and the assumption
at € S. Then for each ¢, > 0 such that

o' € Bsa(a™) (204)

we must have a! € Bs(a™) for all t € [ty — ¢d,to + ] and some constant ¢ > 0. Then ti)"jccf IVF(al) +

VR(ab)||3dt > 2¢5%. The condition (204) must hold for infinitely many times to because o™ is a limit point
of {a'}4>0, but this contradicts (201). Thus we must have o> € Crit. Since this holds for every limit point
a™ of {a'};>0, and S is compact, this implies lim;_, dist(a?, Crit) = 0. If furthermore all points of Crit
are isolated, then the limit point a® of {a'};>¢ must be unique, and

lim of = a™.
t—o0
For the remaining statements (53), fix any € > 0. Choosing T'(¢) such that |a® — a2 < &/2 for all
t > T(e), we then have limsup,, 4, [|&" — a>|2 < & by Theorem 2.3(b), showing the first statement of

(53). For the second statement of (53), we note from (194) that
i(V( "+ R( t)) <l +A
dt qt, & « =74 t t-

Then, by the same arguments as above, for some constant C' > 0 and every T > 0,

T
limsup/ d~1FI,; < limsup V(qo,a®) + R(a®) — V(qr,a’) — R(aT) < C.
0

n,d—oo n,d—oo
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Recalling (202), this implies

T
Jimm sup / Wa(Py, P )2dt < C. (205)
n,d—oo
For each fixed ¢t > 0, we have
ldlm Wo(Ps, P(6%,601))% =0 (206)
n,d—

by (197). We have also by Jensen’s inequality for the squared Wasserstein-2 distance and (48) of Corollary
2.10(a),
lim sup Wa(Pqe, Par)? < limsup (W (Pg, Pat)?) . =0 (207)

n,d—oo n,d— oo
where (-)q is the average over 6 ~ gq¢ defining Pg. Then, combining (206) and (207), we have that
limy, g—y00 Wa(Pt, Pot) = Wa(P(6*,60"), Pyt ). Applying this and Fatou’s lemma to (205), we obtain the bound

fOT Wo(P(6%,0%),P,:)2dt < C. Since T > 0 is arbitrary, taking T — oo gives

/ Wa(P(6*,0"), Pye)2dt < C. (208)
0

For any s < t, considering the coordinatewise coupling gives Wa(Py, Py)? < d=1(||0° — 8*[2) < C(t — s),
where the second inequality holds for a constant C' > 0 and all t — s € [0, 1] by (200). Also
Wa(Pas, Pat)? < d71Wa(gas, gar)? < Clla’ — a®|3 < C'(t — 5)? (209)
by the Wasserstein-2 Lipschitz continuity of g, over o € S shown in (171), and the bound (203) for dat/dt.
Then taking the limit n,d — oo using (206) and (207), this shows
[Wa(P(0*,0"),Pat)? — Wo(P(0%,0%),Pas)?| < C(t —s)
for all t — s € [0,1]. Then t — Wo(P(6*,6%),P,¢)?

)# is Lipschitz, so (208) implies
REAE

P(0*,60%),Pnt)* = 0. (210)

We have similarly to (209) that Wa(Pat, P )? < d=Wa(qat, ga=)? < C|lat — a™||3. Hence by (207), also
W2(Pat, Pax)? < Clla’ — a3, so

Jim Wy (P, Pae)? = 0. (211)
Combining (210) and (211) show that for any € > 0, there exists T'(¢) > 0 such that Wa(P(6*,0"),Py=) <

¢ for all t > T( ). The second statement of (53) follows from this and the almost sure convergence
limy, g0 Wal(g >, 0 (03,00, P(0%, 6)) = 0 ensured by Theorem 2.3(b). O

5.2 Analysis of examples

Analysis of Examples 2.1/ and 2.15. We prove the claims in Example 2.15 that Assumptions 2.2(b) and 2.11
hold, and that Crit consists of the unique point o = o*. (Then these claims hold also in Example 2.14 for
the Gaussian prior, which is a special case.)

Assumption 2.2(b) is immediate from the given conditions for f(x). For Assumption 2.11, let us first
show that there exists a compact interval S C R for which {a’};>¢ is confined to S (for all ¢ > 0): By
Lemma 5.1 (which does not require Assumption 2.11), for each fixed ¢t > 0, almost surely

lim sup V' (g, at) - V(qo,ao) <0. (212)

n,d— o0

By the Gibbs variational principle (12) and the lower bound —logg(f, ) = f(6 — o) > f(0) + 2L (0 — @)?,
V(g,a") = F(a")

d
_ 1 2\—n/2 1 2 t
—— glog [(2n0) 2 exp (=55 ly - X6IB + Y log(6),a'))d6

j=1

1 1 C
> = 2\—n/2 — _ 2 _ e _
10g/(27r0) exp( 3 2||y X0||2 d g 2 9 ot )d@

Jj=1
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Applying ||X||op < C a.s. for all large n, d, it is readily checked by explicit evaluation of this integral over

that
-

T T T —1
‘ €O, 9 1 /X'y ¢ X'X X'y ;
V(qt,a)2C+§(a) 7%( = + coar 1) ( 2 +COI) ( -3 + co 1)
a.s. for all large n,d and a constant C' € R depending on 02,6, f(0), co,a*, where here 1 denotes the all-1’s
vector in R?. We have

1 XX -1 1
lim - 1T( + e ) 1=02G(—0%c) < —
n,d— o0 Co
strictly, where G(z) = limd~! Tr(X "X — 2I)~! denotes the Stieltjes transform of the Marcenko-Pastur
spectral limit of X "X [89, Theorem 2.5]. Applying this to lower-bound the quadratic term in a! above, and

applying Cauchy-Schwarz to lower-bound the linear term, we get
Vig,a') > C"+(a")?

for some constants C’ € R and ¢’ > 0. Now applying this and V(go,a’) = V(g?d,ao) < C to (212), we
deduce that (a?)? is uniformly bounded over all t > 0, i.e. there exists a compact interval S for which af € S
for all ¢ > 0, as claimed. By enlarging S, we may assume without loss of generality a* € S. Then, taking O
to be any neighborhood of S, the remaining LSI condition of Assumption 2.11 holds by the strong convexity
of f(x) and Proposition 2.8.

