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Abstract

We study the phase discrimination problem, in which we want to decide whether
the eigenphase 6 € (—, 7] of a given eigenstate [)) with eigenvalue €' is zero or not,
using applications of the unitary U provided as a black box oracle. We propose a quan-
tum algorithm named quantum phase discrimination(QPD) for this task, with optimal
query complexity @(% log %) to the oracle U, where A is the gap between zero and non-
zero eigenphases and § the allowed one-sided error. The quantum circuit is simple,
consisting of only one ancillary qubit and a sequence of controlled-U interleaved with
single qubit Y rotations, whose angles are given by a simple analytical formula. Quan-
tum phase discrimination could become a fundamental subroutine in other quantum
algorithms, as we present two applications to quantum search on graphs:

1. Spatial search on graphs. Inspired by the structure of QPD, we propose a new
quantum walk model, and based on them we tackle the spatial search problem,
obtaining a novel quantum search algorithm. For any graph with any number of
marked vertices, the quantum algorithm that can find a marked vertex with prob-
ability ©(1) in total evolution time O(%\/g) and query complexity O(\%), where
A is the gap between the zero and non-zero eigenvalues of the graph Laplacian
and ¢ is a lower bound on the proportion of marked vertices.

2. Path-finding on graphs. By using QPD, we reduce the query complexity of a
path-finding algorithm proposed by Li and Zur [arxiv: 2311.07372] from O(n'h)
to O(n®), in a welded-tree circuit graph with ©(n2") vertices.

Besides these two applications, we argue that more quantum algorithms might benefit
from QPD.
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1 Introduction

Quantum phase estimation [1] is a fundamental subroutine used widely in quantum compu-
tation, such as Shor’s order-finding algorithm [2] reinterpreted in [3], quantum approximate
counting [4], HHL algorithm [5] for quantum linear-systems problem, quantum walk search
on Markov chains [6], estimating ground-state energies in quantum chemistry [7], quantum
Metropolis sampling [8], calculating Betti numbers in topological data analysis [9], and many
others. The task of phase estimation is to estimate the eigenphase 6 of a given eigenstate
|9} of a unitary U with unknown eigenvalue €. In this work, we study a highly related
problem named phase discrimination stated formally below.

Problem 1. Suppose 1)) is an eigenvector of a unitary U with corresponding eigenvalue €.
The task is to distinguish the following two cases:

()¢ =0; or (ii)|¢] € [A .

The eigenvector 1) is provided as a quantum state, and the goal is to minimize the number
of applications of the unitary U (and possibly Ut and their controlled versions).

An algorithm is said to solve Problem 1 with bounded error ¢ if it outputs the correct
answer with probability greater than 1 — §, and it is said to have one-sided error § if it
additionally does not err in the case of ¢ = 0.

A trivial approach to solve the above problem with bounded error ¢ is to perform quantum
phase estimation (QPE) [1] with enough precision. This would, however, require O(ﬁ) calls
to controlled-U and O(log(s5)) ancillary qubits. The dependence on § can be improved by
repeated QPE without intermediate measurement [6, Theorem 6], which uses O(log(;)3)
calls to controlled-U and O(log(5)log(3)) ancillary qubits. If intermediate measurement is
allowed, we only need O(log(s)) ancillary qubits that are reused in each repetition, but this
may be impractical when it is used as a subroutine in other quantum algorithms.

1.1 Quantum phase discrimination

In this work, we present an efficient and concise quantum algorithm for the phase discrimi-
nation problem, and then apply the algorithm to settle two search problems on graphs.

Theorem 1. For any § € (0,1), there is a quantum algorithm as shown in Fig. 1 that solves
Problem 1 with one-sided error 9, using L = O(% In %) controlled-U and one ancillary qubit.

The angle parameters {6’1-}5:_01 are given by an analytical formula.

We call the quantum algorithm in Theorem 1 as quantum phase discrimination (QPD).
Using QPD, we can not only improve existing quantum algorithms, but also develop new
paradigm of quantum search algorithm. Before delving into these applications of QPD, we
first show that its query complexity O(% In %) achieves optimal scaling.

Theorem 2. Any quantum algorithm solving Problem 1 with bounded error § € (0,1) needs
Q(% log %) applications of U and U in total.
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Figure 1: Quantum circuit for the phase discrimination problem.

The proof of Theorem 2 is inspired by [10, Claim 24|, where Mande and de Wolf considered
a slightly different problem of distinguishing a specific set of unitaries.
Comparison to other trivial methods. To the best of our knowledge, there is no litera-
ture that discusses the phase discrimination problem specifically. There are some off-the-shelf
techniques that can be used to solve the phase discrimination problem, but the outcomes are
unsatisfactory. As mentioned earlier, the straightforward approach of repeated QPE without
intermediate measurement [6, Theorem 6] requires O(log(3) log(3)) ancillary qubits. Besides
QPE, we are aware of two other approaches that can solve the phase discrimination problem
(details presented in Appendix B): (i) Quantum phase processing (QPP) proposed by Wang
et al. [11]; and (ii) the eigenstate filtering method [12] used in Lin and Tong’s quantum
linear system solver. These two methods can be seen as a variant of QSP, and they both
need a numerical and computationally intensive step for finding the angle parameters. We
summarize these trivial methods in Table 1, highlighting the advantages of QPD:

1. It uses only 1 ancillary qubit.

2. It does not need the application of controlled-UT. As noted in [13, Section 5.1.2], the
assumption of access to U may not be reasonable in an adversarial scenario where we
only assume access to U as a black box.

3. It is easy to implement, as the angle parameters are given by a simple analytical
formula. The computationally intensive step of finding angle parameters in QSP is
often a bottleneck to its scalability and practicality. The analytical formula in our
QPD significantly reduces classical overhead and streamlines circuit design.

Table 1: Comparison to other trivial methods.

methods ancillary qubits  angle parameters oracle forms
repeated QPE [1, 6] O(log(3)log(5))" None controlled-U
QPP [11] 1 Numerical controlled-U, controlled-UT
eigenstate filtering [12] 2 Numerical controlled-U, controlled-UT
QPD, Theorem 1 1 Analytical controlled-U

We now present two applications of QPD to quantum search on graphs.

Tt can be decreased to O(log(5)) if intermediate measurement is allowed (i.e. reuse the ancillary qubits),
but this may be impractical when it acts as a subroutine in other quantum algorithms.



1.2 Application to spatial search on graphs

We first apply QPD to spatial search on graphs. Spatial Search is the problem of finding an
unknown marked vertex on a graph G. It is an active research direction in quantum com-
puting and one of the most important algorithmic applications of quantum walks. Quantum
walks are classified into discrete-time quantum walks (DTQW) and continuous-time quan-
tum walks (CTQW). CTQW evolves a Hamiltonian H for some time ¢, i.e. executes e*f?
where ¢ can be any positive real number, whereas DTQW evolves the system according to a
unitary that complies with the graph topology for a discrete number of steps.

Over the past 20 years, the research on quantum spatial search algorithms can be roughly
summarized into two lines [14]. The first line is to search on specific graphs, aiming at
designing a quantum algorithm with time O(\/N ) for a given graph with N vertices. It has
been investigated on plenty of different graphs such as d-dimensional grids [15], hypercube
graphs [16, 17], strongly regular graphs [18], complete bipartite graphs [19, 20], balanced
trees [21], Johnson graphs [22, 23], Hamming graphs [24], Grassmann graphs [24], Erd6s-
Renyi random graphs [25], and so on. The quantum spatial search algorithms for those
graphs can be designed via DTQW or CTQW. It is worth pointing out deterministic quantum
search algorithms have been proposed for most of the mentioned graphs in [26] via alternating
quantum walks. Note that discrete and continuous walks have essential differences in the
quantum setting, so designing a quantum algorithm in one model does not necessarily lead
to a quantum algorithm in the other model. The relationship between DTQW and CTQW
can be found in the literature [27].

The second line of research on quantum spatial search is not limited to specific graphs
but is based on Markov chains to answer a more general question: Can quantum walks
always provide a quadratic speedup over classical walks for the spatial search problem? A
breakthrough result on this problem was proved in 2020 [28]: For any graph, if there exists a
classical search algorithm with time O(T), then we can construct a quantum search algorithm
with time 5(\/T ). This result was proven based on DTQW. Subsequently, a similar result
based on CTQW was proven in [29]. These two results have provided a more comprehensive
understanding on the application of quantum walks to spatial search problems. However,
it should be noted that the research along the second line cannot replace the one along the
first line. The reason is that despite these elegant results [28, 29], when dealing with specific
graphs, the optimal quantum search algorithm remains unknown, and we still need to fully
utilize topological properties of the graph to design algorithms.

Controlled intermittent quantum walk. Inspired by the structure of QPD, we
propose a new quantum walk model named controlled intermittent quantum walk (CIQW),
which interleaves controlled CTQW e with unitary operations that adjust the control
signal, where L is the Laplacian matrix of a simple undirected graph G. An illustration of
the CIQW W with single control qubit is shown in Fig. 2.

This model can be seen as a hybrid of CTQW and DTQW, or more specifically, a con-
tinuous version of the MNRS framework [6] by replacing their controlled DTQW on Markov
chain with controlled CTQW e**t.

Based on the CIQW model combined with QPD, we obtain the following result:

Theorem 3. For any simple undirected graph G with at least ¢ € (0, 1) proportion of marked
vertices and \ being the gap between the zero and non-zero eigenvalues of the graph Laplacian
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Figure 2: Illustration of the CIQW model with single control qubit.

L, there is a CIQW-based quantum algorithm that finds a marked vertex with constant success
probability, query complexity O(%) to the oracle that checks whether a vertex is marked or

not, and a total of O(ﬁg) evolution time of the controlled CTQW et

Given a graph with Laplacian matrix L and marked set M, our CIQW-based algorithm
starts from the initial state |r), the uniform superposition of all the vertices, and then
performs the CIQW and the oracle e/ alternately. The oracle ™™ multiplies a relative
phase of (—1) to vertices |v) in M. An illustration of the algorithm is shown in Fig. 3.
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Figure 3: Illustration of the CIQW-based algorithm.

The main idea of our CIQW-based algorithm is to mimic Grover’s search algorithms, or
more precisely, to implement Grover’s iteration e/ ("l . ¢ As the oracle ™ igs already
provided, the key is to implement approximately the reflection e™ ("l around the initial state
|7} using CIQW. This is where QPD comes into play. Since |r) is the only eigenstate of L
with eigenvalue 0, we can use QPD to distinguish |7) from the other eigenstates of L, and
then construct an approximate reflection around |r).

