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Scale-dependent alignment in compressible magnetohydrodynamic turbulence
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Using 10,080 grid simulations, we analyze scale-dependent alignment in driven, compressible,
no net-flux magnetohydrodynamic turbulence. The plasma self-organizes into localized, strongly
aligned regions. Alignment spans all primitive variables and their curls. Contrary to incompressible
theory, velocity-magnetic alignment scales as 6(A\) ~ A8 where ) is the scale, suggesting a distinct
three-dimensional eddy anisotropy and a much higher critical transition scale toward a reconnection-

mediated cascade.

I. INTRODUCTION

Magnetohydrodynamic (MHD) turbulence is ubiqui-
tous in our Universe, whether it be in the solar wind and
planetary magnetospheres, or the plasma between galaxy
clusters in the intracluster medium. Pertinent to the
study of MHD turbulence is the concept of alignment. In
strong Alfvénic turbulence, the nonlinear timescale ¢, as-
sociated with the MHD cascade rate is set by interactions
between counter-propagating shear Alfvén wavepackets
2T = u F b that dominantly cascade perpendicular to
the magnetic field, where b is in velocity units and the
symbols have their usual notations. The nonlinear time
scale can be estimates as t, ~ 1/(k 2T sin), where 6 is
the angle between w and b [THT], and in the most extreme
case where u = +b the Alfvénic cascade can be halted
8.

The uw and b alignment is further a statement about the
basic building block of the turbulence — the eddy — which
in turbulence models with any alignment are anisotropic
in all three dimensions [9], with the relationship between
the perpendicular length scales (A, €) set by the align-
ment angle 8 ~ \/¢. With ¢, varying as above, keeping
the energy flux € ~ du?/t, = const. between the eddies
undergoing with du ~ A4 «— su?(ky) ~ kls/z spec-
trum, means that 6 has to vary with scale, € ~ Ju30/\ =
const. <= 6 ~ A4 [1L 2, [5]. This means eddies be-
come increasingly sheet-like at small A (i.e., the turbulent
eddy is not rotationally symmetric about the magnetic
field). Due to the sheet-like geometry, at a critical A, ed-
dies may become tearing-unstable an undergoing a fast,
tearing-mediated cascade [I0HI2]. Hence, the nature of
the scale-dependent alignment is critical for connecting
MHD turbulence to reconnection and tearing instabili-
ties.

One can attain a highly-aligned w and b configuration
by realizing a minimum energy state [2, [13][I4], or a max-
imum entropy state [15], through the process of plasma
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relaxation due to selective decay. For a relaxation pro-
cess that preserves the rugged, inviscid, MHD invariants,
magnetic helicity, H,, = (a - b),,, where b = V x a is the
vector potential and V is a volume containing the tur-
bulent integral scale, and cross helicity , H. = (u - b),,,
this gives w o< b x +j x tw, where j = (1/p40)V x b
is the current density, po is the magnetic permittivity
and w = V x wu is the fluid vorticity. Hence, such a
process does not only tend to align w and b, as in dy-
namical alignment [T, B], but requires alignment to be
spread also across primitive fluid variables w and b and
the respective curls. This is an extended version of Tay-
lor’s global relaxation hypothesis [I6], during which the
denumerable infinite number of constraints of ideal MHD
are replaced by a small number of approximate global in-
variants, mediated by magnetic reconnection and turbu-
lence. However, most systems do not attain globally re-
laxed Taylor or Beltrami states, and the question is what
a self-organized, partially relaxed state looks like. Since
turbulent systems generically exhibit scale-dependence, a
first step is to understand the scale-dependent alignment
properties of not only w and b but also j and w, which
we do for the first time in this study.