We now show that F(«) is strictly convex on O, by showing convexity of the original negative log-
likelihood F (a): Fixing sufficiently large and small constants Cp,c > 0, let us restrict to the event

€ = {|X|lop < Co, [X1[l» > eV}

o2

which holds a.s. for all large n,d. Recalling the form of V2F(a) from (186) and applying this with
710gg(9,04) = f(0 - O‘)v

(o) = }l<if“<9j - “)>a - Lvar, [if’(ﬁj =

where (-),, is the average under the posterior law corresponding to g(-, ), and Var,, is its posterior variance.
Since f(x) is strictly convex, the posterior density of 8 is strictly log-concave for each fixed . Then, denoting

Va(8) = (f"(ej - a))j:1 R, D.(6) = diag (f"(ej - a)); € Rixd,

the Brascamp-Lieb inequality [83, Theorem 4.9.1] implies

Var, [if’(ej ~a)] < (va(0) (Do) + XTQX)_1VQ<9>>Q

. o
Jj=1

Observing also that Z?:l "(0; — @) = va(0) "Dy (0)"1v, (), this shows

F'(a) > % <va(¢9)T [Da(a)l - (Da(é)) + XTQX)l}va(e)>a.

g

Applying the Woodbury matrix identity and 0 < o*I + XD, (0)"'XT < C’I on the event &£ for some
constant C’ > 0,

F'(a) > % <va(9)T [Da(e)le (02 I+ XDa(0)1XT> IXDQ(O)l} va(9)>
> Cl’d <va(0)TDa(9)1XTXDa(9)1va(0)>a = $1TXTX1 >,

the last inequality holding for some ¢’ > 0 on £. Thus, on &, F(a) — (¢/2)a? is convex over a € R.
Since £ holds a.s. for all large n,d and F(«) is the almost-sure pointwise limit of F (), this implies that
F(a) — (' /2)a? is also convex [85, Theorem 10.8], so F(«) is strongly convex as claimed. Lemma 2.12(c)
implies that VF(a*) = 0, i.e. o* is a point of Crit, so by this convexity it is the unique point of Crit. O
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Proposition 5.2. In the setting of Theorem 2.13, suppose R(«) is given by (54-55) with ||a®||2 < D. Then
there exists a constant C(gx, go, @) > 0 depending only on (g., go,a®) such that the DMFT process {a'}i>o
satisfies

1+6
||at||2SD+C(g*,go,a°)( :2 +1) for all t > 0.

Proof. By Lemma 5.1, for each fixed ¢ > 0, almost surely

limsup (V(g,a') + R(a")) = (V(g0, a°) + R(a?)) 0. (213)

n,d—oo

By definition of V (g, «) in (13), we have

d
1 1 n
V(g a®) = V(gs",a") = 5 / 53y = X61* [ [ 90(6;)d0; + Dk (gollg (- °)) + 5 ; log 2m0®,

d i 2
Vo) =+ [ Ly - x0|2¢,(0)d0 + LD ~a®) + L og 2762
(0") = 5 [ 551y = X6170,(6)6 + = Dicu (@l a")*) + 5 log 20

Let IIx € R™*™ be the orthogonal projection onto the column span of X. Then, applying the above forms
with Dkr,(g¢]|g(-, a?)®?) > 0 and noting that ||(I — IIx)(y — X8)|> = ||(I — IIx)y||?> which does not depend
on O, we have

V(q07 aO) - V(qt7 at)

d
1/ 1 ) 1 [ 1 ) o
< 3 gl = X0 [ av(0)00; ~ § [ 5751y = X6IPa@)06 + Dics olo(.a%)
i
1/ 1 i 1/ 1 ) o
=3/ 22 Ix (y — X8)|| Hgo(aj)dej ~37/ 252 Ix (y — X0)[|"q:(6)d0 + Dkr(g0llg(-, 7))
j=1

d
1 1
< E / T‘,Q”HX(y — XB)H2 H go(ej)dej + DKL(QO||9('va0))'
Jj=1

Let us apply
x (v — X8)|I” < 2||Tixe|* + 2| X (8" — 0)]3,

X2, < C(1+6), and |[lIxel|* < C'min(n,d)o? for a universal constant C' > 0 a.s. for all large n,d. Then,
for a constant C(gs, go,a”) > 0 depending only on g., go, a’,

144
lim sup V(qo,ao) — Vg, a') < 0(9*790;040)( - + 1)'

2
n,d— oo g

Applying this to (213) and noting that R(a") = 0 because [|a°|| < D, for every t > 0 we get

1+96
R(a') £ C(g.,g0,0%) (5 +1).

The lemma follows from this bound and the condition R(«) > ||a|| — D whenever ||| > D + 1. O

Proof of Proposition 2.16. Fix any s> = 02/6 > 0. Throughout this proof, constants may depend on s but
not on §. Proposition 5.2 implies that there exists a constant radius D’ > 0 (depending on s? but not on &)
such that for any § > 1,

a' € B(D') for all t > 0.

Set S = B(D’) and O = B(D' + 1). Then for each fixed a € O, Assumption 2.2(b) implies

Co for 6] > rg

(214)
—C forallf eR

C > —0;logg(6, ) > {
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for some C, rg, co > 0 uniformly over o € O. By this bound (214) and Proposition 2.8(b), for some sufficiently
large dg = 8o(s?) > 0, 02 = §s%, and all § > &y, the LSI (46) must hold for g = g(-, @) and each a € O. This
verifies Assumption 2.11.

