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We analytically derive transfer probabilities and efficiencies for an artificial light-harvesting photo-
synthetic system, which consists of a ring coupled to a central acceptor. For an incident photon pair,
we find near-perfect single excitation transfer efficiency with negligible double excitation transfer in
the weak coupling regime. In the strong coupling regime, single excitation transfer efficiency was
greater than 90%, while the double excitation efficiency was approximately 50%. We have found
that the three main factors which determine high transfer efficiencies are large acceptor probabili-
ties, long acceptor decay times, and strong photon-ring coupling. A possible implementation of the
theoretical framework to bio-inspired solar energy devices is also discussed.

I. INTRODUCTION

Light-harvesting (LH) complexes consist of pigment-
proteins that capture sunlight and transport it to a reac-
tion center (RC) for photosynthesis [IH5]. Specifically,
LH1 systems found in purple photosynthetic bacteria
generally consist of protein complexes which form a ring
around a RC [6H8]. These LH1-RC systems are tightly
packed and organized in a way to give high photon trans-
fer efficiencies and can differ across species under different
light conditions [9].

The quantum nature of the LH process has been an
important area of research [I0HIZ] and such systems are
often modeled through quantum Hamiltonians [T3HIS].
Ritz et al. [13] established an effective Hamiltonian of
the circular bacterial photosynthetic unit and determined
one- and two-exciton spectra. Wyke et al. [I4] modeled
the antenna system as a ring of 2-level systems (2-LSs)
and found near-perfect transfer efficiency for a single pho-
ton and a reduced efficiency with a laser pulse. Caruso et
al. [15] examined the effect of noise in excitation trans-
port of LH systems and identified mechanisms for addi-
tional transport channels due to dephasing. Tan and
Kuang [16] investigated quantum phase transitions in
environment-assisted LH systems via a Lindblad master
equation, and found high efficiency close to the critical
point. Chuang and Brumer [I7] examined steady state
incoherent light-matter interaction conditions in an LH1-
RC complex to more effectively model the natural envi-
ronment. Andrews et al. [I8] used a Lindblad master
equation and demonstrated numerically that disorder in
the intra-ring couplings had a negligible effect on transfer
efficiency, however photon-ring disorder caused a signifi-
cant decrease close to resonance.

Other quantum effects in LH systems have also been in-
vestigated [19H21]. Sarovar et al. [19] examined a frame-
work to describe entanglement in LH complexes, and ap-
plied it to a specific system to show the existence of long-
range and multipartite entanglement. Striimpfer [20] in-
vestigated the role of quantum coherence and determined

the effect of energy level shifts and resonances for in-
creasing energy transfer rates. Dong et al. [2I] examined
a ring of coupled 2-LSs and demonstrated that the col-
lective ring can be modeled as a A-type 3-level system
(3-LS). In addition, they determined the efficiency of a
ring coupled to a photon and a central two-level RC.
They explained the high transfer efficiencies and power
outputs using dark state channels.

Two-photon transfer in many systems has been an
area of active research [22H27]. Aliyejina et al. [22] con-
sidered a trimer of 3-LSs and found conditions for per-
fect and near-perfect double excitation transfer for laser
pulses and single photons. Dong et al. [23] considered
coupled cavity arrays containing 3-LSs and determined
that uniform intercavity coupling was most applicable
for quantum-state transfer. Alexanian [24] considered
two-photon exchange in a cavity containing two 3-LSs,
Rabi oscillations and entanglement for symmetric and
antisymmetric states. Liao and Law [25] explored two
photon transport properties in a cavity with a nonlinear
medium and demonstrated the emergence of quantum
correlations between the two photons. In a two nonlin-
ear cavity system, Hardal and Miistecaplioglu [26] consid-
ered coherences and entanglement to find an advantage
of practical realization of entanglement for two-photon
over one-photon exchange. Russo et al. [27] identified
photon pair hopping between two cavities separated by
a vibrating mirror.

Artificial light-harvesting systems have been experi-
mentally realized, such as the LH1-RC photosynthetic
complex [28H30]. Suemori et al. [28] isolated LH1-RC
units onto ITO electrodes to demonstrate the method-
ology that can be used to build artificial photosynthetic
units. Photocurrent response was measured, consistent
with the function of capturing light and transferring elec-
trons. Sumino et al. [29] designed assemblies of LH1-RC
arrays placed on domain-structured planar lipid bilayers.
Intermolecular energy transfer to the LH1-RC via LH2
was observed. Rousseaux et al. [30] fabricated a Rus-
sian doll complex with two poryphin nanorings which



reflect LH1-RC architecture. Photophysical experiments
demonstrated excitation transfer between the two rings.
Recent advancements have also demonstrated the use of
photosynthetic and artificial photosynthetic systems in
order to harvest solar energy [31H33].

In pursuit of breakthroughs in renewable energy and
sustainable technologies, we present an analytical inves-
tigation into the probabilities and transfer efficiencies
within an artificial light-harvesting photosynthetic sys-
tem engineered to replicate key features of natural energy
conversion. This study models a donor ring coupled to a
central acceptor as a basis for developing next-generation
solar energy devices. Our analysis reveals that, for an in-
cident photon pair, the system achieves near-perfect sin-
gle excitation transfer in the weak coupling limit, while
in the strong coupling regime, single excitation trans-
fer efficiencies exceed 90% and double excitation efficien-
cies reach approximately 50%. These findings underscore
three pivotal design criteria that can be strategically ex-
ploited to optimize device performance: maximizing the
acceptor’s effective probability, prolonging its decay time,
and enhancing the photon-ring coupling. Ultimately, this
work not only advances our theoretical understanding
of excitation dynamics but also provides a theoretical
framework for the practical development of highly effi-
cient, bio-inspired light-harvesting technologies.

In this paper we analytically determine transfer effi-
ciencies of two LH1-RC models which consist of a ring of
3-LSs coupled separately to a 2-level and a 3-level RC. In
Sec. IT we introduce the LH quantum system framework
and derive analytic transfer probabilities and efficiencies
for a range of collective, localized and delocalized states.
We expand the model to include coupling to photon pairs,
finding analytic solutions with perturbation theory. In
Sec. IIT we present results and analyses of probabilities
and efficiencies for a range of system parameters. Finally,
a conclusion is given in Sec. IV.

II. THEORY

The LH1 antenna system is made up of IV 3-LSs, each
in the ladder configuration, coupled with their nearest-
neighbors to create a ring structure (see Fig. [I[a)). The
Hamiltonian of the ring system, Hy is given as

N
Hy=Y" |(wa—ir)eje; +glelesn +he)|, ()

Jj=1

where the creation operator e; is defined as (see Ap-

pendix
el = 1;)(0;] + v2[2;)(11, (2)

for j € {1,N}, that act on the j*® 3-LS. The j*" 3-
LS has states |0;), |1;) and |2;) with corresponding ener-
gies 0,wy and 2wy. The coupling constant between the
nearest-neighbor donor 3-LSs is g. Spontaneous emission

FIG. 1. (a) Schematic showing the donor ring, made up of
3-LSs, each in the ladder configuration, with allowed transi-
tion energies wq. The coupling constant between the nearest-
neighbor donor 3-LSs is g and between each donor 3-LS and
the acceptor is £. The acceptor is modeled as (b) a 2-LS with
transition energy w, and (c) a 3-LS with two allowed transi-
tions each with energy wg, and decay rate I'.

is described phenomenologically using the decay constant
K.

A. LH1 Ring Coupled to a 2-LS Acceptor without
Light

The 2-LS acceptor is coupled to a RC with decay rate
I’ (see Fig. (b)) It has energy level spacing w, with
Hamiltonian H, given as

H, = (w, —il)a'a, (3)

where the creation (annihilation) operator af (a) is de-
fined as |1,)(04] (]04)(1a])-

The donor-acceptor interaction Hamiltonian Hy,, is
defined as

N
Hy, :EZ(e;aJrejaT), (4)

Jj=1

where each donor 3-LS is coupled to the 2-LS acceptor
with coupling constant &.

The total Hamiltonian, Hy, of the LHI1-RC system
without light is therefore

HO :Hd+Ha+Hda7

N
= Z[(wd — i/i)ej.ej + g(e;ejﬂ + h.c.)+ 5(6}@ + h.c.)]
j=1

+(wq —iD)a'a. (5)



We consider double excitation transfer from the ring to
the 2-LS acceptor. The wave function of the system at
time ¢ is

N N
[Wo() = D> u0i;(£)]0..1;..1;..0; 0)

i=1 j>i

N
+> " v0i(1)]0..2;..0; 0)

i=1

N
+> " woi(1)]0..1;.0; 1) (6)

=1

where for example [0..1;..12..0;0) = |110..0; 0) describes
the basis state with single excitations on ring sites 1 and
2 with corresponding amplitude ug12(t); 10..21..0;0) =
|20..0;0) is the basis state with a double excitation on
ring site 1 with corresponding amplitude wg(t); and
[0..11..0;1) = |10..0;1) has a single excitation on ring
site 1 as well as on the acceptor with amplitude woy (t).

