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Non-Hermitian wave turbulence
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Wave turbulence describes the long-time statistical behavior of out-of-equilibrium systems com-
posed of weakly interacting waves. Non-Hermitian media ranging from open quantum systems to
active materials can sustain wave propagation in so-called P7T-symmetric states where gain and
loss are effectively balanced. Here, we derive the kinetic equations governing wave turbulence in a
prototypical non-Hermitian medium: a three-dimensional fluid with odd viscosity. We calculate its
exact anisotropic solution, the so-called Kolmogorov-Zakharov spectrum, and validate the existence
of this regime using direct numerical simulations. This non-Hermitian wave turbulence generates
a direct cascade that is sustained down to the smallest scales, suppressing the transition to strong
turbulence typically observed in rotating fluids and electron magnetohydrodynamics. Beyond odd
viscous fluids, this qualitative mechanism applies to any non-linear system of waves where non-
Hermitian effects are enhanced at small scales through gradient terms in the dynamical equations,
e.g. via odd elastic moduli or other non-reciprocal responses.

Wave turbulence describes the long-time statistical be-
havior of out-of-equilibrium systems composed of weakly
interacting waves [1-6]. Non-Hermitian media ranging
from open quantum systems to active materials can sus-
tain wave propagation in so-called P7T-symmetric states
where gain and loss are effectively balanced [7-35]. Here
we ask: what happens to such non-Hermitian media
when their non-linear dynamics is dominated by weakly
interacting waves? We dub this realm non-Hermitian
wave turbulence.

We exemplify our approach by studying this wave
turbulence in a prototypical non-linear non-Hermitian
system: the Navier-Stokes equations of a fluid with
additional dissipationless viscosity coefficients variously
known as odd, Hall or gyroviscosity [36-51]. Non-
Hermitian media often feature activity (i.e. gain) at the
microscopic level in addition to dissipation (i.e. loss),
both of which can balance to generate waves in the sys-
tem. As a case in point, experimental realizations of
odd-viscous fluids, ranging from magnetized polyatomic
gases [52] to magnetized graphene [53] and spinning col-
loids [54], are all characterized by the presence of rota-
tional drive at the microscopic level.

If a fluid is rotated as a whole around a fixed axis,
anisotropic wave turbulence is typically observed at large
scales, while isotropic strong turbulence is observed at
small scales [55-57], see Fig. la. In our non-Hermitian
fluid, by contrast, wave turbulence is sustained all the
way down to the smallest active scales of the flow
(Fig. 1b). Intuitively, this non-Hermitian effect occurs
because odd viscosity acts on velocity gradients. Un-
like chiral body forces, e.g. Coriolis, the generation of
waves by odd viscosity is thus enhanced as wavenumber

increases, suppressing the potential transition to strong
turbulence. Strong turbulence is observed in odd fluids as
a distinct regime (Fig. 1c), studied in Refs. [58, 59], where
the description of the odd fluid in terms of weakly inter-
acting waves breaks down, in a similar way as the quasi-
particle picture breaks down in non-Fermi liquids [60].
Beyond odd viscous fluids, the qualitative mechanism
investigated here applies to any non-linear system of
waves where non-Hermitian effects are enhanced at small
scales through gradient terms in the dynamical equa-
tions, e.g. via odd elastic moduli or other non-reciprocal
responses [16, 37, 61].

Non-Hermitian chiral fluid—Consider an incompress-
ible chiral fluid with cylindrical symmetry in a direction
e|| [39], along which all the particles are assumed to be
spinning. The flow u is described by the Navier-Stokes
equations including odd viscosity,
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Diu=-Vp+ Au+ f (1)

in which Dyu = 0;u + u - Vu and V - u = 0. Here, p
is the reduced pressure, f the driving force of the flow,
v the regular viscosity, and r,qq is odd viscosity. The
matrix in Eq. (1) is not symmetric when v,qq4 # 0, mani-
festing the non-Hermitian character of odd viscosity. The
wavevector k is decomposed as k = (kL cos 6, k1 sinf, k)
in the basis (el ,e?, e)) in which the matrix in Eq. (1) is
expressed. Odd viscosity can be seen as a wavenumber-
dependent Coriolis force *Voddk2€\| x u that is stronger
at large k = |k|, as manifested in the dispersion relation
Wi = FVeaak|k of the odd waves it induces [36, 58, 59].