Throughout the remainder of the proof, let C,C’, ¢, ¢’ > 0 denote constants not depending on ¢ that may
change from instance to instance. We compare the optimization landscape of F'(«) with that of G2 («) over
O. Let mse(a), mse, (o), w(), ws(a) be as defined by (42) and (43) for the prior g = g(-, @). We first bound
mse(a), mse,(a), w(a), wi(a): Write as shorthand (-) = (-)4(..a),w(a) for the posterior expectation in the
scalar channel model (37). We have

(=002 = 5 [w=ope F 0 g0, 2= [ 000,000

We separate the integrals over the sets {6 : e~ “F -0 < Z} and {0 : e -0 5 Z}, and on the latter
set apply the upper bound (y — #)? < *ﬁ log Z. This gives

((y — 0))? §/(y—9)21{e 0" < 719(0,a)df — 2 10gZ<2/(y—9)29(9,a)d9,

the last inequality applying Jensen’s inequality to bound log Z > [ —< (y 0)29(6, a)dd. Tt is clear from the

lower bounds of (214) and the boundedness of log g(0, &) and 9y log g(O, a) over o € O that [6%g(6,a)dd < C
for some constant C' > 0, for all & € O. Thus this inequality shows

(y—0)* <C1+y?),
which implies also
() = 0)> <((y—0)’ <C(1+y?), (0> <2”+2(y—(0)° <2 +2((y—0)*) <C'(1+y>).

125 with 0* ~ g, and z ~ N(0,1), we get mse(a), mse, () <
= (0% + mse,())/6 < %2+ C(1 + wi(a)™1) /6, for all 6 > Jy

Taking expectations over y = 0* + w, ()~
1
C’. This in turn shows by mse(a), mse, () < C(1 + w,(a)™!) that

(a
C(1 + w.(a)™1). Then applying w*( )~
sufficiently large, this implies w, ()™t <

mse(a), mse,(a) < C. (215)

Let 05(1) denote a quantity that converges to 0 uniformly over a € O as § — oo (fixing s? = 02/§). Then,
applying (215) to the fixed point equations w(a) = §/(0? +mse(a)) and w. () = §/(0? + mse.(«)), we have

w(a)™! =5 +05(1), wa(a)™t =52+ 0s(1). (216)

We recall from Lemma 4.12 that w(a), w«(«) must be continuous functions of « € O. We now argue via
the implicit function theorem that for all § > &g sufficiently large, these are in fact continuously-differentiable
over a € O. For this, fix any a € O and consider the map

w™t — 671(02 +Eg w [<(9 - <9>q(, ) )2>q(. ) D)
o w,w* = _ - W L , ) ,w g(,a),w ) 217

4 ( ) ( Wi t-9 1(02 + Eg*,w* [(9 - <0>g(~,a),w)2] ( )
Thus (42) and (43) imply that 0 = f,(w(a),w.(«)). Let us momentarily write as shorthand E = E,, ,,. and

S o= {0 . Expressin = 0* + w*_l/Qz E may be understood as the expectation over 6* ~ g, and
g(-,a),w p gy ) y p g
2 ~ N(0,1). The expected posterior average E(-) is given explicitly by

£( Ha(8,w.wi) 0
E<f(9)> ffeHQ(eww*)dg ’

Ha(eawvw*) - (9* 71/2 )9 - %02 + logg(97 Oé),

and the derivatives in (w,w.) may be computed via differentiation of H,. Let us denote by r;(-) the j*&
mixed cumulant associated to the posterior mean (-) = (-) g(..a),ws i-€.

r1(f(0)) = (f(0)),  r2(f(0),9(0)) = (f(0)g(0)) — (F(0))(9(0)),
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etc. Then E[{(6 — (0))?)] = E[x2(0,0)] and E[(6* — (0))?] = E[(6* — x1(0))?], and differentiating in (w,w.)
gives

E[((0 = (0))")] = E[r3(0,0, 0 Ha (0, w,w.))],
9., E[((0 — (0))*)] = E[r3(0,0, 0., Ha (8, w,w.))],

OLE[(0" — (0))%] = E[—2(0" — k1(0))k2(0, 0 Hu (0, w, w,))]
0., E[(0" = (0))%] = E[-2(0" — 51(0))k2(6, 8. Ha (0, w0, wx))]

We note that each absolute moment Ey_ . (a)[{|0]%)4(..a),w(a)] is bounded by a constant over o € O, by

continuity of this quantity in o and compactness of O. Then it is direct to check that each of the above four
derivatives evaluated at (w,w.) = (w(a),w.(«)) is also bounded by a constant over o € O. This implies that
the derivative of the map f,(w,w,) in (217) satisfies

—w™2 +05(1) 05(1)

dww a\W, Wk = — = - 21 1 5
o a0, 04) (w,wa)=(w(@) wa(a)) ( o5(1) —w*2+05(1)> 1+ 05(1)

(w,wi)=(w(@),wx(a))

(218)
where the last equality applies (216). In particular, for § > Jp sufficiently large, this derivative is invertible.
Since fo(w,ws) is continuously-differentiable in (w, w,, a) (where differentiability in « is ensured by Assump-
tion 2.2(b) for log ¢(, «)), the implicit function theorem implies that for each oy € O, there exists a unique
continuously-differentiable extension of the root (w(ay),ws(ag)) of 0 = fo,(wW(a),ws(p)) to a solution of
0 = fo(w,wy) in an open neighborhood of ag. This extension must then coincide with w(«), w.(a), because
Lemma 4.12 ensures that w(a), w.(a) are continuous in a. Thus w(a),w.(a) are continuously-differentiable
in a € O, as claimed. The implicit function theorem shows also that their first derivatives are given by

wT
(VQ T) = _[dw,w*fa]_ldafa

Vaw, (wyw)=(w(a)ws (@)

We may check as above that the a-derivatives

0u, EL((6 — (6)))] = Elrs(0.0, 0, Ho 0, 0,10.))].
0u, EI(0° — {0))] = E[-2(0° — 51(0))2(0. o, Ho(0,10,0.))]

evaluated at (w,w.) = (w(a),w«(a)) are also both bounded by a constant over o € O. By the definition of
fa, this implies de fal(w,w.)=(w(a)w. (o)) = 05(1), so together with (218), this shows also