1. Collective LH1-RC Hamiltonian and Transfer Efficiency

The Hamiltonian Hy in Eq. can be rewritten in

terms of the k—space collective operators €y, ég as fol-
lows [34]

Hy = (wo + 29)é$é0 +wiata + \/Né(éga + h.c.), (7)

since only k& = 0 mode couples to the acceptor (see
Appendix . We define frequencies wy = wyg — ik and
w1 = wy —1iI'. €y and ég; are defined as follows
|
€ = — E e;, 8a
0 \/N = J ( )
N
=T T
€)= — g e 8b
° VN =’ (8)

where e; and e;{ are defined in Eq. . The matrix form

of Hy in Eq. in the double excitation subspace is given
as

ﬁ _ (2LJ()+4Q vV 2N§ )
0 — ’

V2NE  wo+wi +2g )

where the double excitation basis vectors |2y;0) and
|1n;1) are given as

1 N N
25:0) = & (\/iz > 0..1;..1;..0; 0)

i=1 j>i

N
+> |o..2,-..0;0>>,
=1

(10a)

N
1
[1n;1) = — [0..1;..0; 1). (10Db)
v &
The eigenvalues of Hy for I' = k are given as
1ty _ 1
() = 5(69+3w0+w1 :l:qo)7 (11)

where go = /82N + (29 + A)2 and A = wy — w,.

We consider an initial state at t = 0, i.e. |¥((0)) =
|2v;0), with two excitations on the ring. The state at
time ¢, | Wo(t)), is found by solving the Schrodinger equa-

tion % = —iHo|Wo(t)). We obtain the state [¥o(t))
as

B o(0) = —exp (4 (49 +e) ) (qo cos (424)

T2

—i(2g + A)sin (%t) ) |25;0) — <12q\/37N§ X

exp (_g (egU + eff)) t) sin (%Ot) ) 1y;1).  (12)
The probability that the acceptor is excited, P (¢), is

PO = g () gy
462 + (25724-]\?)2 2

P(l)(t) can be used to find the transfer efficiency, n(()l),
as [35]

[ee]

I / 2TPM) (¢)dt, (14)
0

which gives

0 _ 22N
T 8N+ (29 + A)2 + 16K2

(15)

2. Initial Delocalized Double FExcitations

For simplicity, we consider the case when N = 3, with
the following basis vectors |Dg), |Lo), and |Ap), given as

Do) = % (]110;0) + [101:0) + [011:0)),  (16a)

ILo) = % (1200; 0) + [020; 0) + [002;0)),  (16b)
1

|Ao) = 7 (]100;1) 4 1010; 1) + [001; 1)) . (16¢)

| Do) (|Lo)) describes delocalized (localized) double exci-
tations on the ring and |Ag) describes double excitations



including an excited acceptor. Using the Hamiltonian in
Eq. we obtain the matrix form of Hy in this basis,
H{, as

2wy + 29 2V2g 26
2v2g9  2wp V2 . (17)
2& \/55 wp + w1 + 29

Hy =

The eigenvalues of H) for I' = k, €4 (i = 1,2,3), are
found to be

b =2(wp — g), (18a)
12 _ 1
€'Y = 5(69 + 3w + w1 — 19), (18b)
O
€ = 5(69 + 3w + w1 +19), (18c¢)

where 7o = /242 + (
ing eigenvectors

2g + A?). These have correspond-

ey — M a
1) = ==, (19a)
leh @) \/313, ( (29 4+ A — 1) (\/§|D0> + ‘L0>)

+6\/§§|A0>>, (19b)

1) () = \/§IB+( (29 + A+ 1g) (x/§|Do> + |L0>)

+6\/§£A0)>, (19¢)

with By = /2462 + (29 + A £79)? as normalization
factors. The wave function at time ¢, |y (¢)), is given

Wo(t)

where uj(t), v((t), and w((t) are the amplitudes corre-
sponding to states |Dy), |Lo), and |Ap), respectively. For
an initial delocalized state, |¥((0)) = | Do), the ampli-
tudes for the state at time ¢, uy,(t), vy (t) and wip(t),
are given as

1
uyp (t) = oo <4exp< % /(2)+ /(3) >
i(2d + A) sin (2t))

= ug(t)| Do) + vh(t)|Lo) + wo(t)|Ao).  (20)

X (ro cos (70 )

+270 exp (—ie’(()l)t) ) ,

(21a)

vop(t) = 6o <2xfexp (—2 ( 1) 6/(()3)) t)

x (rocos (2t) —i(2d + A) sin (%2t))

—2\[r0exp( ’(1) )),

wop(t) = —% exp (—2 ( AU (3)) ) sin (%Ot) :
(21c¢)

The probability for an excitation on the acceptor, P&%(t),

is found to be

(21b)

1652 _ To
P(l) t) = 4kt 2 (715) (22
o= g ragrapt SR 22
Png)(t) then gives a transfer efficiency 77(()1[3 as
(1) 4¢?
. 23
0D = 94€2 4 (29 + A)2 + 1642 (23)

8. Initial Localized Double Excitations

In this case, the localized initial state, ¥} (0)) = |Lo),
given in Eq. (16). The amplitudes uf (t), v),(t) and
w(,(t), for the state at time ¢ are as follows;

upp(t) = % (2\@exp <; (60( ) 4 ¢ (3)> >
X (ro cos (%Ot) —i(2d + A) sin (%Ot))

—2v2rq exp (—ieg(l)t) > ,

(24a)

vor(t) = 6o (20){ < G ’(2 + € (3)) t>
(ro cos (%"t) i(2d + A) sin (7%))
+4rg exp (—ieg“)t) ) (24b)
2v/2&1 )
wi () = _\gfz exp (—; (66(2) + 66(3)) t) sin (%Ot) :
(24c)

The probability for an excited acceptor P(()IL) (t), is

8¢? —drt ;2 (70
. 4. (2
21e2 + (29 + A2 T (2t) (25)

P (t) =

The transfer efficiency in this case, n(()1L)7 is calculated to

be

W _ 2¢*
L = 9462 1 (29 + A)2 + 16K2°

(26)



B. LHI1 Ring Coupled to a 3-LS Acceptor

The acceptor site is a 3-LS in the ladder configuration
with allowed transition frequency w, and spontaneous
decay I to the RC (see Fig. [I|c)). The acceptor Hamil-
tonian Hy, is given as

Hy = (wq — il)b. (27)

bt (b) is the 3-LS creation (annihilation) operator acting
on the acceptor, and defined as

bT = [1)(0] + v22)(1,
b= 10)(1] + V2|1)(2]. (28)

The interaction Hamiltonian describing the coupling be-
tween the acceptor and the ring, Hg,, is given as

N
Hdb = CZ(@}b‘i‘t’:’ij), (29)

Jj=1

where ( is the donor-acceptor coupling constant. The
total Hamiltonian, H;, describing the LH1-RC system is

Hy=Hq+ Hy+ Hap (30)
N

=) [(wg— i/f)e}ej + g(e}ejﬂ + h.c.)+ ((e;{a + h.c.)]

1

+(wq —il)a'a. (31)

<.
I

The generalized wave function at time ¢, |¥4(t)), in the
double excitation subspace is given as

N N

W1y = D> uni(1)[0..15..1;..0; 0)

i=1 j>i

N
+> 01(1)]0..2;..0; 0) (32)

N
+ > wi(#)]0..1;.0;1) + 21(£)[0..0; 2).

i=1

where w1,;(t), v1;(t), w1;(t), and x1(t) are the amplitudes
for the respective basis states |0..1;..1;..0; 0), |0..2,..0;0),
|0..1;..0; 1), and |0..0;2).

1. Collective LH1-RC Hamiltonian and Transfer Efficiency

For the k—space operators defined in Sec. the 3-
LS acceptor couples to the £ = 0 mode defined in Eq. .
In terms of these collective operators, the Hamiltonian
H; becomes

Hy = (wo + 29)&h&0 + wib’o + VNC(@&lb + h.c.). (33)

The matrix form of lfll is given as

) 2wy + 4g V2N¢ 0
Hy=| V2N wo+wi+2g V2NC |, (34)
0 \/ﬁ( 2w1

which acts on the basis states |2x;0), |[15;1) and |Op; 2),
where |0y 2) is defined by

0;2) = 0...0;2), (35)
and |2y;0) and [1y;1) are defined in Eq. (10a) and
Eq. 1' respectively. The eigenvalues of H; withT' = k
are

eil) =wp+wi+29—q, 6(12) =wo+wi+2g, (36)

653) =wo+wi + 29+ q1, (37)

with ¢1 = /42N + (29 + A)2. Starting with an initial
state [U1(0)) = |2n;0), the state at time ¢, [¥q(t)), is
given as

b, (1)) = ql?exp (—ie(12)t) <2g2N(1 + cos (qlt))

T (2 + A)(cos (g1t) — iga sin <q1t>>) 1250)

V2N(
+ 2
qi

exp (—ie?)t) ((29 + A) (cos (qit) — 1)

- Q1iSiH(Q1t))|1N;1>

202N
- CqQ exp (—ie?)t) (1 —cos(qit)) |0On;2).
1

(38)
The probabilities that the acceptor is singly-excited, Pgl),

and doubly-excited, P§2), are given as

2¢°N
PO =2 ((29+ A)* (1~ cos ()
1
+q2 sin(qlt)2> e 4nt, (39a)
4¢*N?
sz) (t) = < 5 (1 — cos(qit))?e 4"t

(AN + (29 + A)?)
(39b)

The double excitation transfer efficiency 7752) is defined
as

n'? = / ATP? (t)dt. (40)
0

Substituting Eq. || in Eq. gives 7752) as

(2 _ 6¢*N?
T~ = ACENT16r2+(29+A)2) (ACZN+4rZ+ (291 A)2)
(41)