A comparison of our result (Theorem 3) with some existing quantum algorithms for
spatial search is summarized in Table 2. For a random walk with transition matrix P, let s
be its stationary distribution, i.e. sP = s. The expected number of steps before the random
walk hits a marked vertex, starting from the stationary distribution s, is its hitting time,
denoted by HT. The gap between 1 and the other eigenvalues of the transition matrix P
is denoted by d € (0,1). In the electric network model, a random walk takes place on a
simple undirected graph with non-negative weighted edges, and its transition probability is
proportional to the edge weight. The quantity C, = W - R,, where W is the total weight of
the graph and R, is the effective resistance between o and the set of marked vertices [30]. It is
known that reversible Markov chains are equivalent to random walks on weighted undirected
graphs [31], and 2C, = HT when o = s [30], and 1 < HT < + [32].

From Table 2, our algorithm is different from existing quantum spatial search algorithms,
and it may add a new perspective to the growing body of quantum search algorithms. Below
are some more remarks on the features of our algorithm:

imllpg

1. Tt gives a concrete quantum search algorithm for any graph. The results of AGJK [28],
MNRS [6] and ACNR [29] are based on a classical random walk with transition matrix
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Table 2: Comparison of different quantum spatial search algorithms.

models initial state  update cost checking cost
AGJK [28] |s) of P VHT steps  HT

MNRS [6] |s) of P \/La? steps \/LE

electric network [30, 32] arbitrary |o) /C, steps  /C,

ACNR [29] |s) of P VHT time VHT

this work, Theorem 3 |m) of L vz time NG

P, and the electric network [30, 32] assumes an undirected graph with weighted edges.
Our result gives an explicit quantum algorithm, based only on the Laplacian matrix L
of the given graph.

2. It may achieve better query complexity. The results of AGJK [28] and ACNR [29]
are state of the art. The query complexity to the Check operation by AGJK [28] is
O(v/HT), which could be worse than our 1/4/z, since 1/e < HT. For example, in
the case of n-cycle? with a single marked vertex, 1/¢ = n while HT = ©(n?) (See
Appendix C for details). Thus, our algorithm greatly reduces the query complexity in
certain cases. The query complexity of the CTQW algorithm of ACNR, [29] is not given
explicitly, but since the overall expected run-time of their algorithm is O(\/ﬁ) and
the evolving CTQW Hamiltonian Hp(,) depends on the interpolated Markov chain
P(s) = (1 —s)P + sP’, where s € (0,1), in which the absorbing walk P’ requires
knowledge of the marked vertices, the overall query complexity also scale as O(\/ﬁ ).

3. The Hamiltonian in our CIQW model is different from that of ACNR [29], which
takes the complicated form of H = i[UITD(S)SUp(S),I ® [0)(0[], where Up()|z,0) =
> yev VP (8)ey |7, y), g = 1®]0) (0], S is the swap operation, and [A, B] = AB—BA s
the commutator. It is remarked in [33] (surrounding Eq. (45) there) that this particular
construction of H quadratically amplifies the spectral gap of P and is crucial for
subsequent quantum speedup of spatial search.

4. Our update cost (ﬁg time) is incomparable to that (\/%Ts steps) of MNRS [6], because
the eigenvalue gap A of graph Laplacian L and the eigenvalue gap ¢ of transition matrix
P are incomparable in most cases. In addition, DTQW based on transition matrix P
is incomparable to CTQW e* with graph Laplacian L.

1.3 Application to path-finding on graphs

In a recent paper by Li and Zur, a welded tree circuit graph G with ©(n2") vertices is
constructed [34, Section 5.3]. For the convenience of the reader, the detailed definition of
G is shown in Appendix A. Based on this graph, they consider the following path-finding
problem.

2n-cycle is an n-vertex graph consisting of a single cycle and every vertex has exactly two edges incident

with it.



Problem 2 (Problem 5.1 in [34]). Given an adjacency list oracle Og to the welded tree
circuit graph G, the goal is to find an s-t path in G, where s is the only vertex in G with
degree 2 and t is the only vertex in G with degree 1.

It is shown in [34, Theorem 5.6] that any classical algorithm making at most 2/¢ queries
to O¢ solves Problem 2 with probability 2-°(") | whereas there exists a quantum algorithm
that solves Problem 2 with success probability 1 — O(d) and O(n''log(n/d)) queries [34,
Theorem 5.2]. Thus, an exponential speedup of the path-finding problem on this graph is
provided.

Their quantum algorithm relies on a subroutine (see Lemma 5 in Section 4) that performs
QPE on the quantum walk operator U to approximate the projection to the desired 1-
eigenspace of U. We replace QPE with our QPD, leading to a reduction in query complexity
by a factor of O(n?®). Overall, we obtain the following result.

Theorem 4. There exists a quantum algorithm that solves Problem 2 with success probability
1 — O(6) and O(n®log(n)log(n/d)) queries.

Other potential applications of QPD. QPD can also be used for filtering out unde-
sired eigenstate [35], with the same benefit that parameters in the quantum circuit are given
analytically compared to existing method [12]. Technically, the effect of QPD followed by a
projection |0) (0] on the ancillary qubit is approximately a projection to the e®-eigenspace of
the unitary U. This leads to its applications in various filtering or projection-based quantum
algorithms, such as quantum linear system solver [12, 36], ground state preparation [37, 38|,
estimating normalized Betti numbers [39] in quantum topological data analysis [9], and
perhaps many others.

1.4 Paper organization

The rest of this paper is organized as follows. In Section 2, we formally present QPD
(Theorem 5) and its proof. The proof of the lower bound on phase estimation (Theorem 2)
is presented in Section 2.2. We then discuss in detail two applications of QPD), one to spatial
search on graphs (Section 3), and the other to path-finding on graphs (Section 4). Finally,
we conclude and point out some future work in Section 5.

2 Quantum phase discrimination

Our QPD is formally presented in the theorem below, and it features analytical angle pa-
rameters which have also appeared in fixed-point quantum search [40, 41]. The relation
between these two seemingly different tasks from the perspective of function approximation
is discussed in Remark 1.

Theorem 5 (Theorem 1, formal). Assume [¢)) is an eigenvector of the unitary U such
that U |¢) = € |¢) and ¢ € (—m,7|. Consider the quantum circuit C(U,\, L) shown in
Fig. 4, where X € (0,7), L is an odd integer, and 6, = 2arctan[sin(3) tan(2)] for n €



{0,..., L —1}. Then the final state |w) 1) satisfies
Ty, (cos(%)/cos(%))
TL(l/COS(%))
where Ty, (x) is the Chebyshev polynomial of the first kind *.
In(2/9)

Furthermore, if 6 € (0,1) is the allowable one-sided error, then by setting L > Nz we
have:

[{Olw)| = : (1)

jw) =10}, if¢=0; (22)
{ 0wy <6, if [o] > A (2b)
0) — Ro(5) HH £, 60) R 0 o R D | )
[¥) —+ U U 4)
| | —

Figure 4: Quantum circuit C'(U, \, L) of QPD.

The function [(0|w)]| of ¢ is an approximation of the “delta” function that takes value 1
at ¢ = 0 and 0 for ¢ # 0. For an intuitive illustration, we take A = £,0 = 0.1 and L = 17
such that L > % as an example, and the function graph of |(0|w)| for ¢ € (—m, ] is
shown in Fig. 5.

One may notice that the height of the small peaks in Fig. 5, i.e. the actual maximum
value of |[(0|w)| when |¢| > A, is smaller than the allowable error 0, and is 1/77(1/ cos(A/2))
by Eq. (1) and Eq. (26) below. This is because the solution y to the desired equality
1/T,(1/cos(A/2)) = 0 is usually not an integer, but we want y to be an odd integer L.
The issue can be solved as follows, at the expense of a more complicated expression of
0, used in the quantum circuit C(U, A\, L). After setting the odd number L to satisfy
1/Tr(1/ cos(A/2)) < §, we can reduce A to X such that 1/77(1/cos(N/2)) = §, by the
fact that T, (x) is increasing for x € [1,00). Using the definition T} (x) = cosh(y arccosh(z))
and the identity cosh?(z) — 1 = sinh?(z), we have:

1/T3(1/ cos(X'/2)) = & ()
<1/6 = cosh(L arccosh(l/cos(%))) (4)
@cosh(% arccosh(1/0)) = 1/008(%,) (5)
N 1
@sm(;) - \/1 B cosh?(+ arccosh(1/9)) (6)
@sin(%/) = tanh(% arccosh(1/6)). (7)

3The polynomial T} (x) satisfies the recurrence relation Ty(x) = 1,T1(x) = x,Tpy1(x) = 22T, () —
T,,—1(z), and has an explicit formula T, (z) = cos(L arccos(x)) for |z| < 1; Tp(x) = cosh(L arccosh(zx)) for
x> 1; Tr(x) = (—1)F cosh(L arccosh(—x)) for z < —1.
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Figure 5: Function graph of |[(0|w)| for ¢ € (—m,n]. The expression is shown by Eq. (1),

where \ = %,5 = 0.1 and L = 17 such that L > ln/(\Q/;). The dashed lines show that

|(OJw)| < 0.1 when [¢| > §. Note that [(0]w)| =1 when ¢ = 0.

As mentioned earlier, this makes the expression of 6, = 2 arctan[sin(’\?/) tan(F)] more com-
plicated.

2.1 Proof of Theorem 5

At the heart of Theorem 5 as well as the fixed-point quantum search [40] lies the following
quasi-Chebyshev lemma, whose full proof has only recently been shown in [41].

Lemma 1. Suppose v € (0,1]. For any given odd number L, consider the odd polynomial
aj(x) of degree L defined by the following recurrence relation:

(lg(.’b‘) =1, a’ly(x) =7, (8)
ay () = 2(1+ e ")a)(z) — e a4 (), (9)
where the angles are
n
Hn:2arctan< 1—72tan(z7r)> ,ne{l,...,L—1}. (10)

Then the explicit formula of a) () is

ap(x) = Tp(x/v)/TL(1/7). (11)

Remark 1 (connection between QPD and fixed-point quantum search). From the perspec-
tive of function approximation, the two seemingly different tasks of phase discrimination and



fixed-point quantum search are both deeply connected to the odd polynomial a] (z) shown
in Eq. (11). In the former task, we want to approximate the “delta” function. This can be
achieved by letting = cos(¢/2) and v = cos(A/2) in a] (z) and setting L > 21n(2/6)/A, and
we will soon prove that the desired function f(¢) := a] (x) satisfies f(0) =1 and |f(¢)| < ¢
when |¢| < A. In the latter task, we want to approximate the “sign” function that has value
1 (i.e. the highest success probability achievable) whenever A\ > 0 (i.e. the marked elements
are non-empty). Suppose a lower bound w? on the proportion A?* of marked elements is
known in advance. Let z = v/1 — A2, and v = v/1 —w? in a; (x), and set L > In(2/)/w,
then it can be shown similarly [41] that the desired function P(\) := /1 — a] (z)? satisfies
P(0) =0 and P(\) > V1 —42 as long as A > w.

