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Abstract

In modern clinical trials, there is immense pressure to use surrogate markers in
place of an expensive or long-term primary outcome to make more timely decisions
about treatment effectiveness. However, using a surrogate marker to test for a treat-
ment effect can be difficult and controversial. Existing methods tend to either rely on
fully parametric methods where strict assumptions are made about the relationship
between the surrogate and the outcome, or assume the surrogate marker is valid for
the entire study population. In this paper, we develop a fully nonparametric method
for efficient testing using surrogate information (ETSI). Our approach is specifically
designed for settings where there is heterogeneity in the utility of the surrogate marker,
i.e., the surrogate is valid for certain patient subgroups and not others. ETSI enables
treatment effect estimation and hypothesis testing via kernel-based estimation for a
setting where the surrogate is used in place of the primary outcome for individuals for
whom the surrogate is valid, and the primary outcome is purposefully only measured
in the remaining patients. In addition, we provide a framework for future study design
with power and sample size estimates based on our proposed testing procedure. We
demonstrate the performance of our methods via a simulation study and application

to two distinct HIV clinical trials.
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1 Introduction

A common challenge in clinical studies occurs when measuring the primary outcome of
interest requires long patient follow-up or is otherwise expensive, typically in terms of patient
burden or financial constraints. To alleviate these costs, it has become common practice for
researchers to consider using a surrogate marker. A surrogate marker is a measure that is
more easily (or quickly) obtained than the primary outcome and that, once validated, could
be used to replace the primary outcome when evaluating the effectiveness of a treatment. For
complex diseases such as HIV/AIDS and cancer, the use of surrogate markers has greatly
improved the ability to evaluate treatment effectiveness quickly and efficiently (Fleming),
1994; |[De Gruttola et al., [1997; |[Katz, 2004). Importantly, a surrogate marker must first
be validated to ensure that the treatment effect on the surrogate faithfully translates to
the treatment effect on the primary outcome (Prentice, 1989). Several useful statistical
frameworks have been proposed for this purpose (Elliott, 2023; Freedman et al., [1992; Wang
and Taylor} 2002; Frangakis and Rubin| 2002; Buyse et al., |2000).

Once a surrogate marker is validated, the ultimate goal is to make a conclusion about
the effectiveness of a treatment in a future trial, using the surrogate marker instead of
the primary outcome. Note that this is different from trying to use a surrogate marker
to gain statistical efficiency when estimating a treatment effect. This latter problem of
using a surrogate, or auxiliary data in general, to gain efficiency is a well-studied problem.
For example, Pepe| (1992) proposes a useful likelihood-based method to gain efficiency in a
setting where surrogate information is available for all patients, but the primary outcome
is only available for a random subset of patients. [Leung (2001) provides a review on so-
called augmented surrogate studies, which are, similar to [Pepe| (1992), specific to the setting
where surrogate information is available for all individuals and the outcome is available for

a randomly selected subset. Within a mediation framework, |Zhou et al. (2023) propose
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methods to gain efficiency and power by incorporating low and high dimensional mediator
information via a parametric linear model.

In this paper, we are not focused on using the surrogate marker to gain statistical effi-
ciency. Instead, we are interested in using the surrogate in place of the primary outcome to
test for a treatment effect in a future study. Methods that do address this question tend to
either rely on fully parametric methods where strict parametric assumptions are made about
the relationship between the surrogate and the outcome, or assume the surrogate marker is
valid for the entire study population. For example, Price et al. (2018) define an optimal
surrogate which aims to predict the primary outcome with estimation via the super-learner
and targeted super-learner, and propose to test for a treatment effect using this optimal
surrogate. Under the assumption that the true treatment effects on the surrogate and the
primary outcome are bivariate normal, Quan et al.|(2023) and [Saint-Hilary et al. (2019)) pro-
pose methods that use prior information about the treatment effect on a surrogate to plan
a future study. As a nonparametric alternative, Parast et al| (2019) propose kernel-based
procedures to test for a treatment effect using only surrogate marker information measured
in a future study by borrowing information learned from a prior study. Parast et al. (2023b))
further develop this approach within a setting where there is heterogeneity in the utility of
a surrogate. Heterogeneous surrogate utility occurs when a surrogate marker is more useful
for certain subgroups of patients than others (Roberts et al., 2021} 2024; [Parast et al., 2023a}
Knowlton et al., 2024). When this is true, one must account for heterogeneity when using
the surrogate to test for a treatment effect in a future study (Parast et al., |2023b).

Notably, while Parast et al. (2023b) accounts for heterogeneity, the approach still requires
that the surrogate is sufficiently strong, in the sense of capturing the treatment effect, for all
patients. In contrast, when the surrogate is strong for some patients and weak for others, the

approach of |Parast et al.| (2023b)) is not appropriate, and it is not clear how the surrogate can



be used appropriately to replace the primary outcome in a future study. In this paper, we
are specifically focused on this setting where the surrogate is strong for only a subgroup of
the study population. We propose a fully nonparametric kernel-based testing procedure for
efficient testing using surrogate information (ETSI), where we replace the primary outcome
with the surrogate information for only an appropriately selected subset of a heterogeneous
population, and the primary outcome is purposefully measured for those where the surrogate
would be considered weak. The ability to combine this information represents a significant
advancement in the literature, as cost savings are still possible in cases where the surrogate
is not sufficiently strong to use for the entire population, thus making methods for assessing
heterogeneous utility in surrogate markers useful for future clinical trial design. In Section [2]
we describe our setting and assumptions. Section [3| outlines the proposed testing procedure
and Section [4] discusses future study design. We evaluate the performance of our method and
compare to existing methods via a simulation study in Section 5| and illustrate our method
via application to two distinct HIV clinical trials in Section [6] Lastly we include a discussion

in Section [7| of this contribution and possible extensions for future work.

2 Setting and Assumptions

2.1 Notation and Setting

Let G be the binary randomized treatment indicator, where G = 1 indicates assignment
to the treatment group and GG = 0 indicates assignment to the control group. Let Y be
the primary outcome, and S be the surrogate marker where obtaining Y is more expensive,
burdensome, or requires longer follow-up compared to obtaining S; without loss of generality,
we assume that higher values of Y and S are “better.” We assume that S is continuous

and measured after baseline, though Y may be discrete or continuous. Additionally, let



W be a vector of baseline covariates of interest. Using a potential outcomes framework,
each individual has possible outcomes {Y(® Y §© g1 depending on whether they are
assigned to the treatment or control group, where Y9 is the outcome when G = g and S
is the surrogate when G = g. In practice the observed data are thus {Y;,, S;;, W;,} for each
individual ¢. Let n, be the number of individuals in treatment group g.

We assume that for an identified region of the covariate space, Qw, the surrogate has
been evaluated to be sufficiently strong. Note that the following setup is agnostic to the
method used to identify Qw, and later in our numerical studies, we describe one possible
construction of Qw based on the proportion of treatment effect explained. Let the prior
clinical trial where the surrogate has been deemed sufficiently strong for patients in (2w be
called Study A, where Y and S are fully measured. Let Study B denote the subsequent trial
of interest, where our goal is to obtain S as a replacement for Y for individuals in Q2w and
to obtain Y for others with a weak surrogate.

Here, we now redefine the potential outcomes such that the study is explicit, i.e., the
outcomes are {YK ,Y](;),S P } for K = A,B. Let §;; be an indicator variable such
that d;; = 1 when the surrogate is sufficiently strong, and thus we have measured S;, in
Study B and omitted Y, for individual ¢ in treatment group g because W;, € Qw. When
dig = 0, Sy is not measured and Yj, is purposefully measured because W;, € ng We

denote the observed data in the two studies with explicit superscripts, i.e., our data are

i.i.d observations {Y;?, S#

S5, Wi for each individual ¢ in Study A and i.i.d observations

{Y;2(1-07),500;4, W 65} for each individual j in Study B. Note that Y,7 is only observed
£ sB _ B ; e sB _
if 0;, = 0 and 57, is only observed if 6;;, = 1.

Figure [1] illustrates our setting. Specifically, the top portion of Figure [1| shows that in

Study A, the surrogate S;; 4 and the primary outcome YA are measured for the entire covariate

space W. The middle portion shows that Study A data are used to identify the region



of strong surrogacy, {2y, highlighted in pink. Then, in the bottom figure, in Study B, we
purposefully only measure S f; for individuals with Wﬁ] € Qw (d;4 = 1 for these individuals),
and only measure Y;J for individuals with W € Qf; (6, = 0 for these individuals), where
— indicates not measured.