Vaw(a) =05(1), Vaws(a)=o0s(1). (219)
Recall from Lemma 2.12 that
VE(a) = —Egp, Valogg(0, @) = —Eq, w.(a)(Valog g(0; @))g(.a)wia)- (220)
Applying continuity of (w,w.) — Eg, .. (Valogg(f, a))y(. a)w and the approximations w(a) ™!, wy(a)™! =
52 4+ 05(1) shown above, we have
VE(a) = -Eg, 2(Valogg(d,a))g(,a)s—2 +05(1) = VG () + os(1), (221)

where G2 (a) = —Ey, ;—2[log Py o) s-2(y)] is the negative population log-likelihood (56) in the scalar channel
model with fixed noise variance s2. [Note that fixing an arbitrary point ap € O and integrating this gradient
approximation over « € O, this also implies

F(a) = G(a) + (F(ao) — G(ag)) + 05(1),

i.e. F approximately coincides with G up to an additive shift.] Furthermore, the above continuous-differentiability
of w(a),w.(a) and (220) imply F(«) is twice continuously-differentiable over a@ € O, and differentiating
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VF(a) by the chain rule gives

Oa; O, F(r) = =0, (]Eg*,w*m) (Oa, log (0, a)>g<~,a>,w<a>) + 0o, w (@)
— O, (Eg* w.(a) (Oa; log g(8, a)>g(~,a),w<a>) - Doy wa ()
= Oa, (Eg*,w*m) (O, log 9 (6, a)>g(‘,a>,w(a>)~ (222)
Writing again E = Eg, o, () = (-)g(.,a),w, and x; for the cumulants with respect to (-), we have

8UJE<80M lOg g(av Oé)> = E[K’Z(aai lOg g(9, Oé), awHOé(aa (JJ,LU*))]
000, E(Dn, log (0, @)) = E[k2(0q, log g(0, &), 0,,, Ha (0, w,wy))],

and these are bounded at (w,w,) = (w(®),ws(a)) over all &« € O. Furthermore
aOtJE<aO¢7 logg(ga Oé)> = IE<8()/78(1J log 9(07 Oé)> + E[KQ(aai IOg 9(07 Oé), aozj log g(aa OL))]
Applying these and the bounds (219) to (222),

Oa;0a,; F ()
= 7]Eg*,w* (@) <8047',an' IOg 9(97 a)>g(',a),w(a) - Eg*,w*(a) COV(g(',a),w(a)) (8067‘, log 9(9, O‘), aozj IOg 9(67 Oz)) + 05(1)
= —Eg, s-2(00,00;1089(0, ) g(..0),s—2 — Eq, s—2 CoV(g(..a),s-2)(Oa; log g(0, ), D, log g(0, ) +o05(1)

=00, 00, G 2 (a)

Thus we have shown
V2F(a) = V3G () + os(1) (223)

where again os(1) converges to 0 uniformly over a € O as § — oc.

The approximation (221) implies that VF + VR converges uniformly to VG4 + VR over a € O, as
d — oo. Then for all § > d¢ sufficiently large and for some function ¢ : [§p, 00) — (0, 00) satistying ¢(d) — 0
as & — 00, each point of Crit N B(D) = {a € B(D) : VF(a) = 0} must fall within a ball of radius ¢(d) around
a point of Critg = {a € B(D) : VG,2(a) = 0}. The approximation (223) further implies that for each such
ball around a point ag € Critg, V2F converges uniformly to V2G> on this ball, as § — co. If V2G 2 (o) is
non-singular, then for all § > §y sufficiently large, an argument via the topological degree shows that there
must be exactly one point of Crit in this ball (having the same index as «g as a critical point of G42) — see
e.g. [90, Lemma 5]. This shows statements (1) and (2) of the proposition.

As a direct consequence of these statements, if a* is the unique point of Critg and V2G,2(a*) is non-
singular, then there is a unique point of CritNB(D). If furthermore g.(0) = g(,a*), then this point of
Crit N B(D) must be o* itself, since VF(a*) = 0 by Lemma 2.12(c). O

Analysis of Example 2.17. We verify Assumption 2.2(b) for Example 2.17 of the Gaussian mixture model
with varying means. Let ¢ € {1,..., K} denote the mixture component of 6, and let (f(¢,0)) = E[f(:,0) | 0]
denote the posterior average over ¢ given § ~ N(a,,wy ') and prior P[t = k] = pi. Let xg(-) denote the
covariance associated to (-). Then, since

K
_ ol Yk )2
log (0, cv) —1ogkzzlpm/27r eXP( 5 (0 — ax) )
the derivatives of log g(6, ) up to order 2 are given by
89 IOgg(eva) = <WL(04L - 9))) ag 10gg<97 a) = K2 (Wb(ab - 9>7wb(ab - 9)) - <wb>

Do, log g(0,0) = wi(0 — ;) (1,—), 0a,00logg(b, ) = wi(0 — ai)ka(Li—i,w (a, — 0)) +wi(l,—;), (224)
Ou;0a, log g(0, o) = wiw;(0 — 0;)(0 — aj)ka(1i=i, 1—j) — Lizjwi(1,—;)
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In particular, |0glog g(0, )| < C(1+ |0| + ||) and |94, log g(8, )| < C(1 + |0] + |e]), showing (19).

To bound the high-order derivatives of log g(6, ) locally over a € R¥ . let kyax € {1,..., K} be the
(unique) index corresponding to the smallest value of wy. For any compact subset S C RX| there exist
constants B(S), co(S) > 0 depending on the fixed values {p1,...,px}, {wi,...,wx} and S such that for all
a € S, we have

“k g 2 > Yhmax (g 2 1 eo(S)6? 6 > B(S) and all k # k
? - ak) = T( - aklnax) + CO( ) or any ¢ > ( ) and a 7& max -
This implies there exists a constant C(S) > 0 for which
(L) < C(S)e S for all § > B(S) and o € S.