We now prove the correctness of Theorem 5 using Lemma 1. Recall that the three single-
qubit operations that correspond to the rotations around the x,y, z axes respectively by
angle 6 on the Bloch sphere are as follows:

[ cos(?)  —isin(%) ~ [cos(%) —sin(%) e ®2 0
R0 = [Ty ety | O = [ sy | 0= ] - 02
Since U |[¢)) = € |y), after applying controlled-U to |b) [¢)) for b € {0,1}, we obtain
e |b) ® [1b). By the definition of R,(f) shown in Eq. (12), we know it is equivalent to
applying ei%Rz(@ to the first qubit and leaves the state |¢) in the second register un-
changed. Therefore, after applying the quantum circuit C'(U, A, L) shown in Fig. 4 to the
initial state |0) |¢)), we obtain the final state |w) |1), where

w) = €5 - Ry(—3)- H (Ro(6) - Ry(6.) - Ru(5) 10) (13)

It can be easily verified that the following_two identities hold:
Ro(=3) - Ra(6) - Ru(5) = Ry (0). (14)
Rm(—; R, (0) - Rm(g) = R.(—0). (15)

Thus by inserting R, (%) - R,(=5) = I to Eq. (13), and using Eqs. (14), (15), we have:

L—1

w) = ™3 - T] (Ry(@) - Ro(~62)) [0). (16)
n=0

Our motivation for switching the rotation axes of R.(¢) and R,(6,) is that the new R,(¢)

and R,(0,) are closer to the formalism in fixed-point quantum search [40, 41], where R,(¢)

corresponds to the unitary A that prepares a linear combination of marked states and un-

marked states, and R,(—6,,) corresponds to the phase oracle that multiplies a relative phase

shift to the marked states.

We first consider the case where ¢ = 0. Thus R,(¢) = I, and Eq. (16) becomes

-1

w) = . (— ] en> 0) = exp(i Y ) [0) = [0). a7)

n n=

10



where we have used the fact that 6,_, = —6,, for n € {1,..., L — 1} by the definition of 6,,.
Therefore, we obtain Eq. (2a).

We then consider the case where ¢ # 0. Denote by A(6,) := R,(¢) - R, (—0,) the
product of the two rotations in Eq. (16). Using their matrix expression shown in Eq. (12),
we know:

¢y _ ¢
A(6) = C9S(g> ¢ sin (g) (18)
sin(§) e~ cos(i)
Let ag :=1,b := 0, and [ay, sin(£)b,]7 := A(6y—1) - - A(6p) |0). Then we have
[{Olw)| = lavl (19)
From Eq. (18), we obtain the following recurrence relation of a,, b,:
Uni1 = Qn cos(g) — by~ sin2((§), (20)
bpi1 = Qn + bpe™Pn 608(5)’ (21)
where n € {0,..., L—1}. To decouple the above recurrence relation to obtain the recurrence
relation of a,, we first use the linear combination of the above equations, i.e. (20)- % +

(21), to eliminate b,, and obtain an expression of b, regarding a,, and a,,1, and then let
n — (n — 1), obtaining
Qp_1 — G COS(%)

sin®(2) ’

b, =

(22)

where n € {1,..., L}. Substituting Eq. (22) into Eq. (20), and letting z := cos(2), we obtain
the recurrence relation of a,:

any1 = x(1+ e_w")an —e g, 1, ne {1,...,L—1}, (23)

where the first two terms are ap = 1 and a; = x. Note that a; = x regardless of the value of
0o, and we let 0y = 2arctan[sin(3) tan(2m)] = 0 for a succinct expression.
We are now only one step away from Eq. (1). Let

v = cos(%) € (0,1). (24)

Then /1 — 42 = sin(3), and our choice of §,, = 2 arctan[sin(3) tan(%)] forn € {1,...,L—1}
coincides with Eq. (10) in Lemma 1. Thus by Eq. (11) and Eq (19) we have:

T (cos( )/cos(%)) ‘
TL(l/cos(Q)) '

Since the RHS of Eq. (25) equals 1 when ¢ = 0, Eq. (25) also holds for the case where ¢ =0
(we have proved |(0|w)| = 1 in this case). Thus Eq. (1) is proved.

[{0]w)| =

(25)
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Finally, we prove Eq. (2b), i.e. |[(0|w)| < d, when |¢| > X and L > ln/(\2/25). By the fact
that |Tp(x)| <1 for || < 1, we know

7, (cos<§>/cos<§>)\ <1, forlg| € 7] (26)

Combining Eq. (26) with Eq. (25), it suffices to show that T3 (1/cos(3)) > 1/8. By the fact
that 77 (z) = cosh(L arccosh(z)) for x > 1, it is equivalent to cosh(L arccosh(1/ cos(A/2))) >
1/6. Since cosh(z) is increasing for x > 0, it is further equivalent to

arccosh(1/9)
~ arccosh(1/ cos(\/2))’

(27)

Thus to prove Eq. (2b), it suffices to show that the RHS of Eq. (27) has the following upper
bound:

arccosh(1/6) In(2/6)
arccosh(1/ cos(\/2)) A2

The numerator is upper bounded by arccosh(1/6) = In(1/§ + /1/6%2 — 1) < In(2/0), where
we use the definition arccosh(z) = In(z + V22 — 1) for x > 1 in the first equality. The

denominator is lower bounded by arccosh(1/cos(A\/2)) = ln(lj;?/\(;\g/f }) > X\/2, where the last

inequality uses the fact that f(x) := ln(%&gﬂ)) — x satisfies f(z) > 0 for x € [0, 7/2), which

follows from f(0) =0 and f'(x) = 1/cos(x) —1 > 0 for x € [0,7/2). This proves Eq. (28),
and thus we have finished the proof of Theorem 5.

< (28)

2.2 proof of Theorem 2

For a value § € (—m, 7|, Mande and de Wolf [10] define the unitary Uy (with dimension
greater than 1) as .
Up:=1—(1—¢")]0)(0]. (29)

Note that |0) is the eigenvector of Uy with eigenphase 6. The task disty s (cf. Definition 5 in
[10], with symbols renamed) is to distinguish between # = 0 and |f] € [\, 7| with probability
at least 1 — §. Using a variant of the polynomial method with trigonometric polynomials, it
is proved in [10, Claim 24] that for §, A € (0,1/2), every quantum algorithm for dist, s needs

Q G log %) (30)

applications of controlled-Uy and controlled—UeT in total. As the eigenvector |0) of Uy is fized,
the task disty s is a special case of the phase discrimination problem, and thus Eq. (30) is
also a lower bound on the phase discrimination problem.

3 Application to spatial search on graphs

Spatial Search is the problem of finding an unknown marked vertex on a graph G. When
designing algorithms for this problem, it is generally assumed that there is an oracle checking
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whether a given vertex is the marked one, and the algorithm should invoke this oracle as few
times as possible. In quantum computing, the standard oracle works as follows:

O [0) [v) = [b® f(v)) |v) (31)

for b € {0,1} and v € V(G), where the Boolean function f(v) = 1 iff v is in the marked set
M. We will also use the phase oracle ™ which works as:

¢ o) = (1) o). (52)

The phase oracle ¢ can be implemented by the standard oracle Oy; due to the well-known
phase kick-back effect: Oy [v) |—) = ™ |v) |=), where |—) = (]0) — [1))/V/2.

We will consider spatial search on a simple undirected connected graph GG, where “simple”
means the graph has no loops or multiple edges between any two vertices. Denote by V' the
vertex set and F the edge set of G. The Laplacian matrix of G is L = D — A, where
D is the diagonal matrix with D,; = deg(j), the degree of vertex j, and A is the (0,1)
adjacency matrix of G, where A;; = 1 if and only if (¢, j) € E. The Laplacian L of a simple
undirected graph G is a symmetric matrix since D and A are both symmetric, and thus L
is diagonalizable.

The spectrum of L has the following nice properties: (i) All the eigenvalues of L are
non-negative and bounded above by N := |V| [42]. (ii) O is a simple eigenvalue (i.e. with
multiplicity one) of L if G is connected, and the corresponding eigenvector is the uniform
superposition of all vertices |7) := \/LN Y vev V) [43].

3.1 Controlled intermittent quantum walks

Suppose a graph G has the Laplacian matrix L. The CIQW on G has the state space K ®H,
where /C consisting of k qubits (we only need k = 1 in our spatial search algorithm) denotes
the ancillary space that stores the control signal, and ‘H = span{|v) : v € V(G)} spanned
by all vertices of the graph G is the walking space. A CIQW (with m intermittent steps),
denoted by W, is defined as follows:

1 (U; @ 1) - Ap(e™9)] - (Up @ 1), (33)

J=1

where U; for j € {0,1,...,m} are unitary operators changing the control signal in ancillary
space K, and Ay (') = 7, |1) (I| ® €7 denotes the controlled unitary transformation that
applies (eL%)! to H, controlled by I € {0,1,...,2¥ — 1} in the ancillary space K. We denote
H;”Zl A; = Apn A1 -+ Ay (rather than A Ay -+ A,,), since H consists of column vectors
and the rightmost A; should be applied first. An illustration of the CIQW W is shown in
Fig. 6.

As shown in Fig. 6, a CIQW performs a controlled CTQW Ay (eif1) for a period of time
under a certain control signal generated by Uy, then adjusts the control signal by U; and
performs a controlled CTQW Ay(e’“%2) for another period of time under the new control
signal, repeating the operation in this way. Aside from the query complexity to the oracles,
we are also concerned with the total evolution time, which is the sum of all the time {¢;}
appearing in the CTQW ei*%.

13
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Figure 6: Illustration of the CIQW model.

3.2 Spatial search via CIQW

We propose a CIQW-based algorithm for spatial search. For any general graph with any set
of marked vertices, our algorithm can find a marked vertex with bounded-error:

Theorem 6 (Theorem 3 restatement). For any graph with any number of marked vertices,
a CIQW-based quantum algorithm can find a marked vertex with probability (1) in total
evolution time O(ﬁg) and query complexity O(%), where X is the gap between the zero and
non-zero eigenvalues of the graph Laplacian and € is a lower bound on the proportion of
marked vertices.