Our ultimate goal is to test the null hypothesis that there is no treatment effect on Y in

Study B:

H12 AB%O

Of course, one could carry out such a test by simply obtaining Y for all individuals and per-
forming, for example, a t-test. In contrast, our aim is to test Hy by appropriately leveraging
surrogate information, replacing Y with S, such that we avoid measuring Y for a specific
subset of individuals. In the following section, we state our assumptions and then describe

our proposed testing procedure.

2.2 Assumptions

We require the following conditions to hold within Qwy, the region of strong surrogacy:

(C1) vko(s) and vkq(s) are monotone increasing in s, where v (s) = E(Y[((Q)IWK €

QW,SE-) =s), for K = A, B;
(C2) P(SY > slWx € Qw) > P(SY) > s|Wi € Qw)Vs, for K = A, B;
(C3) vki(s) = vko(s)Vs, for K = A, B;

(C4) vao(s) = vpo(s)Vs;



(C5) Surrogacy heterogeneity with respect to W in Study A and Study B is the same;

and

(C6) st e S(O) , S Bl and S](3 are continuous random variables with the same finite

support over an interval [a, b].
In addition, within Q$,, we require:
(€7) By > BE(v?), for K = A, B.

Assumptions (C1)-(C3) are similar to those commonly required in the surrogate marker
literature, as they are sufficient to guard against the surrogate paradox (Wang and Taylor],
2002; |Taylor et al., [2005; Parast et al., 2016)). Specifically, (C1) guarantees that the surrogate
and the primary outcome have a non-negative relationship. (C2) ensures a non-negative
treatment effect on the surrogate marker within Qyy, while (C3) is equivalent to v;(s) —
vp(s) > 0 for all s and ensures that there is a non-negative residual treatment effect within
Qw, after accounting for the effect of the treatment on the surrogate. Additionally, we
require the transportability assumptions (C4) and (C5), where (C4) requires the conditional
mean functions in the control groups to be the same between Study A and Study B and (C5)
requires the surrogacy heterogeneity to be the same. These assumptions are what allows us to
use the information from Study A on individuals in Study B in Q. Clearly these are strong
untestable assumptions, but we must assume something about the transportability between
Study A and Study B; without it, it would not be realistic to think there is any validity in
borrowing information from Study A. Assumption (C6) is required for implementing kernel
smoothing in our nonparametric estimation procedure. Assumption (C7) parallels (C3) and
ensures that there is a non-negative treatment effect in Q%,. While some of these assumptions

may be explored empirically to some extent, they can be difficult to validate in practice.



3 Proposed Testing Procedure

We consider the gold standard for testing Hy to be simply obtaining Y for all individuals
in Study B. However, such an approach can be costly in many ways and fails to leverage
surrogate information learned from Study A to alleviate financial costs or patient burden.
At the other extreme, one could consider not obtaining Y for anyone in Study B, and instead
obtaining S for everyone in Study B and using S to replace Y to test Hy. We refer to this
existing approach as the surrogate-only testing procedure. Our proposed testing procedure
will be a compromise between the gold standard and the surrogate-only testing procedure.
To motivate our proposal, we describe the surrogate-only testing procedure below, and then

our proposed testing procedure.

3.1 Surrogate-only Testing Procedure

Prior work considers a surrogate-only testing procedure based on a treatment effect quantity
that fully replaces the outcome with the surrogate in Study B, borrowing information from

Study A (Parast et al., [2019, 2023a)):

Aup = / t10(5)dFi (5) — / t0(5)dFo(s) 1)

where fixo(s) = E(YI((O) | Sﬁ?) = s) and F,4(s) is the cumulative distribution function of ng)
(see Remark 1 for details about this construction). Note that the conditional mean g ¢(s)
is how information from Study A is used to infer the primary outcome in Study B. A testing
procedure can then be constructed based on an estimate of A4p; we compare our proposed
test to this approach in Section Importantly, this surrogate-only testing approach is

inappropriate if the surrogate marker is an inadequate replacement of the outcome for some



individuals. In the following section, we propose a testing procedure to handle such a setting.

Remark 1. At first glance, it may be unclear why A4p is defined such that pao(s) is used
in both terms. Thus, we briefly explain the motivation behind this construction. First note

that Ap itself can be expressed as

Ap = B —EBEYY)

= By [EY"ISY = 9)] - Ego B |S) = 5)]

— [ um($)Fun(s) ~ [ uals)Fan(s) @)

Of course, the ppy(s) components of involve Y from Study B. One could decide to
simply replace these components with their parallel components from Study A, i.e., define
Aup as [ pa1(s)dFgi(s) — [ pao(s)dFpo(s). Now, we could estimate this without needing
any information about Y from Study B. However, one problem with this approach is that
it can be shown that unless S is a perfect surrogate marker, it would be possible for this
naive Ayg > Ap, and in an extreme case where S is a poor surrogate, this naive Ayp
may incorrectly indicate a treatment effect when in fact, Ag = 0. Therefore, [Parast et al.
(2023a)) argues to replace both conditional means in with p40(s), borrowing only from
the control group of Study A, which will guarantee that A g < Ap. An estimate of this
quantity would not require any information about Y from Study B and thus would save the
cost of measuring the primary outcome. It will, by design, be a conservative estimate of Ap,

but we view this as an advantage because it effectively provides a bound.



3.2 Proposed Pooled Treatment Effect Quantity

In contrast to Asp, we now propose a treatment effect quantity that only replaces the
primary outcome with the surrogate marker in the subgroup where the surrogate is strong,
i.e., Qw, and uses the primary outcome for Q%,. Let mp = P(Wp € Qw) = P(dp = 1), the
probability that Wg is contained within (w, which is the same in each treatment group

when treatment is randomized. Note that:

E(Ys)) = EYS|Wg e Qw)rs + BV Wz € Q%) (1 —75)
= En[E(YS W € Qw. Sy’ = s)lms + E(YS W € Q) (1 — 75)

— 7TB/yBl(s)dﬂrﬂQw(s) +(1 —wB)/deBmgV(y),

where vpy(s) = E(Y]ég)\WB € Qw, ng) = 5), Fpijay(s) is the cumulative distribution
function of Sg) given Wp € Qw, and G B1|qg, 18 the cumulative distribution function of Yél)

given Wp € Q%,. Thus, we define the following treatment effect quantity:

Ap = / Vao8)dF1j0n () + (1 — 75) / ydGpajag, (1)
~ [ va0(5)dF oo (5) — (1= 78) [ 4dGgag, (1)
= 1 { [ vaul)F o (9) ~ [ val)dFmny ()}
(1~ mp) { [ 9160, — [5G, <y>} ,

where, similar to the description in Remark 1, we replace the conditional expectations involv-
ing the surrogate with the conditional expectation from the control group in Study A, thus
using Study A to infer the primary outcome in Study B when W € Qw. If E (Y/(XO)|W A€

Qw, Sy = s) = B(VVISY = s), and Fpgioy (s) = Fiy(s) and Gpgag (y) = PV <),



then Ap is equal to a straightforward pooled treatment effect quantity: (1—7mp)Ap+7pAap.
However, we would generally not assume that these equalities to hold. Nonetheless, we refer
to Ap as a “pooled” quantity because it pools both Y and S information to quantify the
treatment effect.

Under the assumptions detailed in Section [2.2 it can be shown that the proposed Ap

quantity has the following two desirable properties:
Theorem 1.A. If Ag =0, then Ap =0.
Theorem 1.B. Ap < Ap.

Proofs are provided in Appendix A. The first property (Theorem [1.A) means that when
there is truly no treatment effect on Y in Study B, then there will also be no treatment
effect on the pooled quantity. The second property (Theorem |1.B|) ensures that the pooled
treatment effect provides a lower bound on the true treatment effect on Y. These properties
are key to the validity of our testing procedure described in Section [3.3| which is based on

this pooled treatment effect.