The probability of transferring a single excitation, 77%1),

defined in Eq. is

1 2¢2N(C2N+4r2+(2g+A)?)
T~ = ACENT16r2+(29+A)2) (AC2N+4r2+ (291 A)2) *
(42)




2. Initial Delocalized Double Excitations

Using the Hamﬂtoman in Eq. , with the basis
states in Egs. . which also apply to a 2-LS
acceptor), in addltlon to |A ) = [03;2) from Eq. (35),
the matrix form of Hy, which is denoted Hj, is

2wo + 29 2V2g 2¢ 0
H = 2\/59 2wo \/§C 0 (43)
! 2¢ V20 wo 4w +2g V6C |’

0 0 V6¢ 2w,
with eigenvalues € () (i = 1,..,4), for T = k given as

et =2(wo —g), 4@ =29+ wo +w — 1,
=29+ wo+wr, ¢ =29+ wo+w 11, (44)

where 7 \/12(2
time ¢, [T} ( ), i

W1 (1)) =

+ (29 + A)2. The wave function at

ui (t)| Do) + i (t)|Lo) + wi (t)| Ao)
+21(t)| A1), (45)
with amplitudes v (¢), v{ (), w} (t), and z (t) correspond-
ing to the states |Dy), |Lo), |Ao), |A1), respectively. For

an initial delocalized state, |¥) (0)) = | Do), the ampli-
tudes at time ¢ are given as

exp( 16’1(3 ) (12(2

+ ((29 + A)? +17) cos (r1t) — 2ir1 (29 + A) sin (r1) ),

1 1
1

(46a)
’ —V2 . \/é )
vip(t) = 3 &P (_“1(1)t> + 3T%exp( iyt ) (6(2
+ ((29 + A)? + 6C2) cos (r1t) —ir1(2g + A) sin (rq) ),

(46b)

2
wip(t) :T—g exp (—ie’l(?’)t)
1

((29 + A) (cos (r1t) — 1) — irqy sin (rqt) )7

(46¢)
rip(t) = QQC exp(—ie, ®t)(cos(r1t) — 1). (46d)

The probabilities that the acceptor is singly-excited,
Png) (t), and doubly-excited, P§2D)(t), are given as

&) A¢? dnt
P00 = e oyt a7

X ((29 + A)? (cos(rit) — 1)? + r?sin (rlt)> )

(47a)

@) 24¢*(cos(rt) — 1)2 e
o= o g+ Ayt

(47b)

The single-excitation transfer efficiency, 77511:%’ and double-

o . 2 .
excitation transfer efficiency, ng D), are given as

(1) 4¢%(3¢% H4r+(29+A0)%)
WD = (12C3516r2+ (291 A)2)(12C2+Ar2+(2g+A)2)
(48a)
(2) 36¢*
WD = (12¢2+16r2F (291 0)2)(12C2T4r2+ (291 A)2) -
(48b)

8. Initial Localized Double Excitations

We now consider an initial localized state |}, (0)) =
|Lo), which results in the following amplitudes in the
wave function at time ¢:

exp( i 3t ) (6@2

+ ((29 + A)? + 6¢?) cos (r1t) — ir1(2g + A) sin (rq) ),
(49a)

2 2
uy(t) = —g exp (—iell(l)t) + 3%
1

2 1
vy (t) = 3 OXP (—z’e’l(l)t) + g3 exp ( 161(3)15) (652
1

+ ((29 + A)2 + 6C2) cos (r1t) —ir1(2g + A)sin (rq) )7
(49b)

wip(t) :\/éc exp (—ie'l(3)t>
((29 + A) (cos (rit) — 1) — iry sin (r1t) ),

(49c¢)

2f 3¢?

1

2 (t) = exp(—ie} P (cos(rit) — 1),  (49d)
The probabilities for a singly-excited and doubly-excited

acceptor, P( )( t) and PEQL) (t), respectively, are given as

Dy _ 2¢? et
L= o g1 Ay
((2g + A)? (cos(r1t) — 1)? + 12 sin (rlt)> . (50a)
ngL) ) = 12¢*(cos(rit) — 1)2 —r (50b)

(12¢ + (29 + 4)?)?
The single—exmtatlon and double-excitation transfer effi-

ciencies, ni L) and 771 L, respectively, are

1 2¢2(3¢% +4r2+(29+A)%)
L = 2 F16r2+(29+A)2)(12¢2+4r2+(29+A)2) *
(51a)




18¢*
(12¢€2+16K2+(2g+A)2)(12¢2+4r2+(29+A)2) "
(51b)

2
=

C. LH1 Ring Coupled to Two Photons

The Hamiltonian which described two incident pho-
tons, H),

H,= wklcllckl + Wk, cLz Chys (52)
where the photons frequencies are wy, and wy,, respec-
tively. The annihilation (creation) operators, cg, (CL),
are defined as |1x,){(Og,;| (|0x,){1;]), ¢ = 1,2. |0x,) and
|1x,) are the vacuum and one photon states correspond-
ing to the mode k;, respectively. Each photon is coupled
to the ring with coupling constant J which gives the pho-
ton pair interaction Hamiltonian Hg, as

N
Hyp = JZ [(CL1 + CLz)Ej + h.c.} .

(53)
Jj=1 |
Why + Wy VNJ VNJ
VNJ Wk, +wo + 2g 0
~ VNJ 0 W, + wo + 29
Hy = 0 V2NJ V2NJ
0 VN¢ 0
0 0 VN¢
0 0 0
which acts on the basis states
IP VS USHOBIPRUSER SYHON (U PR SV R
|0k, Okys 285 05|15, Oky s Onvs 1), [ 11, Oy O 1),
|0k10k2§ ]-N; 1>. (57)

The wave function at time ¢, | Uy(t)), is given as

[Wa(t)) =fo(t)| Lk, Liy; On; 0) + Po(t)| L, Oy 1y 0)
4 @2() |0, 1ky; 1v; 0) + 32(2)|Ok, O, ; 255 0)
+ @2(t) |1k, Ok,; On; 1) + D2(t)[Ok, 1k,3 0N 1)
+ Wo(t) [0k, Ok, 1v; 1), (58)

where ﬁg(t), ﬁQ(t), (jg(t), §2(t), ﬁg(t), ﬁQ(t) and ’Uj)g(t)
are the amplitudes corresponding to the basis states de-
fined in Eq. . The transition energies of the collective
donor (wgq 4 2g) and acceptor (w,) are on resonance, i.e.
wq + 29 = wg, and the photon frequencies are detuned
by 4, such that wr, = w, + 9 and wg, = w, — 6. In
the perturbative regime, where J << £, the system will
evolve adiabatically and we can apply perturbation the-

ory to calculate the eigenvalues of f[27 e;])(j =1,..,7),

The interaction Hamiltonian, Hg,, can be written in
terms of the collective ring operator €, as

Hay = VNJ((c}, +¢},)8 + h.c.). (54)

1. LHI1 Ring Coupled to a 2-LS Acceptor with an Incident
Photon Pair

Combining the Hamiltonians in Eq. and Eq. (54)
with Hy in Eq. , we obtain the total Hamiltonian Hs,
as

Hy = Hy + H, + Hyy,

= (wp + 2g)é$é0 + wiala + \/Nﬁ(éga + h.c.)

+ wklcllckl + WkQCLQCkz + \/NJ((CL + CLQ)éO + h.c.).

(55)
In matrix form, ﬁg becomes
0 0 0 0
V2NJ  V/N¢ 0 0
V2NJ 0 VN¢ 0
2wp + 4g 0 0 V2N¢ , (56)
0 Wi, + w1 0 VNJ
0 0 Wiy + w1 VNJ
V2N¢  VNJ VNJ  wo+w +2g
(
with I' = k which are found to be
2N J?k(6% + NE2 + K2
651)22‘”“_ 1 202 _ Nc2 2 ) 2)2° (59a)
0% + D?(k? — N&2) + (k%2 + N&2)
2 _ : NJ?
€ =2w, — 6 — ik — VNE —
? ¢ 200 + ix + VNE)
NJ2(3ik — 36 — TV/N
N J?(3ik — 36 — TV/NE) . (59b)
2((6 — k)2 4+ 2(6 — ir)VNE — NE2)
®) : NJ?
€ :2wa+(5—m—\/ﬁ+
2 . 26 — i — VNE)
2(9, _
N NJ (3ik + 35. 7VN¢) (590
2((6 + k)2 — 2(6 + ik)VNE — NE2)
() : NJ?
=2w, — 0 — ik + VNE —
@ T S 6t in— Ve
NJ2(3ik — N
N J2(3ik — 36 + TVNE) (50d)

2((6 —ir)2 — 2(6 — ik)VNE — NE2)