Conditions for wave turbulence—In order to as-






ber k, and M,j;;”s" are nonlinear mode coupling coef-
ficients. A similar equation would describe any set of
waves interacting with quadratic nonlinearities includ-
ing mode coupling theories of spatially extended quan-
tum systems or optical cavities. More precisely, AyF =
kz/;k — skk2q3k is defined from the Fourier components of
the decomposition u = V x (1e|) +V x (V x (¢e|)) of
the velocity field into toroidal (1) and poloidal (¢) scalar
fields (X, denotes the Fourier transform of a field X).
We can show that |4} |2 + |4, |2 = 2|ax|*

Introducing the interaction representation for weak
amplitude waves (0 < € < 1) A = eajre "kt we
find the wave amplitude equation

Sk
O L (0
in which summation over s, and s, and integration over p
and g are implied, where Q14 = spWE — SpWp — SqWq,
and where L;’;Z”Sq is an interaction coefficient given in the
End Matter. Therefore, the long-time statistical behav-
ior is governed by the resonance condition for three-wave
interactions, sywy + spwp + Sqwg =0 and k+p+q = 0.
These relationships can be written as follows

8¢9 — SpP _ spk — s54q _ SpP — skk (5)
ki p| q)

For local interactions, k ~ p ~ ¢, we obtain (sq—s,)/k| ~
(sk — 8q)/p| =~ (5p — 5x)/q), which means that the asso-
ciated cascade is necessarily anisotropic with a negligible
cascade along the parallel direction. This situation is
reminiscent of inertial wave turbulence [70, 71] and ki-
netic Alfvén wave turbulence [72] where the waves are
also helical. In the following, we take advantage of this
property and consider the anisotropic limit £y > k.

Assuming statistically homogeneous and anisotropic
turbulence [73], one can use a multiple time scale method
to derive a kinetic equation of the form

atE(kl, k“) = _8k:J_HL - ak"HHa (6)

describing the evolution of the energy spectrum
E(k1, k), which is related to the amplitudes in Eq. (4)
through E(k)d(k + k') = {(a)af,) + (a; ar,) in the ab-
sence of kinetic helicity, where (.) is an ensemble aver-
age. The quantities 11 and IIj represent the energy
fluxes in the perpendicular and parallel direction and an
explicit version of Eq. (6) is given in the End Matter.
Assuming axisymmetric turbulence, the 2D spectrum
E(ky, k) = 2k E(k) scales as k13/2k[1/2, which cor-
responds to the Kolmogorov-Zakharov (KZ) spectrum.
This is an exact solution of the kinetic equation when
odd wave turbulence is stationary. The energy flux can
be shown to be positive, and thus the associated cascade
is direct (End Matter).

Phenomenology—The KZ spectrum derived in the
previous paragraph can be recovered with simple phe-
nomenological arguments. Wave turbulence can be ex-
pected when x < 1, see Eq. (2). As explained above,
wave turbulence develops through resonant triadic wave
interactions. This happens with a transfer time much
longer than the wave period by a factor y =2 ~ €2 [3].
This leads to the wave interaction transfer time [74, 75]

e~ 7—1%7[, N Vodd (7)
b Tlin k‘klE(kl,k‘H).
We can then use a Kolmogorov-type argument and as-
sume that in the wave turbulent regime, the energy in
each wavenumber shell E(k_,kj)k_ky is transported on
a timescale 1, at a constant energy transfer rate

E(kl, kH)kLk”

Tr

E ~

(8)

Then using Eq. (7) and with k ~ k1 (assuming ki < kL),
we can retrieve the energy spectrum as

Bk, ky) ~ v/oaak > 2y 12, (9)

This prediction leads to the timescale ratio
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FIG. 2. The timescale ratio x = 7iin/7n1 that compares the
timescales of odd waves and eddy turbulence for the cases
of strong turbulence (a) and weak turbulence (b). Different
lines represent different k. The weak wave turbulence regime
is found to be entered when all modes go below x < O(1)
(dashed line).