Remark 2. In practice, vao(s) is not a random quantity because Study A data are fixed
and known (i.e., ny does not — 00) in this testing framework. That is, we are specifically
focused on a setting where Study A has concluded and we are making inference on Study B.
Thus, an important statistical assumption we make is that the Study A data is conditioned
on, and treated as fixed quantities in the probabilistic calculations. This means that our
treatment effect quantities that involve Study A must be defined in a way that acknowledges

and makes explicit this reliance on Study A. To this end, we define:

Apa = 7p {/ﬁAo(S)dFBmW(S) —/ﬁAo(S)dFBomW(S)}
+(1 —7p) { / ydGpjac (y) — / deBoggV(y)}
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where
Zi:WZAGQW K (Sa0i — 5)Yaoi

D iwAcoy Kn(Sa0i — )

(3)

/I/\Ao(S) =

is a consistent estimate of v4¢(s). Here, Kj,(-) = K(-/h)/h where K () is a smooth symmetric
density function with finite support (e.g., standard normal density) and h is a specified
bandwidth, which may be data dependent. Note that this is equivalent to the Nadaraya-

Watson conditional mean estimate (Nadarayal, [1964; Watson, [1964)).

3.3 Proposed Testing Procedure

We now propose a testing procedure based on a nonparametric estimate of Ap|4. Specifically,

to test the null hypothesis that Ag = 0, we propose to instead test

Hop: Apa=0

Hip: Apa#0.

First, we construct a nonparametric estimate of Apj4. For each individual i with W, € Qw,

define YB = Uao(S), where D4(s) is defined in 1’ and let

nB1 npBo

Rpya =it 3 [l (1= )Yif] —ng 3 [50V + (1= 6%

i=1

Note that this proposed estimator uses Y for those with ¢;; = 0 and uses S for those with
dig = 1, where S is used to approximate Y based on the learned conditional mean function
from Study A without making any distributional assumptions. In Appendix B, we show that
£P|A is a consistent estimate of Ap4 and that \/@(ﬁpm — Ap|a) converges to a mean zero

normal distribution, with variance 0123‘ 41» which may be estimated by ’0\]23‘ 4 with a closed form
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provided in Appendix B. Thus, we estimate the variance of A P|A as:

1~

ng'opa = np {(1—7p1)st +Tp1s; + Tp1(1 — Tp1) (Usic — Usw)*} +

npo {(1 — 7po)ss + Tpos; + Tro(1 — Tpo) (Jroc — Ypow)’ }

2 2 2 2 o : 2 _ Bl 2 _ , o B
where 7, 53, 53, 55 are empirical variances such that s7 = Var;cqc. {Yﬂ }, 55 = Varicow {Yﬂ },

53 = Vareqe {Yio |, and 57 = Varicoy, {Y/iOB}; npge and npgy are the number of individ-
uals in treatment group g with i € Q% and i € Qw, respectively; Ty = Npgw/NBgy, and
Upgc and Ypgw are the empirical means in treatment group g with i € Q% and i € Qw,

respectively. Finally, we construct a Wald-type test statistic:

7~::'VG€BZXPL4’

Opla

and reject Hop when |T| > ® (1 — «/2), where ® denotes the cumulative distribution
function of a standard normal, and « is the desired level of the test. We examine the
performance of this test in Section [5]

Notice that if Study B is conducted as we have specified, we cannot estimate Ag or
A p because we have neither Y nor S for all individuals in Study B; an estimate of Apg
would require Y for all individuals in Study B and an estimate of A,p would require S for
all individuals in Study B. However, because we wish to compare our proposed estimate to
these hypothetical estimates in the simulation study, we define those estimates here. For

Ap, if one did have (only) Y for all individuals, estimation is straightforward:

np1 nBo

Ap=npi ) Y —ngy Y
i=1 i=1
For A4p, if one did have (only) S for all individuals, the resulting estimate would be:

12



np1 npo

Aup=ng > Tao(SE) —nph > 1iao(SH),
=1

i=1

where

—~ ZT-L:Af Kh(SAOi - S)YAOi
— = , 4
/JJA()(S) Z:Z‘f Kh(SAOi _ 8) ( )

the nonparametric estimate of the conditional mean, pa9(s). Of course, this estimator is
inappropriately using S to predict Y for all individuals, even those for whom the surrogate
is weak. Testing procedures based on the Wald-type test statistics using A g and A AB can
be similarly constructed as described above; we compare these to our proposed approach in

Section Bl

4 Study Design

In this section, we focus on a setting in which one plans to use our proposed testing procedure
and is in the process of designing Study B. That is, Study A has been completed and has been
used to identify Qw (the subset where the surrogate is strong), and the goal is to optimally
design Study B leveraging Study A information via the use of purposeful surrogate marker

measurement. The null and alternative hypotheses of interest are:
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where we assume W > 0 without loss of generality. The power of our proposed test at level

a = 0.05 is:

(1- %B)AB‘Q% + TeABjow

8P|A/\/nB
R npB1 nBo

with AB|Q€V = [npic ) (1= 60)Y,Y —npoe Y (1 —8i0)Yi ]
i=1 i=1

np1 nBo

N -1 B -1 B
and Apjay, =[5y E :5i1Yi1 — Npow E :5z‘0Yz‘o]a
i=1 i=1

Po(w) = p<

> 1.96 | AB:\IJ>

where Tp = (npow + npiw)/np, the estimated 7 in Study B. Notably, the expression above
involves the specified alternative, A = ¥, which is generally the quantity that is provided
when one asks for a power calculation. However, to calculate power, we will require the
alternative specified not as Ag = V¥, but instead as the components Apg|q,, and A BIOS, »

which are the treatment effects within Qy and QS,, respectively, where

N / Do) dF g (5) — / Dao()dF pojing (5)

Apjag, = / ydGpag, () — / ydG pojag, (v)

Since it would likely be unreasonable to expect a user to specify these components, we assume

the specified alternative is given as Ag = ¥ and we define

Tk = Agjg /Axk, and

pr = Axjow/Ak

which we will use to translate the specified alternative into the components needed for power

estimation.

Since the goal in this section is to plan the future Study B, we must assume that only
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Study A data is available for the power calculation. To use Study A to guide the study

design we assume, along with (C1)-(C7):

(C8) The components of o4p and the quantities px and 7 are transportable from

Study A to Study B e.g., pa = pp and 74 = 75.

This assumption is only needed for the study design procedure in this section. The quantities
in (C8) that are assumed to be transportable can be estimated using generalized cross-
validation (GCV) with Study A data only; in our numerical studies, we use GCV with 100
iterations with a holdout rate of 0.5 (Golub et al.,[1979). Thus, the expected power of Study

B, allowing ng1,npo, ¥, and g to be user-specified is

Pp(¥) = 1-@ <1.96 _ (A= me)Ta¥ + WBﬁA\D)

(npo +np1)~Y20p1a

where — denotes a quantity estimated using GCV in Study A, ps4 = A A8, /AA, Ta =

£A|QW/£Aa and

(npo+np1) '0pa = np {(1—7p)37 + 7555+ 7p(1 — 78)(Yarc — Jaw)’} +

npo {(1 — mp)55 + 7555 + 75(1 — 75) (Yaoc — Yaow)’} -

We can also rearrange this expression to solve for the required sample size to achieve a
desired power, given ¥ and mg. Suppose the desired power is 1 — 3, i.e., Pp(¥) =1 — 3;

then

2
} {(1 —7p)s + 7555 + 75(1 — 7p) (Yarc — Jarw)

_— { 1.96 — d~1(B)
n (1 — 7TB)7~'A\I/ + WBﬁA\I’

+(1 — 75)55 + 735 + (1 — 78) (Jaoc — Jaow)?}
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where for simplicity, n = ng; = npg. In addition to the sample size in Study B, it is
important to note that one could essentially tune 7g to influence the expected power of Study
B by changing the strictness of the requirement for strong surrogacy and/or by intentionally
recruiting more or less individuals with W € Qw. By appropriately adjusting the strictness
of the surrogate requirement (which we illustrate in our numerical studies) and the number
of patients that will meet them (recruitment based on W), one can theoretically adjust mg
to achieve the desired power in Study B. In our numerical studies and HIV application, we
explore how expected power varies across different sample sizes and thresholds for strong
surrogacy, thus providing a framework to use a prior study to design a future study that

achieves a desired level of power while reducing costs and/or patient burden.