Let ¢/ denote an independent copy of ¢ under its posterior law given 6. Then for any # > B, any « € S, and
any k € {1,..., K}, the posterior variance of 1, is bounded as

2
(Lo = (L)) < ([ Tim = Lomil?) € MLt 01 v bmae) < C'(S)e™

and similarly
(. (0 = ) = (@i (8 = @,))?) < C'(S)(1 + 6%)e =05,

Applying these bounds and Holder’s inequality, all posterior covariances in (224) are exponentially small in
62 for 6 > B(S), implying that all derivatives of order 2 in (224) are bounded over a € S and § > B(S).
Similarly they are bounded over a € S and 6§ < —B(S), and hence also bounded uniformly over @ € S and
0 € R since we may bound the cumulants trivially by a constant C(S) for § € [-B(S), B(S)]. The same
argument bounds all mixed cumulants of 1,— and w,(a, — 0) of orders 3 and 4, and hence also all partial
derivatives of log g(6, «) of orders 3 and 4 over « € S and 6 € R. These arguments show also that as § — +oo,
uniformly over « € S, k2(w, (e, — 0),w, (e, — 6)) — 0 and (w,) = wy, so 9%[—logg(0, )] — wg,,., > 0,
verifying all statements of Assumption 2.2(b). O

max )

Analysis of Example 2.18. We verify Assumption 2.2(b) in Example 2.18 for the Gaussian mixture model
with fixed mixture means/variances and varying weights. Again let ¢ € {0,..., K} denote the mixture
component of 0, and let (f(¢,0)) = E[f(¢,0) | 8] denote the posterior average over ¢ given 6 ~ N (u,,w; 1) and
prior Pl = k] = e /(e® + ...+ e*<). Let ka(-) denote the covariance associated to (-), and in addition, let
(-Yprior and 5" denote the mean and covariance over ¢ drawn from the prior P[r = k] = e®* /(e 4. . .4-e®x).

Then, since
K > " K
logg(8,a) = logkz_oea’“u ﬁ exp (—%(9 - Mk)Q) - 1031206%’

the derivatives of log g(6, ) up to order 2 are given by

80@- 10%9(9704) = <1L:i> - <1L:i>priora aaiaaj logg(e,a) = K/2(1L:i7 1L:j) - K:grior(]w:ia 1L:j)7
9plog g(0, ) = (w. (b — 0)), 0, 0log g(0, @) = k2 (Limi,w. (b — 0)), (225)
9510g g(0, @) = ko (w, (11, — ), w, (11, — 0)) — (w,).

In particular, this shows ), 0a, logg(f,a) =1 —1 =0, so V,logg(f,a) always belongs to the subspace
E ={a e RETL . ag+ ... +ax = 0}. Also VR(a) = 7(|laf-) - Ho?\lz € E if « € E. Furthermore,
|0, log g(0, )] < C and |9plog g(0, )| < C(1 + |0]), showing (19).

To bound the higher-order derivatives of log g(6, «) locally over a € E, let kpmax € {0,..., K} be the
index corresponding to the smallest wy, and among these the largest uy (if there are multiple wy’s equal to
the smallest value). Then for some constants B, ¢y > 0 depending only on the fixed values {po, ..., ux} and
{wo, ..., wk}, we have

%(0 — )2 > %(9 — i )2+ cof for any 0 > B and all k # Euax.
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This implies, for any compact subset S C FE, there is a constant C(S) > 0 for which
(1) < C(S)e™? for all > B and o € S.
Then the same arguments as in the preceding example show
(lw, = (W) < C(S)e™?, (Jwi(p = 0) = (Wi — ))%) < C'(S)(1 + )%™,

implying via Cauchy-Schwarz that each order-2 derivative in (225) is bounded over a € S and 6 > B.
Similarly it is bounded over a € S and 6 < —B, hence also for all « € S and § € R. The same argument
applies to bound the mixed cumulants of w, and w,(u, —0) of orders 3 and 4, and thus the partial derivatives
of log g(0, ) of orders 3 and 4. This shows also limg_,o 93[—log g(0, a)] = wy,,.. > 0 uniformly over a € S,
and a similar statement holds for § — —oo, establishing all conditions of Assumption 2.2(b). O

A Proof of Theorem 2.3

Theorem 2.3(a) follows immediately from [27, Theorem 2.5], upon identifying s(6, ) of [27, Theorem 2.5] as
(log g)’'(#) (with no dependence on «) and G(a, P) = 0. The required conditions of [27, Assumption 2.2] for
s(+) hold by Assumption 2.2(a), and the conditions of [27, Assumption 2.3] for G(-) are vacuous.

For Theorem 2.3(b), consider first the following global version of Assumption 2.2(b):

Assumption A.1. logg(f,«) and R(a) are thrice continuously-differentiable and satisfy (19), and the
conditions (20) hold for constants C, 7, co > 0 globally over all o € RX.

Under Assumption A.1, Theorem 2.3(b) again follows from [27, Theorem 2.5] upon identifying s(6,a) =
dplog g(8,a) and G(a, P) = Epp[Valogg(d, )] — VR(«), where all conditions of [27, Assumptions 2.2 and
2.3] may be checked from these conditions of Assumption A.1.

To show Theorem 2.3(b) under the weaker local conditions of Assumption 2.2(b), we may apply the
following truncation argument: Note first that twice continuous-differentiability of log g(#, o) and R(«) imply
that V(g q)logg(f, ) and VR(c) are locally Lipschitz. Together with the global linear growth conditions
of (19), this implies that there exists a unique (non-explosive) solution {(6%,a")};>¢ to the joint diffusion
(9-10) for all times (c.f. [91, Theorem 12.1]). Furthermore, since

t
1 .
ot = 0° +/O (—@XT(XGS —y) + (95 log g(63, oﬁ))j:l)ds +V2b!

o, [l _ _
at =a’ + /0 (E ZVQ log g(63,a°) — VQR(as))ds,
j=1
under the growth conditions (19), this solution satisfies the bounds
t
162 < 18°F2 +C [ (11206 + [Xlpliyll+ v+ [6°[ + V8" ) s+ V2 b

t
@]l> < 1@° + C / (14 13112 + 116712/ Vd ) ds

Fixing any T' > 0, by the conditions of Assumption 2.2 and a standard maximal inequality for Brownian
motion (see [27, Lemma 4.7]) there exists a constant Cy > 0 large enough such that the event