100
3
o
<l
30 2|2
3|3
—
—100
1()00-(d) 1 L(e) 1 L@ ' i 10—2
,.r“v! 3
- — i
i - <|e
3 0-:='~—""'r’¥j | E——— 1 r 5 2|2
T
~ T
5 1“-. ~
—1000 1 r 1 r b 103
100 10t 102 10° 10t 102 10° 10t 102
ki ki k1

FIG. 3. Space-time energy spectra F(w, k., k) for the case of strong (a-c) and weak wave turbulence (d-f), and for different
Ky of 2 (a,d), 6 (b,e) and 14 (c,f). Yellow dashed lines indicate the dispersion relation of the odd waves wr = fvoaak)k. Green
dotted lines in (a-c) indicate the corresponding eddy turnover frequency w ~ kv/kE(k) ~ k [58], which captures the envelope of
the space-time spectra for strong turbulence. Spectra are normalized by their corresponding integral over the frequency space

for each k1, k).

As a result, the larger k), the weaker the cascade. We
point out that this is in contrast with rotating (inertial
wave) turbulence, where strong turbulence is always re-
covered at the smallest scales [70, 76]. For this non-
Hermitian wave turbulence, instead, the turbulence re-
mains weak down to the smallest scales, see Fig. 1.
Numerical simulations—We numerically solve the 3D
Navier-Stokes Eqgs. (1) with odd viscosity through direct
numerical simulation (DNS) in a periodic box using a
pseudo-spectral code (see also Ref. [58]). The system
is forced using a Gaussian noise f(k,t) that is delta-
correlated in time and is applied in a narrow band of
wavenumbers around ki, = 5, restricted to the 3D man-
ifold. We thus force exactly those wavenumbers with
simultaneously ki, < |k| < kin + 1 and &k # 0. To maxi-
mize the size of the inertial range, the viscosity term is re-
placed by a hyperviscosity term of the form v,A“u. We
also introduce a hypoviscous term of the form v, A~%u
to dissipate the inverse flux that develops in the 2D man-
ifold at low wavenumbers. The input parameters used in
the simulations are provided in Tab. I (End Matter).
Numerical results—In order to diagnose whether we
have entered the conditions that permit wave turbulence,
we assess the timescale ratio x in Eq. (2) for all modes
in our DNS (Fig. 2). It can be seen that indeed, while
for the strong turbulence run in Fig. 2(a), modes tend
to remain around y = 1, the weak turbulence run in

Fig. 2(b) has x < 1 for all modes. There, the slowest
mode has x & 0.1, which is in the range where wave
turbulence is usually observed in wave-dominated flow
systems [72, 77].

To confirm that we have indeed entered the regime
of non-Hermitian wave turbulence, it is crucial to check
the spatio-temporal energy spectra [72, 78-84]. To
that extent, we compute the temporal Fourier trans-
form Fi{...} of time series of selected spatial Fourier
modes w(kL,k|,t), yielding the spatio-temporal spec-
trum F(w, ki, k) = §|F{a(ke, k), t)}? The results
are provided in Fig. 3. For strong turbulence, this indeed
shows a broad range of active modes, its envelope being
well captured by the scaling of the eddy turnover fre-
quency w ~ k\/kE(k) ~ k [58]. For weak turbulence, on
the other hand, the kinetic energy in the inertial range is
very strongly concentrated around the dispersion relation
for odd waves woqq = Vodak) k throughout the inertial
range. This is a clear signature that the weak turbulence
regime is indeed attained in this case.