(5) _ _; NJ? T exp (—iet
€5 =2w, + 0 MJF\/NEJFQ(&—%H—\/NS) 52(t):2\/§NJ2€Z ((])2 ()k)
NJQ(SiH +35+ 7\/N£) (596) j=1 Hk#j (62 — €y )
2(6 +ir)? +2(3 + iR)VNE - NE2) x ( <N£2 + (f-c + 2iw, — zeéj)) )
X (2/@2 — N&* +3ik (2wa — egj)) — (2w1 — egj))2>
%) =2w, — 2ir — V2N¢ , ,
- (2v2 — 3)NJA(VNEL + V2) + i) + 42 (2/{2 + N&* + 3ix (2wa - egj)) — (egj) — Qwa)2> ),
2(62 — (ik + (1 + V2)V'N¢)?) (60c)
N NJ2(i(3 +2v2)k + (1 + V2)VNz) (59f)
2(6% + (in + (V2 — 1)€)?) 7 exp ( it )
= —NJgZ T %
k;éj( — € )
6(27) =2, — 2ik + V2NE ((a2 B egj)> B NfQ) ((QH T 2iwe = zeg)) * 2N£2) ,
L 2V2-3)NFAVNEQL + V2) — In) (60d)
(5% — (in — (1+ VDEP) (i)
. ex i€
N NJZ((Q?,—l—?’\/?)n—i-z(l—i-\/i)\/QNm). (59g) _ —NJ§Z p : 2 )
2(6 - (ZK‘ + (1 - \/é)\/ﬁf) ) j=1 Hk;é] ( — €y )
—_ WY e i — i) 2
Starting in the state |¥3(0)) = |14, 14,;0n;0), the am- ((al &l ) Ne ) ((2H+ ity — i€y ) +2N¢ ) ’
plitudes at time ¢ in Eq. are obtained as (60e)
e 7 exp et )
_ oo _“g)t) Wa(t) = —Nﬁﬁgz ( ’
a(t) =—> ey, (¢ ( 0 _ <k>)

;j) —eék)>
) ((042 - 5&”) - NfZ) X (52 <€gj) - 2wa> + (Fc +1 <2wa - — eé])»
)

+ 2N§2> , (60a) . (

(
Jj=1 Hk;ﬁ‘ (
X ((al — ) - Ne

; (4)
X (2/<;+ 2w, — 1€ .
( ’ 4H+6iwa*3ieg)) (mew \FEJre(]))),

(60f)

where o7 = 2w, + 0 — ik and ag = 2w, — 0 — ik. The
JF Z exp ( zeéj )t) ) probability that the acceptor is singly-excited, Pél)(t), is

( NJ (62 — al) X 1 . _ ~
= My (8 - 87) PYU() = laa(®) + [B2() + [aa(). (61)

; The long-time behavior of a9(t), 02(t), and we(t) to
( ) 2 . ( ) 2 2 ) 2 9 2
((0‘2 — e ) - N¢ ) ((2“ + 2iw, — i€y ) +2N¢ ) ) a good approximation is determined by the term with

(60b) exp(— zeé )t) in Egs. —. We can therefore ap-
proximate the probabilities |tz ()|, |02(t)|?, and |wo(t)]?
as

2 722
zNJg exp<

FEs

16N3J4¢2Kk2 (K2 + NE?)2 exp (f%t)

((m B eéa)) _ Nfz) ((zﬁ + 2iw, — zegﬂ) + 2N§2) : B0 + NEY? (;)’Zb)

ex fie(j)
G2(t) \/>JZ p( t>)(eg)ag)x

k
- 1Hk¢]((]) (k)

— €

=
&




(1)

where This gives the single-excitation transfer efficiency 15 7, as
Ng?
1
" (65)

~ (52+I€2+Né—2'

By = AN J?k(0°% 4 k% + N&?),
Fyo— (6% 1 952(k2 — N£2 21 NE2A?Y. (63 2. LHI1 Ring Coupled to a 3-LS Acceptor with an Incident
)= (5 + 20762~ NE) + (52 + NEP?). (69) to 0 3-LS A

Considering our acceptor is a 3-LS, the total system
Hamiltonian Hj is given as

To lowest-order of J, i.e. J% P§(t) i o -
o lowest-order of J, i.e. J*, Py’ (¢) is [y = Fiy + H, + gy,

= (wo + 29)&l&o + wib'b+ VNC(&lb + h.c.)
+ wklcllckl + wkch2c;€2 + \/NJ((CL + clz)éo + h.c.).

1 - - 66
P (1) =iz (D) + 7 () (66)
2 7242 _ ) ) -
:2N J=E exp (—E2t> . (64) where H; is defined in Eq. 1' H, in Eq. 1) and Hpq
Fy F> in Eq. |) In matrix form, Hz becomes

Wiy + Wiy VNJ VNJ 0 0 0 0 0
VNJ  wy, +wo+2g 0 V2NJ  V/N¢ 0 0 0
VNJ 0 Wk, Fwo+29 V2NJ 0 VN¢ 0 0
~ 0 V2NJ V2NJ 2wy +4g 0 0 V2N( 0
Hy = , (67)
0 VN¢ 0 0wy +w 0 VNJ 0
0 0 VN¢ 0 0wy, +w VNJ 0
0 0 0 V2N¢  VNJ  VNJ  wo+w +29 V2NC
0 0 0 0 0 0 V2N( 2w
[
which acts on the same basis states in Eq. , in ad- e(2) — % — ik 4 21’NJ2;<;(52 + K2+ ch
dition to the state [0k, 0k,;0n;2). The wave function at 3 “ 6% +202(k2 — N(C2) + (k2 + N¢2)2’
time ¢, [W3(t)) is (69b)
(W3 (t)) =g (t) |1k, Lry; On; 0) + P3(t)| 1k, Oy 13 0) ONJ2(i N
+q (t)llo Tl ;0) + 5 (t)|10 0:2 ;0) e = 2(wq — VNG —ir) + (MJ”FO, (69¢)
43 kilkys LN 3 k1Vky; 4N 52_(\/N<+m)2
+ @3 (t)[1k, Ok, On5 1) + D3(¢)[ Ok, Ly ; O 1)
+ W3 (t)|Ok, Ogy; Ivs 1) + T3(£)|0k, Okys O3 2), (4) _ 2N J?(ik + V' NC)
12 12 e = 2wy + VNC —ir) + , (69d
(68) s = ot (VNC — k)2 (69d)
‘yhere 777/3(1")7 ﬁ?)(t)a Q3(t)7 53(t)7 a?)(t)aﬁ?)(t)a 11)3(75) aH.d NJ2 9
Z3(t) are the amplitudes corresponding to the basis egs) — Qo — 6 — ik — \/NC + :
states. 2 —6 + ik +VNC
Similar to the case with the 2-LS acceptor, transition
energies of the collective donor (wy + 2¢g) and acceptor _ 2(6 + VN¢) (69¢)
(wge) are on resonance, i.e. wq + 29 = wg, and the pair 62 + K2+ NC2+2VNos¢ )’
photon frequencies are detuned by 4, such that wg, =
we + 90 and wy, = w, — 6. For J << {, we can calculate ®) N.J2? 9
the eigenvalues of Hi, eéj)(j =1,.,8), for T = k are €3° = 2wg+0— ik — VN¢ + 2 \51in+ V¢
found to be
T e T ST o5E(n2 _ NC2) 4 (R2 1 N2 O 02 + k2 + NC2 — 2/N&C



10

. (7)
(7) . NJ? —2 8 exp (—263 t)
= 2w, — 6 + ik — VNC + 2 () —
s “ " g (5—in+\/ﬁc 5a(t) =2V2aNJ* Y G _ (k)
j=1 Hk;éj (63 — €3 )
2(8 — VN¢)
Y 2 2 ’ (69g) 24270 (4)
62 + K2 + N2 — 2/ N&¢ x | 2N§2C3(2ik — 2w, + €5 )+
AN 2
<52+N§2— <2wa—m—e§j)) ) <N§ ( —2wa)
(8) . NJ2 2
) =20, + 8 — ik + VNC + . .
3 SR <5+m—\/ﬁc +(2wa—2m—e§j)) (2wa—m—e§7))>), (70d)
2(0 + VN¢) . (60n)
02 + K2+ NC2 + 2V N6C

Using the initial state |¥5(0)) =

given as

(2m — 2,

_ Eéj))z _ N<2>

(g(j) _ eg’ﬂ)

Jj=1 Hk;ﬁj

(22/1 —2wg + 6(])) (2wa +§ — ik — egj))

X

X

N 2
( 2wa757i/<576§3)> NC2>
( 2w

@)?
a—2i/<:—e3j> —4N<2>,

ZE:())])

e
((]) (k))

X (21’/{— 2w, +egj)> (2w1 -8 —iKk —

G(t) = \FJZ

=1 ez

X ( wa+§ine§j)>2]\f<2>

< 2
((Qwa — 20K — e§7)>2 - 4NC2> ;

X

|1k1 le;ON; 0>, the am-
plitudes in Eq. at time ¢ to lowest order in J are

+€3

6%7'))

exp (—ie(j)t)

( ) €§k>>
X ((Qwa — 0 —iKk — e:())j))Q — NC2>
X <<2wa — 2ik — eéj))Q - 4NC2> ;

)

=NJ¢ Z

(2@/{ — 2w, + e(]))
Jj=1 Hk;éj

(70e)
()

)

ZGgJ)

exp
NJC; Hk#] (((J) (k))
X ((2wa+5—m—egj)) NC2>
x ((2% — %k — egj))z - 4N§2> ,

exp ( (j)t)

‘1L, ( () _ (o
(52 (eéj) — 2wa> (6wa — dik — 36(j)>
(et - (2 ) (oo s ).