In the most extreme case, where the primitive variables
and curls are completely aligned, the nonlinear terms in
the MHD equations are suppressed and the momentum
and magnetic fields completely decouple, i.e., the turbu-
lent nonlinearities u-V ®@u = (1/2)Vu? —u x w becomes
an effective isotropic pressure if w o< w, and further the
induction V x (u x b) and Lorentz force j x b tend to zero
for u o £b and b < £j, respectively. In the maximum
entropy framework, such states are sensitive to the energy
flux from the turbulent driving source, and may only be
observed if there is significant scale-separation between
the turbulent outer scale £y and scales within the cascade
[15]. The separation between the inner and outer scale of
the turbulence, where the cascade resides, is determined
by the plasma Reynolds number Re = ugAo/v, where
v is the coefficient of kinematic viscosity. For classical
Kolmogorov [17] turbulence, A, ~ Re¥*\q, where ), is
the viscous dissipation scale, where the cascade becomes
thermally truncated. Hence, to properly measure the
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FIG. 1. The spatial structure of the alignment angle between u and b. A two-dimensional slice of the 6., 5 field, where
parallel u and b are shown in blue 0, = 0, perpendicular 6,5 = 7/2 in black and anti-parallel 6, = 7 in yellow. The size
of the energy equipartition scale, Acq, (Emag(Aeq) = Ekin(Aeq)) is shown in the top left corner. The plasma is self-organized
into volume-filling regions of parallel and anti-parallel u o< £b configurations. The perpendicular w and b configuration, where
the Alfvénic nonlinearities in the turbulence are the strongest and hence the cascade is the fastest, are confined to the fractal
interfaces between the space-filling parallel and anti-parallel regions.



alignment statistics that are not polluted by driving at
lo or dissipation at £,,, we require simulations of Re > 1.

In this study, we report the volume-integral and scale-
dependent alignment statistics from a non-helical, com-
pressible MHD simulation with no net magnetic flux
(b)y, = 0, such that the purely fluctuating magnetic
field is maintained by a turbulent dynamo in the sat-
urated state [I8-H20]. This simulation is novel, in that for
the first time for a scale-dependent alignment study, we
utilize grid resolutions of 10,0803 (equivalent to Rm ~
Re 2 10°), providing an inertial range in the kinetic en-
ergy of roughly three orders of magnitude in length scales
(or wavemodes), spanning large-scale supersonic (highly
compressible) velocities admitting to Ein(k) oc k72 and
small-scale subsonic (weakly compressible) velocities ad-
mitting to Ein(k) o< k~3/2, where Egy (k) is the kinetic
energy power spectrum. The spectrum results are re-
ported upon in detail in [2I]. On large length scales, the
simulation data is highly-relevant for the plasma around
intracluster medium (ICM) shocks (M = wug/cs = 2,
where cs the sound speed and wug is the turbulent ve-
locity dispersion), and the warm and cold phase of the
interstellar medium (ISM) of our Galaxy (M = 2-10)
22, 23], and on small length scales, the plasma be-
comes weakly-compressible, with M < 1, more similar to
Earth’s magnetosheath [I4, 24] and the solar wind [25].
Hence, these simulations provide orders of magnitudes of
scale-dependent statistics, across a broad range of turbu-
lence regimes, with a &, (k) k—3/2 subsonic cascade
that is uninfluenced by either the large-scale forcing, or
the small-scale dissipation.

II. NUMERICAL SIMULATION

MHD model and numerics: We use a modified
version of the magnetohydrodynamical (MHD) code
FLASH [26, 27]. Our code uses a highly-optimized,
hybrid-precision [28], positivity-preserving, second-order
MUSCL-Hancock HLL5R Riemann scheme [29], [30] to
solve the isothermal, compressible, ideal, MHD fluid
equations in three dimensions. We discretize the equa-
tions over a triply periodic domain of [—L/2, L/2] in each
dimension, with 10,0803 grid cells — presently the largest
grids in the world for simulations for this turbulence
regime. In order to drive turbulence, a turbulent forc-
ing term is applied in the momentum equation (details
below). This simulation was run on the supercomputer
SuperMUC-NG, utilizing close to 140,000 compute cores
and 8 x 107-core hours. We provide more details about
the Reynolds number estimates from the numerical diffu-
sion operators in Appendix showing that on a 10,0803
grid grid the simulation has an effective Re ~ Rm ~ 10°.
The turbulence is H,, = H. = 0, on L, but as we find, it
is rich in helical fluctuations on smaller scales.