The temporally averaged anisotropic kinetic energy
spectra is shown in Fig. 4. In the case of strong tur-
bulence, the assumption of critical balance discussed
earlier predicts an anisotropic spectrum that scales as

E(kL, k) ~ kl5/3k[1 [6, 57, 62-65]. Indeed, we observe

that x &~ O(1) in the range k > koqq (Fig. 2a) and re-
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FIG. 4. The anistropic kinetic energy spectra E (k. , k) for strong (a) and weak wave turbulence (b) of the first three kj modes.
Insets show the spectra compensated by their respective scaling predictions. The shaded area depicts the forcing range. For

the corresponding isotropic energy spectra, see SM.

trieve the hypothesized critical balance spectral scaling
of B ~ k15/3 (Fig. 4a). In the weak turbulence case, we
find that we are in close agreement with the odd wave
turbulence prediction in Eq. (9) that predicts E ~ kIB/ 2
(Fig. 4b), although the inertial range is limited (recall
that the theoretical prediction of weak turbulence is only
valid for k1 > k). Finally, we confirm that the spectra
are compatible with a direct cascade in the perpendicu-
lar direction. We could not test numerically the scaling
prediction for the parallel direction as the inertial range
in the parallel direction is too narrow, owing to its very
small flux.

Outlook—To sum up, we have illustrated the appli-
cation of wave turbulence to incompressible odd fluids.
This work paves the way to applications in other non-
Hermitian systems such as open quantum systems [7, 12,
18, 24, 85-89], overdamped elasticity with odd elastic
moduli [37], which could be compared with elastic wave
turbulence in active plates [90, 91] and polymers solu-
tions [92-94].
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End Matter

TABLE I. Input parameters used for the simulations in this work. Provided are the box size L of the simulation
cube, the forcing wavenumber kin, the kinetic energy injection rate €, the odd viscosity voad, the corresponding
odd wavenumber koqaq, the hypoviscosity v}, with power a4, the hyperviscosity v, with power «, the integration

timestep dt¢ and spatial resolution N, X Ny X N.

L ki € Vodd Kodd Vn  Qn Va o dt Nz X Ny X N,
Strong turbulence 27 5 0.11 0015 134 0 N/A 15x107" 3 2x107° 1024 x 1024 x 256
Weak turbulence 27 5 0.11 2.0 0.34 0.2 2 40x 107 3 5x107% 1024 x 1024 x 128

Theory of weak wave turbulence

The wave turbulence theory is mainly composed of
three steps (see SM for detailed derivations). The first
key step is the derivation of the wave amplitude equa-
tion (4), where the interacting coefficient reads (in the
anisotropic limit, ie. ki > k)

e (pLxqu)
13%p% = S \PL 2 9L) SpP1—5¢q1)(Sk1+SppL+54q1).
kpq 8k1piq1 (s 02 ) ! o)

The wave amplitude equation describes the slow evolu-
tion of odd waves of weak amplitude. We note that the

J

OF}

(quadratic) nonlinear coupling vanishes when the wave
vectors p, and q, are collinear, or when the wave num-
bers p; and ¢, are equal if their associated directional
polarities, s;,, s, respectively, are also equal. Interest-
ingly, these properties are also found for inertial wave
turbulence [70, 95], and more generally for helical waves
[96-100].

The second key step is the derivation of the kinetic
equation. This describes the long-time statistical behav-
ior of the dynamics, which is governed by the resonance
conditions (5) for three-wave interactions. Assuming sta-
tistically homogeneous and anisotropic turbulence, and
the absence of kinetic helicity, the use of the multiple
time scale technique leads to

(11)

Sq

B erH Z/ (sin0k> 1
ot 128v0aa S~ Ja, \ ki /) kipras

(spm e

2
k” ) (ski + spp1 +54q0)°

X [wpEBp By + wp By By + we B Ep] 6(Qkpq )0 (ky + p) + q)dpLdqrdpdg,

with Ey = E(k1, k), 0 the angle opposite to k1 in the

(

triangle k3 +p, + g1 = 0, and A, an integration do-
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THEORETICAL RESULTS

Wave amplitude equation

The Navier-Stokes equations with odd viscosity voqq can be written

%—? +(u-V)u = -Vp+vAu + voqqe| x Au, (S1)

where w is a solenoidal velocity (V-u = 0), p the reduced pressure and v the classical viscosity. A parallel (||) direction
appears in the odd viscous term that will be taken along the z-direction. It is convenient to rewrite this system for the
vorticity field; we obtain

P 4 vealey - V)= (- V)~ (- V) £ vAw. (52)

Hereafter, we will neglect the term proportional to the viscosity v.