The inverse linear dependence on the eigenvalue gap A of the graph Laplacian L is perhaps
optimal, as the inverse process of a CIQW based quantum search algorithm can be seen as
a special case of preparing the ground state of a Hamiltonian H (note that |r) is the ground
state of L from which the search algorithm starts with), the task of which is proven by Tong
et al. [38, 37] to have a lower bound of ©(1/A) on the number of applications of e, where
A is the gap between the ground-state energy of H with the rest of its spectrum.

Proof overview. Given a graph with Laplacian matrix L and marked set M, our
CIQW-based algorithm starts from the initial state |7}, the uniform superposition of all the
vertices (also the eigenstate of L with eigenvalue 0), and then performs the CIQW in Fig. 6
and the oracle ™™ alternately. The main idea is to mimic Grover’s search algorithms, or
more precisely, to implement Grover’s iteration e/ {7l . ¢ . As the oracle "™ is already
provided by Eq. (32), the key is to implement approximately the reflection e™™{" around
the initial state |7r) using CIQW.

For general graphs with N vertices, its Laplacian eigenvalues 0 = A\ < Ay < --- < Ay <
N can be irrational numbers. For example, the Laplacian eigenvalues of the n-vertex cycle
are 4sin(¥)? for k = 0,1,..., (n — 1), since its Laplacian matrix L = D — A = 2] — A and
the eigenvalues of A are 2 cos(#2£) as shown in Appendix C.

The most straightforward approach to implement an approximation of the reflection
™™l is to use phase estimation on €', but that would require O(log(3) log();\—;v)) ancillary
qubits [6, Theorem 6|, where ¢§ is the error of approximation. Instead, we will use CIQW
shown in Fig. 6 with £ = 1 to implement the approximate reflection, where a key subroutine
is QPD shown in Theorem 5. The analysis of the evolution time t; = O(%log(%)) to

im|m)(

imllpg

approximate the reflection e ™ with error ¢ is shown in Section 3.3. The reduction
of ancillary qubit numbers from O(log(%)log(’}\—g)) to only 1 means that the only signal
processing unitaries we need now are single qubit rotations, which makes the implementation
much simpler compared to repeated QPE that requires quantum Fourier transform. As an
analytical formula gives the rotation angles, we are also free from the complicated numerical
calculations required in other methods shown in Table 1.
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After the above treatment, Grover’s iteration is implemented with approximation error
0, and a direct approach to finding a marked vertex with constant probability is to iterate
the approximate Grover’s iteration for O(1/4/¢) times, where ¢ is the proportion of marked
vertices, and set the approximation error to 6 = O(y/e). However, this would incur a
multiplicative logarithmic factor of O(log(1/¢)) in the total cost, since t; = O(%2 log(3))-
To address this issue, we use recursive amplitude amplification with approximate reflection
introduced in the MNRS framework [6]. We first consider the case where the proportion of
marked vertices is given (Lemma 3 in Section 3.4), and then deal with the general case where
only a lower bound on the proportion of marked vertices is known (Lemma 4 in Section 3.4).
We correct a small mistake in the original error analysis (see Remark 2 in Appendix D for
details), and give the revised full proof in Appendices D and E.

3.3 Approximate reflection

We now show how to implement an approximation R(0) of the reflection ref(7) = 2 |7) (7| —1
with one-sided error § (stated formally in Lemma 2 below), based on our QPD (Theo-
rem 5). The meaning of one-sided error is that R(d)|0) |r) = |0)|r), and |[(R(6) — I ®
ref(m)) [0) [) || < § if (¢|7) = 0. Note that R(0) is a CIQW (Fig. 6) with O <log(%)§—g’>

intermittent steps and 1 ancillary qubit, from Fig. 7 and Eq. (49).

Lemma 2. Suppose that the eigenvector corresponding to the only zero eigenphase of unitary
U is |m), and that the gap between the remaining eigenphases and zero is X\, i.e. U =
|7) (7| + D goion €9 10) (. Then the quantum circuit R(5) shown in Fig. 7 uses only one
ancillary qubit and L controlled-U and controlled-Ut, where L is an odd number such that

L> %, to approxzimate the reflection rvef(mw) := 2 |m) (x| — I. To be more precise,

{R(5) 10) ) = [0} |m) ; (34)
ICR(S) + 1) [0) [¢) || <6, if (¢[m) = 0. (35)

0) —— — R () — — R.(—7) —
C(U,\ L) C(U,\ L)

Figure 7: The quantum circuit R(§) that approximates the reflection ref(7) = 2 |7) (7| — I
with one-sided error ¢, where the module C'(U, A, L) is shown in Fig. 4, and L is an odd

number such that L > 1n§\4//25).

Proof. We first consider the case where the initial state is |0) |7). Since |7) is the eigenvector
of U whose eigenphase is zero, by Lemma 5, we have C(U, A, L) |0) |7) = |0) |7). Thus, the
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effect of R(J) on |0) |7) can be calculated as follows:
R(6)10) |m) = R.(~=7) - C(U,A, L) - R.(7) |0) |m)
= Rz<_7r> ) C(U7 A, L)T(_Z) ‘O> ‘W>

— Ru(=m)(=i) |0) |)
= [0} ]m),

A~~~ I/~ /—~
w
J
~— — ~— ~—

which proves Eq. (34).
We then consider the case where the initial state is |0) |¢) such that U |¢) = €™ |¢)
and|¢| > A. Since L > w by Lemma 5, it follows that C(U,\, L)|0) |¢) = (a]0) +

b|1))|¢), where |a| < §/2 and |a|* + |b|*> = 1. Thus, the effect of R(J) on |0)|¢) can be
calculated as follows:

R(3)0) |¢) = R.(=m) - C(U,\, L)' - R.(m)(a]0) +b[1))[6) (40)
= R.(—7) - C(U,\, L) (—ia|0) +ib[1)) |$) (41)
= R.(—7) - C(U,\, L) (ia|0) +ib|1) — 2ia|0))|¢) (42)
= R.(=m)i[0)|6) — R.(=7) - C(U, A, L)2ia |0} |¢) (43)
= —0) |9) +104) |9) , (44)
where || |d4) || = 2|a|] < 9.
Finally, we consider the case where (¢|m) = 0. Then we can expand |¢)) as |[¢)) =
Doz Co |@), where Z|¢|2>\ |cs|* = 1. Using linearity of R(d), we have:
) [0} 9y = Y csR(0) 0} |#) (45)
[p[=A
= > co(=10)[0) + 165) |9)) (46)
[p[=A
—10) Y " eplo) + D cpldy) [0) (47)
[[>A [p1=A
—|0) [) + 16) , (48)
where || |6) || = \/Z|¢|2)\|C¢|2H 106) 17 < 04/ 3 142 legl* = 6. Thus [|(R(d) + 1) [0) [¢) || =
116) || < 6, which proves Eq. (35). We have now finished the proof of Lemma 2. O
Recall that the eigenphases of U = e''*, where t, = ﬁ, are 0 = ’E\l—; < i‘\?—; < - <
’\/\N—N” = 7. Thus, the eigenphase gap is A = ”’\2 By the above Lemma 2, we can implement

the approximate reflection R(0) with one- 81ded error ¢ using only one ancillary qubit and
2L CTQW controlled-e'*0 where L is lower bounded by

> L = .
SEOWICI SR GWE) (49)
The total evolution time is
1 1
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3.4 Search algorithms

We now prove Theorem 6. Recall from Eq. (32) the effect of the phase oracle e . Since
we have shown how to implement the one-sided-error approximation R(4) of the reflection
ref(m) = 2|m) (x| — I with evolution time t; = O(/\l—2 log(3)), a straightforward approach to
achieve search on general graphs is to combine it with Grover’s search algorithm, where R(J)
is iterated for O(1/4/¢) times, assuming the proportion of marked vertices is € = ||TI;; |7) ||*.
To succeed with constant probability, we need to set ¢ = O(/¢) in each application of R(9),
therefore incurring a multiplicative factor log(1/d) = O(log(1/¢)) in the total cost.

To remove the additional log factor, we will use the recursive amplitude amplification
with approximate reflection shown in [6]. We first consider the case where the proportion of
marked vertices is given, and then deal with the general case where only a lower bound on
the proportion of marked vertices is known.

I

Case I: py; = ||l |7) ||* is given.

Lemma 3. Let t be the integer such that ¢, := 3" arcsin(\/par) € [7/6,7/2], where py :=
|TTas |7) |2 > 0 4s given. Let v € (0,1). Consider the operator A, defined recursively in
Algorithm 1. Then the final state of A; applying to |7) |0") has a constant overlap with the
marked vertices:

1
o @ 137 - Ar - ) [09) [} = 5(1 = 7). (51)

Furthermore, assume that the cost of ref (ML) = ™M js ¢y and the cost of the approzimate
reflection R(B) is ¢, log(%). Then the cost of Ay is

1 1
C=0 (\/W(cl log(;) + C2)> : (52)

Although Lemma 3 is almost the same as Lemma 1 in Ref. [6], the total number of
ancillary qubits is reduced from

O(log(An/A2) D _log(1/8;)) = O(log(An/As) log(1/par) log(log(1/par) /7)),

i=1

where t = O(log(1/par)), to O(log(1/par)), since our construction of the approximate reflec-
tion R(f) shown in Lemma 2 uses only one ancillary qubit. Note also that we let ¢ such
that 3"arcsin(y/pa) € [7/6,7/2] instead of 3'arcsin(\/pa) € [7/4,3m/4]. We make this
minor modification so that the proof becomes more rigorous (see Remark 2 in Appendix D
for details), at the small expense of reducing the lower bound on success amplitude from

1/v/2 — v to 1/2 — /2. Our revised proof of Lemma 3 is deferred to Appendix D.
Case II: a lower bound ¢ on p;; is known.

Using Lemma 3, we can show the following Lemma 4, which is parallel to [6, Lemma 2],
but the success probability there is lower bounded by 1/12 — 3~. For completeness, we also
present the proof of Lemma 4 in Appendix E.
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Algorithm 1: Recursive operator A;.