5 Simulation Study

The goals of the simulation study were to demonstrate the performance of the proposed
estimation and testing procedures under various settings featuring heterogeneous surrogate
information. We examined the performance of the proposed pooled treatment effect quantity
and the corresponding testing procedure compared to the gold standard and the surrogate-
only testing procedure. Specifically, we considered the resulting point estimates, standard
error estimates, the effect size for the test, and the empirical power. Additionally, we com-
pared the empirical power to the estimated power using the study design procedures detailed
in Section Ml

In all settings, samples sizes are (ni!, ng') = (1000, 1100) and (n? nf) = (500, 400), there
was a single baseline covariate W, and we constructed the region of strong surrogacy €y as
follows. First, we used the data from Study A to estimate the proportion of the treatment

effect explained (PTE) with respect to W as in|Parast et al.|(2023a), denoted as }A%S(W) where
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values close to 1 indicate strong surrogacy and values close to 0 indicate weak surrogacy.
Then, we defined €2y as the region of the covariate space where és(W) > k for some specified
threshold x. We explored performance across three different thresholds (k = 0.5,0.6,0.7)
which correspond to varying strictness of the requirement for strong surrogacy.

Data generation details are provided in Appendix C; here, we briefly describe each setting.
Setting 1 featured an extreme case of heterogeneous surrogate utility, where the surrogate was
useless for half of the population (Rg(W) = 0) and strong for the other half (Rg(W) = 0.79).
Setting 2 featured data where the proportion of the treatment effect explained may take
on several possible values rather than two extremes. Specifically, the covariate space was
split into four equally likely regions with varying levels of surrogate strength (Rg(W) =
0,0.25,0.52,0.83). In Setting 3, there was no treatment effect; this setting was included to
examine the Type 1 error of our proposed testing procedure.

All settings used a standard normal density for the kernel K(-) and were summarized
over 1000 iterations. To reflect the expected setting that Study A has already taken place
and is considered fixed, Study A was fixed and the simulation iterations generated Study B
data only. The bandwidth was calculated as h = hy(ng') %2, where h;, was obtained using the
bw.nrd function in R (Scott, |1992)). R code to reproduce all simulation results are available
at: https://github.com/rebeccaknowlton/etsi-simulations.

Table [1 shows the results of the simulation study in terms of the estimates of Ag, Ayg,
and Ap for kK = 0.5,0.6,0.7 for Settings 1-3. Recall that the entire premise of this method is
that our approach offers the ability to measure only Y for some people, and only S for others;
therefore, in practice, we could not estimate Ag and A 45 using the observed data (because
you would need Y for all individuals to estimate Ag and S for all individuals to estimate
A ) as we have done in this simulation study. We include them here only for comparison.

Here, we see that Ap is between Ap and A4p, as expected, depending on the strictness of
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the criteria for strong surrogacy. Likewise, the power of the test to detect a treatment effect
in Settings 1 and 2 using Ap is between the corresponding power of the tests for Ag and
A p. Throughout, the empirical standard errors are close to the average standard errors.
Note that in Setting 1, the empirical power using Ap (0.830 when x = 0.7) is quite close to
the empirical power using the gold standard (0.882) while only measuring Y in 50% of the
patients. Similarly, in Setting 2, the empirical power using Ap (0.916 when x = 0.5) is close
to the empirical power using the gold standard (0.957) while only measuring Y in 50% of the
patients. This highlights the potential benefits of our approach, achieving power less than,
but close to, the gold standard power while measuring Y for only a subset of the patients.
Setting 3, the null setting with a true treatment effect of 0, shows appropriate Type 1
Error control with rates close to 0.05. Table [2[ shows the estimated versus empirical power
for testing Hy : Ap = 0 for kK = 0.5,0.6,0.7. The estimated power is calculated using
only Study A from the simulation settings, and following the procedure proposed in Section
using generalized cross validation. Throughout, we see the estimated power is close to
the empirical power. These results demonstrate reasonable performance of our proposed

methods in finite samples.

6 Example

We illustrate the performance of our methods on real data from two randomized AIDS
clinical trials. This study was reviewed and approved by the Institutional Review Board of
the University of Texas at Austin. For both trials, we considered the outcome of interest to be
plasma HIV-1 RNA at baseline minus plasma HIV-1 RNA at 24 weeks post-randomization.
Note that a decrease in HIV-1 RNA (viral load) over time represents clinical improvement;

therefore, this definition ensures that positive values of our outcome indicate better patient
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health. Since RNA is historically considered expensive to measure (Calmy et al., |2007)), the
potential surrogate marker is CD4 cell count at 24 weeks minus CD4 cell count at baseline
to 24 weeks, where an increase in CD4 indicates improvement. The baseline covariate of
interest is baseline CD4 cell count, which is known to affect patient response to treatment
and informs current clinical guidelines for AIDS treatment (NIH| [2022]).

For Study A, we use data from the AIDS Clinical Trials Group (ACTG) 320 study
(Hammer et al.,[1997), where n{' = 418 and n{' = 412. We obtain a nonparametric estimate
of the PTE as a function of baseline CD4 cell count via kernel smoothing, depicted in Figure
, and we consider two potential thresholds for strong surrogacy of ﬁg(W) > k where
k = (0.5,0.6). For Study B, we use data from the AIDS Clinical Trials Group (ACTG)
193A study (Henry et al., [1998), where n? = 28 and nf = 37. We have investigated the
performance of our simulation studies in small sample sizes similar to these studies, and while
our methods can accommodate small sample sizes in Study B, we found that they perform
more reliably when Study A has larger sample sizes such as in Section [f], e.g., approximately
1000 subjects per treatment arm. This is particularly true for the study design portion,
since we must split Study A in the generalized cross-validation procedure. Given that our
Study A sample size is smaller in this example application, study design results should be
interpreted with caution, though they can still provide useful insights into the estimated
treatment effect and estimated power of future studies.

Table[AT]shows the results for the estimated Ap at two possible x thresholds, x = 0.5 and
0.6, as well as Ag and A 45 for comparison. Previous work has suggested that change in CD4
cell count may not be a valid surrogate for change in plasma HIV-1 RNA for certain patients
(O’Brien et al., [1996; [Lin et al., |1993)), and this is especially clear for patients with baseline
CDA4 cell count greater than roughly 50 in Figure 2] Certainly, it wouldn’t be appropriate

to use S in Study B for everyone, and thus one should interpret A A With caution, when it
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suggests the treatment effect is negligible (ﬁ ap = 0.006, p = 0.928). Meanwhile, measuring
Y for everyone and estimating Apg, while costly, provides evidence of a significant treatment
effect in Study B (A = 0.395, p = 0.019).

Our proposed method allows us to combine the surrogate information for the subset of
patients for whom it is appropriate, while still measuring Y for the rest of the population. The
pooled estimates offer some evidence of a nonzero treatment effect closer to the estimated Ap,
while still offering some cost savings. At the higher threshold for strong surrogacy (k = 0.6),
we observe a trade-off, where the magnitude of the estimated treatment effect is larger than
at the lower threshold (k = 0.5) and is closer to the gold standard estimator, and the p-value
correspondingly decreases (ﬁp = 0.274,p = 0.111 when x = 0.5 vs. ﬁp = 0.294,p = 0.095
when £ = 0.6). While the small sample size of Study B is a limitation for this example,
our results illustrate the potential benefit of A p being a compromise between the expensive
ﬁB and the A ap that was inappropriate for a heterogeneous population featuring many
individuals for whom the surrogate should not be used to replace the outcome.

Additionally, using the ACTG 320 Study (Study A) as a starting point, we explored the
design parameters for a hypothetical future trial (Study B) that plans to use our proposed
testing procedure using the methods proposed in Section [l Figure [3| illustrates Study B’s
estimated power across three key variables: total sample size, hypothesized treatment ef-
fect (U), and the strong surrogacy threshold (k). The figure shows that, as expected, the
statistical power increases with larger sample sizes and larger treatment effects, while also
highlighting the effect of varying the x threshold. For example, using a x = 0.5 threshold
and an alternative of W = 0.75, the estimated power for a total sample size of n = 100 is
78%, while the estimated power for a total sample size of n = 150 is 91%. Our proposed
framework thus enables study designers to make informed decisions about the trade-off be-

tween cost savings and power in future trials where the surrogate marker has heterogeneous
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utility.

7 Discussion

We present a novel method for efficient testing using surrogate information (ETSI), de-
signed to reduce costs in scenarios with heterogeneous surrogate utility. ETSI provides a
framework to combine surrogate information for subpopulations with strong surrogacy and
the primary outcome for those with weak surrogacy, thereby leveraging findings from pre-
vious studies to streamline future research and improve cost effectiveness. We compared
ETSI’s pooled treatment effect and corresponding test against two extremes: fully measur-
ing the outcome and fully substituting the surrogate. Results show that ETSI effectively
balances these approaches, capitalizing on cost-saving opportunities without compromising
accuracy when surrogacy strength varies across subpopulations. We provide guidelines for
using ETSI to design future studies, including setting appropriate thresholds for strong sur-
rogacy and achieving desired statistical power. The proposed method’s performance is vali-
dated through numerical simulations and illustrated using AIDS clinical trial data from two
randomized studies. An R package implementing our proposed methods, etsi, is available
at https://github.com/rebeccaknowlton/etsi.