Canonical variables

We introduce the toroidal (1) and poloidal (¢) scalar fields in the following manner
u="V x (fe))+V x(V x (¢e])), (S3)
whose Fourier transform writes
= ik x e — grk x (k x e)) = ik x e + o (k*e| — ky k), (S4)
from which we deduce the vorticity vector (|k| = k)
wy, = i (ke — kyk) +ik* ok x e (S5)
It is straightforward to show in Fourier space that the linear contribution of equation (S2) leads, after projection, to

L

5 = oaak) k2, (S6a)
94 . .
% = Wodak| V- (S6b)
The linear solutions are (helical) odd waves with the angular frequency (87 = —w? can be used)
wip = viaaki k. (S7)

From this property, we introduce the canonical variables

D= A%(k) = kg, — sk, (S8)
with s = + the directional polarity. With such a choice of canonical variables, we have

A 12+ AL 1 = 2)a ) (S9)

and at the linear level

a;f +iswp A = 0. (S10)



Resonance condition

The resonance condition for three-wave interactions can be written [1]

Swi + Spwp + Sqwg = 0, (S11a)
k+p+q = 0. (S11b)

In the case of odd waves, these relations are equivalent to the conditions

599 — 5pP _ skfsqq: spp — sk (S12)
Ry p| q)

Assuming that the system is initially excited at large scale in a narrow isotropic domain in Fourier space, a situation
often considered in DNS, the dynamics will initially be dominated by local interactions such that k ~ p ~ ¢. As the
locality of the interactions is a property of turbulence that is generally verified, we can extend its use beyond the initial
instant and we obtain
S¢ =% 7% TS (S13)
ky P q)

From this expression, we can show that the associated cascade is necessarily anisotropic. Indeed, if k) is non-zero, the
left-hand term will only give a non-negligible contribution when s, = —s,. The immediate consequence is that either
the middle or the right-hand term has its numerator which cancels (to leading order), which implies that the associated
denominator must also cancel (to leading order) to satisfy the equality: for example, if s = s, then ¢ ~ 0. This
condition means that the transfer in the parallel direction is negligible: indeed, the integration of the wave amplitude
equation in the parallel direction (see below) is then reduced to a few modes (since p ~ k) which strongly limits the
transfer between parallel modes. The cascade in the parallel direction is thus possible but relatively weak compared
to that in the perpendicular direction. In the following, we will take advantage of this property and consider the
anisotropic limit k; > k) to simplify the derivation. Note that once turbulence is anisotropic, we can still use the
locality condition with & ~ k,; we then obtain k; ~ p, ~ ¢, whereas the parallel wavenumbers are limited to a
narrow domain.

Wave amplitude equation

In the derivation of the wave amplitude equation, we will consider a continuous medium which can lead to mathemat-
ical difficulties connected with infinite dimensional phase spaces. For this reason, it is preferable to assume a variable
spatially periodic over a box of finite size L. However, in the derivation of the kinetic equation, the limit . — +oo
is finally taken (before the long time limit). As both approaches lead to the same kinetic equation, for simplicity,
we anticipate this result and follow the original approach of Benney and Saffman [2]. Note that the anisotropic limit
(k1 > k) will also be taken before the (asymptotic) long time limit.

The first non-linear term of equation (S2) writes

(w-V)u, = z’/(u?,, - @)Uy 0k pedpdq

- Z/ [idpber® (a- (b x €))) (P — a1a) — yioap® (a- (p x €))) (a x €))

— Uyby (02~ — Pq)) (ae) — 01@) — iyl (py - a — P2a)) (a % €)]
X Ok pedpdg, (S14)
with g py = 6(k —p — q). In the anisotropic limit (k1 > k), a first simplification arises

-

(w-V)u, = Z/ [iépﬂgqﬁﬁ (e - (gL xpL)) ey — dpthep? (- (qL x pL)) (gL x e))