1. Apply Az’—l to H & ICl X R l(:i—l'

2. Apply ref(M1) := €™ (phase oracle in Eq. (32)) to H, which adds phase shift (—1)
to marked vertices.

3. Apply Al [ to HOK, ® - @ Ki_1.

4. Apply R(B;) to H ® K; conditioned on |0°~!) in registers K; ® - - - ® K;_; with
Bi = 527/i%, and apply (2]01) (07| = 1) to K1 @ -+ @ K.

5. Apply A, 1 to HRK; ® -+ ® K;_1.

Note: Ay = I, and each register C; consists of 1 qubit initialized to |0).

Lemma 4. Let ty. be the integer such that 3™+ arcsin(y/g) € [r/6,7/2], where ¢ < py =
[ |7) |2 Then for v < 3(3 — 35) ~ 0.19, the search process S shown in Algorithm 2

outputs a marked vertex with probability greater than (% — 15 — %)2. Furthermore, assume

that the cost of ref(M™L) = ™ s ¢y, and the cost of the approzimate reflection R(S3) is
¢ log(%). Then the cost of S is

C=0 (%(cl log(%) + CQ)) | (53)

Algorithm 2: Search process S.

1 Prepare the initial state |7) [0) e HR K1 @ -+ @ Ky,

2 if ¢,,« = 0 then

3 ‘ Measure H in the computational basis and output the result;

4 else

5 14 1

6 while 7 < ¢, do

7 Apply Aito HROK, ® --- ® Ky;

8 Measure ‘H according to II,;, which can be done by applying the standard

oracle Oy (Eq. (31)) to ‘H and one ancillary qubit, and then measuring the
ancillary qubit;

9 if successful then
10 ‘ Measure H in the computational basis, output the result, and stop;
11 end
12 141+ 1;
13 end
14 end

Recall from Eq. (50) that the evolution time of implementing R(f) is O()\i2 log(%)). Thus,
the constant ¢; in Lemma 4 is ¢; = O(/\—Z) The number p of invocation to the phase oracle
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e™ and the total evolution time T' of the CTQW ¢/t are as follows:

p=0(UVE)., T=0(1/(n). (54)

where ) is the second-smallest eigenvalue of the graph Laplacian, and ¢ is a lower bound
on the proportion of marked vertices. This proves Theorem 6.

4 Application to path-finding on graphs

In a recent paper by Li and Zur [34], an ingenious 3-regular graph based on welded trees
is constructed and an exponential speedup of the path-finding problem on this welded tree
circuit graph is provided. Specifically, they show that a quantum algorithm can solve the
path-finding problem with success probability 1 — O(d) and O(n'' log(n/§)) queries to the
adjacency list oracle [34, Theorem 5.2], while any classical algorithm needs to make 2%
queries [34, Theorem 5.6]. Here, n is a parameter that determines the size of the welded tree
circuit graph containing ©(n2") vertices. We now briefly demonstrate how to improve the
query complexity from O(n''log(n/d)) to O(n®log(n)log(n/J)) with QPD (Theorem 5).

The quantum algorithm for the path-finding problem on the welded tree circuit graph
relies on the following Lemma 5, which originates from Lemma 8 in Ref. [44] and Lemma 10
in Ref. [45]. It tells us that by applying phase estimation [1] to a unitary operator U and an
initial state |¢), and then post-selecting on the 0-phase, we can approximately project |¢)
to the 1-eigenspace of the unitary U.

Lemma 5 (Lemma 2.12 in Ref. [34]). Define the unitary Uap = (2114 —1)(21I—1) acting on
a Hilbert space H for projectors Il 4,11z onto some subspaces A and B of H respectively. Let
W) = \/ple) + (I —114) |¢) be a normalised quantum state such that the normalised vector
lo) satisfies Uag |@) = |¢) and |p) is a (unnormalised) vector satisfying llg|¢) = |p). Then
performing phase estimation on the state |1) with operator Us and precision § outputs “0”

with probability p' € [p,p+ M] leaving a state |v') satisfying 1 |||¢") (W] — |¢) (¢l|l; <

\/%W Consequently, when the precision is O <H|¢>>II) the resulting state |¢)') satisfies
3 1) @' =) (el < e

Using QPD (Theorem 5), we obtain the following Lemma 6 which is an improvement of
Lemma 5. The proof of Lemma 6 is deferred to Section 4.1.

Lemma 6 (Improved Lemma 5). Let Ugg, |1), |¢), |¢) and p be as in Lemma 5. Suppose
p has a known lower bound p and % has a known upper bound D. For any allowable

error € € (0,1), let U = Uap, A = 5 and set the odd number L such that L > ln(%g)%.
Then by applying the quantum circuit C(U, X\, L) shown in Fig. 4 to the state |0)|¢) and
then measuring the first qubit, we obtain |0) with probability p’ € p x [1,1+ %62], leaving the
second register in a state |') satisfying || [') — @) || < e.

From the condition L > 111(3%5)% in Lemma 6, we can see that if a tight lower bound
el

p = O(p) on p and a tight upper bound D = @(H‘\Q}H) on L7
number of calls to the unitary Uyp has the following improvement compared to Lemma 5.

are known in advance, the
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0 (%) -0 (mgﬁ)”%”) | (55)

In the quantum algorithm for the path-finding problem on the welded tree circuit graph [34,
Algorithm 2], 1/p = R2¥w, is a quantity that can be calculated exactly and of order ©(n?),

and % = || [p™*) || is a quantity with an upper bound D that can be calculated exactly and

of order ©(n?). Furthermore, the allowable error € is set to e = Q(1/n?), and thus Eq. (55)
becomes

O(n") = O(n*log(n?)). (56)

To obtain the total query complexity of the quantum algorithm [34, Algorithm 2|, the
number of calls to the unitary Uz shown above needs to be multiplied by ©(nlog(n/J)),
which is the number of repetitions of the phase estimation (discrimination) process to guar-
antee the overall success probability of 1 — O(4). See Ref. [34] for a more detailed analysis
of the quantum algorithm, where a new multidimensional electrical network (with further
applications such as traversing the welded tree graph [46] and the one-dimensional random
hierarchical graphs [47]) is developed by defining Alternative Kirchhoff’s Law and Alterna-
tive Ohm’s Law based on the multidimensional quantum walk framework by Jeffery and
Zur [48].

4.1 Proof of Lemma 6

To prove Lemma 6, we will also need the following lemma.

Lemma 7 (Effective spectral gap lemma [49]). Define the unitary Usp = (2114 — 1)(2115 —
1) acting on a Hilbert space H for projectors 114,11z onto some subspaces A and B of H
respectively. Suppose U g has spectral decomposition U g = Zjej e II;, where 0; € (—m, .
For any € € [0,7), let Ae:= 3250 < ;. If Ug|¢) = [¢), then

I = TL4) ) || < 511 10) . (57)

proof of Lemma 6. Suppose U 45 has spectral decomposition Uy = Zjej ei11;, where 0; €
(—m, . From Uag|e) = |p), we know:

! 0, ife; #0.
Let 6 = \/p/2¢, then § < /p/2¢ as p is a lower bound on p. Since we have set A = 5 and
L> ln(%f)%, the odd number L > M satisfies the condition of Lemma 5. Therefore,

when applying the quantum circuit C(Uggp, A, L) shown in Fig. 4 to the state |0) [¢)) =
> jes10) IL; [1h;), the final state 3, ; [w;) I1; [¢) satisfies:

|wj) = 10), if 6; = 0;
{ 1{0|w;)| < \/p/2¢, if |0;] > ¢/D. (59)
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We now calculate the probability of obtaining |0) after measuring the first qubit in the
computation basis as follows:

P =110){0l® f; ey T [4) |1 (60)

= |l ; (0]w;) |JO> IL; [v) |I? (61)

= ZJJ [0l [ITL; ) 1 (62)

ZIJIj\o WY IP+ > KOl PITL ) 1P+ > [0y P 1T ) 7. (63)
3:10;1€00, Y357 3:1051> 135y

Consider the first term in Eq. (63). By Lemma 7, we have:
€
IA(Y) = VRl = AT = T1a) [6) || < S ) ]I, (64)

which implies Ag |[¢)) = /pAg|p) by setting e = 0. From the fact that Ag|p) = [p) by
Eq. (58) and that |p) is a normalized vector, we have:

140 [9) [|* = p. (65)

We can also deduce that
(elv) = (el Ao ) = /D (ple) = V. (66)
For the second term in Eq. (63), ie. 6] € (0,5, we have |[T;[¢) [ = ||TT;(j¢) —

VPIeNI? = |ITL;(I — I14) |¢) ||?, where the first equality follows from Eq. (58). Together
with the fact that |(0|w;)| < 1, we have:

0< > [Owy) 1T, ) | (67)
j1‘9j|6(07\‘\|/5;||]
< Y LU =T |g) | (68)
3:1651€(0, 1Y)
pe?
= [[A e (I = Ta) [9) || < = (69)
M)l

where the last inequality follows from Eq. (64). For the last term in Eq. (63), we have

6, > > ¢/D as D is a upper bound on |H\¢}H Therefore by the upper bound on [(0|w,)|

H|¢> ||
as shown in Eq. (59), we have:
0< > Ok T [4) | (70)
391> 1

2

pe
< (Vorze) X I < (71)

5:10;1> 75

H|¢> H
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where the last inequality uses the assumption that [¢) is a normalized vector. By substituting
Egs. (65), (69) and (71) into Eq. (63), we conclude that p’ € p x [1,1+ 3¢?]. This leads to
the following lower bound on p/p’:

T=0-9) (72)

3
'>1—22>1—¢
p/p > 46_ 6—1—4 5

where the second inequality uses the assumption that ¢ € (0,1). We can now calculate the
inner product between the post-measurement state |¢)') and the target state |p) as follows:

N (0 O[@ 1) -CU,A L) -10) [¢)
(pld") = {0l | N

)
— 5 (el V;’ (74)

where the first equality in Eq. (74) uses the fact that |0) |p) remains unchanged under
C'(Uyg, A\, L), which can be seen from Egs. (58) and (59). The second equality in Eq. (74)
follows from Eq. (66). Since (p|¢’) € R, we have:

nww—wnﬁz2(r—¢§)ge, (75)

where the last inequality follows from Eq. (72). O

(73)

5 Conclusion and discussion

In this paper, we studied the phase discrimination problem of deciding whether the eigen-
phase of a given eigenstate of a unitary U is zero or not, and proposed a quantum algorithm
called quantum phase discrimination (QPD) for this problem with optimal query complexity
to controlled-U and only one ancillary qubit. The angles of single qubit Y rotations act-
ing on the ancillary qubit are given by a simple analytical formula, compared with other
straightforward methods based on quantum signal processing (QSP) and its variations. In
light of the problem of how to bypass the computationally intensive angle-finding step in
QSP has also been considered recently by Alase [50], it will be interesting to find analytical
angle parameters that approximate functions other than the “delta” function considered in
this paper.