In our numerical studies examining study design, we have primarily focused on influenc-
ing g = P(Wp € Qp) by setting a threshold for strong surrogacy. However, one can further
influence mp and therefore the power of Study B by intentionally recruiting participants who
meet the characteristics of strong surrogacy, that is, purposefully recruiting participants with
W € Qw. Participant recruitment is another important element of study design, and while
not fully explored here, the recruitment process is indeed an additional mechanism through

which we can set the power of Study B. This idea of using strategic recruitment to increase
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the power of future studies is notably related to the subject of enrichment in clinical trials.
Enrichment studies in clinical trials typically leverage prior information to selectively recruit
patient subgroups more likely to respond to treatment, aiming to enhance efficiency, reduce
costs, and increase statistical power (Temple, 2010; Thall, 2021)). However, these studies
often face challenges with generalizability. While our proposed method shares the goal of
improving trial efficiency through intermediate analysis, it differs fundamentally from enrich-
ment studies. ETSI includes individuals from both strong and weak surrogacy subgroups
in Study B, measuring the primary outcome Y for the latter. This approach maintains
generalizability while achieving cost savings and preserving statistical power. While enrich-
ment and surrogate-based methods have traditionally been distinct areas of research, recent
work has begun to explore their intersection, as in [Wu et al. (2022). Further investigation
into combining surrogate markers with enrichment strategies could potentially yield even
greater reductions in trial costs and improvements in efficiency. This area of study warrants
additional research to fully understand its benefits and applications in clinical trial design.
While we have primarily focused on heterogeneous surrogacy as the motivation for E'TSI,
an interesting alternative setting emerges when surrogates are universally appropriate but
some participants are unwilling or unable to have the primary outcome measured. However,
ETSI in its current form is not directly applicable to this setting because the decision con-
cerning which patients will have the surrogate vs. the primary outcome measured is set by
design, not by patient choice; allowing patient choice introduces new complexities. Patients
who are unwilling or unable to have the primary outcome measured may fundamentally dif-
fer from the rest of the patients in many ways, both measured and unmeasured, including
with respect to their ultimate treatment response. For instance, patients declining primary
outcome measurement may have increased frailty or sensitivity to the measurement burden

of Y, and these differences could potentially introduce bias into the results. Addressing this
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scenario would require extending the ETSI framework to account for patient preferences
and potential associated biases. Such an extension could support shared decision-making
in patient care, aligning with modern healthcare trends (Dennison Himmelfarb et al.| 2023}
Muscat et al., 2021).

The proposed framework, while promising, has some notable limitations. First, our
method relies on a set of assumptions that, while common in the surrogate marker litera-
ture, may be considered restrictive. Additionally, the effectiveness of our approach depends
on having a sufficiently large sample size in Study A and assumes the existence of a reason-
able approach to identify a surrogate as strong or weak according to patient characteristics
in Study A. There is currently no consensus on the optimal method for evaluating surrogate
strength, and this evaluation can be a complex problem. Lastly, a key assumption of both
our testing and design approaches is that Study A is sufficiently representative of and gener-
alizable to Study B such that information learned in Study A can be transferred to Study B.
When this may not be true, one could consider extensions that borrow from recent research
in transfer learning and domain adaptation (Kouw and Loog), 2019; (Cai et al., 2024)); further

research in this area is warranted.
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figure: In Study A, the surrogate Si‘z and the primary outcome Yiﬁ are measured for the entire
covariate space W. Middle figure: Study A data are used to identify the region of strong surrogacy,
Qw, highlighted in pink. Bottom figure: Then, in Study B, we purposefully only measure Sﬁ] for
individuals with Wﬁ] € Quw (dj4 = 1 for these individuals), and only measure ijg for individuals

with Wﬁ} € Q%, (0j4 = 0 for these individuals), where — indicates not measured.
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Table 1: Estimation results for Ag, Asp, and Ap under x = 0.5,0.6,0.7 in Settings 1-3.
ESE reflects the empirical standard error across all simulations, ASE reflects the average
of the estimated standard error across all simulations, and Effect Size is the point estimate
divided by the estimated standard error. Power and Type 1 Error represent the proportion
of times the null hypothesis is rejected when there is truly a nonzero treatment effect and
when the treatment effect is zero, respectively. Lastly, mp represents the true proportion
of individuals who meet the requirement for strong surrogacy. (Note these are purposefully
omitted for Ap in Setting 3, the null setting, because the PTE is undefined.)

Setting 1
AB AAB Api k=0.5 APZ k= 0.6 APZ k=0.7
Point Estimate | 2.318 | 1.004 2.039 2.124 2.147
ESE 0.740 | 0.412 0.719 0.727 0.729
ASE 0.741 | 0.402 0.720 0.727 0.728
Effect Size 3.135 | 2.515 2.840 2.931 2.956
Power 0.882 | 0.699 0.815 0.835 0.838
TR 0.000 | 1.000 0.500 0.500 0.500
Setting 2
A | Aup | Ap: k=05 | Ap: k=06 | Ap: k=07
Point Estimate | 1.756 | 0.664 1.415 1.440 1.498
ESE 0.471 | 0.260 0.430 0.435 0.451
ASE 0.470 | 0.256 0.429 0.431 0.444
Effect Size 3.746 | 2.611 3.306 3.350 3.381
Power 0.957 | 0.735 0.916 0.928 0.922
TR 0.000 | 1.000 0.500 0.250 0.250
Setting 3
A | Aup | Ap: k=05 | Ap: k=06 | Ap: k=07
Point Estimate | 0.034 | 0.039 0.028 0.031 0.031
ESE 0.604 | 0.424 0.537 0.544 0.551
ASE 0.615 | 0.411 0.543 0.552 0.556
Effect Size 0.055 | 0.094 0.051 0.055 0.056
Type 1 Error 0.037 | 0.061 0.047 0.040 0.042
TR 0.000 | 1.000 - - -
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Table 2: Estimated versus empirical power for testing Hy : Ap = 0 under x = 0.5,0.6,0.7
in Settings 1-2 (Setting 3, the null setting, is omitted). mp represents the true proportion of

individuals who meet the requirement for strong surrogacy.

Setting 1
Ap: k=05 Ap: k=06 | Ap: k=0.7
Estimated Power 0.784 0.860 0.854
Empirical Power 0.815 0.835 0.838
TR 0.500 0.500 0.500
Setting 2
Ap: k=05 Ap: k=06 | Ap: k=07
Estimated Power 0.949 0.940 0.918
Empirical Power 0.916 0.928 0.922
TR 0.500 0.250 0.250
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Figure 2: Estimated heterogeneity in S (estimate of Rg) in ACTG 320 (Study A) plotted
against the baseline CD4 cell count, the covariate of interest. The dashed lines indicate two
potential thresholds for strong surrogacy: « = 0.5 or x = 0.6.
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Table 3: Estimation results are shown for ACTG 320 as Study A and ACTG 193A as Study
B. We provide the gold standard procedure Apg and the surrogate-only procedure A4p for
comparison, and compute the pooled estimator Ap at two different thresholds for strong
surrogacy, £ = 0.5 and xk = 0.6.

AB AAB APZ k=20.5 API k= 0.6
Estimate | 0.395 | 0.006 0.274 0.294
SE 0.168 | 0.062 0.172 0.176
Effect Size | 2.353 | 0.090 1.593 1.672
p-value 0.019 | 0.928 0.111 0.095
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Figure 3: Estimated power for a future Study B given that Study A was ACTG 320, based
on total sample size (displayed on the y-axis) and different options for the effect size to detect
(Psi) and the threshold for strong surrogacy (Kappa).
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Appendix A

Theorem 1.A If Ag =0, then Ap =0.

Proof. We will show that if Ag = 0, then Ap = 0. Note that Ap can be expressed as

Ap = E(Y3)) - B
— 7 [ ven(5)Fimjan(5) + (1= 75) [ G (v
~ [ () dFsoon () — (1= 1) [ 4dGrpog, )
— i { [ vmn(Fman ()~ [ vn(9dFamay (o) | + (A.5)
(=) { [ 0dGaniog (6) = [ 0G0} (A6)

We will show that (A.5) and (A.6)) are both > 0. First, we state a needed lemma:

Lemma 1. If g is a monotone increasing function, and P(X > s) > P(Y > s)Vs, then
Elg(X)] = Eg(Y)]. (A7)

Proof. Let a and b be the minimum and maximum, respectively, of the support of X and Y.