—dpded? (pyp1 - au —phay) e — iyt (pyp - a1 —play) (q x ep)]
X Ok pgdpdg. (S15)



The second non-linear term of equation (S2) reads

(u-V)w, = z/(ﬂp - @Q)We0k pedpdq

Z/ {id;péq (pQCIu —pp-q) 7*(q % e|) + Qgp@q (p2q” —pp-q) (q26|| - q9)

— duby (a- (px €))) a*(a x e)) + ity (a- (p x e)) (ae) — )]
X Ok pedpdg, (S16)
which simplifies in the anisotropic limit to

—

(u- V)wk = i/fﬁ [Z¢p¢q (pi(Iu —P|PL- tu) (gL x en) + épzﬁq (Pqu —p|pPL 'tu) €

- @Z}péq (eH (qL x pJ_)) (gL % eH) + iqz)p'ﬁzjq (eH (qL x pJ_)) e\l}
X Ok pgdpdq. (S17)

The addition of these two non-linear contributions leads to the simplified expression
NL(k) = (w-V)u, — (u- V)w,
= /qungpiﬁ (e - (P % q1)) €0k pedpdq
+z‘/¢3p1/3qpi (e - (P x q1)) (gL x €))dk.pedpdq

—i/%é)q(ﬁ (e - (pL x q1)) (gL X €))0k pgdpdq

- /J’]ﬂ[)qqa (eH ’ (pl X QL)) e||5k,pqdde- (818)
The introduction of the canonical variables
~ 1 R
~ 1 R

gives

— 1
NL(k) = 1 Z /spqu;pqu (e - (PL X q1)) e0k,pedpdgq

SpSq

i Z / ASPAS‘I ~ (e (1 x 01) (a1 X e)d pocpdg

+ - Z ‘/ASPASqf (eH (pl X QL)) (ql X 6|‘)(5k7pqdpdq
S S q
- Z / A;A;i (e - (pL x q1)) €0k pedpdq. (S20)

The dummy variables p, g and s,, s4, can be exchanged to symmetrize the equation; we find

— s 45 € (PLxql)
Ni(k) = 1 / Ay g DL G — ey ppdg (s21)

SpSq

Sp AS pLxq
+3 Z /A pA & (qul 8 (841 — spp) (kL X e‘|)5k7pqdpdq.

Spsq



Coming back to the wave amplitude equation, we can write in the anisotropic limit

) . . Oy /\
<C}ftk — Zl/oddk‘”ki(ﬁk) kﬁ_e” + ( ;)i + Voddk”wk) k‘f_ku_ xe|= NL(kZ), (822)
therefore, after projection and use of the dispersion relation, we obtain
My 2 / (PLxqu) o 5
— —iwik = ASPAS‘I — Op.padpd 2
TR 19k g;q Skipﬂu (P1 — q1)0kpedpdq, (S23a)
ook wk (pL xq1)
—_ — = ASPASQ — . 2
ot kJ_ % / 8/€2 2piaL (8491 — $ppL) Ok,pedpdgq (523b)

With the introduction of the canonical variables (S8), the weighted addition of the previous expressions gives

DA . e - (pL xqL)
W + iswir Aj Z / [ e =L (P - QL — sk (Sqq1 — Sppi))

8kipiqL
x Apr Ag? 6k pedpdq. (S24)
Remaking that
Pl — a1 = (sppL — 5401) (sppL + 5490), (S25)

we can rearrange the expression in the following manner

0A;, s e|-(pL xqL
8tk s Al = Z / > )(Sppl- — 5¢q.1)(skL 4 sppL + 5441)

= 8kipiqL
X Apr AZe Ok pedpdg. (526)
We introduce the interaction representation for waves of weak amplitude (0 < € < 1)
Aj = eaje Skt (S27)
and get eventually the wave amplitude equation after a few last manipulations
8a
k = Z / Z;ZSq ;pagq et raty, pedpdq, (528)
SpSq

with Qf pq = swi — Spwp — Sqwq and

L5550 = e (pL X ‘h)

kpq 8k.1pLqL (sppL — Sqqr)(skL + spp1 + 54q1). (529)