We also discussed applications of QPD, focusing on two problems related to quantum
search on graphs: (i) For the fundamental problem of spatial search on graphs, we propose
the controlled intermittent quantum walks (CIQW) model inspired by the structure of QPD,
and in combination with QPD, we obtain a novel quantum search algorithm; (ii) For a path-
finding problem on a welded tree circuit graph by Li and Zur [34], we improve the quantum
algorithm’s query complexity using QPD. It will be exciting to find more quantum algorithms
that can benefit from QPD.
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A The welded tree circuit graph

The welded tree circuit graph G constructed by Li and Zur is shown in Fig. 8. It consists of
n isomorphic graphs G; connected one by one, and each subgraph G; contains three welded
tree of depth n as depicted by the three diamonds Wi, W5, W3 in Fig. 8. The only vertex
with degree 2 is the starting vertex s, and the only vertex with degree 1 is the target vertex
t, and all the other vertices have degree 3. The goal of the path-finding problem is to find a
path in GG that connects s and ¢.

®®

DO

Figure 8: The welded tree circuit graph [34, Figure 1].

B Other trivial methods for phase discrimination

Solving phase discrimination with quantum phase processing (QPP). Perhaps
the most relevant work to our QPD is the quantum phase processing (QPP) proposed by
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Wang et al. [11]. Their main Theorem 1 implies that for any trigonometric polynomial
F(¢) = Z]L:_L c;e? with |[F(¢)| < 1for all ¢ € R, there exists a quantum circuit V (U, @, B)
with 1 ancillary qubit and consisting of L controlled-U, L controlled-UT, 2L + 2 single-qubit
z rotations R,(«;) and 2L + 1 single-qubit y rotations R, (f5;) (see Fig. 1 in [11]), such that

-,

(0@ I-V(U,a,p)-|0)[¢) =F(9), (76)
where U [p) = €% |1)). To solve the phase discrimination problem using QPP, we simply let
_ Ty, (cos(%)/cos(%))

Loy (1/cos(3))

which satisfies F'(0) = 1, and it is a trigonometric polynomial Zf:_ ; ¢j€9? with coefficients
given by [51, Eq. (3)]

F(e)

(77)

L :
1 2mmyj 2mm
;= 142 - F . 78
“=oryilt T mzzl‘m(uﬂ) Gr+1) (78)
If 2L > 1n§\2//2§)’ then |F(¢)| < § when |¢| € [\, 7] (see Eq. (2b) in Theorem 5), and thus the

ancillary qubit indicates whether the eigenphase ¢ is zero or not with one-sided error. Note,
however, that controlled-U' is needed and the angles § € R2+2 ¢ € R2+! are computed
numerically and iteratively [11, Algorithm 3].

Solving phase discrimination with eigenstate filtering. One can also use the eigen-
state filtering method [12] to solve the phase discrimination problem. However, this would
require a non-trivial conversion (Appendix B.1) since eigenstate filtering and phase discrim-
ination are two different problems, with the former dealing with block-encoded Hermitian
matrices. In addition, the eigenstate filtering method requires a numerical computation of
the parameters in the gate sequence.

B.1 Quantum phase discrimination using eigenstate filtering

We now show that the phase discrimination problem (Definition 1) can also be solved using
the eigenstate filtering method of Lin and Tong [12] with a non-trivial conversion.

A unitary matrix U is said to be an a-qubit block encoding of a square matrix A, if
A= (0" )U(]0*) ® I), or graphically:

U= [A *} . (79)

* %k

The eigenstate filtering method relies on the following result of the polynomial eigenvalue
transformation via quantum signal processing [12, Theorem 1°], which follows from Ref. [52,
Theorem 2]. The result works for polynomials with definite parity and general square matrix
A, but we will only use even polynomials and Hermitian matrix H as stated below.

Lemma 8. Suppose Uy is an a-qubit block encoding of a Hermitian matriz H = Zjvzl A ) (5],
where \; € [—1,1]. Consider an even polynomial P : [—1,1] — [—1,1] of degree d, then there
exist parameters 6, € R, k € {1,...,d} that can be classically and approximately com-
puted such that the quantum circuit shown in Fig. 9 is an (a + 1)-qubit block encoding of

P(H) =1, P(A)) [iby) (5]
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Figure 9: Quantum circuit implementing an (a + 1)-qubit block encoding of P(H), where
P :[-1,1] — [-1,1] is an even polynomial of degree d, and Uy is an a-qubit block encoding
of H (see Fig. 10 for the quantum circuit of Uy that we will use for QPD).

To filter out the non-zero eigenvalue of the Hermitian matrix H, Lin and Tong [12] design
the following even polynomial R;(z; A) of degree 21, where A € (0,1) is the gap between the
zero and non-zero eigenvalues of H.

T (-1+25547)
T (—1+21%)

Ri(x; A) = , (80)

where T)(z) is the Chebyshev polynomial of the first kind. It is shown in Ref. [12, Lemma 2]
that R;(z; A) has the desired properties of filtering out the non-zero eigenvalues as stated in
the following lemma. Note that property 2 is an improvement on the result of “|R;(x; A)| <
2¢VZA and A € (0,1/+/12)” shown in Ref. [12, Lemma 2], for which we provide below an
alternative proof compared to Ref. [12, Lemma 13].

Lemma 9. The even polynomial Ri(x; A) of degree 21 has the following two properties:
1. |Ry(z; A)| <1 for all |z] <1, and R;(0; A) = 1.
2. |Ry(z; A)| < 2e72taresin(®) yhen |z| € [A,1].

and the nesting

Proof. Using the parity of Chebyshev polynomials that T;(—z) = (—1)"T;(z),
) = 222 — 1, the even

property that T, (T, (z)) = Tpn(z), and the explicit expression of Ty (x
polynomial R;(z; A) of degree 2/ can be transformed as follows:

n(1-222) Tl (i)
Ti ( ) T(ee -1 Ty (ﬁ) |

When |z| € [0,A], it is easy to see that /123 € [1,@} Since Ty (1) = 1

Ri(x;A) = (81)

1-A2
and Ty (z) is strictly monotonically increasing for x > 1, the numerator Ty ( %) €

[1, Ty (ﬁ)} and the denominator is greater than 1.
When |z| € [A,1], using the fact that |Tl( )| < 1 for all |[x|] < 1, we can see that

= AQ) does not exceed 1. Since R;(0;A) =

trivially holds, we have shown property 1. To show property 2, it suffices to prove that the

denominator is greater than 1e2l aresin(A) a5 shown below.

the absolute value of the numerator T5; (
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From the argument below Eq. (28), it can be seen that arccosh(1/cos(f)) > 0 for 0 €
[0,7/2). Using the fact that cosh(z) = (e* +€7%)/2 > €/2 for x € R, and the fact
that cosh(z) is strictly monotonically increasing for x > 0, and the definition of T;(z) =
cosh(l - arccosh(x)) for |z| > 1, it is easy to see that T;(1/cos(9)) > 3€' for 6 € [0,7/2).

Therefore, the denominator T, (ﬁ) > %621 arcsin(A) for A € 0,1). 0

We propose the following lemma that gives a way to map the eigenphase ¢ of U |[¢) =
' J1b) to the eigenvalue sin(¢) of a block encoded Hermitian H such that H [¢) = sin(¢) |1).

Lemma 10. Suppose the unitary matriz U in the phase discrimination problem has the
following spectral decomposition:

U=> e[ (W, (82)

j=1

then the quantum circuit Uy shown in Fig. 10 is a 1-qubit block encoding of the Hermitian

matrix:
N

H = sin(¢;) 1) (1] (83)

Un =
—— I e

LU !

Figure 10: A quantum circuit Uy that implements a 1-qubit block encoding of the Hermitian
matrix H (Eq. (83)), where H with a square represents a Hadamard gate and R.(0) =
diag(e*w/Q, 61'0/2).

Proof. The matrix expression of the quantum circuit Uy shown in Fig. 10 can be calculated

as follows:
11 I ut o] [ 0 I 0 I I
V=75 [I -1}' {() I}' lo -—i[} ’[0 (J}’ [I -[} (84)
1

(Ut —U) iU+ Ut

_th+m)um—UJ' (85)

7

and thus Uy is a 1-qubit block encoding of the Hermitian matrix H (Eq. (83)).

By the Euler formula sin(¢) = £(e™** — ¢'?), we have {(UT — U) = Z]\;j sin(g;) [1;) (¥4],

We can now show the following theorem that solves the phase discrimination problem
using the eigenstate filtering method.
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Theorem 7. Suppose U 1) = €% ), where ¢ € (—n,w]. Replace Uy in the quantum circuit
shown in Fig. 9 with the quantum circuit shown in Fig. 10. Suppose even number d > w,
then there exist parameters 0, € R, k € {1,...,d} that can be classically and approximately
computed such that the probability p of obtaining |0%) when measuring the first two ancillary

qubits satisfies: p =1 when ¢ = 0; and p < 6% when |¢| € [\, 7].

Proof. Write the even number d as d = 2[, then [ > %. Let A := sin(A). Suppose
|6| € [\ 7], then [sin(¢)| € [A,1]. From property 2 of Rj(z;A) shown in Lemma 9, we
have |R;(sin(¢); A)| < 2e72* < §. Since R;(0; A) = 1 by property 1 in Lemma 9, we have
|R;(sin(¢); A)| = 1 when ¢ = 0.

Let P(z) := R)(z;A). From property 1 of Rj(x; A) shown in Lemma 9, we know P(z) :
[—1,1] — [—1,1] and it is an even polynomial of degree d = 21.

From Lemma 10, we know the quantum circuit Uy shown in Fig. 10 is a 1-qubit block
encoding of H = ZZN:] sin(e;) [1;) (¥;].