Turbulent driving: We drive the turbulence with
M = 432+ 0.18 =~ 4 to ensure that we resolve a suf-
ficient range of both supersonic M > 1 and subsonic

M < 1 scales [28]. We apply a non-helical stochas-
tic forcing term isotropically with a parabolic spectrum
on 1 < kL/2r < 3 wavenumbers, in the momentum
equation, following a finite correlation time Ornstein-
Uhlenbeck stochastic process [3IH33], using the TURB-
GEN turbulent forcing module [33] [34]. The correlation
time is set to the eddy turnover time on the injection
scale. To replenish the large-scale compressible modes,
we drive the turbulence with equal amounts of energy in
both compressible and incompressible modes [33].
Magnetization: In our simulations, (b),, = 0, i.e.,
there is no net magnetic flux through V and only a tur-
bulent magnetic field exists. The field is maintained in
the saturated state of the turbulent dynamo [I8] [I9] such
that Emag/Ekin = 0.242 £ 0.022 ~ 1/4, where Eyag and
Ekin are the volume integral magnetic and kinetic energy.
For more information on the initial conditions for b, see

Appendix [B]

III. THE GLOBAL ALIGNMENT STATISTICS
FOR COMPRESSIBLE TURBULENCE

We show a two-dimensional slice of the angle 0,5 be-
tween u and b, for the 10,080 simulation in Figure
showing volume-filling u o +b states, and volume-poor
u L b states, suggesting that local regions of the plasma
become very strongly (completely) aligned. Alignment
could be from the shearing of counter-propagating shear
Alfvén wave packets [5], or come from plasma relax-
ation, if the relaxation timescale is shorter than the eddy
turnover time. Solar wind and terrestrial magnetosheath
studies suggest that this is indeed possible, and that the
relaxation process happens in localized regions rather
than globally in the whole plasma [I3] [14], similar to
what we see in Figure

To quantify the alignment further, we show the global
(panels a-c) for u, b, § and w alignment in Figure [2| In
general, we find that w oc £b x +j x ftw states are pre-
ferred, with all 6 probability density functions (a) - (c),
showing strongly peaked bimodal distributions around
parallel # = 0 and anti-parallel § = 7 configurations.
The question of whether the processes causing the align-
ment forms perfectly aligned states or whether there is
a minimum angle set by an uncertainty principle [36] is
not settled by the analysis presented in this study.

IV. SCALE-DEPENDENT ALIGNMENT

If w and b follow a process akin to dynamical align-
ment, which tends to aligns perpendicular scales of ed-
dies keeping the energy flux constant, it is argued that
Oup(N) ~ A4 1, 5. We provide details about the
exact definitions for this statistics in Appendix [C}] We
provide the @(\) structure functions, where A is the
length-scale perpendicular to the local mean magnetic
field (definition in Appendix for each of the classical
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FIG. 2. The global and scale-dependent alignment statistics of compressible MHD turbulence. (a)-(c): the one-
point distribution functions of 845, b, and 6u,., all showing bimodal distribution functions peaked at the plasma relaxation
states (either parallel or anti-parallel), u < b  j o w, inevitably reducing the strength of the nonlinearities that facilitate the
turbulence [14} 15, [35]. (d) the scale-dependent alignment between each of the u, b, j and w as a function of local perpendicular
length scale A, with sonic scale As (separating large-scale supersonic velocities from small-scale subsonic velocities; [21] 28]) and
energy equipartition scale Aeq (separating large-scale kinetic energy-dominated scales with small-scale magnetically dominated
scales; [21]) annotated. Both 04,5 ~ A8 and Ouyeo ~ A/16 show scale dependent alignment at smaller scales than Aeq, indicating
that the nonlinearities in both the induction and momentum equation are becoming progressively weaker throughout the highly-
magnetized scales of the plasma. The relation, 6,5 ~ A% is inconsistent with the dynamical alignment prediction 0,5 ~ A1/4
1L 2], and is currently unexplained by any turbulence theory. Unlike the other alignments, 6p ; exhibits scale-independent
alignment, which, coupled with panel (b), means the turbulence is tending toward a globally force-free, Taylor state (b o< 3),
suppressing the Lorentz force on all scales.