(70g)

(2m — 2w, + e(J))

(70a) (70f)

()_QFJQCZ

)

— 1K — egj)
(70b)

8 zegj)

exp
2V2N2J2(? ; 0o (<e§f) - 63@)

<(52 ( 2wa) — (6wa — 4ik — 3e§j)>
x (N(2 _ (2% ik — egﬂ)Q) )

The probabilities that the acceptor is singly- and doubly-
excited, Pél)(t) and ng) (t), respectively, are as follows

() + [53(1)]* + @3 (1),

Z3(t) = —

(70h)

(70¢)

P{Y (1) = |a (T1a)



2 -
P () = [Za()” (71b)
Similar to the 2-LS acceptor, the long term dynamics are
dominated by the terms with exp(—ie(l)t) in Egs. 1}
(70L)). The probabilities in Egs. (71a)) and (71b]) can
therefore be approximated as

las(t)* = |93(1)]?

N2J2(2 ( Es
=~ exp
3

i —Ft> . (72a)

- 4AN3J4(% K2 E
w3 (t)]? ~ Fif exp <I*§t> ) (72b)
3
_ 2N4J4 4
ol ~ e (< 2). ()
3

where

By = ANJ?k(6% + k% + NC?),
Fy = (6* +26%(k* — NC?) + (8% + N¢?)?). (73)

To lowest order in J, Pgl)(t) and ng)(t) can be approxi-
mated as

1) _2N2J2C2 _%

Py (t) & exp 7 t], (74a)
@ N4 JAc4 Es

P = ——t]. 4
D) == e (5t (74)

The resulting one photon and two photon efficiencies, nél)

and 17§2), are therefore given as

M N¢?
T SR R NG (752)
2N3J2 4
(2) ¢ (75b)

B R T NO)F

III. RESULTS

Graphs of probabilities and efficiencies are plotted us-
ing the following parameter values: w, = 12, k = 1" =
0.3¢, ¢ =&, J = 0.01€, and € = 10 ps~!. Probabilities
are plotted against the dimensionless time parameters
&t for the 2-LS acceptor and (t for the 3-LS acceptor,
and efficiencies are plotted against the dimensionless pa-
rameters (2g + A)/€ and J/¢ for the 2-LS acceptor, and
(29 + A)/¢, (2g+ A)/6, and J/C for the 3-LS acceptor.
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FIG. 2. Plots of the probabilities P{"(£) (blue), P (t)
(red) and PélL)(t) (green) against &t for a singly-excited 2-
LS acceptor for states |Wo(t)) (with N = 3), |[¥op(t)), and

[Wor(t)) in Egs. , , and , respectively. In Fig. 2(a)
2g+ A =0 and in Fig. 2(b) 2g + A = 5¢.

A. Probabilities

Probabilities P{" (), P{Y(t) and P (¢) in Eq. (13),
, and , respectively, for a singly-excited 2-LS ac-
ceptor are plotted in Fig. Pél)(t) is the acceptor single
excitation probability corresponding to an initial dou-
ble excitation on the ring with N = 3 donor atoms. In
Fig.[2|(a) the energy levels of the collective donor ring and
acceptor atom are on resonance, i.e. A+2g = 0, where A
is the detuning between the acceptor and a single donor
atom, and g is the inter-donor coupling constant. In
Fig. b) the energy levels of the collective donor ring
and acceptor are off-resonance, with A + 2g = 5. In
Fig. a) and Fig. (b)7 Pél)(t) exhibits a decaying oscil-
latory behavior, with periods 2 /(v/24€) and 27 /(v/49¢€),
respectively and decay rate 0.6¢. It should be noted that
the period in the on-resonance case is larger by a factor
of approximately /2 compared to the off-resonance case.
The initial probability maximum in the on-resonant case
is 0.491, which is larger by a factor of approximately
1.67 compared to the off-resonance maximum of 0.294.
In both on- and off-resonance cases, the singly-excited
acceptor probabilities, Péll))(t) and PélL) (t), for delocal-
ized and localized initial states, respectively, have the
same period and decay rate as Pél)(t). At all times
PSP () = 2PV (t) and P{Y(t) = 1P{V(¢). An initial
state |2y;0) defined in Eq. (10a)) simplifies when N = 3
to

[Wo(0)) = a[®op(0)) + A¥oL(0)), (76)

where o« = /2/3 and 8 = /1/3. It should be noted
that this initial state gives Pél)(t), which is the high-
est singly-excited acceptor probability at all times ¢. All
other normalized values of a and 3 give lower probabili-
ties.

The probabilities Pgl)(t), P(lll)) (t) and PglL) (t) in
Egs. , , and , for a singly-excited 3-LS
acceptor are plotted in Fig.[3(a) and Fig. [3|(b) for the on-
resonance (2g + A = 0) and off-resonance (2g + A = 5()
cases, respectively. Similar to the 2-LS acceptor, all prob-
abilities exhibit a decaying oscillatory behavior. The



(a)

030 — o
— P
025 — pin

— P
— P
— e

— PP
— P30
— o

010
001
005
000 000 =
7 0 1 2 3 4
a@

FIG. 3. (a) and (b) are plots of P (¢ (blue), P(1D>(t)
(red) and PglL)(t) (green) in Eq. , , and , re-
spectively, against (t for a singly-excited 3-LS acceptor. (c)
and (d) are plots of Pgm(t) (blue), Pﬁ%(t) (red) and P§2L) (t)
(green) from Eq. (39a)), (47b), and (50b)), respectively, against
¢t for a doubly-excited 3-LS acceptor. In Figs. 3(a) and 3(c)
2g 4+ A =0 and in Figs. 3(b) and 3(d) 2¢g + A = 5¢.

on-resonance single excitation probability, Pgl)(t), has
a period of 7/(v/12¢) while the off-resonance period is
21 /(v/37¢). Compared to the 2-LS acceptor single exci-
tation probability, the on-resonance period for the 3-LS
acceptor is smaller by a factor of 0.707, while the off-
resonance period is larger by a factor of 1.15. The initial
probability maximum for the on-resonance case is 0.298,
and off-resonance it is 0.252. Both these probabilities
are smaller compared to the corresponding probabilities
for the 2-LS acceptor. The single excitation probabili-
ties, Pglz))(t)7 and PglL) (t), for the delocalized and local-
ized initial states, respectively, have the same period,
7/(v/12¢) for the on-resonance case and m/(v/37¢) for
the off-resonance case. P(llg(t) and P(llL) (t) have initial
maxima of 0.198 and 0.0993 in the on-resonance case,
and 0.168 and 0.0840 in the off-resonance case, respec-
tively. It should be noted that the initial maximum of
PSB (t) and PglL) (t) is 2/3 and 1/3 of the initial maximum
of Pg) (t), respectively. The periods of Pglr), (t) and PglL) (t)
are the equal to the period of Pgl)(t).

We now consider sz)(t), szf),(t) and PgZL)(t) in

Eqgs. ([39a)), (47b), and (50b), respectively, for the doubly-
excited 3-LS acceptor in Fig. [3(c) (on-resonance) and
Fig. d) (off-resonance). The period of sz)(t) in the
on-resonance case is 27/(1v/12¢), which is twice the pe-
riod of Pgl)(t). In general, this means that on-resonance
there is faster transfer of single excitations compared to

double excitations. However, in the off-resonance case
the period 27/(v/37(¢), which is the same as that for

Pgl) (t). This indicates that the transfer time for both sin-
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gle and double excitations is the same in the off-resonance
case. The fastest transfer occurs for single excitations in
the on-resonance case, while the slowest transfer is for
on-resonance double excitations. The initial maximum
for Pél)(t) on-resonance is 0.358, while the off-resonance
value is 0.058. The double excitation probabilities for
the delocalized initial state, P(lzlg(t), and localized ini-
tial state, szL) (t), have the same period of 27/(v/12()
and 27/(v/37¢) for the on- and off-resonance cases, re-
spectively. The initial maxima of P(lzD)(t) and szL) (t) are
0.238 and 0.039 for on-resonance, and 0.119 and 0.019
for off-resonance, respectively. Similar to the single ex-
citation case, it should be noted the initial maximum of
PgQD)(t) and P?L) (t) is 2/3 and 1/3 of the initial maximum
of P(12) (t), respectively. Also, the periods of P(lzlg(t) and
szL) (t) are the equal to the period of sz) (t).

(a) — 6=0 (b) — =0
— 5=502 — 6=502
s

PE(107%)
PRA(1077)

FIG. 4.  Plots of probabilities (a) Pgl)(t) and (b) Pé2)(t)
against the (¢ in Eq. for a 3-LS acceptor in the singly-
and doubly-excited state, respectively, for NV = 3 and an inci-
dent photon pair. Both plots correspond to § = 0 (blue) and
6 = 5¢/2 (red) for the on-resonance and off-resonance cases,
respectively.

Fig. 4| gives the probabilities Pél) (t) and P:(zQ) (t) against
(t in Egs. and (74b) with N = 3 and an in-
cident photon pair, for the 3-LS acceptor in a singly-
and doubly-excited state, respectively. It should be
noted that Pgl)(t) = Pgl)(t), where Pgl)(t) is the singly-
excited probability for the 2-LS acceptor with an in-
cident photon pair and therefore Pél)(t) also describes
Pgl)(t). Fig. (a) shows the plots Pgl)(t), for the singly-
excited 3-LS acceptor, for the 6 = 0 (blue) and for
d =5(/2 (red) cases. In both cases, the probabilities ex-
hibit damped oscillations, which asymptotically decay to
1.89 x 10~* exp(—1.17 x 10~#(t) in the on-resonance case
and 1.47 x 10~% exp(—2.75 x 107%(t) in the off-resonance
case, for ¢t Z 25. Fig. b) shows the plots of the prob-

abilities, Péz) (t), for the doubly-excited 3-LS acceptor
in the on-resonance and off-resonance cases. Similar to
the singly-excited 3-LS acceptor, both probabilities ex-
hibit initial damped oscillations, which asymptotically
decay to 1.78 x 1078 exp(—1.17 x 10~*(t) in on-resonance
case, and to 1.08 x 1078 exp(—2.75 x 1074(t) in the off-
resonance case. Pgl)(t) and sz) (t) have initial maxima
of the order of 10~ and 1077, respectively, while the
probabilities without light, Pgl) (t) and P§2) (t), both have



initial maxima of the order of 10~1.