By Lemma 8, there exist parameters 0, € R, k € {1,...,d} that can be classically and
approximately computed such that the quantum circuit shown in Fig. 9 is a 2-qubit block
encoding of P(H) = R/(H;A) = Zjvzl Ry(sin(¢;); A) [¢;) (;]. Thus, the probability p of
obtaining |0?) when measuring the first two ancillary qubits of the quantum circuit shown
in Fig. 9 is

p = [P(H) 19) |2 = | Ru(sin(6); A, (36)
which satisfies: p = 1 when ¢ = 0; and p < §? when |¢| € [\, 7]. O

C Hitting time of the n-cycle graph

Suppose the vertex set of the n-cycle graph is V' = {0,1,...,n — 1}. Then its adjacency
matrix A can be expressed as:

n—1

A=Yl (G -1+ G 1)), (87)

J=0

where the addition operation is modulo n, i.e. —1 =n — 1(mod n) and n = 0(mod n). Let
lvg) = Z?_S w’¥|j), where w := exp(2%). Then it can be verified that |v;) is the eigenvalue
of A whose eigenvalue is 2 cos(22£). Since (vy|vp) = 0 for different k, &' € {0,1,...,n — 1},
the set of eigenvalues of A is {2 cos(z’rk) ke{0,...,n—1}}.

Since the degree of each vertex in the n-cycle graph is equal to 2, assuming that the
transition probability from every vertex to its two adjacent vertices are both %, then the
Markov chain on the n-cycle graph is:

P %A. (88)

Therefore, the spectral gap ¢ of P, i.e. the minimum distance between the 1 eigenvalue and
the remaining eigenvalues, is as follows:

5= 1—cos(2T) = 2sin2(7) = O(L). (89)

n n n?
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Let M C V be the set of marked vertices. Suppose there is only one marked vertex on the
n-cycle, then without loss of generality, we can assume M = {0}. Let |7) be the stationary
distribution of P, which is |7) = %Z?:_(} |7) on the n-cycle graph. Let |mys) be the vector
obtained from |7) by deleting entries indexed from M. Here, |my/) = %Z?;l |7). Let Py
be the matrix obtained from P by deleting its rows and columns indexed from M, which is
Py = %Z;:f 17) (G + 1|+ |5 + 1) (j| on the n-cycle graph. Let |I) := Z;:ll |7) be the vector
whose all coordinates equal to one. The hitting time of P can be calculated as follows [53,
Eq. (1)]. B

HT = (my| (I — Py) M) (90)

By the inverse formula of a tridiagonal Toeplitz matrix [54], we have:

nlnl i
(I —Py)” ZZ i(n — j) i) (j| + = Zzn—w! (91)
’Lljl 12]1

Thus the hitting time of the n-cycle graph with one marked vertex can be calculated as
follows:

n—1 n—1 n—1 1
112 N 2
HT:E EZZz(n—j)—l—EZZ(n—@)j (92)
=1 j=t =2 j=1
1 [n—1
== Zz(n+1—z)(n+i)+2n—z i+1) (93)
Li=1 =2
1 B n—1
= |- 2(n —1) +;nn+2@+m — 243 (94)
[ n(n —1) (n—1)n(2n —1) (n —1)*n?
= — [—2(n—-1 2 -2
| (n—1)+n(n+2) 5 tn 5 1 (95)
n? 4 2 2
=gtz ota (56)
= 0(n?). (97)

D Proof of Lemma 3

Let @o := arcsin(y/par) € (0,7/2], and @; := 3'@y. Since Ugso[m/6,7/2]/3% = (0,7/2], there
exists an integer ¢ > 0 such that @, = 3'@y € [7/6,7/2]. Note that Lemma 3 holds trivially
when ¢ = 0, in which case we simply measure the initial state |7) and ||Ily |7) || = /par >
sin(f) = 3. We can therefore assume ¢ > 1, or equivalently @y < 7/6.

Denote by |¢;) := A; |7) |0°) the middle state of applying A; to the initial state |r) |0%).
Let sin(y;) := ||y @IS |¢;) || be the length of the projection of |¢;) to the subspace spanned
by the marked vertices. We will later prove the following claim.
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Claim 1. Denote by e; := |sin(y;) — sin(@;)| the deviation from the idea success amplitude
sin(@;). Let &; be defined by the following recurrence relation:

& =0, and (98)
Cir1 = 4Bi119i + 3¢ (99)
Then e; < é; fori € {0,...,t} and ¢; < /4 fori e {0,...,t—1}.
Claim 2. ¢; < v@;/m for f; = 557/

Proof. Let u; :== €;/(~vp;). Substituting é; = y@,u; to Eq. (99), and using ¢;+1 = 3p;, and
finally dividing both sides by 3vp;, we obtain u; 1 = u; + et Since uy = 0, we have:

3y
DI RS DI R DI (100
3y ‘= ! 37 om32
6 ™ 1
L - 101
—m6 7 (101)
where we have used the fact that > -, - = %2. Thus & = y@u; < v@;/7. O

Combining Claims 1,2 with ¢; < 7/2, we have e, < /2. Thus, the final success amplitude
[y @ I3+ Ay - |y |0F) || = sin(i,) is greater than sin(@;) —e; > 3 — 2, which proves Eq. (51)
in Lemma 3.

We now calculate the cost C'(i) of A;. Recall that the cost of the oracle ref(M?1) is ¢y,
and the cost of the approximate reflection R(f3) is ¢; log(%). From the recursive definition
of A; shown in Algorithm 1, we obtain the recurrence relation of C'(7) as follows:

C(0) =0, and (102)
Cli) =30~ 1)+ log(ﬁl )+ 0. (103)

Therefore we can calculate the total cost C' = C(t) as follows:

Z?J i <01 log( 7 )+ 02) (104)

— 3 [(a 1og(2g3) +o log ) + 02> Z 370+ 2 Z 1Og (105)

1
<3 [1 dey + — 5 log(7)+01+52} (106)
< T (24+11 (1))+C2 (107)
C . — 1og{ — —
=9 p—M 1 92 g,y 2 ’

which results in Eq. (52) in Lemma 3.

Above, we expand log(1/3;) = log(2m3i?/(97)) = log(273/9) + log(1/7) + 2log(i) in
Eq. (105). Formula (106) holds by the following three facts: >/_, 37" = (1 — 1/3!), and
log(27%/9)/2 < 1.4, and 3°;_ log(i)/3" < s := S_i_ /3" = (1 — t/3")/2, where the last
equality follows from s — s/3 = 1/3 — ¢/3!"!. Formula (107) uses 3' arcsm(\/p_) < 7/2 and
the fact that arcsin(x) > « for « € [0, 1].
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D.1 Proof of Claim 1

Denote by R; the combined effect of steps 3,4,5 of A; shown in Algorithm 1, which approxi-
mates the ideal reflection:

ref(¢i_1) = Ai_1(2|m, 071 (m, 07 — ) Al (108)
=2 |¢i—1> <¢i—1| — I (109)

Denote their difference by F; := R; — ref(¢;—1) ® Ix,, we have the following two facts.
Fact 1. EZ |¢i—1)0> =0.

Proof. Tt suffices to show that R;|¢;_1,0) = |¢;_1,0). From |¢; 1) = A; ;i |7)|0!) and
Ri=A_1®I, -(4)-Al_, @ Ix,, we have R; |¢;_1,0) = A;_y @ I, - (4.) |7) [0%). Since R(3;)
leaves |7) |0) € H ® K; unchanged by Eq. (34) in Lemma 2, step 4 leaves |7) |0?) unchanged,
and thus R; |p;_1,0) = |¢p;_1,0). O

Fact 2. Suppose |)) e HQ K1 ® -+ ® K;_1 satisfies [) L |pi—1). Then ||E;|¢,0) || < 5.

Proof. Since [¢) L |¢i_1), we know [¢) := Al | [¢) is perpendicular to Al | |¢_y) =
|7) |07~ 1), Tt suffices to show that the distance between (4.) [, 0) and (2|m, 0°1) (rr, 0°1| —
I® Iy, 0, 0) =— ]1;, 0) are bounded above by ;. Decompose W)jnto two parts conditioned
on whether the basis states in 1 ®---@K;_1 is |0°71), i.e. [¢) = [¢hg) [0°71) +]4)1). Denote by
E(BZ) the operation that applies R(5;) to H ® K; and applies the identity transformation to
Ki®---®K;_1. From the definition of step 4, we have (4.) ¢, 0) = R(8:) |40 |0°) — [¢1) |0).
Since |@/;> L |7) [07Y), we have [h) L |m), and thus [[((4.) + 1) [4,0) ]| = [[(R(3) +
I) |1o) |0°) || < B;, where the last inequality follows from Eq. (35) in Lemma 2. O

Using Facts 1,2, we can show the following claim.
Claim 3. |sin(y;1) — |sin(3p;)| | < Bit1] sin(2¢;)].

Proof. Decompose |¢;) = A; |7) |0%), i.e. the state obtained after step 1in A;;;, into two parts
using projections Iy, and (I — ITy) acting on H, so that |¢;) = sin(;) [1s) + cos(;) [ui).
Let |¢7) := cos(;) |us) — sin(;) |pi). From Fig. 11, we have:

ref(M™) [¢i) = cos(2:) |¢3) — sin(2¢) [¢7) | (110)

which is the state obtained after steps 1 and 2 in A;;;. Technically, ref(M*) in Eq. (110)
should be ref(M*) ® I, ® - - - @ I, but for simplicity we use the former notation here and
after.

From Fig. 11, we also have:

ref () - ref(M™) [¢) = sin(3p:) |mi) + cos(3;) [1i) (111)

which is the state we would get after the whole A; ; if steps 3,4 and 5 are replaced with
ideal reflection ref(¢;).
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o) 1)

ref(¢;) - ref (M=) |¢;)

|¢3)

Pi
= i)

ref(M=) |¢;)

Figure 11: Decomposing |¢;) into two parts using projections I, and (I — II;) acting on
H, so that |¢;) = sin(;) |p) + cos(pi) ;).

From the definition E;;; = Ripq — ref(¢;) ® Ix,,,, we can now write the actual state
obtained after the whole A1, i.e. |¢i11) = Riq - ref (ML) |5, 0), as follows:

(Gi1) = vef(0i) @ I,y - 1ef (M) [63,0) + By - vef (M) [¢4,0) (112)
= sin(3y:) |15, 0) + cos(3¢i) |1, 0) + Eiya(cos(2¢i) |¢s, 0) — sin(2¢:) |65, 0))  (113)
= sin(3¢:) |5, 0) + cos(3¢;) |i, 0) + sin(2¢i) Eira |67, 0) (114)

where we have used Egs. (110) and (111) in Eq. (113), and Eq. (114) follows from Fact 1.
Applying IT); to both sides of Eq. (114), and using the triangle inequality | ||Z]| — [|7]| | <
|& — ]|, we obtain:

|sin(pis1) — |sin(3¢:)| | < || sin(20:) Tas B |67, 0) | (115)

< 1B 17, 0) || - Isin(2e7)] (116)

< Bin|sin(24)], (117)

where we have used Fact 2 in Eq. (117). O

We will also need the following two facts.
Fact 3. |sin(2A4) —sin(2B)| < 2|sin(A) —sin(B)| for A, B € [0,7/2].