Then

where the integral above is obtained via integration by parts using u = g(s) and v = Fx(s)
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and Fy denotes the CDF of X. Similarly, we can write

b
Emynzam—/}ﬂgﬂwm&

Because P(X > s) > P(Y > s)Vs, then Fx(s) < Fy(s)Vs. Also, g being monotone

increasing implies that ¢'(s) > 0Vs. Therefore,

[ dEss < [ R

- [ domasz - [ yom
o)~ [ d6)Fxts 2 90— [ 9B s
Elg(X)] > Elg(Y)], proving (A7).

0
Now we examine (A3):
(A.5) = {/Vm 8)dFpijoy (5) — /VBO(S)dFBomw(S)}
> { [ vmn(dFmn ()~ [ v(9dFanay (o) (A3)
= {/ vp1(s) — vpo(s )]dFBOQW(S)}

Vv
>
©

where (A.8]) follows from Lemma 1, (C1), and (C2), and (A.9)) follows from (C3).
Now we examine ({A.6]):

(A.6) = (1—mp) { / ydG pyjag, (1) — / deBomgv(y)}
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= (1-mp) {EOS WY € Q) - B IWE € 0G) }

v

0 (A.10)

where (A.10)) follows from (C7). It then follows that when Ag = 0, it must be the case that

(A.5)) = 0 and (A.6) = 0. Now we examine Ap which is defined as:

Ap = 75 {/VAo(S)dFBllﬂw(S) —/VAo(S)dFBomw(S)} (A.11)
+(1—7p) {/deBmgv(y) - /deBo|ng(y)}- (A.12)

Note that (A.12)) is equal to (A.6). Thus, when Ag = 0, this component is also 0. It remains

to show that (A.11) = 0 when Ap = 0; we will do this by showing that when Ap = 0, it

follows that (A.11)) > 0 and (A.11)) < 0 and thus (A.11)) = 0 (i.e., bound from below and

above). First,

(A.11) = =g {/V 5)dFp10w () — /VAQ(S)dFB()QW(S)}
= T7p {/V 5)dF 110w (5) — /VBO(S)dFBo|QW(S)} (A.13)
= T7p {/1/ s)dFp1jaw (5) — /VBl(S)dFBIlQW<S)} (A.14)
— { Jmts) - um(s)]dFBmW(s)}
<0 (A.15)

where ((A.13)) follows from (C4), (A.14)) follows from (A.5) = 0, and (A.15)) follows from (C3).

And then,
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(A.11) = 7p {/VAO(S)dFBlﬂW(S) —/on(s)dFBmQW(s)}

>0 (A.16)

which follows directly from Lemma 1, (C1), and (C2). Thus, we have shown that if A = 0,

then Ap = 0. O

Theorem 1.B Ap < Ap.

Proof.
ar = mn{ [vadFman ) - [ v >dFBOQW<s>}
+(1 —7p) /deBl|Q€V<y) ydG ojag, (y
= 7B {/V30(8>dFBlgW(8) /VBO( )dFB()|QW(S)} (Al?)
+(1 —7p) /deBl|Q€v(y) ydG pojag, (v
S B {/VBl(S)dFBlgW(S) /VBO( )dFBO|Qw(S)} (A18)
+(1 —7p) {/deBmgV(y) ydG ojag, (y }
— Ap
where follows from (C4) and follows from (C3). O
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Appendix B

Here, we show that ﬁpm is a consistent estimate of Ap4 and that w/nB(ﬁp‘A - AP‘A)

converges to a mean zero normal distribution. We assume ngi/ng = p; > 0 and ngo/npg =

po > 0.

First, we have

np1 npo
N 1 -1
Apa = nBl§ Rl—-&ﬁiz +5MY'} Mg Bl—‘@MYE'+5wY ]
i=1 =1
npB1 npi nBo nBo
o -1
= nBlE (1—0a)Y; 1+”B1§:51 — Npg (1_5i) nBOE:(SO
i—1 i=1
npic nBiw npoc nBow
:n31§:1+n31§: nBOE: nBOE:
npic nB1w nBocC B NBOW ~x,-B
_ nBic 3 i | new S Vil  npoc S Yio,  npow S Yio
n n n n n n n n
B1 ‘= "BiC Bl ‘—{ "Bw Bo ‘= MBoc BoO ‘= MBow
npic npiw npoc npow 7
~ Y7 L Y N RPN N ]
= (1-7p1) E - + 71 E - — (1 —"7po) E B E —
‘— "B1C — "NBw — NBoc — "Bow
Let mpg =~ w1 = 7, and thus,
nBi1C NBIW X, nBoC nBOW
R R 1 }/llB R 1 }/{LIB R 0 B 0
AP|A = (1—7‘(’3) E —|—7TB E —(1—7‘1’3) E —7T E
— 'B1C = 'B1W = ''BoC 1 npow

By the law of large numbers, each of these empirical averages converges in probability to

their true means as ngic, npiw, NBoc, NBow — OC:

~ P
T — TR
npic p
B
e E -
nB1w

-1
1w
i=1
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npoc

npec Y. Y 5 E[VEli€ 0%
=1

npow

npow Y Yo = Bl € Qwl
i=1
Then, by Slutsky’s theorem, we have

Apa 5 (1—mp) BVl € O] + mpE[Y]i € Ow]
—(1 - 7p) E[Y)i € 0] — npE[VEli € Qw]
— 7 { EIVFli € Qw] - EIVEli € Qwl }
+(1 - 7p) {E[YPli € 0%] - EYli € 951}

= 7Tpg {/ﬁAo(s)dFBmw(s) — /ﬁAO(s)dFBOQW(s)}
+(1 —7p) { / ydGpyjag, (v) — / deBomgv(y)}

= Apja.

Therefore, the proposed estimator is consistent. Next, we will show that /nB(E pla—Apa)

converges to a mean 0 normal distribution. Recall that

Ses = 1 [Da(o)Fannn(6) ~ [ DalFann (s}
+(1—7p) {/deBmgV(y) - /deBomgv (y)}

= WB/I//\AQ(S)nglgW(S) —WB/ﬁAQ(S)dFBOQW(S)

(1~ p) / YdG o (y) — (1 — mp) / ydG poja. (1),
Define:

I, = /DAO(S)dFBuQW(S)
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L = /ﬁAo(S)dFBomw(S)
Iy = /deB1Q€V(y)

I, = /Z/dGBoszgv(Z/),

such that Apja = mply — mply + (1 — mp)ls — (1 — )14 Note that Iy, Iy, I3, I, are defined
in different treatment groups in different regions of the covariate space and Apj4 conditions

on Study A. We then define the corresponding estimators

NB1W -~

~ B
]’1 — Z VAO(Sﬂ)

— npiw
=1

NBOW -~

~ B
1'2 — Z VAO(S’LO>

— npow
=1

nB1C B
T Y;l
I; =

i=1

nBoC B
~ Y.
14 — § 10

i=1

npic

nNpoc

such that AP‘A = /7?3171 — %\Bgfg +(1-— /7?31)]\3 —(1- /ﬁBO)E. By the central limit theorem,

Vasw(L — 1) % N(0,03),
Visow (L — 1) % N(0,02),
Viso(ly — I)
Vool — 1) 5 N(0,03),

1s

N(0, 0%),

2 _ BY 2 _ Bl 2 _ B 2 _ o B
where 0 = Varcqc {Yll }, 05 = Valicow {Y;l }, 03 = Vareqe, {YZ-O } ,and oy = Vareq,, {Yio }

Note that

g1y —mpli = Tpili —7mpily + gy — 7wl
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= %Bl(fl — L)+ (71 — )
and,

(1—7p)l; — (1 —7p)15
= Li—Fpls— Is+7pls

= ([3 - [3) - (%Bljzi - 7TB[3)

= (- L) —7p(ls — ) — (T — 75),
and 7p, B 75 and /ip (Te — 75) — N(0,75(1 — 75)). Thus,

\/nBcl = \/nB{/ﬁBlfl—7r311+(1—%31)f3—(1—7r3)[3}
= Vip{am (L — L) + L(7s — 78) 4+ (Is — I3) — g (Is — Is) — Is(Fp1 — 75)}
= \/nB{%Bl(fl — L)+ (1- %Bl)(f?) — L)+ (I — I3)(7g1 — mB)}