& = {IXllon < Co. lyll2 < oV, 6%l < CoVd, &%l < Co. sup b < Covd}
te[0, T

holds a.s. for all large n,d. Then by a Gronwall argument, for a constant M = M (T, Cy) > 0,

0! »
sup 7” l2 + @t < M

te[0,T] \/671
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holds on €. Applying the conditions of Assumption 2.2(b) with S = {a : ||a|l2 < M}, there exist functions
gu : Rx RE — R and Ry : RE — R such that gu(6,a) = g(0,a) and Ry(a) = R(a) for all |af| < M,
and gy and Ry satisfy Assumption A.1. Let {(68%,,a%,)}+>0 be the solution of (9-10) defined with gas(-)
and Ry () in place of g(-) and R(-), and let i}, = X%,. Then as argued above, Theorem 2.3(b) holds for
{(6%;, 1%, &%) >0, showing that a.s. as n,d — oo,

d

1 w. "

a 250;,{95\4,3.}%[01] = P(H 7{05\4}t€[0,T])
j=1

1 « W, . (226)
n Z(sn:asi’{nﬁw,i}te[o‘T] = P(ﬁ €y {775\/[}’t€[(),T])
i=1
{@'}eeom = {ads e,

for limiting processes defined by the DMFT equations (22-28) also with gas(-) and R () in place of g()
and R(-). Since {(0%,n",a")}ico,r) = {(04: Miss %) becpo,r) a-s. for all large n,d, this implies that (226)
holds also with {(0%,n",a")}icp0,r) in place of {(0%,,m%,,a%;) } e, 7). Furthermore, the deterministic limit
process {ay; }repo,r) must satisfy |[af|| < M for all ¢ € [0,T7], so the solution up to time T" of the DMFT
equations (22-28) with gas(-) and Rps(+) is also a solution of these equations with ¢g(-) and R(-). This proves
Theorem 2.3(b) under Assumption 2.2(b).

B Correlation and response functions for a Gaussian prior

For illustration, we check Definition 2.4 explicitly for the dynamics (7) with a Gaussian prior

Then (7) is the Ornstein-Uhlenbeck process

6" = [f(XTX + AI) o' + X;y]dt +/2dbt. (227)

o2

Lemma B.1. Under Assumption 2.1, let

d
. 1
n= lim g ;6Ai(xTx/02)

n,d— oo

be the almost-sure limit of the empirical eigenvalue distribution of XX /o%. Then for the dynamics (227)
with a fixzed Gaussian prior, the corresponding DMFT system prescribed by Theorem 2.3(a) has the correlation
and response functions

— xr S E 9* 21’.2 +:L. - xr — xX)s
Co(t, s) :/[IE(HO)Q-e (Ata)(t+s) +(()\)+x)2(1—e AF2)ty (] — g~ (Ata)s)

_ = (e~ t)ft—s| _ —(A+z)(t+s)
e T

* 2$
Caltr) = [ BELZ (0 - )

Ry(t,s) = /67()‘+1)(t*5)u(dx)

C,(t,s) = / [IE(QO)Qase_(A”)(HS)+(E(9*)2m+1)(x(1—6_(A+z)t)—1)(

1 — o~ OFa)s _1>
Y (1-e )

Atz
£ —(A+z)|t—s]| —(A+z)(t+s)
+(6-1)+ P (e e ) p(dz),

R,(t,s) = /xef()‘ﬂﬁ)(tfs),u(dm).
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Proof. Setting A =

(227) have the explicit solution

X7 ¢
gt — o—Atg0 +A‘1(I— e—At) 23’ +/ e A=9)/3 qb*
o 0

XTX ., XT t
—e MO L AT — e M) (2D + 2 5) 4 [ A\ (228)
o2 o? 0

Recall the definitions of e;(0) and x;(0) from (100) and the associated correlation and response matrices

(101). Under Assumption 2.1, applying the explicit form (228) and independence of X, 0°,0* ¢, it is direct
to check that almost surely,

1 1
lim =TrCy(t,s) = lim g<0tT05>

ndﬁood n,d—o00
_ 1 0\2 —A(t+s) *\2 XTX _ —At -2(7 _ ,—As XTX
= lm ST (]E(e) e +E(6) ( = )(1 e MA2I—e )( = )
+/t/\s 90— Alt+s=2r) 4, + lTr Ee2. §(I— efAt)A72(I— e*AS)XiT
o d o2 o?
_ E(0%)%2? + _ _
— E 90 2, (A z)(t+s) ok S e S T (A+z)t 1— (A z)s
JAEGRE # HOLE L = )1 = )
1
= (e~ OFD)t=s| _ = (AFa)(t+5)
+/\+x(e ¢ )}u(dx)
and
. } T }tT*_~ 1 *271_7AtXTX
w1 O =l GO0 = g (W AT )
E(6*)%x _
[ 5 e )
Furthermore, the above form (228) for 6% implies
XTX XTe
__—At —1 At *
Pi(0) = e MO+ 1A (I e )(—(72 0"+ = ) (229)

Then VPie;(0) = Ve P,(0)] = e le; is a constant function not depending on 6, and

d
1
lim dTng(t s lim EZ [Ve] VP_.e;](6°) = lim %Tre_A(t_s) = /e_(’\‘*‘x)(t—s)u(dx),

n,d—oo n,d—oo n,d— oo

By Theorem 4.3, this shows the forms of Cy(t, s), Cy(t,*), and Ry(t,s).
From (228) and (229), we have also

X0' —y = Xe 2" + X(A‘l (I - e_At) XJT—QX - I) 0" + (XA‘1 (I - e‘“) )j—; - In)s

t
+/ Xe—A(t—s)\/ﬁdbs
0
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and VPz;(0) = (V6/0)V]e] XT Pi(0)] = (V3/o)e AMXTe;. Then