Proof. Write sin(2z) = 2sin(x)y/1 — sin*(x) as a function of sin(z). Consider the function
f(s) = sv1—s2 Tts derivative f/(s) = V1 —s% — \/% is decreasing for s € [0,1] and
therefore f’(s) < f'(0) = 1. Using Lagrange’s mean value theorem, we have |f(s) — f(s')| <
|s — | for s,s" € [0, 1], from which Fact 3 follows. O

Fact 4. |sin(3A4) —sin(3B)| < 3|sin(A) — sin(B)| for A, B € [0, 7/4].

Proof. Write sin(3z) = 3sin(x) — 4sin®(x) as a function of sin(z). Consider the function
f(s) = 35 —4s%. Its derivative f'(s) = 3 —12s? € [~3,3] for s € [0,1/4/2]. Using Lagrange’s
mean value theorem, we have |f(s) — f(s')] < 3|s — §| for s € [0,1/v/2], from which Fact 4
follows. O]
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We can now show by induction that e; < ¢; for i € {0,...,t} and ¢; < 7/4 for i €
{0,...,t—1}.
Base step: Since Ag = I, we have sin(gg) = || |7) || = sin(@g). Thus ¢y = @ < 7/6 and
€y = 0= éo.
Inductive step: Assuming e; < é; and p; < 7/4, where i <t —1. We first show ;.1 < €41
as follows:

€ir1 < [sin(piv1) — sin(3p;)| + [ sin(3p;) — sin(@iy1)| (118)
< Bita|sin(2e;)] + [ sin(3¢;) — sin(iq1)] (119)
< Bia(sin(25:) + |sin(2p;) — sin(2@,)]) + | sin(3g;) —sin(35)|  (120)
< Biv1(2¢; + 2¢;) + 3e; (121)
< Bis1(20; + 28;) + 3¢ (122)
< 4Biy1pi + 36 (123)

(124)

- 6’i+17

where Eq. (118) follows from the triangle inequality, and Eq. (119) follows from Claim 3 and
the fact that |sin(3¢;)| = sin(3¢;), which holds by the induction hypothesis p; < 7/4. In
Eq. (120) we have used the triangle inequality, and 2p; < 2¢;/3 < /3 so that |sin(2p;)| =
sin(2¢;), and @;11 = 3¢;. Equation (121) follows from the fact that sin(A) < A for A > 0,
and Fact 3, Fact 4 combined with the induction hypothesis p; < 7/4 and the fact that
@; <m/6. In Eq. (122) we have used the induction hypothesis e¢; < é;. In Eq. (123) we have
used &; < vp;/m < @;, which follows from Claim 2 and v € (0,1). Equation (124) follows
from the recurrence relation of é; defined by Eq. (99).
We then show that ;11 < 7/4 if i < ¢ — 2, using the following inequalities:

sin(gpiﬂ) S sin(@-ﬂ) + éi—l—l (125)
< sin(@ir1) + V@it /7 (126)
T 1

< sin(— — 127
<sin() + o (127)

1 s
< — =sin(~), 128
75 =sin(p) (129

where Eq. (125) follows from the definition e;,1 = | sin(¢;41) —sin(@i41)], and e;41 < é;11 by
Eq. (124). Equation (126) follows from Claim 2. Equation (127) follows from @;11 < ¢y <
7/6, since ¢ <t — 2. The inequality in Eq. (128) can be verified numerically.

Remark 2. If we let ¢ be an integer such that ¢; € [7/4, 37/4], which is the case in Ref. [6],
Eq. (127) will become sin(m/4) + /4. Thus, we cannot guarantee ¢;—; < 7/4, which is
needed in Eq. (121) to show that e, < é;.

E Proof of Lemma 4

Denote by [1;) € HR K1 ® - & K; the middle state obtained after Line 7 in the i-th loop in
Algorithm 2, where the state in K;yq,- - , K, ., remains |0). Denote by 6; := || [1;)—|®;) || the
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distance between |1;) and |¢;) = A; |7) [0°). Let ¢ be the integer such that 3 arcsin(y/pas) €
[7/2,7/6]. By Lemma 3 we know [|II,; @ I3 - [¢) || > (1 — ). We will later prove the
following claim.

: s 3
Claim 4. §, < 5 + 7.

Thus, from Claim 4 and the triangle inequality, we can lower bound the success amplitude
of |1;) as follows:

g o) 1 [Fg ) 1| = (1) — )] (120)
> (- - (54 ) (130)

1 7 5y
TR 51

which results in the lower bound on success probability stated in Lemma 4.
We now calculate the cost C' of the search process S shown by Algorithm 2 as follows:

tmax

C=>» (C(i)+c2) (132)
=1
Qe i C1 1 Co
< ; 3 |:2.4C1 + 5 lOg(;) + 5:| + Cgtmax (133)
< L [2.401 +42 log(l) + %} + o log(i), (134)
NG 9 8T NG
which results in Eq. (53) in Lemma 4. In Eq. (133) we have used the upper bound on the

cost C(i) of A; shown by Eq. (106). In Eq. (134) we have used the fact that >¢_, 3" =
3.3 <3/2.3" and 3" < 7/(2arcsin(v/2)) < 7/(2V/€).

3—1

E.1 Proof of Claim 4

Decompose [1);) € H® Ky ® -+ ® K;, i.e. the middle state obtained after Line 7 in the
i-th loop in Algorithm 2, into two parts using projections 11y, and (I — ITy;) acting on H,
so that |¢;) = sin(6;) |v;) + cos(6;) |vi). From the binary measurement shown by Line 5 in
the (i — 1)-th loop in Algorithm 2, we have |¢;) = A;|vi-;,0) for i > 1, and the base case
is |vg) = |m). Recall that |¢;) = A;|m) [07) = sin(e;) |ps) + cos(;) |p;-). Thus, the distance

between |¢;41) and |¢;41) for i € {1,...,t — 1} can be bounded above as shown below:
dir1 = [[1oi) — |7, 0%) | (135)
<o) =l I+ ki) = a0 1+ i) — [ | (136)
= i Hi H; Fo—15 Ho
k=1
< 36; +4p0 Y 3"Bi + o, (137)
k=1
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where Eq. (137) uses the Facts 5, 6, 7 shown below.
Using the recurrence relation of §; shown by Eq. (137), we can write out the first four
terms as follows:

81 = | lvg) = |m) [l =0 (138)
g < 4p0(351) + o (139)
b5 < 4po[3%61 + (361 + 3262)] + (3 + 1)¢o (140)
04 < 4po[3°B1 + 3(361 + 32B2) + (361 + 3°B2 + 3°83)] + (3% + 3 4 1)y (141)

It is now clear that

& < 4%2& Z 3 +<Poz3k (142)

Jj=t—1
t—1 3 t—1
<4¢026k 5 teo 5 (143)
~ 2, Z B+ 2 (144)
6
T 37
<92.2.204 = 14
=72 47r+12 (145)
™ 3y
-T2 146
TR (146)

which proves Claim 4. We have used Zt 13 =3k, 3t3k1_1 $and 3,2 3% = 3 _11_1 < 3;1

in Eq. (143). Equation (144) follows from @; = 3'py. In Eq. (145) we have used ¢, < /2,
and % > 2y B; < 1 which follows from Egs. (100), (101).

Fact 5. || |uf) — |vih) || < 30; forie{1,...,t —1}.

Proof. Since the distance between [1;) and |¢;) = sin(w;) |i:) + cos(w;) |uih) is 5, we can
write [1);) as:
[ i) = sin(q) |mi) + cos(epi) i) + 1) (147)

where || |&;) || < d;. Comparing Eq. (147) with the other expression of |¢;):
[4;) = sin(6;) |v;) + cos(6;) [vi) (148)

and applying I13; (technically it should be (I — ;) ® I, ® - - - @ I, but we use the former
notation for simplicity) to both of Eq. (147) and Eq. (148), we obtain:

cos(6;) |v;) = cos(iq) i) + Iy &) - (149)
Using the triangle inequality | ||Z]| — ||7]| | < ||Z — ]|, we know:
| cos(6;) — cos(¢;)| < 0. (150)
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From Eq. (149) we also know:
cos(es) (|ui) — |vi)) = (cos(6i) — cos()) Jv;") — My &) (151)
Combing Eq. (150) with Eq. (151), we have:
cos()l ) — o) 1| < 26 (152)

From Claim 1 we have ¢; < 7/4 for i € {0,...,t — 1}, and therefore cos(p;) < 1/+/2. Since
21/2 < 3, we have now proven Fact 5. O

Fact 6. || |pfy) — [, 0) || < 484137 o fori € {0,...,t —2}.

Proof. Recall from Eq. (114) that

|Gir1) = sin(3¢i) |, 0) + cos(3ws) i, 0) + |wipr) (153)

where |wi 1) := sin(2p;) Eit1 |¢3, 0). Recall from Egs. (116), (117) that || [wir1) || < Bi1|sin(2¢;)],
and from Egs. (119)-(123) that By 1|sin(2¢;)| < 46,119 for i <t — 1. Thus || |wiq) || <
403;113'pg, since @y = ¢y. Comparing Eq. (153) with the other expression of |¢;1):

|bit1) = sin(pirr) [pit1) + cos(irt) [pii) (154)

and applying I13; to both Eq. (153) and Eq. (154), we obtain:

cos(ir1) [tia1) = cos(3@i) i, 0) + Iy |wiga) - (155)
Using the triangle inequality | ||Z|| — ||7]| | < || — ]|, we know:
| cos(pir1) — cos(3i)| < | fwisa) |- (156)

From Eq. (155) we also know:

cos(i1) (i) — i, 0)) = (cos(3¢;) — cos(ir1)) i) + oy lwir) - (157)

Combing Eq. (156) with Eq. (157), we have:

cos(@irr) | i) = i, 0) || < 2 4Bi413" . (158)
From Claim 1 we have ¢; < 7/4 for i € {0,...,t — 1}, and therefore cos(p;11) < 1/v/2 for
i <t—2. Since 2v/2 < 3, we have now proven Fact 6. O

Fact 7. || |ug) — [m) || < @o.

Proof. Since ¢, is the angle between the unit vectors |ug) and |r) by Fig. 11, using the
geometric fact that the chord length is less than the arc length, we have || |ug) — |7) || <

%o- L
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