B. Transfer Efficiencies
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FIG. 5. (a) Plots of the single excitation efficiency néw in
Eq. for 2-LS acceptor against the dimensionless detun-
ing (29 + A)/¢. (b) Plots of the single excitation efficiency
n?) in Eq. for a 3-LS acceptor against the dimension-
less detuning (2g + A)/¢. (c) Plots of the double excitation
efficiency 17§2> in Eq. for a 3-LS acceptor against the di-
mensionless detuning (2g + A)/¢. (d) Plots of the single ex-
citation efficiency nél) in Eq. for 2-LS acceptor with an
incident photon pair against the dimensionless detuning /€.
The graphs plotted are for N = 3 (red) and N = 10 (blue).

Fig. shows the plots of the efficiencies 77(()1) (Eq. ),
0 (Eq. (12)). 0¥ (Ba. (41)), and 1" (Eq. (65)) against
the detuning parameters (2g+A)/&, (29+A)/¢, and § /€.
Fig. a) gives the plots of the single excitation efficiency
77(()1) in Eq. for the 2-LS acceptor against (2g+ A)/€,
for N = 3 and N = 10. The maximum efficiencies for 77(()1)
occur at zero detuning and are 0.236 for N = 3 and 0.246

for N = 10. The maximum efficiency for arbitrary N is

: 1 _ _ N
given as 770 = 0.7244N -

of ni for N = 3 it is 6.95 while for N = 10 is 12.66. It
should be noted that the efficiency for N = 10 is always
greater than the efficiency for N = 3, for all values of the
dimensionless detunings.

Fig. b) gives the plots of the single excitation ef-
ficiency ngl) in Eq. for the 3-LS acceptor against
(29 + A)/¢. In this case the maximum efficiency for
N = 3 is 0.157 occurring at dimensionless detuning val-
ues +4.49 and for N = 10, the maximum is 0.164 occur-
ring at +2.48. The dimensionless bandwidth of ngl) for
N = 3 is 14.45 while for N = 10 it is 25.89. It should
be noted that 779) has a minimum of 12.1 for N = 3 and
12.4 for N = 10 on-resonance.

The dimensionless bandwidth
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Fig. (c) gives the plots of the double excitation ef-

ficiency nf) in Eq. for the 3-LS acceptor against
(29 + A)/¢. The maximum efficiencies of ngl) occur at
zero detuning and are 0.325 for N = 3 and 0.359 for

N = 10. The maximum efficiency for arbitrary N is

given as 77§2) = m. The bandwidth of 7752)
for N = 3 is 4.62 while for N = 10 it is 8.23. Similar to
77(()1) the efficiency for N = 10 is always greater than the

efficiency for N = 3.
Fig. [f[d) gives the plots of the single excitation effi-

ciency nél) in Eq. 1] for two incident photons for the
2-LS acceptor against 6/¢. The maximum efficiencies of
nél) occur at zero detuning and are 0.971 for N = 3 and

0.991 for N = 10. The maximum efficiency for arbitrary

N is given as nél) = - J\_fs_ ~- The bandwidth of nél) for
100

N = 3 is 3.51 while for N = 10 it is 6.32. It should be

noted that the efficiency for N = 10 is always greater

than the efficiency for N = 3. In addition, the single ex-
citation efficiency 7751) in Eq. for the 2-LS acceptor is
the same as the single excitation efficiency for the 3-LS

acceptor, 77:())1), in Eq. 1] for ( = £. It is found the

double excitation transfer efficiency 17§2)

the perturbative regime J << (.

is negligible in

Fig. @(a) gives numerical plots in the non-perturbative

regime for the single excitation efficiency nél) against J/¢&
for a 2-LS acceptor with an incident on-resonant pho-
ton pair for N = 3 and N = 10. Maxima of 0.895
at J = 0.15¢ for N = 3 and 0.913 at J = 0.15¢ for
N = 10 are obtained. In contrast to the perturbative
regime in Fig. d), the simulated efficiencies are almost
identical for N = 3 and N = 10. However, in pertur-
bative regime, with J = 0.01¢, near-unity maxima are
obtained for N = 3 and N = 10. Fig. @(b) gives plots
for the single excitation efficiency nél) against J/¢ for a
3-LS acceptor with an incident on-resonant photon pair
for N =3 and N = 10. Maxima of 0.870 at J = 0.15( for
N =3 and 0.890 at J = 0.15¢ for N = 10 are obtained.
The single excitation transfer efficiency is higher for the
2-LS acceptor for all values of the dimensionless coupling
J/¢ compared to that of the 3-LS acceptor. It should be
noted that there is a sharp decrease in the efficiency nél)
for couplings 0.15 > J/¢ < 0.9, followed by a slight in-
crease between 0.9 > J/¢ < 1.6 and a general decrease for
J/¢ > 1.6. Fig.[f]c) gives plots for the double excitation

efficiency néz) against J/¢ for a 3-LS acceptor with an
incident on-resonant photon pair for N = 3 and N = 10.
Maxima of 0.481 at J = 0.70¢ for N = 3 and 0.521
at J = 0.70¢ for N = 10 are obtained. It is observed
that larger photon couplings are required for maximum
double excitation transfer efficiency compared to the sin-
gle excitation transfer efficiency. However, the maximum
double excitation transfer efficiencies are smaller and ap-
proximately 60% of the single excitation transfer efficien-
cies. Additional numerical simulations with an incident
off-resonant photon pair resulted in reduced transfer ef-
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FIG. 6. Numerical plots in the non-perturbative regime for (a) single excitation efficiency nén against J/¢ for a 2-LS acceptor,

(b) single excitation efficiency n:(,,l)

against J/¢ for a 3-LS acceptor, (c) double excitation efficiency ném against J/¢ for a 3-LS

acceptor with an incident photon pair. Plots correspond to N = 3 (red) and N = 10 (blue), for § = 0.

ficiencies in all cases.

IV. CONCLUSION

In this paper we derived analytically and simulated nu-
merically the acceptor probabilities and transfer efficien-
cies for a ring antenna light harvesting system coupled
to either a 2-LS or a 3-LS acceptor atom with no light or
with an incident photon pair. All acceptor probabilities
in the no light case with an initial double excitation on
the ring exhibit a decaying oscillatory behavior over a
time scale of approximately 40ps. Generally, a less than
50% efficiency was obtained in both the single excitation
transfer and double excitation transfer cases.

In the perturbative limit (J << &) with an incident
photon pair, single excitation probabilities for a 2-LS or
a 3-LS acceptor are 3 orders of magnitude smaller than
in the no-light case and exhibit short term oscillatory
behavior as well as long term decay over a time scale
of hundreds of nanoseconds. Near-perfect efficiency was
obtained for single excitation transfer with on-resonant
photon pairs. Double excitation probabilities were a fac-
tor of 1000 smaller than single excitation probabilities
but with the same decay time scale leading to negligible
double excitation transfer efficiency.

In the non-perturbative case with an incident on-
resonance photon pair, numerical simulations demon-
strated an over 90% single excitation transfer efficiency
and approximately 50% double excitation transfer effi-
ciency. Off-resonant photon pairs tend to be transferred
less efficiently compared to on-resonant photon pairs.

In conclusion, the three factors that determine high
excitation transfer efficiency in LH1-RC type photosyn-
thetic units are relatively high acceptor probabilities,
long decay times, and for double excitation transfer,
strong photon-ring coupling. The theoretical framework
presented in this paper can be implemented in the prac-
tical design of light-harvesting technologies which will be
useful for the realization of highly efficient bio-inspired
solar energy devices. However, translating these find-

ings into a practical device requires addressing several
key considerations. Below we outline a possible experi-
mental strategy and discuss the materials and engineer-
ing challenges, drawing upon recent advances in the field.

A. Device Architecture and Materials

A feasible practical implementation would adopt a
bio-inspired architecture featuring a donor ring coupled
to a central acceptor, mimicking the LH1-RC arrange-
ment in natural photosynthetic bacteria. In practice, the
donor ring may be realized using one of the following
approaches:

e Self-assembled Nanostructures: Organic dye
molecules or semiconductor quantum dots can
be functionalized with ligands to promote self-
assembly into ring structures. The close-packing
and precise spatial arrangement are critical for
strong inter-donor coupling, which is essential to
achieve the high transfer efficiencies predicted by
our model.

e Nanofabrication Techniques: Advanced litho-
graphic methods or templated deposition (e.g., on
pre-patterned substrates) may be used to engineer
the precise geometry of the ring. Such techniques
allow for fine tuning of donor—donor spacing and
coupling constants, thereby optimizing the pho-
ton-ring interaction.