5 N(0,p;trgos + (1 — 7)ot + (1 — 7)1 — I3)?])
By similar arguments,

VnsC: = nplFeole — npls+ (1 — 7o)l — (1 — m5) 14}

5 N(0,py o + (1 —7wp)os + (1 —7g)(Ir — 1,)?])

And now,

ViEBpa = Apa) = Vip(Ci—C)

- N(07 0123|A)
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where

0pia = 1 [meos+(1—mp)oi+mp(1—mp) (I —Is)*|+p;  [mpoi+(1—np)os+mp(1—7p) (la—14)’]

We estimate ‘712>| 4 plugging in empirical estimates of the corresponding quantities:

a123|A = o' [meiss + (1 —7p1)st +Tpi(l — ) Usw — Usic)’]

+Po [FBoss + (1 — To)sa + To(1 — 7o) (Usow — Usoc )’

where s1, s9, 3, S4, YBow , YBoc, U1w, Ypic are defined in the main text, py = npi/ng, and

ﬁo = nBO/nB~

Appendix C

Here, we describe in detail the simulation settings. Setting 1 features an extreme case of
hetereogeneous surrogate utility, where the surrogate is useless for half of the population
(Rs(W) = 0 when W < 5) and strong for the other half (Rg(W) = 0.79 when W >= 5).
Specifically for both Study A and B, W ~ U(0,10), S; ~ Gamma(shape = 2.55, scale =

2.55), So ~ Gamma(shape = 2.4, scale = 2.4). For W < 5,

Y, = 28+ N(0,1)

Yo = 1+ N(0,1).

For W >=5,

Y, = 295 + N(0,1)

Yy, = 285+ N(0,1).
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The goal of Setting 2 was to show the performance when the PTE has several possible
values rather than two extremes. Specifically for both Study A and B, W ~ U(0,10),
S1 ~ Gamma(shape = 2.55, scale = 2.55), Sy ~ Gamma(shape = 2.4, scale = 2.4). For

W < 2.5,

Y, = 28+N(0,3)
Y, = 1+N(0,3)

- Rs(W) =0.

For 2.5 < W < 5,

Y1 = 11+04S;+N(0,3)
Yo = 08+0.35+ N(0,3)

- Rs(W) = 0.25.

For 5 < W < 7.5,

Yy = 154165 +N(0,3)
Yo = 14155+ N(0,3)

—  Rg(W)=0.52.

For 7.5 < W,

Y, = 1855 4 N(0,3)

Yo = 185+ N(0,3)
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—  Rg(W) =0.83.

In setting 3, there was no treatment effect and thus Rg(W) is undefined. Specifically, in

both study A and B, W ~ U(0,12), S; = Sy = N(2,3?), Y} =Yy =25 + W + N(0, 62).
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Appendix A

Proof of Theorem 1. Here, we will show that

A(w) — A(w) 1 1w Cuy(w
NI _Z Z +0,(1),
( Ag(w) — Ag(w) ) ( &ai(W) ) ( Q2 (W) )

where {£1;(w), &;(w)} are independent and identically distributed (iid) mean zero random

vector, {C1;(W), (2;(w)} are also iid mean zero random vectors, and thus converges weakly
to a mean zero bivariate normal distribution with a variance-covariance matrix of ¥ (w) by

the central limit theorem. First, note that

Vi(Aw) = A(w))
= V{(Bi+ (Ba + Bs)ar + Byw — Batio) — (B + (B2 + Bs)au + BEw — Bro)}
= Va{(Bi = B1) + ((Ba + Ba)ar — (B2 + Ba)on) + (Bsw — BIw) — (Badio — Ba0n0)}
= Vi{(Bi = B1) + (Bsw — Biw) + (B + Bs)ar — (B + Bs)on)

—(Boio — Bacro) — ap(Ba — ) + a(Ba — ) — Ba(@o — ) + Ba(Go — a0)}
= V{(Bi = B1) + (Bsw — Biw) — ao(Ba — Ba) — B(@ — o)

+((B2 + B3)a1 — (B2 + Bs)on) — Badio + Bacie + 0Bz — B2 + Badio — B}
= Va{(Bi = A1) + (Bsw — Biw) — ao(Ba — B2) — Ba(Go — )

+((B2 + B3)ar — (B2 + Bs)on) — Padlo + o + oo — Pacro}
= V{(Bi = B1) + (Bsw — Biw) — ao(Ba — Ba) — B(@ — o)

+((Be+ Ba)ar — (B2 + Bs)n) — (Ba — ) (G — a0)}
= V{(Bi = B1) + (Bsw — BIw) — ao(Ba — Ba) — B(@ — o)

+((B2 + Bs)as — (B2 + Bs)an)} + 0,(1)
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= \/ﬁ{@\l —B) + (B;W — B5w) — 040(32 — B2) — B2(0 — )

+a1<<§2 + 33) — (B2 + B3)) + (B2 + B3)(Q1 — a1)} + 0p(1)

= \/ﬁ{(gl — b)) + (B;W — Biw) — 040(32 — B2) + al((B\Q + 33) — (B2 + B3))

+(B2 + Bs) (@1 — a1) — Ba(@o — ap) } + 0,p(1)

= V{(B1 — B1) + (1 — a0) (B2 — B2) + u(Bs — Bs) + (Bsw — BIw)

+(B2 + B3) (a1 — a1) — Ba(@ — ap) } + 0,(1)

Thus, using matrix operation, we may express this quantity as:

where Bo(w) = (1,04 — o, a1, W', B2 + 3, —2)".

V(B = B1)
V(B — o)
V(Bs — Bs)
V/(Bs — Bs)
vn(ar — 1)
Vn(@o — ag)

+ 0p(1)

Now, let 0, be a p-dimensional vector

consisting of all zeros, and 0,4, be a p by p matrix consisting of all zero entries. It can be
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shown that

(B — B1)
(B2 — o)
s (Bs=s) | _ e
(Bs — Bs)
(@ — a1)
(0o — ap)

- CoAgl

where €1; = Y1; — (Bo + 1) — (B2 + £3)S1: — (Ba + B5) "W, €05 = Yo, — Bo — 52505 — 51 Wy,

0100

0010

0001
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0

1 & 1 &
T
Rk Mo

0] 07 0
0] 07 0
0] 0] 0
Opxp I, O
0, 0y

0] 0] 0

60]'
SOz'EOj

WOiEQj

Soi — Qo




and

1 7T15(1) 7T1WT 0 705(0) 7T0WT 0 0
m omSY o WT 0 0 0y 0 0

’/Tls(l) 7T1(S(1))2 Wls(l)WT 71'05(0) 7T0<S(0))2 WoS(O)WT 0 0

oS (SW2 7 SOWT 0 0 07 0 0
Ay=E
mW mSOW o WW'  10W  10SOW  70WWT 0 0
mW mSOW o WW'™ 0, 0, Opp 0 O
0 0 07 0 0 07 7 0
0 0 0; 0 0 0 0 o
Therefore,
1

Vi(A(w) — A(w)) =

ni ~ 1 no -
N Z Bo(w) ' CoAg 'uy; + \/_n_o Z Bo(w)"CoAg'vo; + 0,(1)
i—1 j=1

where uy; and vo; are iid mean zero random vectors. Similarly,

V(B — By)
Vi(Ag(w) — As(w)) = Bi(w)' Vi(Bs — Bs)

Vi(Bs — Bs)

1 « 1
\/n_l Z B1<W)T01Aaluh‘ + \/_’I’L_O Z Bl(W)TclAEIVOj + Op(l),
=1 j=1

where By(w) = (1,1,w")" and

0100 0 0,00
C1=00010;OT00

0000 0y I, 0 0
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Therefore, as n — oo, by the central limit theorem,

A(w) — A(w) 1 < [ Bo(w)"Cy 1 & [ Bo(w)"Co
Vil == Ayt — Ay voj+op(1)
As(w) = As(w) | VS \ Byw)C Vi S5\ B (w)TCy

converges weakly to a mean zero bivariate normal distribution with variance-covariance ma-

trix,

Bo(W)TCO
Sa(w) = AG'E (02 4 v¥2) Ay (CIBo(w), CTBy (W)
B1 (W)Tcl

where a®2 = aa” for a vector a. By the delta method, /n {}A%S(W) - RS(W)} also converges

weakly to a mean zero normal distribution as n — oo, if A(w) # 0.