relaxation variables, further annotating two important
scales. The first is the energy equipartition scale Aeq

scales ¢ < {5, M(A) < 1 and vice-versa. This shows that
on large scales A > A¢q > A plasma is hydrodynamic

(the isotropic version of this scale is shown in Figure ,
which is the A for which t4 = t,, where t4 = A/va()\)
and t, = A/u(M\) are the Alfvénic and hydrodynamic
timescales. On A < Ao, ta < t,, and the magnetic
field fluctuations can respond to velocity fluctuations,
and vice-versa for A > Aoy [21]. The second is the sonic
scale, As, where M(Xs) = u(Xs)/cs = 1 [28]. Hence on

and supersonic, and on small scales A < A¢q < A the
plasma is magnetically-dominated and subsonic [21].

We find a significant scale-dependent alignment in
Oup(N) ~ A/8 and Ouw(N) ~ /16 starting directly on
scales where A < A¢q, ta < ty, ie., the typical size-
scale of the aligned regions in Figure[Il On A > Acq, no
scale-dependence is found. Hence the region size ~ Aqq is



setting the outer scale of the self-similar alignment struc-
ture. The 6 ;(\) structure function is scale- indepen-
dent, but shows strong alignment across all of the scales
in the turbulence, i.e., the mean alignment is close to par-
allel, and does not change at any scale. This suggests that
the plasma tends towards a global force-free state where
b o 5 across all scales, on average (noting that these
are first-order structure functions). The 6, p(\) ~ A1/®
scaling is inconsistent with the dynamical alignment pre-
diction of Alfvénic MHD turbulence theory [Il, B], and
hence a new theory is required to describe this scaling
law. Note that a similar 6y, 5(\) ~ A'/® scaling has been
found in no net flux simulations at much lower Re ~ 800
[2], which we show here is potentially the asymptotic
state, with no steepening to the 6y, p(\) ~ A'/4 relation at
Re ~ Rm > 10%. This is the first measurement showing
that there is a weak scale-dependent alignment between
u and w, and that the turbulence develops into, on av-
erage, a scale-independent Taylor state.

V. CONCLUSIONS

Utilizing what is presently the largest turbulence simu-
lation in the world, we have shown that in driven, steady-
state compressible MHD turbulence with no net flux
there are many aspects of the plasma that admit to a ten-
dency of suppression of the nonlinearities that give rise
to the turbulence, and a state of balance, both of which
are unusual for a strongly nonlinear, chaotic system like
MHD turbulence. Furthermore, most of these tendencies
become stronger at scales below the t4 < t, scale (the
Alfvén or energy equipartition scale). Below these scales
the turbulence self-organizes into highly-aligned patches,
or cells, as we show in Figure [I} Patches of cross-helical
~ 1 AU regions have been shown in measurements of the
solar wind and the terrestrial magnetosheath [13] 14} [37],
and on all scales in the solar wind [38]. Averaging over
the statistics of these patches in the turbulence gives rise
to scale-dependent alignment which we show explicitly in
Figure|2l Understanding the size scale (to the first order
~ fey) and stability of these relaxed regions (a general-
ization of the work [39]) will be important in determining
the universal features of turbulence in space and astro-
physical systems.

The u-b alignment is of particular interest for Alfvénic
turbulence. Our scale-dependent alignment structure
function reveals 6y, 5(\) ~ A% which is inconsistent
with the dynamical alignment prediction 6y, p(\) ~ A!/*
— a unique scale-dependent alignment result for constant
energy flux [II, [3]. However, the new alignment result
obtained in this study would imply naively that for a
k~3/2 spectrum, the energy cascade rate is not scale-
independent but given by ¢ ~ ¢1/® in our simulation,
which has indeed shown to be true for the kinetic en-
ergy [21]. Note that 6y, p(\) ~ A% is an Alfvénic tur-
bulence model in the presence of an external guide field,
which can be described by the reduced MHD (RMHD)