For the central acceptor:

e Molecular Acceptors: A robust candidate would
be a specially designed molecular complex with a
two-level or three-level electronic structure, engi-
neered to have a long-lived excited state. This
could be achieved through modifications on con-
ventional porphyrin or phthalocyanine systems.

e Hybrid Materials: Integration of organic and in-
organic materials—such as combining conjugated



polymers with metal oxides or perovskite nanos-
tructures—can lead to acceptors with tailored elec-
tronic properties and enhanced stability.

B. Integration with Electrodes and
Photoelectrochemical Cells

For energy conversion applications, the self-assembled
LH complex can be integrated into a photoelectrochem-
ical cell:

e Electrode Immobilization: Following the ap-
proach of Suemori et al. [28], the donor-acceptor
assemblies can be immobilized onto transparent
conductive substrates such as indium tin oxide
(ITO) electrodes. Such arrangements have been
shown to facilitate efficient photocurrent generation
by providing a direct path for charge collection.

e Charge Extraction Layers: In addition to the
conducting electrode, proper electron and hole ex-
traction layers should be designed. These could
be realized with metal oxides (e.g., TiOy for elec-
trons and NiO for holes) that are widely used in
dye-sensitized and perovskite solar cells.

e Encapsulation and Stability: Stability is a criti-
cal issue in practical devices. Encapsulation strate-
gies, for instance using polymer matrices or ro-
bust inorganic coatings, can protect the delicate
donor and acceptor components from environmen-
tal degradation (e.g., moisture and oxygen).

C. Parameter Optimization Based on Analytical
Insights

Our analytical results suggest that the overall device
performance will be maximized by:

1. Maximizing the Acceptor’s Excitation Prob-
ability: This can be achieved by selecting accep-
tor materials with inherently high absorption cross-
sections and engineering strong donor—acceptor
coupling through chemical modification (e.g., teth-
ering or covalent linking).

2. Prolonging the Excited State Lifetimes: Ma-
terials with low non-radiative decay channels are
preferred. This might involve the incorporation of
heavy atoms or the design of rigid molecular frame-
works that reduce vibrational losses.

3. Enhancing Photon—Ring Coupling: Nanos-
tructuring approaches such as plasmonic enhance-
ment (using noble metal nanoparticles) or dielectric
resonators can be explored to further amplify the
local electromagnetic field, thereby increasing the
effective coupling.
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By systematically tuning these parameters, one can tailor
the quantum efficiency of the transfer process to meet the
requirements of a scalable solar energy device.

D. Scalability and Future Directions

In terms of scalability, the self-assembly and nanofab-
rication techniques discussed are already being explored
in the context of organic photovoltaics and artificial pho-
tosynthesis [33, 36, [37]. Future research could focus on:

e Hybrid Integration: Combining the light-
harvesting unit with semiconductor devices to cre-
ate integrated photoelectrochemical systems.

e In-situ Characterization: Advanced spectro-
scopic and microscopic techniques will be critical
for monitoring the assembly and charge transfer dy-
namics in real time.

e Optimization through Simulation: Computa-
tional modeling can help to predict optimal config-
urations and guide the synthesis of new materials
with tailored electronic properties.

Ultimately, the experimental implementation of these ar-
tificial light-harvesting devices, guided by our detailed
analytical insights, holds great promise for the develop-
ment of next-generation renewable energy technologies.
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Appendix A: Ring Operators

The j-th 3-LS on the ring has states |0;), |1;), and
2j). We have allowed transitions [0;) — |1;) (|1;) —
|0;)), defined by the operator Si, (S7;), and [1;) — [2;)
(12, — |1;)), with the operator S3, (S75). In bra-ket
notation, these operators are as follows

So = 11,051, S2y =10;)(151,
Sy =121, STy =115)(2].

(A1)
(A2)

Additionally, we introduce the operators S7; = |i)(i|. The
Hamiltonian of the ring system with these operators is

N
Hd = Z [(wd — Z'F;)S{l + 2(wd — iﬁ)sgg
=1
+9 (Sl + V2SE)(SY +V2Si3") + e )]

(A3)



We have chosen couplings for transitions between the |0)
and |1) states on both 3-LSs to be g, coupling between
the |0) and |1) on one 3-LS and the [1) and |2) on the
other to be v/2g, and coupling between |1) and |2) on
both 3-LSs to be 2g [38].
Introducing the creation (annihilation operators) e;
(e), defined in terms of transition operators
el = 84+ V284,

ej =S4, + V285, (A4)

These satisfy the site-dependent commutation relations
[ess el] = 85 (102)05] + L) (15] = 202:)(2;]).  (A5)
The Hamiltonian H; with these operators becomes

N

H; = Z {(wd — m)e;fej + g(e;ejﬂ + h.c.)
j=1

(A6)

Appendix B: Collective State Operators

The Fourier transformation of the ring operators in
Eq. is given as

1 ijkx
e; = E e’"ey, Bla
T VN . ¥ ( )
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1 g
e;{ TN Zeﬂjkélv (B1b)
%

E

where é;rc (&) are the creation (annihilation) collective
momentum-space operators defined by momentum k,

with k = w and ¢ = 1,.., N. The momentum-space
operators have commutation relations

N

. - 3

[6r.8f] = o [ 1- N D120 - (B2)
=1

The ring Hamiltonian, H,; in Eq. , with these new
operators becomes

Hy = Z(wd — ik +2g Cos(k))éLék. (B3)
k
Additionally, the donor-acceptor coupling, Hg, in

Eq. , for the 2-LS acceptor becomes
Hyo = £(8)a + &al), (B4)

since the only mode that couples to the acceptor is the
k = 0 mode.

[1] W. Kiihlbrandt, Structure and function of bacterial light-
harvesting complexes, Structure 3, 521 (1995).

[2] P. K. Dutta, S. Levenberg, A. Loskutov, D. Jun, R. Saer,
J. T. Beatty, S. Lin, Y. Liu, N. W. Woodbury, and
H. Yan, A dna-directed light-harvesting/reaction center
system, Journal of the American Chemical Society 136,
16618 (2014).

[3] G.D. Scholes, G. R. Fleming, A. Olaya-Castro, and R. V.
Grondelle, Lessons from nature about solar light harvest-
ing, Nature Chemistry 3, 763 (2011).

[4] Y. C. Cheng and G. R. Fleming, Dynamics of light har-
vesting in photosynthesis, /Annual Review of Physical
Chemistry 60, 241 (2009).

[5] E. Harel and G. S. Engel, Quantum coherence spec-
troscopy reveals complex dynamics in bacterial light-
harvesting complex 2 (1h2), Proceedings of the National
Academy of Sciences 109, 706 (2012).

[6] S. Niwa, L. J. Yu, K. Takeda, Y. Hirano, T. Kawakami,
Z. Y. Wang-Otomo, and K. Miki, Structure of the 1hl-
rc complex from thermochromatium tepidum at 3.0 A,
Nature 508, 228 (2014)

[7] X. Hu and K. Schulten, Model for the light-harvesting
complex i (b875) of rhodobacter sphaeroides, |Biophysical
Journal 75, 683 (1998).

[8] X. Hu, T. Ritz, A. Damjanovi¢, and K. Schulten, Pig-
ment organization and transfer of electronic excitation
in the photosynthetic unit of purple bacteria, The Jour-
nal of Physical Chemistry B 101, 3854 (1997), doi:
10.1021/jp963777g.

[9] R. Croce and H. V. Amerongen, Natural strategies for

photosynthetic light harvesting, Nature Chemical Biol-
ogy 10, 492 (2014).

[10] J. L. Herek, W. Wohlleben, R. J. Cogdell, D. Zeidler,
and M. Motzkus, Quantum control of energy flow in light
harvesting, Nature 417, 533 (2002).

[11] T. Ritz, A. Damjanovi¢, and K. Schulten, The quantum
physics of photosynthesis, ChemPhysChem 3, 243 (2002).

[12] C. Curutchet and B. Mennucci, Quantum chemical stud-
ies of light harvesting, |Chemical Reviews 117, 294
(2017), doi: 10.1021/acs.chemrev.5b00700.

[13] T. Ritz, X. Hu, A. Damjanovié¢, and K. Schulten, Exci-
tons and excitation transfer in the photosynthetic unit
of purple bacteria, |Journal of Luminescence 76-77, 310
(1998).

[14] E. Wyke, A. Aiyejina, R. Andrews, and A. D. Greentree,
Transfer efficiency in a pulsed light-harvesting trimer sys-
tem, |J. Opt. Soc. Am. B 41, C158 (2024).

[15] F. Caruso, A. W. Chin, A. Datta, S. F. Huelga, and
M. B. Plenio, Highly efficient energy excitation trans-
fer in light-harvesting complexes: The fundamental role
of noise-assisted transport, Journal of Chemical Physics
131,[10.1063/1.3223548 (2009).

[16] Q. S. Tan and L. M. Kuang, Environment-assisted excita-
tion energy transfer in lhl-rc-type and lh2-type trimers,
Science China: Physics, Mechanics and Astronomy 55,
1541 (2012).

[17] C. Chuang and P. Brumer, Lhl-rc light-harvesting pho-
tocycle under realistic light—-matter conditions,|The Jour-
nal of Chemical Physics 152, 154101 (2020).