Appendix B

Proof of Theorem 2. We must show that:

i [ 30 - a) A19)
RE(w) — Asg(w)

=

_ L uiluo(w) L Vh Cui(uo(W))

VI S\ g (uo(w)) T Giluo(w)

+ 0,(1), (A.20)

under the regularity conditions in Theorem 2, where &;; are iid terms, &;; are iid terms.
Coupled with the central limit theorem, it would follow that v/nh <£K (w) — AK (w)> and
Vnh <£§ (w) — AS(W)> converge weakly to a mean zero bivariate normal distribution with
a variance-covariance matrix of X (w). Lastly, by the delta method, }A%fg( (w) would converge
weakly to a mean zero normal distribution as n — oo as long as AX(w) # 0. Without loss

of generality, we assume that hyg = hy = hy = hg = hy = h in the following. To demonstrate
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the first order approximation ({A.20]), we first show that

A¥(w) - B5w) =0, (=), (A21)

where
AX(w) = my {uo(w)} —mo {uo(w)},

) — o Ky (U = )Yy
S Ko U =)

and Uy = up(Wy;) = (W, 6p). Now, consider

€ {0, 1},

:nglhgg: K (Y ; “) _K (Uw'hg_ “)]
:nglhg ”gl {K (Ugihg_ u) (Ugih; Ul>}(1+0p(1))
) {K (") (9<W">,§f @0)) } (1+0,(1)

which is 0,{(nyhy)"*/?} uniformly in u, where g(w) = du(w, ) /96|p—p,. Next, consider

{Z K, (Ui — u)Y; — Zth(ng’ —U)Ygz}
=1 =1

n_g;f(hg(Ugi—u)g(Wgz) gi| % Op (\/n_lghg>
e )
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Therefore,

~ ~ 1
mg(u) — mg(u) = o, ( nghg> :

Next

= |my {u(w, 9)} —my {uo(W)}} — [mo {U(W7 é)} — My {UO(W)}}
{u(w, é)} —my {u(w, é)H + |y {u(w, é)} —my {uo(w)}‘
o {u(w,0)} — 7o {ﬁ(w,é)}‘ + ‘mo {utw,0)} = 7o {uo(w)}‘

+
3

=0, \/rj—h) + |y {u(w,é)} —my {uo(W)}’ + ‘7710 {U(W,é)} — My {UO(W)}‘

1

D /—nghg P n, )

where we used the fact that sup,, ‘u(w, 0) — uo(w)‘ = Op(n;1/2) and

_o, ( 105;;1(;33 + hg) — 0,(1),

g

dmg(u)  dmg(u)
du du

sup
u

for € € (0,1/3). Therefore, (A.21]) is established. Next, we need to establish that

A5w) - BEw) =0, (). (A.22)

where

A% (w) = mao(ug(w)) — g (uo(w)),
where myo(u) = [ (s, w)dFgo) (s | w),

_ iy Koy (Ui — u) 1 (So; < s) Yoty Ky (S1i — 8) K, (Ury — u) Yy,

Fgoy(s | u)

and jiy(s,u) =

> ity Ky (Uoi — ) >ty Ky (S1i — 8) Kp, (Ui —u)

52



Since we have already established that

o {u(w, 9)} ~ Mo(uo(W)) = 0p (ﬁ)

uniformly in w, we only need to show that

Fito {u(w, é)} — o (ug(w)) = o, ( \/ﬁ) .

Consider

()
:n11h3 i {K <U”h4_ u) <ﬁlih_4UM> } Ky (S1i = 5)(1 4 0,(1))
o () () () o

[ 3 i s | <0, ()

NS
=O(hshs)O, (1 + %) Op (\/n—llhg) :

which is 0,{(n1h3)~1/?} uniformly in u, if nyhghy/ log(n) — oo. Following the same arguments

above, it is straightforward to show that

— ~ 1
Fgo (s |u) — Fgo (s | u) =0, (m) )
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Therefore,

’Ifl\”L mlo( )
/ﬁ s, u)dFgw (s | u) — /ﬁl(s,u)dﬁs(o)(s | u)

0 ~ O (s,
/ o ‘“6()2 ) g5 / Foo (s | u)%ds

Opin (s, u) 8’71(5’16)} ds +/ [ﬁsm (s | u) — Fgo (s | u)] %ds

Fso [ Os Os

(m )

Coupled with the fact that U(w,8) — ug(w) = O,(n~/?), it implies that (A.22)). Therefore,

we have established that under the condition of Theorem 2

>

Vnh ) _f ™) = 0,(1).
§ (W) — Ag(w)

)

Based on the result by [Parast et al.| (2023a), we have

AK(u) — Au) i §1i(u) N Vh & Gilu)
A -asw) | VIS e ) VS )

+0,(1), (A.23)

where u = ug(w), 7, = ng/n,

O %
Cua(u) = _%

e % L (Soi, Uoi) = o (Ui } = %u)_m {¥oi = o(Uss)}
Cai(u) = W {Yii — i (Sui, Uni)} %

fu () is the density function of U = ug(W), py(s,u) = BE(YW | SO = 5 U = u), p,(u) =
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EYY | U = u), few(s | u) and Fgu (s | u) are the density function and cumulative

distribution function of S | U = u, respectively, and pio(u) = [ (s, u)dFg0 (s | u).

Therefore,
AR (w) — AR (w) VE 3 [ Gilug(w)) Vi do [ Culue(w))

Van | - 3 + 3 +o,(1)
AB(w) — As(w) VIS &lug(w)) ) VOO Goilug(w))

converges weakly to mean zero bivariate Gaussian distribution with a variance-covariance

matrix of ¥a(w). It follows from the delta method that
Vnh {ﬁs(w) - RS(W)}

also converges weakly to a mean zero Gaussian distribution N(0,0%(w)), as the sample size

n — oQ.

Appendix C

In Appendix B, we showed that:

implying that

%)



where }/%S(w) = 1— Ag(w)/AX(w), and € > 0. Therefore, there exists an A, = O(+/log(n))

) <)

Rg(w )(f?s( ' ) }{1—1—0(1)}.

and B,, = O(y/log(n)) such that

p{An(

Ao

| /\

Under the null hypothesis that Hy : Rs(w) = Ry,
m{mw\l /w Rs(w)dw — Ro} = 0,(1)
and, denoting our observed data as D,
P{A, (T — B,) < d} =P {An (S?Upm w - Bn> < d} {14 0(1)}
P {An (S?Upm w - Bn> < d} {1+0(1)}

=P {An (Sup T*® Bn) <d| D} + 0,(1).

Thus, the null distribution can be approximated by the described sampling method.
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Appendix D

Table Al: Estimation results using the proposed parametric and two-stage approaches for
AIDS 320 Clinical Trial, for ten w combinations, representing the diagonal entries of the
grid L, capturing combinations close to the boundary and the center of the grid.

Parametric
Baseline CD4 | Baseline Age | Rs | SE(Rgs) | 95% CI for Rg
17.00 3220 | 032 005 | (0.23,042)
31.47 33.79 0.30 0.04 (0.22, 0.39)
45.93 35.38 0.28 0.04 (0.21, 0.36)
60.40 36.96 0.26 0.04 (0.20, 0.33)
74.87 38.55 0.25 0.03 (0.19, 0.30)
89.33 40.14 0.23 0.03 (0.18, 0.29)
103.80 41.72 0.22 0.03 (0.17, 0.27)
118.27 43.31 0.21 0.03 (0.16, 0.26)
132.73 44.90  |020| 003 | (0.15,0.25)
147.20 4648 1019 | 002 | (0.14, 0.24)
Two-stage
Baseline CD4 | Baseline Age | Rg | SE(Rs) | 95% CI for Rg
17.00 3220 | 0.84| 021 | (0.36,1.36)
31.47 33.79 0.72 0.20 (0.22, 0.99)
45.93 35.38 0.49 0.22 (0.17, 0.90)
60.40 36.96 | 041 | 014 | (0.21,0.76)
74.87 38.55 0.47 0.12 (0.26, 0.73)
89.33 4014 051 017 | (0.19, 0.74)
103.80 41.72 0.43 0.14 (0.13, 0.66)
118.27 43.31 0.24 0.14 (0.07, 0.57)
132.73 44.90 0.22 0.14 (-0.03, 0.54)
147.20 46.48 0.13 0.13 (-0.12, 0.41)
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