Expression (529) satisfies the following properties (relation (S12) is used)

Lopa™® = 0, (S30a)

LZZ;SP = sz;;%, (S30b)

spssq Pl ;sspsq

Lyt = k—HLkpq , (S30c)
Lar™% = Ly, (S30d)
L2t = Lpeee. (S30e)

The wave amplitude equation (S28) governs the slow evolution of odd waves of weak amplitude in the anisotropic limit.
It is a quadratic non-linear equation which corresponds to the interactions between waves propagating along p and g,
in the positive (s,,s, > 0) or negative (s,,s, < 0) direction. The symmetries listed above can be used to simplify
the derivation of the kinetic equation [3]. The wave amplitude equation tells us that the non-linear coupling between
the states associated with the wavevectors p, and q, vanishes when these wavevectors are collinear. Moreover, we
note that the non-linear coupling disappears when the wavenumbers p| and g, are equal if their associated directional
polarities, s, and s,, are also equal. These are general properties for helical waves [4-9].



Kinetic equation and solutions

Kinetic equation

The derivation of the kinetic equation for odd wave turbulence is classical. The method based on a multiple time
scale was recently reviewed for inertial wave turbulence, a similar problem where waves are helical and turbulence
anisotropic [3]. Note that this technique was first proposed by Benney and Saffman [2] for three-wave interactions and
then extended to four-wave interactions [10] with an application to surface gravity waves.

Assuming a statistically homogeneous turbulence, we introduce the energy density spectrum e;d(k + k') =
with e} = e°(k). Then, the multiple time scale method leads to the following kinetic equation

k . 2
aek - = Z / (Sln9k> (Spmk Squ) (ski +sppr +sqq1)? (S31)
I

[kl\ezsopetszq + perey + q\lezezsap] 6(Qpq)Okpedpdg,

<a’zaz’>7

with ) the opposite angle to k, in the triangle k; + p, + g1 = 0. Expression (S31) is the kinetic equation for odd
wave turbulence in the anisotropic limit (kj < k1). Note that the kinetic equation for odd wave turbulence does not
describe the slow mode (kj = 0) which involves strong turbulence.

Conservation laws

The kinetic equation satisfies the conservation of energy and helicity. To prove this property, we introduce the energy
spectrum

E(k)=e"(k)+e (k) =) _e'(k) (S32)
and the helicity spectrum

H(k) =ky(e"(k) —e (k) =k »_ se’(k). (S33)

For the energy, we find

DB 22 [, (s ()

SS8pSq

x (ski + sppL + 84q1)° [kueff’e;q +pjerest + quZe;P] 0(Qepq)Okpgdkdpdq.
After a circular permutation we obtain

d [ E(k) sin O, SpPL — SqqL )
ot Z/’fnﬂ?uwn ( o > <” ) : (S35)

8SpSq

X (ski + sppi + sqq0)? [Kyesress + preness + qreres?] 6(Qupq)rpgdkdpdq,

which is null on the resonant manifold.
Likewise, for the helicity we find

DU s g (0 (s s

S$S8pSq

X (ski + sppL + 84q1)° [kuezpegq +pjerest + qﬂezezp] 0(Qpq)Okpgdkdpdq.
After a circular permutation we obtain

O [ H(k)dk sin 6y, SpPL — SqqL 2
= Z / swk+5pwp+sqwq)( ™ > < R (S37)

8§SpSq

X (ski + sppi + sqq0)? [kyesress + preness + qreresr] 6(Qupq)drpgdkdpdq,



which is null on the resonant manifold. Therefore, energy and helicity are conserved by the kinetic equation. Note
that usually the conservation of energy is obtained using the dispersion relation while the conservation of the second
invariant is obtained using the wave vector relation. This is really an odd turbulence.