1 1 6., .
Jﬁgﬁﬂcﬁuﬁ—nkigag(xe‘”<X9‘y>
= lim — r(E(90)2-e_AtXTXe_AS
n,d—oo A0
XTX XTX
2 - -A T -1 ~As
+E®6*) -(A 1(I—e t)7—I)X X(A (I—e ) = —I)

tAs
+ / 2 eA(tr)XTXeA(ST)dr>
0

+ # Tr (1&2 : (xA—1 (I - e—M) )j—; - In)T (XA—1 (I - e‘As) f—; - In)>

_ / { (6°)22 —(Ata)(t+s) 4 (E(6°)%z + 1)()\33-55(1 _ e—()\-i-z)t) _ 1) ( (1- e—(A+x)5) _ 1)

Az

-1+ m<67(x+z)\ps\ _ e(/\Jr:v)(tJrs))]u(dx),
and
lim 1 TrR,(t,s) = lim 1 i[wjva,sxi](m) = lim L — ZeTXe_A(75 IX e,
n,d—o0o0 M nd—)oonl ] n,d—oo N O
= nginw # Tr Xe AC=9IXT = /xe*()*@(t*s)u(dx).
By Theorem 4.3, this shows the forms of C,,(t,s) and R, (t,s). O

From Lemma B.1 it is apparent that the approximations (30-32) and (34-35) hold with (t) = Ce™¢
and

ini E(0*)222 + 2 (10 ; E(0%)%2? +
%%$=—/—Ll——%<“)mmx o) = [EOLE )

(A +x)? (A+x)?
. : _ E(6*)2x
tti ttl (Az)T tti _ Az)T —
A (r) +/}+x pda), i = [ uan,  a) = [ S8 )
1n1t ‘T + 1 Az —(A+x)s tti _ / (E(G*)2I + 1))‘2 _
/ — "¢ p(dz), cy'(00) = T OoraE p(dr)+6—1

z — x)T i — x)T
ttl( ) ttl( )+/me (A ) ’u(dx), r:]t (7') :/xe (A+z) u(d:z:)

These functions ¢, ¢i' have the forms (33) for the positive, finite measures pg(da) = a='pu(d(a — X)) and

pin(da) = [(a — A)/a]u(d(a — X)) supported on a € [X,00). Furthermore, these functions cj, ¢, rgt, rit
satisfy the fluctuation-dissipation relations (36), verifying all conditions of Definition 2.4.

C Sufficient conditions for a log-Sobolev inequality

We prove Proposition 2.8 on a log-Sobolev inequality for the posterior law.

Lemma C.1. Under Assumption 2.2(a), the prior density g(-) satisfies the LSI (17). Furthermore, consider
the law b0
Qe 20+ o
P(9) = % 7 / g(0)e= 304100, (230)

For any a > 0 and b € R, this law P(0) also satisfies the LSI (17). Both statements hold with the constant
Crst = (4/co) exp(8r¢(co + C)?/(mco)) where C,co, 1o are the constants of Assumption 2.2(a).
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Proof. Applying @ = min(z, —cp) + max(z + ¢, 0), define

?_(0) =1log g(0) + (log g)'( 9+/ / min logg ()—co)dudx

) = /09 /090 max ((logg)”(u) + 0070)du dx

so that log g(6) = £_(0) + ¢4 (6). Then set

0_(0) = —log Z — ab®* + b0 + (_(0)
so that logP(#) = /_(#) 4 £4(). By definition we have ¢’ () = min((logg)”(0), —co) < —co and also
0" (0) = —a+ " (0) < —co. We have (log g)”(u) +co < 0 for all |u| > r and (log g)” () + co < o + C for all
|u| < ro. Hence ¢/ (6)| < ro(co + C). Thus both log g(¢) and log P(6) are sums of a co-strongly-log-concave

potential £_ () or £_(#) and a ro(co + C)-Lipschitz perturbation £, (f). Then [92, Lemma 2.1] shows that
both laws satisfy a LSI with constant Crsy = (4/co) exp(8r2(co + C)?/(mco))- O

Proof of Proposition 2.8. Under condition (a), the posterior density is strongly log-concave, satisfying

1 d
~V2logP, (8| X,y) = XX — diag ((log g)”(ej)) T

Hence (46) with Crgr = 2/¢o follows from the Bakry-Emery criterion. Clearly this holds for any noise
variance o2 > 0, verifying Assumption 2.7.

The proof under condition (b) is an adaptation of the argument of [93]; see also [10, Theorem 3.4] and [94]
for similar specializations to the linear model. Under the conditions for X of Assumption 2.1, by the Bai-Yin
law ( [95, Theorem 3.1]), for any € > 0 the event

&(X) = {(ﬁ —1)? — £ < Anin(XTX) € Anax(XTX) < (V6 +1)2 + g}
hold a.s. for all large n,d (where 6 = limn/d). Thus, choosing some sufficiently small ¢ > 0 and setting
k=(W0-1)2 -2, 7%= 0—2([(\/3+ 12— (V6 —1)2 43¢ - a), L =0?(X'X - D) - 721,

we have X T X~k I = e, (XTX—-rI)"! = (;—Z +¢)1, and hence X = £02 on £(X). Since (X' X—xI)7! =
¥ + 721, we have the Gaussian convolution identity

T T _ 1 _ 2 _1,.T -1
o320 (XTX-r1)0 /e 2100l 3o B 0 g,

Then the posterior density P,(0 | X,y) satisfies

d
1
Py(0] X, y) o exp (—55lly = X0/12) T] 9(0,)
j=1

1 K X
X exp (—ﬁBT(XTX — ) ) exp ( ﬁﬁf + = Gj)

HE&

1 T

K A
/ 303 ‘PHQ exp( 29]2—ﬁ(9j_‘ﬁj)2+#9j)d¢~

Defining
1 K 1 XTy
16,0 = 70590000 (35200~ 5z =+ 70,),
K 1 XT
Ziles) = /g(ej)eXp (_T,zgf‘ ~ 5205 = ©;)? + ; )de
6_7¢TE %] H ((P])

n(p) = f —loTmly H (QOJ)dCP
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this gives the mixture-of-products representation

d
Py(61X.3) = [ [] 0,6 nle)de,

—_———
1=q,(6)
Then for any f € C'(R?),
Ent[f(0)2 | X, Y] = Etpwt Ent@whp f(0)2 + EnttpNM EGN% f(9)2- (231)