[18] R. Andrews, E. Wyke, and A. Aiyejina, Suppression of


https://doi.org/https://doi.org/10.1016/S0969-2126(01)00184-8
https://doi.org/10.1021/ja509018g
https://doi.org/10.1021/ja509018g
https://doi.org/10.1038/nchem.1145
https://doi.org/10.1146/annurev.physchem.040808.090259
https://doi.org/10.1146/annurev.physchem.040808.090259
https://doi.org/10.1073/pnas.1110312109
https://doi.org/10.1073/pnas.1110312109
https://doi.org/10.1038/nature13197
https://doi.org/https://doi.org/10.1016/S0006-3495(98)77558-7
https://doi.org/https://doi.org/10.1016/S0006-3495(98)77558-7
https://doi.org/10.1021/jp963777g
https://doi.org/10.1021/jp963777g
https://doi.org/10.1038/nchembio.1555
https://doi.org/10.1038/nchembio.1555
https://doi.org/10.1038/417533a
https://doi.org/https://doi.org/10.1002/1439-7641(20020315)3:3<243::AID-CPHC243>3.0.CO;2-Y
https://doi.org/10.1021/acs.chemrev.5b00700
https://doi.org/10.1021/acs.chemrev.5b00700
https://doi.org/https://doi.org/10.1016/S0022-2313(97)00286-X
https://doi.org/https://doi.org/10.1016/S0022-2313(97)00286-X
https://doi.org/10.1364/JOSAB.523925
https://doi.org/10.1063/1.3223548
https://doi.org/10.1007/s11433-012-4845-z
https://doi.org/10.1007/s11433-012-4845-z
https://doi.org/10.1063/5.0004490
https://doi.org/10.1063/5.0004490

the transfer efficiency in the disordered lhl-rc photosyn-
thetic unit, Research Square 10.21203/rs.3.rs-1316226/v1
(2022).

[19] M. Sarovar, A. Ishizaki, G. R. Fleming, and K. B.
Whaley, Quantum entanglement in photosynthetic light-
harvesting complexes, Nature Physics 6, 462 (2010).

[20] J. Striimpfer, M. Sener, and K. Schulten, How quantum
coherence assists photosynthetic light-harvesting, Jour-
nal of Physical Chemistry Letters 3, 536 (2012).

[21] H. Dong, D. Z. Xu, J. F. Huang, and C. P. Sun, Co-
herent excitation transfer via the dark-state channel in
a bionic system, Light: Science and Applications 1,
10.1038/1sa.2012.2/ (2012).

[22] A. Aiyejina, E. Wyke, R. Andrews, and A. D. Greentree,
Double-excitation transfer in dimer and trimer three-
level systems using laser pulses and single photons, Jour-
nal of the Optical Society of America B 41, C148 (2024).

[23] Y. L. Dong, S. Q. Zhu, and W. L. You, Quantum-state
transmission in a cavity array via two-photon exchange,
Physical Review A - Atomic, Molecular, and Optical
Physics 85, 10.1103 /PhysRevA.85.023833 (2012).

[24] M. Alexanian, Two-photon exchange between two three-
level atoms in separate cavities, Phys. Rev. A 83, 023814
(2011).

[25] J.-Q. Liao and C. K. Law, Correlated two-photon trans-
port in a one-dimensional waveguide side-coupled to a
nonlinear cavity, Phys. Rev. A 82, 053836 (2010).

[26] A. U. C. Hardal and O. E. Miistecaplioglu, Spin squeez-
ing, entanglement, and coherence in two driven, dissi-
pative, nonlinear cavities coupled with single- and two-
photon exchange, |J. Opt. Soc. Am. B 31, 1402 (2014).

[27] E. Russo, A. Mercurio, F. Mauceri, R. Lo Franco, F. Nori,
S. Savasta, and V. Macri, Optomechanical two-photon
hopping, Phys. Rev. Res. 5, 013221 (2023).

[28] Y. Suemori, K. Fujii, M. Ogawa, Y. Nakamura, K. Shi-
nohara, K. Nakagawa, M. Nagata, K. lida, T. Dewa,
K. Yamashita, and M. Nango, Molecular assembly of arti-
ficial photosynthetic antenna core complex on an amino-
terminated ito electrode, |Colloids and Surfaces B: Bioin-
terfaces 56, 182 (2007), eLOPTO-2006 Special Issue.

17

[29] A. Sumino, T. Dewa, M. Kondo, T. Morii, H. Hashimoto,
A. T. Gardiner, R. J. Cogdell, and M. Nango, Selec-
tive assembly of photosynthetic antenna proteins into a
domain-structured lipid bilayer for the construction of ar-
tificial photosynthetic antenna systems: Structural anal-
ysis of the assembly using surface plasmon resonance and
atomic force microscopy, [Langmuir 27, 1092 (2011).

[30] S. A. Rousseaux, J. Q. Gong, R. Haver, B. Odell, T. D.
Claridge, L. M. Herz, and H. L. Anderson, Self-assembly
of russian doll concentric porphyrin nanorings, |Journal
of the American Chemical Society 137, 12713 (2015).

[31] C. M. Nkinyam, C. O. Ujah, K. C. Nnakwo, and
D. V. V. Kallon, Insight into organic photovoltaic cell:
Prospect and challenges, Unconventional Resources 5,
100121 (2025).

[32] A. Machin, M. Cotto, J. Ducongé, and F. Mérquez, Arti-
ficial photosynthesis: Current advancements and future
prospects, Biomimetics 8, 10.3390/biomimetics8030298
(2023).

[33] D. Gust, T. A. Moore, and A. L. Moore, Solar fuels via
artificial photosynthesis, Accounts of Chemical Research
42, 1890 (2009).

[34] C.P.Sun, Y. Li, and X. F. Liu, Quasi-spin-wave quantum
memories with a dynamical symmetry, Phys. Rev. Lett.
91, 147903 (2003).

[35] A. Olaya-Castro, C. F. Lee, F. F. Olsen, and N. F. John-
son, Efficiency of energy transfer in a light-harvesting sys-
tem under quantum coherence, Phys. Rev. B 78, 085115
(2008).

[36] D. G. Nocera, The artificial leaf, Accounts of Chemical
Research 45, 767 (2012).

[37] Y. Zhao et al., Biomimetic light-harvesting systems for
efficient solar energy conversion, |Advanced Energy Ma-
terials 13, 2200 (2023).

[38] A. Aiyejina, E. Wyke, R. Andrews, and A. D. Green-
tree, Perfect state transfer and maximal entanglement in
a trimer of three-level systems, Phys. Rev. A 108, 032421
(2023).


https://doi.org/10.21203/rs.3.rs-1316226/v1
https://doi.org/10.1038/nphys1652
https://doi.org/10.1021/jz201459c
https://doi.org/10.1021/jz201459c
https://doi.org/10.1038/lsa.2012.2
https://doi.org/10.1364/josab.523990
https://doi.org/10.1364/josab.523990
https://doi.org/10.1103/PhysRevA.85.023833
https://doi.org/10.1103/PhysRevA.83.023814
https://doi.org/10.1103/PhysRevA.83.023814
https://doi.org/10.1103/PhysRevA.82.053836
https://doi.org/10.1364/JOSAB.31.001402
https://doi.org/10.1103/PhysRevResearch.5.013221
https://doi.org/https://doi.org/10.1016/j.colsurfb.2006.10.029
https://doi.org/https://doi.org/10.1016/j.colsurfb.2006.10.029
https://doi.org/10.1021/la103281q
https://doi.org/10.1021/jacs.5b07956
https://doi.org/10.1021/jacs.5b07956
https://doi.org/https://doi.org/10.1016/j.uncres.2024.100121
https://doi.org/https://doi.org/10.1016/j.uncres.2024.100121
https://doi.org/10.3390/biomimetics8030298
https://doi.org/10.1021/ar900209b
https://doi.org/10.1021/ar900209b
https://doi.org/10.1103/PhysRevLett.91.147903
https://doi.org/10.1103/PhysRevLett.91.147903
https://doi.org/10.1103/PhysRevB.78.085115
https://doi.org/10.1103/PhysRevB.78.085115
https://pubs.acs.org/doi/10.1021/ar200119k
https://pubs.acs.org/doi/10.1021/ar200119k
https://onlinelibrary.wiley.com/doi/10.1002/aenm.202200123
https://onlinelibrary.wiley.com/doi/10.1002/aenm.202200123
https://doi.org/10.1103/PhysRevA.108.032421
https://doi.org/10.1103/PhysRevA.108.032421

	Quantum Excitation Transfer in an Artificial Photosynthetic Light-Harvesting System
	Abstract
	Introduction
	Theory
	LH1 Ring Coupled to a 2-LS Acceptor without Light
	Collective LH1-RC Hamiltonian and Transfer Efficiency
	Initial Delocalized Double Excitations
	Initial Localized Double Excitations

	LH1 Ring Coupled to a 3-LS Acceptor
	Collective LH1-RC Hamiltonian and Transfer Efficiency
	Initial Delocalized Double Excitations
	Initial Localized Double Excitations

	LH1 Ring Coupled to Two Photons
	LH1 Ring Coupled to a 2-LS Acceptor with an Incident Photon Pair
	LH1 Ring Coupled to a 3-LS Acceptor with an Incident Photon Pair


	Results
	Probabilities
	Transfer Efficiencies

	Conclusion
	Device Architecture and Materials
	Integration with Electrodes and Photoelectrochemical Cells
	Parameter Optimization Based on Analytical Insights
	Scalability and Future Directions

	Acknowledgments
	Ring Operators
	Collective State Operators
	References