model. The results we present here go beyond the scope
of RMHD. However, even no net magnetic flux turbu-
lence has been hypothesized to become asymptotically
RMHD at small enough scales [40], before tearing insta-
bilities may change the cascade [20]. We demonstrate
that this does not seem to be the case in our simula-
tion, i.e., no-net flux turbulence does not approach the
predictions of the RMHD model asymptotically, at least
for Re ~ Rm > 105. Furthermore, with weaker scale-
dependent alignment, this means that the onset of a
tearing-mediated cascade, A < Ay, is at even greater Rm
than the prediction for the RMHD case, ky ~ Rm*/7 [10-
12]. Following [11], for /& ~ £*/8, we get k. ~ Rm®/*, or
in other words, a factor ~ Rm'?/?® towards higher k. For
ks ~ 10% at Rm ~ 10° in [12], we would have k, ~ 109,
requiring a ~ (107)3 simulation, outside the range of com-
putational tractability on modern supercomputers.

There are immediate difficulties in applying any clas-
sical relaxation theory to a stochastic system that has
zero H,, and H. on the system scale [41]. Hence, this
study leaves an open question as to how to approach the
problem of scale-dependent relaxation and the nature of
local, (...);s, conservation of rugged invariants such as
H,, . and H.y, or relaxation with more complex and re-
cent invariants, such as the Hosking integral [41]. We,
however, stress its importance for making future progress
on determining size scales of relaxed regions, which sets
the outer-scale for the scale-dependent alignment, as well
as scaling relations for the angle structure functions and
potentially even spectrum, which are reported in [21].

The question remains: What is the asymptotic state
of turbulence if it tends to suppress its nonlinearities as
one moves deeper into the cascade? For Kolmogorov tur-
bulence, Re(k) ~ k=%, and hence Re/6p ~ k224,
which means Re shrinks faster than the nonlinearity de-
pletes (the same holds for each of the 6, and using a
k=3/2 spectrum, Re(k) ~ k~%/*). Hence at asymptoti-
cally large Re, the cascade is viscously truncated faster
than it is nonlinearly depleted, or in other words, the
alignment may change the spectral slope of the cascade,
but it does not change its fundamental persistence. Re-
gardless, naively based on our results, at some high yet
intermediate Re and Rm, it appears that MHD tur-
bulence tends to become increasingly hydrodynamical
in the cascade, with the scale-dependent Taylorization
(b x +j) and Alfvénization (b «x +wu), hydrodynamiz-
ing the MHD equations faster than the Beltramization
(u x +w) of the plasma, as we show in Figure [2| Then
at even higher Re and Rm, the plasma tends to become
Beltramized too, still with hydrodynamical nonlinearity
u-V ®@u =~ (1/2)Vu?, but potentially with a depleted
cascade compared to the Kolmogorov prediction. This is
a drastic yet direct outcome of alignment being spread
not just across w and b, but all primitive variables and
their curls in the turbulent MHD plasma.
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Appendix A: Estimating the Reynolds numbers

Our numerical model is an implicit large eddy sim-
ulation (ILES), which relies upon the spatial discreti-
sation to supply the numerical viscosity and resistivity
as a fluid closure model. Recently, a detailed charac-
terization of the numerical viscous and resistive proper-
ties, specifically for turbulent boxes, has been performed
on this code by comparing the ILES model with direct
numerical simulations (DNS), which have explicit vis-
cous and resistive operators [42H44]. [43] showed that
a ILES turbulence is exactly equivalent to a DNS at
a specific set of viscous and resistive coefficients. Fur-
thermore, Malvadi Shivakumar and Federrath [44] de-
rived empirical models for transforming grid resolution
Ngriq into Re and Rm. For supersonic MHD turbulence,
they find, Re = (Ngida/Nre)PRe, where pre € [1.5,2.0]
and Nge € [0.8,4.4] and Rm = (Ngria/Nrm)P®™, where
PrRm € [1.2,1.6] and Ngm € [0.1,0.7]. For our Ngiqa =
10,080 simulation, this gives Re € [1.4 x 10%,5.3 x 109]
and Rm € [1 x 10%,4.5 x 10°]. This is the Re and Rm we
report in the main text.