Kolmogorov-Zakharov spectrum

The derivation of the stationary solutions requires a long but classical calculation. First, we assume axisymmetry
and introduce the reduced spectrum

EZ EES(kL,kH) = QWkLes(k). (838)
We obtain the kinetic equation
0E} 62k” / (Sin9k> 1 (sppL — sqql>2 9
—F = E sk +s + s S39
ot 320044 = ay ki ) kipiqy k| (sho + 8ppL + 5401) (539)

X [wkE;pE;q + wazqu + quZE;p] 5(Qkpq)5(k” +p + q”)dpLdQLdPquH-
To simplify our analysis, we shall consider the case of zero-helicity. Then, we obtain
OFE} EZkH sin 0}, 1 SpPL — Sqq.L 2 5
= k S40
at 128Vodd S; /AL kj_ kjj_pj_qj_ k“ (S 1 + Sppl + Squ) ( )
X [wrEpEq + wp By Eq + we B Ep] 6(Qpq)d (k) + py + q)dpLdgLdpdgy.

We introduce the adimensionalize wave numbers p; = p;/k; and ¢; = ¢;/k; with ¢ =1, |. With a spectrum of the type
E, = Akﬁkﬁ", we finally obtain

OFE}, €2 A2 2 sin Hk . .
B R - S41
ot 1287044 Z /AJ. DLl SppJ_ SqQJ_) (s+ SpDL + Squ_) ( )

SS S
X \PLELEa + BLaipyd) + P |
x 0(s + spPLp| + 5¢414))0(1 + Py + §))dpLdqLdpydy.
We apply the Kuznetsov-Zakharov transformation and find after some manipulations

sin by (sppL — sq(L_)2 (s + sppL + sq(jJ_)2 (542)
Al

aEk 62 A2 2
= kA2 pgm
875 384V0dd - I Z

$8p8q
<P (1 AT ar ) (1 AT )
X 6(s + spPLp| + 5414))0(1 + P + ¢ )dpLdgLdp)dg.
Two stationary solutions emerge, namely
n=1 and m=0, (543)
and

n=-3/2 and m=-1/2. (S44)

The first corresponds to the thermodynamic (zero-flux) solution, while the second is the Kolmogorov-Zakharov spectrum
for which the energy flux is finite.

Properties of odd wave turbulence

Cascade direction

We introduce the axisymmetric energy flux

6‘HL(kL, k}“) B 8H‘|(kl, kH)
ok, Ok

5t Ek = — (S45)



and from the kinetic equation (S42) we write

62 A2

OEy=—
#k 3847/odd

K2R T (n,m), (S46)
where I(n,m) is the normalized collisional integral.

After integration, and taking the limit (n,m) — (—3/2,—1/2), the two components of the flux become constant and
equal to IT¥Z and Hﬁ{Z . Thanks to L’Hospital’s rule, we obtain

242 1 0I(n,—1/2) A2 1
nkz — __¢ Bl e = — g, S47
+ 3841644 Qku on In= 3/2 3841044 k“ + ( )
Kz — _ €2 A? L@I(—S/Z,m)| _ en i[ (348)
I 384voqq 2k, Oom T2 T BBdugaa kg
where
1 . ~ . - -
(;) = Z sin 6, (sqGL — sppJ_)2 (s +sppL + squ_)2 (549)
Il S$SpSq AL
5/2-—5/2.~1/2—1/2 (D InpL + g 1HQL) 5/2.3/2 | -5/2-3/2
R T e e B O 2 2 o ]
LA (m Inp) + g ng ( = )
0 (s+ sppLp) + 5q414)) 0 (L + Py +d)) dpLdqLdp)dg-
With this notation, we find the simple relationship for the energy flux ratio
KZ
0~ _ Rk Ly (850)

K7 "R T,

which can be small if I, | ~ I since by assumption k; > kH.

ISOTROPIC KINETIC ENERGY SPECTRA

(@) - - (b) - -

100 10! 102

FIG. S1. The istropic kinetic energy spectra E(k) for strong (a) and weak turbulence (b) as treated in the main text. Inset in
(a) shows the spectrum compensated by its respective scaling prediction E(k) ~ k' as suggested in Ref. [11]. For the weak
turbulence in (b), no scaling prediction exists for the isotropic energy spectrum. The shaded area depicts the forcing range.
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