For the first term of (231), note that inside the exponential defining g, (6;) we have x > —2¢ and
7> < d*((1+3¢)7! =€), so the coefficient of 67 is negative for sufficiently small £ > 0. Then by Lemma
C.1, gy, (0;) satisfies the univariate LSI (17) with constant Crg := (4/co) exp(8r3(co + C)?/(mwco)). So the
product law g, satisfies the LSI with the same constant by tensorization, and

Eqp Entong, f(0)? < Crsi EpnBong, [IVF(0)]5 = CLsi Eong |V £ (0)]]5. (232)

For the second term of (231), note that

d

_ . d _ . 1 1
—V?P log () = X! — diag ((1og Zj)”(goj)) =%+ diag <§ b Varg, g, [Hj])

j=1 j=1
The LSI for g, implies Vary, i~ [0;] < (CLsi/2) by its implied Poincaré inequality. Applying (Vo +1)2 —

(V6 — 1% = 4V/61{6 > 1} + (\[ +1)21{6 < 1} and the given condition (b) for o2, we see that for a
sufficiently small choice of & > 0, we have 72 > Cpgi/[2(1 — €)]. Then this gives —V2, log wulp) = (g/73)L
Then by the Bakry-Emery criterion, x satisfies the LSI Ento,,, f(9)? < (272/2)E (PN#HVf( )||3, hence

272

Entypy Eong, f(0)? <~ Epnpul Vo (Eonq, f(0)2)/213.

Denote by g,-; the product of components of g, other than the 4. We compute

00, Bong, f(0)2  Eo-ing, ,00Bonq, [(0)° Eo-ing _, Covong, [f(6)? 0]
2(Eonq, f(0)2)1/2 2(Egnq, f(0)?)1/2 a 27%(Egnq, f(0)2)1/2

We apply [96, Proposition 2.2]: For any law v on R? satisfying a LSI Ent, f2 < Crs1E,||Vf||3, and for any
smooth functions f,g: R — R,

Covy[f?, 9] < Cesu]é) IVg(O)ll2 - (B f2) /2 (B [V £]3)"/2
c d

0y, (Eong, f(0)%)/? =

where C' depends only on the LSI constant Cpgr of v. Applying this to the univariate law v = ¢, followed
by Cauchy-Schwarz,

Eg-ing, ; CoVo,nq,, [£(0)%,0;] < C1(Eong, £(8)*)"/*(Eon, (95, [(6))*)"/?

where C7 depends only on the LSI constant Cpg; for g,,. Summing over j =1,...,d gives
d 2
HV‘P(EGN‘LP 1/2” Z i EeNQqa 0)2))1/2]
j=1

( ) Eg~q, (00, f(0)) = (2012) Eong, |V £(0)]]3-

IN

d

=

J

Thus
ct
2e72

C
Bt oy, £(0) < 20 () BoryBons, IVFO)E = CLEIVAO Xyl (259)

272
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Applying (232) and (233) to (231) completes the proof of (46), on the above event £(X). Since the given
condition (b) also holds for all 52 > ¢ when it holds for o2, this verifies Assumption 2.7.
Finally, under condition (c), we note that on the above event £(X) we have

~V2logP, (0| X,y) = =X X — diag ((1og g)“(ej))? - e
g Jj=1
for all 0% < [(V/§ —1)? — ] /(C + ¢), so (46) holds by the Bakry-Emery criterion. Choosing ¢ > 0 small
enough, under condition (c) we have [(v/§ — 1)2 — ¢]/(C + &) > 4CyV/6, so that (46) holds with Cpsy = 2/e
for 02 > [(v/d — 1)? — €] /(C + ¢) by the analysis of condition (b). Thus, on £(X), (46) holds with a uniform
constant Cpgr > 0 for all 02 > 0, again verifying Assumption 2.7. O

D Auxiliary lemmas

Lemma D.1 (Coupling of Gaussian processes). Let {K(t,5s)}s sco,r) and {K(t, 5) }e,sejo,1] be two positive
semidefinite covariance kernels such that for some € > 0 and Cy > 0

sup |K(ta S) - K(ta S)| < & (234)
t,s€[0,T)
and
sup K(t,t)+ K(s,s) — 2K (t,s) < Colt — s|. (235)

t,s€[0,T]

Then there exists a coupling of the two mean-zero Gaussian processes {ut}te[oj] and {ﬂt}te[oj] with covari-

ances E[utu®] = K(t, s) and E[u‘u®] = K(t, s) such that

sup E[(u’ —a")?] < (6Co + 3)VTe + 15¢.
t€[0,T)

Proof. Fix v > 0, and let [t] = max{iy : i € Zy,iy < t} where Z; = {0,1,2,...}. Let v' = ult) and
ot = alt) so that E[v'v®] = K(|t],|s]) and E[#'9°] = K(|[t],|s]). Then by (235) and (234),

sup E(u' —v%)? < Cyy, sup E(a' —9%)? < Coy + 4e.
te[0,T] t€[0,T7]

Let X = (v%,07,0°7,..., vlT)) € RN, where here N < T'/y+1, and similarly let XNZ (0°,07,0%7,..., olTh) e
RN, Let 3, % € RV*Y be the covariance matrices of X, X, so ¥;; = K (i, jy) and ;; = K (i7, jv). Coupling
X and X by X = Y27 and X = ¥'/2Z where Z ~ N(0,1), for each i = 1,..., N,

- - - (*) -
E(X; — X;)2 =¢] (212 - 5V2)2e, < |2V2 - 212)2 < ||8 — 2op < Ne.

[

Here (x) follows from [97, Theorem X.1.3], and the last inequality applies (234). Then we have

sup E(u’ —a')? < 3[ sup E(u' —v")? + sup E(v' — 9% + sup E(a' — )2
te[0,T te[0,T] te[0,T] te[0,T]

< 6Coy + 122 + 3mfa1xE(Xi — Xi)2 < 6Coy + 126 + 3(T/v + 1)e.

The conclusion follows by choosing v = vTe. O
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