Appendix B: Initial conditions and hierarchical
interpolation

Regardless of the initial field amplitude or struc-
ture, the same small-scale dynamo saturation is reached
[45, 46]. Hence, given enough integration time, we can
initialize a b with any initial structure and amplitude
and be confident that it will result in the same satura-
tion. However, to minimize the computational resources
on the fast or nonlinear dynamo stages [42], 47], we initial-
ize the b amplitude and structure close to the saturated
state. From our previous experiments at lower resolu-
tions, this is Emag/Ekin ~ 1/4 (or Alfvén Mach number
My = 2), and with a significant amount of power at
all k. We find that a uniform initial Emag(k), with suffi-
ciently high k£ modes included, relaxes very quickly to the
saturated dynamo state. Hence we use a simple, isotropic
uniform top-hat spectrum within 1 < kL/27 < 50, which
is generated as a divergence-free, static, random field us-
ing TURBGEN [33], 34].

Driven MHD turbulence in this regime requires ~
(1—2)tg, where tg = fo/ug is the turbulent turnover time
on the outer scale, to remove the influence of its initial
conditions and establish a stationary state [33, 48] [49].
To avoid expending compute resources on simulating this
transient state, we only apply the previously discussed
initial conditions to a 2,520 simulation and drive it into
a steady state. We use the steady state as an initial con-
dition for a 5,040 simulation, drive it to a steady state,
and then finally we interpolate it to the 10,0803 simula-
tion. We drive continuously for 2ty in the steady state
and compute all of the statistics we use in the main text
averaged over 10 realizations. We use linear interpolation
to preserve V-b = 0 between grid interpolations. It takes

8

a tiny fraction of tg, t ~ Re 2y, to populate the new
modes after the interpolation onto the higher-resolution
grid.

Appendix C: Definitions of scale-dependent
alignment structure functions

To compute the scale-dependent alignment structure
function shown in Figure [2[ (d), we first define our incre-
ments,

du =u(r) —u(r+4),
db=0b(r) —b(r+¢),

(C1)
(C2)

for separation vector £. Next, we define a local mean
magnetic field direction,

~  b(r)+b(r+4¥)
¢ o)+ b(r + O)[’

and then find the perpendicular component to the local
field for each of the fluid variables, e.g. for uw and b,

(C3)

Suy = du — (5u - by)by, (C4)
by = 6b — (6b - by )by, (C5)

which is the standard definition for these quantities
[0, 12]. Next, we construct the ratio between first-order
structure functions,

. (|[6uy x by[),
Oup(A) ~ 800y p(N)| = ==
b(A) ~ | b(A)l (|0ux[[dbA]),

We do this for each pair of relaxation variables u and b,
j and b, and lastly w and u. We use 2 x 10'2 sampling
pairs to ensure that the structure functions converge on
all scales [28]. Furthermore, we construct the structure
functions across a number of realizations in the station-
ary state and then time-average the structure function to
produce Figure

(C6)

Appendix D: Critical length scale for
tearing-mediated cascade

Starting at Equation (8) in [I1], we define the critical
perpendicular length scale ratio,

\ ~ 2/3
e D
& [Sé”vv(c)} ’ oy

where S¢ = va,x/n is the Lundquist number defined on §
with va x, W(¢) is a Lambert W function, and & is linear
function of the spectral exponent for the perturbative
noise spectrum. The argument for the W is a function
of the noise spectrum and S¢. We can write,

- 16/3
"o L@” W(c)] | "



utilizing sin 0y, b ~ Ay /& ~ )\1/8, the scale-dependent re-
lation we find in this study. Likewise, using this relation

to modify Se, we get

L

7/8 1/2 7/16
551/2 = (AZRm) A Rm'/2.

and substituting back in Equation (D2]),

A _
f NRm 5/4,

which we discuss in the main text.



	Scale-dependent alignment in compressible magnetohydrodynamic turbulence
	Abstract
	Introduction
	Numerical Simulation
	The global alignment statistics for compressible turbulence
	Scale-dependent alignment
	Conclusions
	Acknowledgments
	References
	Estimating the Reynolds numbers
	Initial conditions and hierarchical interpolation
	Definitions of scale-dependent alignment structure functions
	Critical length scale for tearing-mediated cascade


